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Abstract. This paper establishes the existence of distributional solutions for a class of anisotropic
elliptic p( - )-systems. These systems are weighted by a positive function that belongs to the p( - )-
Sobolev space and involves L!(Q;R™)-data associated with the L!(£2)-coefficient of the zero order

term.

2020 Mathematics Subject Classification. 35J60, 35J66, 35J67.

—

Key words and phrases. Nonlinear elliptic systems, weight function, p{( - )-Sobolev spaces, variable
exponents, distributional solution, existence.

%0999, 658030 s60bmBEMIYmo gegzolydo (- )-LolEgdgdol g@mo gmslobsmgol wowygbo-
05 35bbmyogdgmo 5dmboblibgdol s®Mlgdmds. gl Lol gdgdo Fgfmbogmos wswgdomo g7biEoom,
@903 9390g60L (- )-Lmdmeggol Logdgl s Vgoiagh L(2;R™)-8mbs39398L, dmdmadoc
sbmEo@gdgmos bgmmgsbo ®ogol Pggmol L1(Q)-3mg503096@0b.



Existence Results for Nonlinear Weighted Anisotropic Elliptic Systems with Variable Exponents 161

1 Introduction

This study focuses on establishing the existence of at least one distributional solution u= (uy, . .., Uy,) "
for a particular class of weighted elliptic p{( - )-systems expressed in the form

N

_ ;& (v(@)os(x, 0u)) + A(x)g(x,u) = f in Q, (1)

u=0 on 0.

Here, Q C RN (V > 2) is an open bounded Lipschitz domain, d;u = ax yi=1,...,N, fe LY (QR™),
A(-) e LY(Q) , and v(-) is in W )(Q) such that there exists a, 3 > 0:

[f(z)] < aA(z), (1.2)
v(@) > B (13
0;: QA xXR™ 5 R™ ¢=1,...,N, are the Carathéodory functions such that, for almost every z € Q

and every s,s’ € R™ (s,8") # ( 0), we have

oi(x,8) s> c1ls pi(@), (1.4)
o3, )] < ea(|sPP@ + [A]) "FD, ke L'(®) (15)
cls — '[P if pi(z) > 2,
(oi(z,s) = oi(x,8)) - (s — &) > s — 82 (1.6)

(Js| + |2 it 1<pi(z) <2

where ¢, ¢o, c3, ¢4 are the positive constants.
The function g : Q x R™ — R™ is a Carathéodory function and meets the following conditions
almost everywhere for x € €:

g(z,s)-(s—s') >0, Vs, s eR™, |s| =|s], (1.7)
sup |g(z, s)| € LY(Q;R™), Vs € R™, and VYt >0,
sl <t

Pi@+l g e R™, (1.9)

N
EORED T

=1

As a typical example, consider the following:

N N

— Z di (v(z)|05u Pi@)*?aiu) + A(z)u Z |u

i=1 i=1

pi(z)—1 _ = f inQ,

u =0 on 01,

where f, A(-), v(-), and p;(-), i =1,..., N, are restricted as in Theorem 3.1.

In this work, we focus on the p(z)-anisotropic differential operator, which has a wide range of
applications in applied sciences. For example, such operators are frequently employed in the study
of electro-rheological fluids and image processing, as highlighted in references [10,17,27]. Various
existence results for systems involving these operators under different conditions and data have been
established, as detailed in [5,19,24-26]. For the anisotropic scalar case, the related results can be
found in [1-4,13]. Furthermore, the existence of solutions for variable exponent anisotropic nonlinear
weighted elliptic equations has been demonstrated in [20-23], with the corresponding isotropic scalar
case discussed in [6].

In the present paper, we establish existence results for distributional solutions to a class of
anisotropic nonlinear elliptic systems with variable exponents described by (1.1). These systems
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are weighted by a positive function v(-) € WH#()(Q), and the given datum satisfies f € L'(Q;R™).
A key assumption is the interaction described in (1.2) between the datum and the L'(£2) coefficient
A(+) of the zero-order term inducing a regularizing effect on (1.1). Our approach to proving the
existence of solutions depends critically on the requirement that the weight function belongs to the
p(+)-Sobolev space.

We developed our proof based on a sequence of approximate solutions (u,, ), which requires demon-
strating their existence through the main theorem on pseudo-monotone operators and the findings
presented in [25]. Subsequently, we employ a priori estimates to establish the boundedness of (u,,)
and the almost everywhere convergence of their partial derivatives d;u,, for i = 1,..., N, which can
be interpreted as a strong L'-convergence. With this convergence established, we take the limit in the
strong L! sense for v, (x)o;(x, d;uy,) for i = 1,..., N and in A, (x)g(z,u,). Ultimately, we conclude
that the approximate solutions w,, converge to the solution of (1.1).

Our work is organized as follows. Section 2 focuses on the mathematical preliminaries, covering
isotropic and anisotropic variable exponent Lebesgue—Sobolev spaces, along with several embedding
theorems. The primary theorem, along with its proof, is presented in Section 3.

2 Preliminaries
This section aims to introduce fundamental definitions and properties related to isotropic and aniso-

tropic variable exponent Lebesgue—Sobolev spaces (refer to [11,12,15]).
Let Q c RN (N > 2) be a bounded open subset. We denote

C.(Q) = {continuous function p(-): Q—R, 1< p_( =p = minp(a:)) }
€
Let p(-) € C(Q). Variable exponent Lebesgue space with LP(*)(Q) is defined by
LrC)(Q) = {measurable functions u : Q — R; / Ju(z)|P®) da < oo}7

where u — gp. f |u(z)|P®) dz is called the convex modular.

It forms a reflexive Banach space when equipped with the Luxemburg norm

w— [ully.) = inf{s >0 gp(.)(%) < 1}.

The Holder type inequality
‘ / uv dx
holds true.

The subsequent results are presented in [11,12].
If u € LPC)(Q), then we obtain

1
< (5= + =) Il Iollyy < 2l el

1

1 1
min < (g, ()7, gy (W) 7 ) < Jully(.) < max (op.) ()7, gy ()7 ),
min ([lul? ), lull% ) < op.)(w) < max (Jull2 . lull? ). (2.1)

We now proceed to introduce the p{( - )-Sobolev spaces WPt )(Q). -
Let p(x) = (p1(z),...,pn (7)) € (C(Q,[1,+00)))V, and for every = in Q we set

p+(x) = max pi(z), p-(z)= min pi(2),

p- =minp_(z), pi =maxp(z),
e e
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Np(z)

Pa) =~ p*()={ N—p@)
> 1 +o0 for p(xz) > N.

for p(x) < N,

The Banach space W1P(-)(Q) is defined by WhP()(Q) = {u € LP+()(Q), du € Lri()(Q), i=
1,..., N} under the norm

N
wr gy = lullpy ) + D 15l )- (2.2)

i=1

The Banach space W17(:)(Q) is defined as follows: Vcl)/l’ﬁ(')(ﬂ) = Wh70)(Q) N Wy' (Q), when
equipped with the norm (2.2).

The following results can be found in [14,15].

Let Q C RY be a bounded domain and 5(-) € (C4(Q))".

() If r € C4(Q) and Yo € Q, r(x) < max(py (z),p*(z)), then the embedding W1P()(Q) —
L"()(Q) is compact.
() If we have -
VoD, pi(z) <P(), (2.3)
then the following inequality holds:

N
[ullp, -y < CO N0stullp, .y, YueWHPLH(Q),
=1

where C' > 0 is independent of u. Thus

N

=1

pi(-) is an equivalent norm to (2.2) on W()(Q). (2.4)

In our paper, we denote by LP()(Q,R™) and WHP()(Q,R™) (m > 1) the R™-valued version of
LPC)(Q) and WP (Q), respectively.
The space X = WHP()(Q, R™) becomes a Banach space, when equipped with the norm || - ||x =

Il Hlg.)- Also Y = LPC)(Q,R™), when equipped with the norm || - [ly = ||| - [[lp(.)-
. . . s if s <t,
For any t > 0, the scalar truncation function T3 on [0, 00) is defined as T(s) := b i s> For
if s>t.
any t > 0, define the spherial truncation function 73 : R™ — R™ by
s if |s| <,
n =14 e 29
s
3 Statement of results and proof
Definition. The vector-valued function v = (uy,...,umy)" : @ — R™ is a solution of system (1.1)

in the sense of distributions if and only if u € Wol’l(Q; R™), and for all ¢ € C°(Q;R™),

N N
/Zv(x)ai(a?,&-u) - Oy pdx +/ZA(x)g(:c,u) cpdr = /f(a:) < pdz.
o i=1 o i=1 4

Our main Theorem is the following.
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Theorem 3.1. Let p;i(-),i = 1,...,N be in C+(Q) such that p(-) < N in Q, and let (2.3) hold.

Assume f is in L'(Q;R™), A(-) is in LY(), and v(-) is in WSPC)(Q) such that (1.2), (1.3) and
(2.3) hold.
Let 05,1 = 1,...,N, and g be the Carathéodory functions, where o; satisfy (1.4)—(1.6), and g

satisfies (1.7)~(1.9). Then problem (1.1) has at least one solution u € W PC)(Q; R™) in the sense of
distributions.

3.1 Existence of approximate solutions
We consider the function 0(-) defined as follows:

O(x) = e , ¢ >0,
r+n

folx) =0(f(z)), An(z)= éﬂ(A(I)% vn(z) = 0(v(z)), neN" 3.1

Noticing the increase of ¢, (1.2) and (1.3), we can obtain [f,(7)| < 0(aA(z)) = ad,(r) and §(8) <
Un(2) < 6(n). Then we conclude that for all z € Q,

|fn(z)] < adn(), (3.2)
B
] < vp(z) <. (3.3)

Lemma 3.1. Let p;(-), i = 1,...,N, be in C.(Q) such that p(-) < N in Q, and let (2.3) hold.

Assume f is in LY(Q;R™), A(-) is in LY(Q), and v(-) is in V(I)/l*ﬁ(‘)(Q) such that (1.2), (1.3) and
(2.3) hold.

Let 0;, i = 1,...,N, and g be the Carathéodory functions, where o; satisfy (1.4)—~(1.6), and g
satisfies (1.7)—(1.9).

Then there exists at least one weak solution u,, € Wl’ﬁ(')(Q;Rm) to the approximated problems

N

- Z 0; (Un(x)o—i(xa alun)) + An(x)g(xa un)) = fn in 9,
i=1 (3.4)
u, =0 on 09,
in the following sense:
For every ¢ € V(I)/l'ﬁ(‘)(Q;Rm) N L@ (Q;R™),
> [en@oi(o ) - dipdo+ [ Anwlglain) - pdo= [ fuopde. @5)
=19 Q Q
Proof. Consider the system
N
= 0i(vn(@)os(@, 0itin,)) + An(2)Th(g(x,un, ) = fo in Q, 56)
i=1 .

Up, =0 on 0.

In a similar manner to the results obtained in [25], applying the main Theorem on the pseudo-
monotone operators ((Theorem 27.A in [28], see also [8,9,18])), we conclude that there exists a

solution wu,,, € W1P()(Q:;R™) to system (3.6), which satisfies
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>

=1

v (z)04 (2, Ojtn,,) - Osp da

D

+ / A (2) Tk (9(2, 1, ) - pd = / Ju-pda, Vo€ WHO@QR™). (3.7)

Now, choosing ¢ = u,, as a test function in (3.7) and using (3.3), (1.4), after dropping the nonegative
term (since A, ()T (g(x, un,)) - tn, > 0, due to (1.9) and the fact that A, (z) > 0), we get

N
mﬂ . /mnk
=1 Q

Using Young’s inequality, for all € > 0, we get
n(1l
S [ a1 < MDD [
= 1Q
n(1 1
+6 (/|unk| dx 4+ Cl(e )) < n( —;B (Ec/|6un,€| ~dr+C(e ))
c

< (1017;@ (sc(l + ! |0ty [P1®) dz) + C’(e))

< 71(101;’8) <Ec<1+2/6unk

Pi@) dp < n/ [tin,, | dx.

pi(@) dx) +C(e ))

i=1 Q
Choosing € = #ﬁﬂ), we obtain
N
S / 1Ostin, [P dr < c(n). (3.9)
=19
On the other hand, from (2.1) for all 4 = 1,..., N we have
/ sty P . (3.9)
Q
p (x) > 119; Unk|||p (z)° (3.10)
Combining (3.9) and (3.10), we obtain
S [ 0 > Z [T 3.11)
i=1 Q
By (3.11) and (2.4) (due (2.3)), we deduce that
N _
Bytin, [P i > R\ 12
> [ 0, [P dw = (5 lum ) = 2N (3.12)
=1 ¢
From (3.8) and (3.12), we conclude
luni gy < Cn). (3.13)

Through (3.13) we can conclude that there is a subsequence (still denoted by w,,, ) u, € WHP()(Q; R™)

o —
such that u,, — u, weakly in W17()(Q;R™) and a.e in 2. In a similar manner to the results obtained
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n [25], thanks to (1.4)—(1.6) and (1.7)—(1.9), we can obtain O;u,, — O;u, strongly in LP:()(Q;R™)
and a.e. in Q. So, v, (x)oi(x, Dsttn, ) — vy ()0 (2, Osuy) in LPiC)(Q;R™). Taking Tj(uy, ) as a test
function in (3.7), by (1.8), (2.5), and the fact that

|Ti(s)] < M +tly5>05 VseR™, 0< M < t,
for all 0 < M < t we get
M
An (@) Te(9(2, uny ) do < == [|fll 2 @rm) + | fal. (3.14)
{‘unk‘>t} {‘unk‘>M}
Let £ C Q be any measurable set, we write
[ @it mld= [ A@lgeuwldss [ ATl um,)]
E En{|ug, |<t} En{|un, >t}

Then, by (1.8) and the decomposition (3.14), we deduce that the sequence {A, (x)Tk(g9(x,un,))} is
equi-integrable in L*(€;R™), and since Tk (g9(z,un,,)) — g(z,u,) a.e. in Q, Vitali’s theorem implies
that A, (2)Tk(g(x, un,)) = An(x)g(z,u,) in L1(Q; R™). Therefore, we can obtain (3.5) by passing to
the limit in (3.7). O
3.1.1 A priori estimates

Lemma 3.2. Let f, A, v, g and p;, 05, i =1,..., N, be restricted as in Theorem 3.1. Then

|g(z,un)| < o (3.15)
1
o ——
< (& 1) = 1
unl < (55 + (3.16)
where u,, is the weak solution to problem (3.4).

Proof. After choosing ¢ = u,, in the weak formulation (3.5), and dropping the nonnegative term (since
vp(z)oi(x, Oiuy) - Ojun, > 0,1 =1,...,N, due (1.4), and (3.3)), we obtain

/ An(@)g(@, ) - wn da < / | Fllin] de.
Q

Q

Using (3.2) and the fact that g(z,un) - un > |g(2, un)| |tn] (it is produced through the following: by
(1.7), we get

B gla) = gt )| = o) (1~ ol S22 > 0)
we obtain
/An x)|g(z, up ||un|dx<a/An ) un| de.
Q Q
whence
[ 4@ gter0)] = ) | o < 0 (3.17)
Q

Then (3.17) implies (3.15).

Also, by the fact that 1+ |u,|P#®) > |u,|P-,i=1,..., N, due to (1.9) and (3.15), we get (3.16). [

Remark 3.1. (3.15) and (3.16) imply that

(9(z,uy,)) is bounded in L>(Q,R™), (3.18)
(up) is bounded in L™ (Q,R™).
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Lemma 3.3.
(An(z)g(z,uy)) is bounded in L'(Q,R™). (3.19)

Proof. Through (3.15) and (3.1), we get

[ 1An@gte,u)lde < o [ @) de < 4]0 (3.20)
Q Q
So, (3.20) implies (3.19). O
Lemma 3.4.
vy, i bounded in ﬁ/l’ﬁ(')(ﬁ), (3.21)
v, = v strongly in V(I)/l’ﬁ(')(ﬂ). (3.22)

Proof. Since, for all z € Q,
Oiv(x)

67;’071(1') = 4(1 n ¥)2 ’

i=1,...,N,

we have |0;v,(2)| < |0;v(x)| and, therefore, v, (-) € V(E/Lﬁ(')(ﬂ). From this and the fact that 0 <
vn(z) < v(x), we get (3.21) and (3.22). O

Lemma 3.5. Let f, A, v, g and p;, 05, i =1,..., N, be restricted as in Theorem 3.1. Then

uy, is bounded in WHPC)(Q; R™), (3.23)
where uy, is the weak solution to problem (3.4).

Proof. After choosing ¢ = u,, in the weak formulation (3.5), and dropping the nonnegative term (since
Ap(z)g(x,upn) - up > 0, due to (1.9) and the fact that A, (z) > 0), and using (3.16), (1.4), (3.1) and

(3.3), we can get -

1

C ) o ;
|6i’u,n|pl(x) dx S (N + 1) P HfHLl(QRm).

13
(1+6)

D

N
—1

{O\

K3
Then we have

Pi@) gy < c. (3.24)

S [ 10

i=1 Q

By a proof similar to the that of (3.12), we can get

5 s

i=1 Q

" 1 p
P dp > (S llulllzey) 2N, (3.25)

Combining (3.24) and (3.25), we obtain
Hunlllz) < C, (3.26)

where C' > 0 is independent of n.
Then (3.26) implies (3.23). O

Remark 3.2. Tt follows from (3.23) that there exist a function v € W1HP()(Q; R™) and a subsequence
(still denoted by (u,)) such that

Uy — u weakly in WPC)(Q; R™) and a.e in Q. (3.27)
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Lemma 3.6. Foralli=1,... N,

Oiuy, — Osu a.e. in 9, (3.28)

where u is the weak limit of the sequence (uy,) in WHPC)(Q;R™).

Proof. By (3.3), we obtain

e WP (Q,R™) for all o € WHPC)(Q,R™) 1 L= (2, R™).
Un

Therefore, we can choose it as a test function in (3.5) and get

N /ai(m,(f?iun) < Oipdx = /@n(x)gpdx,
i=lq Q
where ®,, is defined by
1 N
Pul0) = s ( Ful@) — An(2)g(x, up) + ; iz, &-un)@ivn(x)).

By Young’s inequality, (1.5), and since d;u,, € LP*(*)(Q), for all € > 0 we get

/ |0i(x,aiun)| dr =c + / |0
Q Q

pi(@)=1 gg

<d+C(e)+ s/ |05, [P @) da < ¢ + COle) +ec = C'(e).
o)

Then, for any fixed choice for € > 0, we conclude that for alli =1,..., N,
(oi(x,0;uy)) is bounded in L*(Q,R™). (3.29)
From (3.1) (implying that f,, € L'(Q,R™)), (3.29) and (3.19), we conclude that

N
(fn(:r) — Ap(2)g(z,un) + Z oi(x, aiun)aivn(x)) is bounded in L'(,R™). (3.30)

=1

Through (3.30) and the boundedness of the sequence (——) (due to (3.3)), we obtain (®,,) is bounded

Un(z)
in L'(Q,R™). So, applying the results obtained in [7] to the sequence (u,), we can simply obtain
(3.28). O

3.2 Proof of Theorem 3.1
Foralli=1,..., N, we put

1)('Ta 61”71)? cee 70._(7”) (l‘, 81'“11))7

K2

1)(35, o)y, o™ (z,0;u)).

7

oi(x, Oiuy) = (05
oi(x,0iu) = (af

By (3.28), for all i = 1,..., N we have o;(z, diu,) — oy(x, ;u) weakly in LPi()(Q;R™). Then we
conclude that, foralli=1,...,Nand all j =1,...,m,

Ugj)(x,aiun) — Ugj)(x,aiu) weakly in LPi()(Q), (3.31)

where p.(-) denotes the Hélder conjugate of p;(-) in Q.
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By (3.22), we conclude that for alli=1,..., N,
vn(-) = v(-) strongly in LP()(Q). (3.32)
Then, from (3.31) and (3.32), forall¢i =1,..., N and all j = 1,..., m, we obtain
Un(a:)afj)(x, Oiun) — v(x)agj)(x,aiu) strongly in L'(Q). (3.33)
So, (3.33) implies that
Un(2) 0o (2, 0ittn) — v(x)o(2, Qju) strongly in L*(Q;R™). (3.34)

Now, we put g(&,un) = (1@ un)s - -, gn(@, ) and g(@,0) = (g1(,u),.. ., gm(w,u)). Through
(3.18) and the fact that |g;(x, un)| < |g(z,un)|, j =1,...,m, we conclude that

(9j(x,un)) is bounded in L>(£2). (3.35)
Then, as A, € L'(Q), from (3.35) and (3.27), for all j = 1,...,m, we obtain
An(2)g; (2, u,) — A(z)g;(z,u) strongly in L' (Q). (3.36)
So, (3.36) implies that
Ap(z)g(2,un) — A(z)g(2,u) strongly in L*(Q;R™). (3.37)

Then, through (3.34) and (3.37), we can pass to the limit in (3.5). Thus Theorem 3.1 is proved.
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