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Introduction
In the present paper, we study the linear hyperbolic system

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy + q(x) (0.1)

in the characteristic rectangle Ω = [0, ω1]× [0, ω2] subject to the nonlocal boundary conditions

ℓu( · , y)) = φ(y), h(ux(x, · )) = ψ(x), (0.2)

where Pj : C(Ω;Rn×n) (j = 0, 1, 2), φ ∈ C1([0, ω2];Rn), ψ ∈ C([0, ω1];Rn), and ℓ : C([0, ω1];Rn) →
Rn and h : C([0, ω2];Rn) → Rn are bounded linear operators. Goursat initial-characteristic conditions

u(0, y) = φ(y), ux(x, 0) = ψ(x) (0.3)

and initial-boundary conditions

u(0, y) = φ(y), h(ux(x, · )) = ψ(x) (0.4)

are particular cases of (0.2). Problem (0.1), (0.2), except for the Goursat problem (0.1), (0.3), does
not belong to the classical boundary value problems of mathematical physics.

Initial-periodic and doubly periodic problems are one of the most important particular cases of
problem (0.1), (0.2). In fact, problems on periodic solutions were the original problems that have
been intensively studied for partial differential equations of hyperbolic type (see [4–17,37–49]). These
problems naturally led to the initial-boundary value problems in a rectangle with general boundary
conditions

u(0, y) = φ(y), F(ux(x, · )) = ψ(x), (0.5)

where F : C([0, ω2];Rn) → C([0, ω1];Rn) is a bounded linear operator. Notice that (0.4) is a particular
case of (0.5). However, (0.5) is not a particular case of (0.2).

Initial-boundary value problems with integral boundary conditions for quasi-linear systems were
studied in [1–3].

Initial-periodic boundary value problems for quasi-linear and nonlinear hyperbolic equations and
systems were studied in [22,23,32].

Initial-boundary value problems for higher order linear hyperbolic equations were studied in [30]
and [31].

Initial-boundary value problems for higher order nonlinear hyperbolic equations were studied in
[29,35].

Problems on doubly periodic solutions for linear hyperbolic systems were studied in [24].
Problems on doubly periodic solutions for nonlinear hyperbolic equations were studied in [25].
Nonlocal boundary value problems, in particular the Dirichlet problem and problems on doubly

periodic solutions, for higher order hyperbolic equations were studied in [26,27,31,34,35].
A comprehensive theory of initial-boundary value problems (0.1), (0.5) was constructed in [21].
As for problem (0.1), (0.2), in its general form it has remained virtually unexplored.
This is the reason why in the present paper we do not consider initial-boundary value problem

(0.1), (0.4) and focus our attention to fully nonlocal boundary value problem (0.1), (0.2).

The paper is organized as follows:
In Section 1, the necessary and sufficient conditions for the solvability and well-posedness of the

general boundary value problem (0.1), (0.2), as well as several of its special cases, are formulated.
In Section 2, the problem of doubly periodic solutions in the plane is considered. This approach

seems more appropriate than studying (equivalent) doubly-periodic problem in a characteristic
rectangle Ω. One of the main reasons for studying the periodic problem separately is that it is
not well-posed in the sense of Definition 1.2. The definition of well-posedness of the problem on
doubly-periodic solutions is given in Definition 2.1 and differs from Definition 1.2.

Auxiliary lemmas are formulated and proved in Section 3.
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The main results are proved in Section 4.

Throughout the paper, the following notations will be used:

– Rm×n is the space of m × n matrices X = (xkl) with real components xkl (k = 1, . . . ,m;
l = 1, . . . , n) and the norm

∥X∥ =

m∑
k=1

n∑
l=1

|xkl|.

– I is the unit matrix, Rn = Rn×1.

– By the absolute value of the matrix X = (xij) ∈ Rm×n we understand the matrix |X| = (|xij |) ∈
Rm×n with components |xij | (i = 1, . . . ,m; j = 1, . . . , n).

– A matrix X = (xij) ∈ Rm×n is called non-negative if xij ≥ 0 (i = 1, . . . ,m; j = 1, . . . , n).

– The inequalities between the matrices X = (xij) and Y = (yij) ∈ Rm×n are understood compo-
nentwise, i.e.,

X ≤ Y ⇐⇒ xij ≤ yij (i = 1, . . . ,m; j = 1, . . . , n).

– If Xk = (xijk) ∈ Rm×n (k = 1, . . . , k0), then

max
1≤k≤k0

Xk =
(

max
1≤k≤k0

xijk

)
.

– Ω = [0, ω1]× [0, ω2], Ωx = [0, x]× [0, ω2].

u(j,k) =
∂j+ku

∂xj∂yk
.

– ⟨x, y⟩ : Rn × Rn → R (⟨x, y⟩ : Cn × Cn → C) is the standard inner product in Rn (in Cn)

⟨x, y⟩ =
n∑

i=1

xiyi

(
⟨x, y⟩ =

n∑
i=1

xiyi

)
.

– Ck([0, ω];Rm×n) is the Banach space of functions u : [0, ω] → Rm×n, having continuous partial
derivatives u(i) (i = 0, . . . , k), endowed with the norm

∥u∥Ck([0,ω]) =

k∑
i=0

∥u(i)∥C([0,ω]).

– Ck(Ω;Rm×n) is the Banach space of functions u : Ω → Rm×n, having continuous partial deriva-
tives u(i,j) (i+ j = 0, . . . , k), endowed with the norm

∥u∥Ck(Ω) =

k∑
i+j=0

∥u(i,j)∥C(Ω).

– Ck,l(Ω;Rm×n) is the Banach space of functions u : Ω → Rm×n, having continuous partial
derivatives u(i,j) (i = 0, . . . , k; j = 0, . . . , l), endowed with the norm

∥u∥Ck,l(Ω) =

k∑
i=0

l∑
j=0

∥u(i,j)∥C(Ω).
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– Ck
ω(R;Rm×n) is the space of k-times continuously differentiable ω-periodic functions, endowed

with the norm

∥u∥Ck
ω
=

k∑
i=0

∥u(i)∥C([0,ω]).

– Ck,l
ω1 ω2

(R2;Rm×n) is the Banach space of functions that are ω1-periodic with respect to the
first variable and ω2-periodic with respect to the second variable, having continuous partial
derivatives u(i,j) (i = 0, . . . , k; j = 0, . . . , l), endowed with the norm

∥u∥Ck,l
ω1 ω2

=

k∑
i=0

l∑
j=0

∥u(i,j)∥C(Ω).

1 Nonlocal boundary value problems
In this section, for the system

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy + q(x, y), (1.1)

we consider the fully nonlocal boundary conditions

ℓ(u( · , y)) = φ(y), h(ux(x, · )) = ψ(x), (1.2)

where ℓ : C([0, ω1];Rn) → Rn and h : C([0, ω2];Rn) → Rn are admissible bounded linear operators.

Definition 1.1. A bounded linear operator F : C([a, b];Rn) → Rn is called admissible if there exists
P ∈ C([a, b];Rn×n) such that the problem

z′ = P (t)z, F(z) = 0

has only the trivial solution.

One may think that the boundary conditions

ℓ(u( · , y)) = φ(y), h(u(x, · )) = Ψ(x) (2̃.2)

are more natural than conditions (1.2). All the more so, conditions (2̃.2) obviously imply conditions
(1.2) with ψ(x) = Ψ′(x). The main reason for studying problem (1.1), (1.2) instead of problem
(1.1), (2̃.2) is that problem (1.1), (2̃.2) is inherently ill-posed, since the functions φ and Ψ should sa-
tisfy certain compatibility condition. In general, it is virtually impossible to establish that condition
explicitly. However, if the operators ℓ and h commute, i.e., if

ℓ ◦ h = h ◦ ℓ, (1.3)

then the functions φ and Ψ must satisfy the following compatibility condition ℓ(Ψ) = h(φ). Indeed,
if u ∈ C(Ω) is an arbitrary function satisfying conditions (2̃.2), then, in view of (1.3), we get ℓ(Ψ) =
ℓ ◦ h (u) = h ◦ ℓ (u) = h(φ).

By a solution of problem (1.1), (1.2) we understand a classical solution, i.e., a function u ∈ C1,1(Ω)
satisfying system (1.1) and boundary conditions (1.2) everywhere in Ω.

Along with problem (1.1), (1.2), consider its corresponding homogeneous problem

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy, (1.10)
ℓ(u( · , y)) = 0, h(ux(x, · )) = 0, (1.20)

as well as the problems

v′ = P2(x, y
∗)v, (1.11)

ℓ(v) = 0 (1.21)
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and

v′ = P1(x
∗, y)v, (1.12)

h(v) = 0. (1.22)

Problems (1.11), (1.21) and (1.12), (1.22) are called the associated problems of problem (1.1),
(1.2). Notice that problem (1.11), (1.21) (problem (1.11), (1.21)) is a boundary value problem for
a linear ordinary differential equation depending on the parameter y∗ ∈ [0, ω2] (on the parameter
x∗ ∈ [0, ω1]).

The concept of σ-associated problems for n-dimensional periodic problems was introduced in [38],
and for two-dimensional Dirichlet type problems in [46].

1.1 Necessary conditions of solvability
Theorem 1.1. Let condition (1.3) hold, let h be an admissible operator, and let problem (1.1), (1.2)
be solvable for arbitrary φ ∈ C1([0, ω2];Rn) and ψ ∈ C([0, ω1];Rn). Then the problem

z′ = 0, ℓ(z) = 0 (1.4)

has only the trivial solution.

Remark 1.1. If problem (1.4) has only the trivial solution, then problem (1.10), (1.20) is equivalent
to the homogeneous problem

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy, (1.10)
ℓ(u( · , y)) = 0, h(u(x, · )) = 0. (1̃.20)

Theorem 1.2. Let Pj (j = 1, 2) be constant matrices, let problem (1.11), (1.21) have a nontrivial
solution, and let the following conditions hold:

h
(
P0(x, · )z( · )

)
= h(P0(x, · ))h(z( · )) for every z ∈ C([0, ω2];Rn), (1.5)

h(P1z( · )) = P1 h(z( · )) for every z ∈ C([0, ω2];Rn), (1.6)
h(P2z( · )) = P2 h(z( · )) for every z ∈ C([0, ω2];Rn).

Then, for the solvability of problem (1.1), (1.2), it is necessary that the problem

v′ = P2v +
(
h(P0(x, · )) + P2P1

)
Ψ(x) + h(q(x, · )), (1.7)

ℓ(v) = h(φ′)− ℓ(P1 Ψ), (1.8)

be solvable, where Ψ is a solution of the problem

z′ = ψ(x), ℓ(z) = h(φ).

Theorem 1.3. Let Pj (j = 1, 2) be constant matrices, let problem (1.12), (1.22) have a nontrivial
solution, and let along with (1.4) the following conditions hold:

ℓ
(
P0( · , y)z( · )

)
= ℓ(P0( · , y)) ℓ(z( · )) for every z ∈ C([0, ω1];Rn),

ℓ(P1z( · )) = P1 ℓ(z( · )) for every z ∈ C([0, ω1];Rn),

ℓ
(
P2z( · )

)
= P2 ℓ(z( · )) for every z ∈ C([0, ω1];Rn).

Then, for the solvability of problem (1.1), (1.2), it is necessary that the problem

v′ = P1v +
(
ℓ(P0( · , y)) + P1P2

)
φ(y) + ℓ(q( · , y)), (1.9)

h(v) = ℓ(ψ)− h(P2φ) (1.10)

be solvable.
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Remark 1.2. Solvability of the ill-posed nonhomogenous problem (1.9), (1.10) means additional com-
patibility conditions between the boundary values φ and ψ, matrices P0, P1 and P2, and the vector
function q. Indeed, consider the problem

uxy = P0(x, y)u+ q(x, y), (1.11)
u(0, y) = φ(y), ux(x, 0) = ux(x, ω2). (1.12)

Let u be a solution of problem (1.11), (1.12). Set v(y) = ux(0, y). Then v is a solution of the problem
v′ = P0(0, y)φ(y) + q(0, y), (1.13)

v(0) = v(ω2). (1.14)
In other words, the solvability of (1.13), (1.14) is necessary for the solvability of problem (1.11), (1.12).
Problem (1.13), (1.14) itself is ill-posed. It is solvable if and only if the following equality holds:

ω2∫
0

(
P0(0, t)φ(t) + q(0, t)

)
dt = 0.

Remark 1.3. Solvability of the ill-posed nonhomogenous problem (1.9), (1.10) is necessary for the
solvability of problem (1.1), (1.2), but is by no means sufficient. Indeed, consider the two-dimensional
problem

vxy = w − q1(x),

wxy = −v + q2(x),
(1.15)

v(0, y) = 0, v(ω1, y) = 0,

vx(x, 0) = vx(x, ω2), wx(x, 0) = wx(x, ω2).
(1.16)

Let us show that the corresponding homogeneous problem has only the trivial solution. Let
(
v(x, y)
w(x, y)

)
be an arbitrary solution of the homogeneous system

vxy = w, (1.17)
wxy = −v, (1.18)

satisfying conditions (1.16). Multiply (1.17) by w and integrate over Ω. After integrating by parts
and taking into account conditions (1.16), we arrive at the equality

−
ω1∫
0

ω2∫
0

vx(x, y)wy(x, y) dy dx =

ω1∫
0

ω2∫
0

w2(x, y) dy dx. (1.19)

Similarly, after multiplying (1.18) by v and integrating over Ω, we get

−
ω1∫
0

ω2∫
0

wy(x, y)vx(x, y) dy dx = −
ω1∫
0

ω2∫
0

v2(x, y) dy dx. (1.20)

After subtracting (1.20) from (1.19), we arrive at the equality
ω1∫
0

ω2∫
0

(
v2(x, y) + w2(x, y)

)
dy dx = 0.

Consequently, the homogeneous problem (1.17), (1.18) has only the trivial solution. Therefore, prob-
lem (1.15), (1.16) has at most one solution. Hence, the only possible (ω2-periodic with respect to the
second variable) solution of problem (1.15), (1.16) should be independent of y. Consequently,(

v(x, y)
w(x, y)

)
=

(
q1(x)
q2(x)

)
is the only possible solution of problem (1.15), (1.16). It is clear that u is a weak solution, but not a
classical one, if q1 and q2 are nowhere differentiable continuous functions.
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1.2 Necessary and sufficient conditions of well-posedness
Theorem 1.4. Let the following conditions hold:

(A0) problem (1.4) have only the trivial solution;

(A1) problem (1.11), (1.21) have only the trivial solution for every y∗ ∈ [0, ω2];

(A1) problem (1.12), (1.22) have only the trivial solution for every x∗ ∈ [0, ω1].

Then problem (1.1), (1.2) has the Fredholm property, i.e., the following assertions hold:

(i) problem (1.10), (1.20) has a finite dimensional space of solutions;

(ii) if problem (1.10), (1.20) has only the trivial solution, then problem (1.1), (1.2) is uniquely solvable,
and its solution u admits the estimate

∥u∥C1,1(Ω) ≤M
(
∥q∥C(Ω) + ∥φ∥C1([0,ω2]) + ∥ψ∥C([0,ω1])

)
, (1.21)

where M is a positive constant independent of φ, ψ and q.

Definition 1.2. Problem (1.1), (1.2) is called well-posed if it is uniquely solvable for arbitrary φ ∈
C1([0, ω2];Rn), ψ ∈ C([0, ω1];Rn) and q ∈ C(Ω), and its solution u admits the estimate (1.21) where
M is a positive constant independent of φ, ψ and q.

Theorem 1.5. Let problem (1.1), (1.2) be well-posed. Then conditions (A1) and (A2) of Theorem 1.4
hold. Moreover, if equality (1.3) holds, then problem (1.4) has only the trivial solution.

Remark 1.4. Consider the problem

uxy = p(x)ux + p(x)uy − p2(x)u+ q(x, y), (1.22)
u(0, y) = 2u(ω1, y), ux(x, 0) = ux(x, ω2), (1.23)

where p ∈ C∞([0, ω1]) is a nonnegative function and q ∈ C∞(Ω). Let q(x, y) = p(x) q̃(x, y). Set:
Jp = {x ∈ [0, ω1] : p(x) = 0}. Then:

(i) problem (1.22), (1.23) is well-posed if and only if Jp = ∅. Moreover, if Jp = ∅, then the unique
solution

u(x, y) =

ω1∫
0

ω2∫
0

g1(x, s)g2(y, t;x)q(s, t) dt ds

of problem (1.22), (1.23), where

g1(x, s) =



2 exp
( ω1∫

s

p(ξ) dξ
)

1− 2 exp
( ω1∫

0

p(ξ) dξ
) + exp

( x∫
s

p(ξ) dξ

)
for 0 ≤ s < x ≤ ω1,

2 exp
( ω1∫

s

p(ξ) dξ
)

1− 2 exp
( ω1∫

0

p(ξ) dξ
) for 0 ≤ x ≤ s ≤ ω1

and

g2(y, t;x) =


exp(ω2p(x))

1− exp(ω2p(x))
+ exp((y − t)p(x)) for 0 ≤ s < x ≤ ω1,

exp(ω2p(x))

1− exp(ω2p(x))
for 0 ≤ x ≤ s ≤ ω1,

belongs to C∞(Ω);
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(ii) if q̃ ∈ L∞([0, ω1]), then

u(x, y) =

ω1∫
0

ω2∫
0

g1(x, s)g̃2(y, t;x)q̃(s, t) dt ds, (1.24)

where

g̃2(y, t;x) =

{
p(x)g2(y, t;x) for x ∈ [0, ω1] \ Jp,
0 for x ∈ Jp

is a unique weak solution of problem (1.22), (1.23) if and only if mes Jp = 0. Moreover, if
mes Jp > 0, then problem (1.22), (1.23) has infinite dimensional set of nonclassical weak solu-
tions. If q̃ ∈ C([0, ω1]) and mes Ip = 0, then the unique weak solution is a classical solution;

(iii) If q̃ ∈ C([0, ω1]), then u(x, y), given by (1.24), is a unique classical solution of problem
(1.22), (1.23) if and only if Jp is nowhere dense in [0, ω1], i.e., supp p = [0, ω1]. Moreover, if
supp p ̸= [0, ω1], then problem (1.22), (1.23) has an infinite dimensional set of classical solutions;

(iv) problem (1.22), (1.23) has a unique classical solution and infinite dimensional set of weak solu-
tions if Jp is a nowhere dense set of a positive measure;

(v) if q(x, y) = 1 and Jp ̸= ∅, then problem (1.22), (1.23) has no classical solution despite the fact
that the coefficients of equation (1.22) belong to C∞(Ω).

Theorem 1.6. Let conditions (A0), (A1), (A2) of Theorem 1.4 hold, and let P2 ∈ C0,1(Ω) be such
that

h(v) = 0 =⇒ h(P2( · , y)v( · )) = 0 for y ∈ [0, ω2], v ∈ C([0, ω2]). (1.25)
Then there exists ε > 0 such that if∥∥P (x, y) + P1(x, y)P2(x, y)− P2y(x, y)

∥∥ ≤ ε for (x, y) ∈ Ω,

then problem (1.1), (1.2) is well-posed. In particular, if

P (x, y) + P1(x, y)P2(x, y)− P2y(x, y) = O, (1.26)

then the solution of problem (1.1), (1.20) admits the representation

u(x, y) =

ω1∫
0

ω2∫
0

G1(x, s, y)G2(y, t, s) q(s, t) dt ds, (1.27)

where Gj is Green’s matrix of problem (1.1j), (1.2j) (j = 1, 2).

1.3 Two-point boundary value problems
For system (1.1), consider the boundary conditions

u(a, y) = Au(b, y) + φ(y), ux(x, c) = Bux(x, d) + ψ(x), (1.28)

and
u(a, y) = Au(b, y) + φ(y), ux(x, c) = ux(x, d) + ψ(x), (1.29)

where 0 ≤ a < b ≤ ω1, 0 ≤ c < d ≤ ω2, and A,B ∈ Rn×n.
By G1(x, s; y

∗) and G2(y, t;x
∗), respectively, denote Green’s matrices of the problems

dz

dx
= P2(x, y

∗)z; z(a) = Az(b), (1.30)

and
dz

dy
= P1(x

∗, y)z; z(c) = Bz(d). (1.31)
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Theorem 1.7. Let P1(x, y) ≡ P1(x), P2(x, y) ≡ P2(y), and let

det(I −A) ̸= 0, (1.32)
det

(
I −A exp((b− a)P2(y))

)
̸= 0 for y ∈ [0, ω2], (1.33)

det
(
I −B exp((d− c)P1(x))

)
̸= 0 for x ∈ [0, ω1]. (1.34)

Then problem (1.1), (1.28) has the Fredholm property.

Theorem 1.8. Let inequality (1.32) hold, and let there exist σi ∈ {−1, 1} (i = 1, 2) such that either

σ1(B
TB − I) is positive semi-definite,

σ1P̂1(x, y) is positive definite for (x, y) ∈ [0, ω1]× [c, d],

or

σ1(B
TB − I) is positive definite,

σ1P̂1(x, y) is positive semi-definite for (x, y) ∈ [0, ω1]× [c, d],

and either

σ2(A
TA− I) is positive semi-definite,

σ2P̂2(x, y) is positive definite for (x, y) ∈ [a, b]× [0, ω2],

or

σ2(A
TA− I) is positive definite,

σ2P̂2(x, y) is positive semi-definite for (x, y) ∈ [a, b]× [0, ω2].

Then problem (1.1), (1.28) has the Fredholm property.

Theorem 1.9. Let inequality (1.32) hold, let problem (1.30) have only the trivial solution for every
y∗ ∈ [0, ω2], and let problem (1.31) have only the trivial solution for every x∗ ∈ [0, ω1]. Furthermore,
let

P2 ∈ C0,1(Ω;Rn×n), P2(x, c) = P2(x, d), P2(x, d)B = BP2(x, d),

and
b∫

a

d∫
c

∣∣∣G1(x, s; y)G2(y, t; s)
(
P0(s, t) + P1(s, t)P2(s, t)− P2t(s, t)

)∣∣∣ dt ds ≤ Λ,

where Λ ∈ Rn×n
+ is a nonnegative matrix with the spectral radius less than 1. Then problem (1.1), (1.28)

is well-posed.

Theorem 1.10. Let inequality (1.32) hold, let Pj(x, y) ≡ Pj(x) (j = 0, 1, 2) be symmetric matrix
functions such that

Pj(x)Pk(x) = Pk(x)Pj(x) for x ∈ [0, ω1] (j, k = 0, 1, 2), (1.35)

and let there exist σi ∈ {−1, 1} (i = 0, 1, 2) such that

σ0 σ1 σ2 = −1, (1.36)
σ2(A

TA− I) is positive semi-definite, (1.37)
σiPi(x) is positive definite for every x ∈ [0, ω1], (i = 0, 1, 2). (1.38)

Then problem (1.1), (1.29) is well-posed.
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Consider the one-dimensional case of problem (1.1), (1.28):

uxy = p0(x)u+ p1(x)ux + p2(x)uy + q(x, y), (1.39)
u(a, y) = αu(b, y) + φ(y), ux(x, c) = ux(x, d) + ψ(x). (1.40)

Corollary 1.1. Let the following inequalities hold:

p0(x) p1(x) p2(x) < 0 for x ∈ [0, ω1]

and
(1− α) p2(x) < 0 for x ∈ [0, ω1].

Then problem (1.39), (1.40) is well-posed.

Theorem 1.11. Let inequality (1.32) hold, let Pj(x, y) ≡ Pj (j = 0, 1, 2), and let the inequalities

det
(
I −A exp((b− a)P2)

)
̸= 0, (1.41)

det
(
I − exp((d− c)P1)

)
̸= 0 (1.42)

hold. Then problem (1.1), (1.29) is well-posed if and only if

det
(
I −A exp((b− a)Λk)

)
̸= 0 for k ∈ Z,

where
Λk =

(
i

2π

d− c
kI − P1

)−1(
P0 + i

2π

d− c
kP2

)
.

Let n = 2m, u = (v, w), and v, w ∈ Rm. For the system

vxy = Q1(y)vx + P11(y)wx +Q2(x)vy + P21(x)wy +Q0(x, y)v + P01(x, y)w + q1(x, y), (1.43)
wxy = P12(y)vx −Q1(y)wx + P22(x)vy −Q2(x)wy − P02(x, y)v +Q0(x, y)w + q2(x, y), (1.44)

consider the following boundary conditions:

v(a, y) = Av(b, y) + φ1(y), w(b, y) = Aw(a, y) + φ2(y),

vx(x, c) = Bvx(x, d) + ψ1(x), wx(x, d) = Bwx(x, a) + ψ2(x).
(1.45)

Periodic type, antiperiodic type, and Nicoletti type boundary conditions

v(a, y) = α v(b, y) + φ1(y), w(b, y) = αw(a, y) + φ2(y),

vx(x, c) = β vx(x, d) + ψ1(x), wx(x, d) = β wx(x, a) + ψ2(x);
(1.46)

v(a, y) = αv(b, y) + φ1(y), w(b, y) = αw(a, y) + φ2(y),

vx(x, c) = vx(x, d) + ψ1(x), wx(x, d) = wx(x, c) + ψ2(x);
(1.47)

v(a, y) = −v(b, y) + φ1(y), w(b, y) = −w(a, y) + φ2(y),

vx(x, c) = −vx(x, d) + ψ1(x), wx(x, d) = −wx(x, c) + ψ2(x)
(1.48)

and
v(a, y) = φ1(y), w(b, y) = φ2(y), vx(x, c) = ψ1(x), wx(x, d) = ψ2(x) (1.49)

are particular cases of (1.45). Here, 0 ≤ a < b ≤ ω1, 0 ≤ c < d ≤ ω2, α, β ∈ R, φi ∈ C([0, ω2];Rm),
ψi ∈ C([0, ω1];Rm), qi ∈ C(Ω;Rm) (i = 1, 2), A ∈ Rm×m and B ∈ Rm×m are symmetric matrices,
and Q1 ∈ C([0, ω2];Rm×m), Q2 ∈ C([0, ω1];Rm×m), Q0 ∈ C(Ω;Rm×m), P1i ∈ C([0, ω2];Rm×m),
P2i ∈ C([0, ω1];Rm×m) and P0i ∈ C(Ω;Rm×m) (i = 1, 2) are symmetric matrix functions.

Theorem 1.12. Let

det(I −A) ̸= 0, (1.50)
AQ1(y) = Q1(y)A and BQ2(x) = Q2(x)B, (1.51)

AP1i(y) = P1i(y)A and BP2i(x) = P2i(x)B (i = 1, 2),

and let there exist σj ∈ {−1, 1} (j = 1, 2, 3) such that the following conditions hold:
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(A1) σ1P11(y) and σ1P12(y) are positive semi-definite symmetric matrix functions on [c, d] such that
σ1P11(y

∗) and σ1P12(y
∗) are positive definite symmetric matrices for some y∗ ∈ [c, d];

(A2) σ2P21(x) and σ2P22(x) are positive semi-definite symmetric matrix functions on [a, b] such that
σ2P21(x

∗) and σ2P22(x
∗) are positive definite symmetric matrices for some x∗ ∈ [a, b];

(A3) σ3P1i(y)(A
2 − I) and σ3P2i(y)(B

2 − I) (i = 1, 2) are positive semi-definite matrix functions on
[c, d] and [a, b], respectively;

(A4) σ3P01(x, y) and σ3P02(x, y) are positive semi-definite symmetric matrix functions on [a, b]×[c, d].

Furthermore, let one of the following conditions hold:

(B1) σ3P11(y)(A
2 − I) and σ3P12(y)(A

2 − I) are positive definite matrix functions on [c, d];

(B2) σ3P21(x)(B
2 − I) and σ3P22(x)(B

2 − I) are positive definite matrix functions on [a, b];

(B3) σ3P01(x0, y) and σ3P02(x0, y) are positive definite matrix functions on [c, d] for some x0 ∈ [a, b];

(B4) σ3P01(x, y0) and σ3P02(x, y0) are positive definite matrix functions on [a, b] for some y0 ∈ [c, d].

Then problem (1.43), (1.44), (1.45) is well-posed.

Corollary 1.2. Let there exist σ ∈ {−1, 1} such that the following conditions hold:

(A1) σ(α
2 − 1)P11(y) and σ(α2 − 1)P12(y) are positive semi-definite symmetric matrix functions on

[c, d] such that σ(α2 − 1)P11(y
∗) and σ(α2 − 1)P12(y

∗) are positive definite symmetric matrices
for some y∗ ∈ [c, d];

(A2) σ(β
2 − 1)P21(x) and σ(β2 − 1)P22(x) are positive semi-definite symmetric matrix functions on

[a, b] such that σ(β2 − 1)P21(x
∗) and σ(β2 − 1)P22(x

∗) are positive definite symmetric matrices
for some x∗ ∈ [a, b];

(A3) σP01(x, y) and σP02(x, y) are positive semi-definite symmetric matrix functions on [a, b]× [c, d].

Furthermore, let one of the following conditions hold:

(B1) σ(α
2 − 1)P11(y) and σ(α2 − 1)P12(y) are positive definite matrix functions on [c, d];

(B2) σ(β
2 − 1)P21(x) and σ(β2 − 1)P21(x) are positive definite matrix functions on [a, b];

(B3) σP01(x0, y) and σP02(x0, y) are positive definite matrix functions on [c, d] for some x0 ∈ [a, b];

(B4) σP01(x, y0) and σP02(x, y0) are positive definite matrix functions on [a, b]for some y0 ∈ [c, d].

Then problem (1.43), (1.44), (1.46) is well-posed.

Corollary 1.3. Let there exist σj ∈ {−1, 1} (j = 1, 2) such that the following conditions hold:

(A1) σ1(α
2− 1)P11(y) and σ1(α2− 1)P12(y) are positive semi-definite symmetric matrix functions on

[c, d] such that σ(α2 − 1)P11(y
∗) and σ(α2 − 1)P12(y

∗) are positive definite symmetric matrices
for some y∗ ∈ [c, d];

(A2) σ2P21(x) and σ2P22(x) are positive semi-definite symmetric matrix functions on [a, b] such that
σ2P21(x

∗) and σ2P22(x
∗) are positive definite symmetric matrices for some x∗ ∈ [a, b];

(A3) σ1P01(x, y) and σ1P02(x, y) are positive semi-definite symmetric matrix functions on [a, b]×[c, d].

Furthermore, let one of the following conditions hold:

(B1) σ1(α
2 − 1)P11(y) and σ1(α2 − 1)P12(y) are positive definite matrix functions on [c, d];

(B2) σ1P01(x0, y) and σ1P02(x0, y) are positive definite matrix functions on [c, d] for some x0 ∈ [a, b];
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(B3) σ1P01(x, y0) and σ1P02(x, y0) are positive definite matrix functions on [a, b]for some y0 ∈ [c, d].

Then problem (1.43), (1.44), (1.47) is well-posed.

Corollary 1.4. Let there exist σj ∈ {−1, 1} (j = 1, 2, 3) such that the following conditions hold:

(A1) σ1P11(y) and σ1P12(y) are positive semi-definite symmetric matrix functions on [c, d] such that
σ1P11(y

∗) and σ1P12(y
∗) are positive definite symmetric matrices for some y∗ ∈ [c, d];

(A2) σ2P21(x) and σ2P22(x) are positive semi-definite symmetric matrix functions on [a, b] such that
σ2P21(x

∗) and σ2P22(x
∗) are positive definite symmetric matrices for some x∗ ∈ [a, b];

(A3) σ3P01(x, y) and σ3P02(x, y) are positive semi-definite symmetric matrix functions on [a, b]×[c, d].

Furthermore, let one of the following conditions hold:

(B1) σ3P01(x0, y) and σ3P02(x0, y) are positive definite matrix functions on [c, d] for some x0 ∈ [a, b];

(B2) σ3P01(x, y0) and σ3P02(x, y0) are positive definite matrix functions on [a, b] for some y0 ∈ [c, d].

Then problem (1.43), (1.44), (1.48) is well-posed.

Corollary 1.5. Let there exist σ ∈ {−1, 1} such that the following conditions hold:

(A1) σP11(y) and σP12(y) are positive semi-definite symmetric matrix functions on [c, d] such that
σ1P11(y

∗) and σ1P12(y
∗) are positive definite symmetric matrices for some y∗ ∈ [c, d];

(A2) σP21(x) and σP22(x) are positive semi-definite symmetric matrix functions on [a, b] such that
σ2P21(x

∗) and σ2P22(x
∗) are positive definite symmetric matrices for some x∗ ∈ [a, b];

(A3) σP01(x, y) and σP02(x, y) are negative semi-definite symmetric matrix functions on [a, b]× [c, d].

Furthermore, let one of the following conditions hold:

(B1) σP11(y) and σP12(y) are positive definite matrix functions on [c, d];

(B2) σP21(x) and σP21(x) are positive definite matrix functions on [a, b];

(B3) σP01(x0, y) and σP02(x0, y) are negative definite matrix functions on [c, d] for some x0 ∈ [a, b];

(B4) σP01(x, y0) and σP02(x, y0) are negative definite matrix functions on [a, b]for some y0 ∈ [c, d].

Then problem (1.43), (1.44), (1.49) is well-posed.

Remark 1.5. Notice that problems (1.1), (1.28) and (1.43), (1.44), (1.45) can be localized in the
rectangle [a, b]× [c, d] ⊂ Ω. In other words, they can be considered as boundary value problems in the
rectangle Ω, as well as boundary value problems in the rectangle [a, b]× [c, d] ⊂ Ω.

Moreover, if inequality (1.32) holds and the associated problems (1.30) and (1.31) are uniquely
solvable for every y∗ ∈ [0, ω2] and x∗ ∈ [0, ω1], respectively, then problem (1.1), (1.28) is well-posed in
Ω if and only if it is well-posed in [a, b]× [c, d] ⊂ Ω. In particular, the homogeneous problem

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy, (1.10)
u(a, y) = Au(b, y), ux(x, c) = Bux(x, d), (1.360)

has only the trivial solution in the rectangle Ω if and only if it has only the trivial solution in the
rectangle [a, b]× [c, d] ⊂ Ω.

Indeed, by Theorem 1.4, problem (1.1), (1.28) has the Fredholm property in the rectangle Ω, as
well as in the rectangle [a, b]× [c, d] ⊂ Ω.

Let problem (1.10), (1.360) have only the trivial solution in [a, b] × [c, d], and let u be a solution
of problem (1.10), (1.360) in Ω. Then it is clear that the restriction of u(x, y) ≡ 0 on [a, b] × [c, d].
Consequently, in the rectangle [0, ω1]× [c, d], u satisfies the initial-boundary conditions

u(a, y) = 0, ux(x, c) = Bux(x, d), (1.52)



122 Tariel Kiguradze, Afrah Almutairi

and, in the rectangle [a, b]× [0, ω2], u satisfies the initial-boundary conditions

u(a, y) = Au(b, y), u(x, c) = 0. (1.53)

Conditions (1.53) imply the initial-boundary conditions

uy(a, y) = Auy(b, y), u(x, c) = 0. (1.54)

Thus, in the rectangle [0, ω1]×[c, d], u is a solution of the homogeneous initial-boundary value problem
(1.10), (1.52), and, in the rectangle [a, b]× [0, ω2], u is a solution of the homogeneous initial-boundary
value problem (1.10), (1.54). By Lemma 3.3 (also Theorems 4.1 and 4.1′ from [24]), both problems
have only the trivial solutions, i.e., u(x, y) ≡ 0 on [0, ω1] × [c, d] and [a, b] × [0, ω2]. In particular, in
the rectangle Ω, u satisfies the initial conditions

u(a, y) = 0, u(x, c) = 0. (1.55)

Thus, in the rectangle Ω u, is a solution of the homogeneous Goursat problem (1.10), (1.55), which
has only the trivial solution. Consequently, well-posedness of problem (1.1), (1.28) in [a, b]× [c, d] ∈ Ω
implies its well-posendess in Ω.

Now, let problem (1.10), (1.360) have only the trivial solution in Ω. Let u0(x, y) be a solution of
(1.10), (1.360) in [a, b]× [c, d] ∈ Ω. By Lemma 3.3, the problem

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy,

u(a, y) = u0(a, y), ux(x, c) = Bux(x, d),

has a unique solution u1(x, y) in the rectangle [0, ω1]× [c, d]. Again, by Lemma 3.3 and Remark 1.1,
in the rectangle Ω the problem

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy,

u(a, y) = Au(b, y), u(x, c) = u1(x, c),

has a unique solution u(x, y). Thus, u(x, y) is a solution of problem (1.10), (1.360), whose restriction
on [a, b] × [c, d] is u0(x, y). Therefore u0(x, y) ≡ 0 on [a, b] × [c, d]. Consequently, well-posedness of
problem (1.1), (1.28) in Ω implies its well-posendess [a, b]× [c, d] ⊂ Ω.

Similarly, one can show that if inequality (1.50) holds and the associated problems
dv

dx
= Q1(x)v + P21(x)w,

dw

dx
= P22(x)v −Q2(x)w,

v(a) = Av(b), w(b) = Aw(a)

and
dv

dy
= Q1(y)v + P11(y)w,

dv

dy
= P12(y)v −Q1(y)w,

v(c) = Av(d), w(d) = Aw(c)

are uniquely solvable, then problem (1.43), (1.44), (1.45) is well-posed in Ω if and only if it is well-posed
in [a, b]× [c, d] ⊂ Ω.

2 Periodic problem
Consider the problem on doubly periodic solutions

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy + q(x, y), (2.1)
u(x+ ω1, y) = u(x, y), u(x, y + ω2) = u(x, y), (2.2)
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where
Pi ∈ Cω1 ω2(R2;Rn×n) (i = 0, 1, 2), q ∈ Cω1 ω2(R2;Rn). (2.3)

It is quite obvious that if (2.3) holds, then conditions (2.2) are equivalent to the conditions

u(0, y) = u(ω1, y) for y ∈ [0, ω2], u(x, 0) = u(x, ω2) for x ∈ [0, ω1]. (2.4)

More precisely, the restriction of an arbitrary solution u of problem (2.1), (2.2) on the domain Ω is a
solution of problem (2.1), (2.4) and vice versa, every solution of problem (2.1), (2.4) admits a doubly
periodic continuation, which is a solution of problem (2.1), (2.2).

Along with system (2.1), consider the homogeneous system

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy, (2.10)

as well as the problems

v′ = P2(x, y
∗)v, (2.11)

v(x+ ω1) = v(x) (2.21)

and

v′ = P1(x
∗, y)v, (2.12)

v(y + ω2) = v(y). (2.22)

Problems (2.11), (2.21) and (2.12), (2.22) are called associated problems of problem (2.1), (2.2).

Theorem 2.1. Let the following conditions hold:

(A1) problem (2.11), (2.21) has only the trivial solution for every for y∗ ∈ [0, ω2];

(A2) problem (2.12), (2.22) has only the trivial solution for every for x∗ ∈ [0, ω1].

Then problem (2.1), (2.2) has the Fredholm property, i.e., the following assertions hold:

(i) problem (2.10), (2.2) has a finite dimensional space of solutions;

(ii) if problem (2.10), (2.2) has only the trivial solution, then problem (2.1), (2.2) is uniquely solvable,
and its solution u admits the estimate

∥u∥C1,1(Ω) ≤M∥q∥C(Ω), (2.5)

where M is a positive number independent of q ∈ Cω1 ω2
(R2;Rn).

Remark 2.1. Theorem 2.1 is an improvement of Theorem 1.1 from [24], since the latter, in addition
to conditions (1.5) and (1.6), requires the fulfillment of an additional unnecessary inequality.

Definition 2.1. Problem (2.1), (2.2) is called well-posed if for every q ∈ C(Ω;Rn), it has a unique
solution u admitting the estimate (2.5), where M is a positive number independent of q.

Theorem 2.2. Problem (2.1), (2.2) is well-posed if and only if conditions (A1) and (A2) hold, and
problem (2.10), (2.2) has only the trivial solution.

Theorem 2.3. Let P1(x, y) ≡ P1(x), P2(x, y) ≡ P2(y), and let

det
(
I − exp(ω1P2(y))

)
̸= 0 for y ∈ [0, ω2],

det
(
I − exp(ω2P1(x))

)
̸= 0 for x ∈ [0, ω1].

Then problem (2.1), (2.2) has the Fredholm property.
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Theorem 2.4. Let there exist σ1, σ2 ∈ {−1, 1} such that σ1P̂1(x, y) and σ2P̂2(x, y) are positive semi-
definite for every (x, y) ∈ Ω. Furthermore, let for every x ∈ [0, ω1] there exist η(x) ∈ [0, ω2], and let
for every y ∈ [0, ω2] there exist ζ(y) ∈ [0, ω1] such that σ1P̂1(x, η(x)) and σ2P̂2(ζ(y), y) are positive
definite. Then problem (2.1), (2.2) has the Fredholm property.
Theorem 2.5. Let there exist σ1i, σ2j ∈ {−1, 1} (i = 1, . . . , n) such that

σ1i

ω2∫
0

p1ii(x, t) dt = −αi(x) < 0 for x ∈ [0, ω1] (i = 1, . . . , n)

and

σ2i

ω1∫
0

p2ii(s, y) ds = −βi(y) < 0 for y ∈ [0, ω2] (i = 1, . . . , n),

and let there exist nonnegative continuous functions aik ∈ C([0, ω1]) (bik ∈ C([0, ω2])) (i ̸= k;
i, k = 1, . . . , n) such that the spectral radius of the matrix A(x) = (aik(x))

n
i,k=1 (B(y) = (bik(y))

n
i,k=1),

where aii(x) ≡ 0 (bii(y) ≡ 0) (i = 1, . . . , n), is less than 1 for every x ∈ [0, ω1] (y ∈ [0, ω2]).
Furthermore, let the inequalities∣∣∣∣

y−σ1iω2∫
y

e

y∫
t

p1ii(x,τ) dτ
|p1ik(x, t)| dt

∣∣∣∣ ≤ aik(x)
(
1− e−αi(x)

)
(i ̸= k; i, k = 1, . . . , n)

and ∣∣∣∣
x−σ2iω1∫

x

e

x∫
s

p2ii(ξ,y) dξ
|p2ik(s, y)| ds

∣∣∣∣ ≤ bik(y)
(
1− e−βi(y)

)
(i ̸= k; i, k = 1, . . . , n)

hold on Ω. Then problem (2.1), (2.2) has the Fredholm property.
Theorem 2.6. Let the inequalities

σ1ip1ii(x, y) ≤ aii(x), σ2ip2ii(x, y) ≤ bii(y) for (x, y) ∈ Ω (i = 1, . . . , n),

|p1ik(x, y)| ≤ aik(x), |p2ik(x, y)| ≤ bik(y) for (x, y) ∈ Ω (i ̸= k; i, k = 1, . . . , n)

hold, where σij ∈ {−1, 1} (i = 1, 2; j = 1, . . . , n), aik ∈ C([0, ω1]), bik ∈ C([0, ω2]) (i, k = 1, . . . ), and
the real parts of eigenvalues of the matrix functions (aik(x))

n
i,k=1 and (bik(y))

n
i,k=1 are negative for

every x ∈ [0, ω1] and y ∈ [0, ω2], respectively. Then problem (2.1), (2.2) has the Fredholm property.
Theorem 2.7. Let conditions (A1) and (A2) of Theorem (2.1) hold, let Λ ∈ Rn×n

+ be a nonnegative
matrix with the spectral radius less than 1, and let either P1 ∈ C1,0

ω1ω2
(R2;Rn×n) and

ω2∫
0

ω1∫
0

∣∣∣G2(y, t;x)G1(x, s; t)
(
P0(s, t) + P2(s, t)P1(s, t)− P1s(s, t)

)∣∣∣ ds dt ≤ Λ,

or P2 ∈ C0,1
ω1ω2

(R2;Rn×n) and
ω1∫
0

ω2∫
0

∣∣∣G1(x, s; y)G2(y, t; s)
(
P0(s, t) + P1(s, t)P2(s, t)− P2t(s, t)

)∣∣∣ dt ds ≤ Λ.

Then problem (2.1), (2.2) is well-posed.
Theorem 2.8. Let n = 2m, let

P1(x, y) =

(
Q1(y) P11(y)
P12(y) −Q1(y)

)
, P2(x, y) =

(
Q2(x) P21(x)
P22(x) −Q2(x)

)
,

P0(x, y) =

(
Q0(x, y) P01(x, y)

−P02(x, y) Q0(x, y)

)
,
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where Q1(y), Q2(x) and Q0(x, y) are symmetric matrix functions, and let there exist σj ∈ {−1, 1}
(j = 1, 2, 3) such that the following conditions hold:

(A1) σ1P11(y) and σ1P12(y) are positive semi-definite symmetric matrix functions on [0, ω2] such that
σ1P11(y

∗) and σ1P12(y
∗) are positive definite symmetric matrices for some y∗ ∈ [0, ω2];

(A2) σ2P21(x) and σ2P22(x) are positive semi-definite symmetric matrix functions on [0, ω1] such that
σ2P21(x

∗) and σ2P22(x
∗) are positive definite symmetric matrices for some x∗ ∈ [0, ω1];

(A3) σ3P01(x, y) and σ3P02(x, y) are positive semi-definite symmetric matrix functions on Ω.

Furthermore, let one of the following conditions hold:

(B1) σ3P01(x0, y) and σ3P02(x0, y) are positive definite matrix functions on [0, ω2] for some x0 ∈
[0, ω1];

(B2) σ3P01(x, y0) and σ3P02(x, y0) are positive definite matrix functions on [0, ω1] for some y0 ∈
[0, ω2].

Then problem (2.1), (2.2) is well-posed.

Consider the system
uxy = P0(x, y)u+ ux + uy + q(x, y). (2.6)

Theorem 2.9. Let P0 be a symmetric matrix function, and let one of the following three conditions
hold:

(i) P0 ∈ C1,0
ω1ω2

(R2;Rn×n),

P0(x, y) +
1

2

∂P0(x, y)

∂x
is negative semi-definite for (x, y) ∈ Ω,

ω1∫
0

P0(s, y) ds is negative semi-definite for y ∈ [0, ω2],

ω1∫
0

P0(s, y
∗) ds is negative definite for some y∗ ∈ [0, ω2];

(ii) P0 ∈ C0,1
ω1ω2

(R2;Rn×n),

P0(x, y) +
1

2

∂P0(x, y)

∂y
is negative semi-definite for (x, y) ∈ Ω,

ω2∫
0

P0(x, t) dt is negative semi-definite for x ∈ [0, ω1],

ω2∫
0

P0(x
∗, t) dt is negative definite for some x∗ ∈ [0, ω1];

(iii) P0 ∈ C1
ω1ω2

(R2;Rn×n),

P0(x, y) +
1

4

(∂P0(x, y)

∂x
+
∂P0(x, y)

∂y

)
is negative semi-definite for (x, y) ∈ Ω,

ω1∫
0

ω2∫
0

P0(s, t) dt ds is negative definite.

Then problem (2.6), (2.2) is well-posed.
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Finally, consider the system

uxy = P0(y)u+ P1(y)ux + P2(y)uy + q(x, y) (2.7)

and its particular case, the equation

uxy = p0(y)u+ p1(y)ux + p2(y)uy + q(x, y).

Theorem 2.10. Let Pj (j = 0, 1, 2) be symmetric matrix functions such that

Pj(y)Pk(y) = Pk(y)Pj(y) for y ∈ [0, ω1], (j, k = 0, 1, 2), (2.8)

and let there exist σj ∈ {−1, 1} (j = 0, 1, 2) such that

σ0 σ1 σ2 = −1, (2.9)
σjPj(y) is positive definite for every y ∈ [0, ω2].

Then problem (2.7), (2.2) is well-posed.

Corollary 2.1. Let
p0(y) p1(y) p2(y) < 0 for y ∈ [0, ω2].

Then problem (2.8), (2.2) is well-posed.

Theorem 2.11. Let Pj(y) ≡ Pj (j = 0, 1, 2) be constant matrices. Then problem (2.7), (2.2) is
well-posed if and only if

det
(
I − exp(ω1P2)

)
̸= 0, (2.10)

det
(
I − exp(ω2P1)

)
̸= 0, (2.11)

and
det

(
P0 + i

2π

ω1
mP1 + i

2π

ω2
kP2 +

4π2

ω1ω2
mk I

)
̸= 0 for m, k ∈ Z.

3 Auxiliary statements
Consider the boundary value problem

z′ = P (t)z + q(t), (3.1)
h(z) = c (3.2)

and its corresponding homogeneous problem

z′ = P (t)z, (3.10)
h(z) = 0, (3.20)

where P ∈ C([0, ω];Rn×n) , q ∈ C([0, ω];Rn), c ∈ Rn, and h : C([0, ω];Rn) → Rn is bounded linear
operator.

Lemma 3.1. The following statements are equivalent:

(i) problem (3.1), (3.2) is solvable for arbitrary q ∈ C([0, ω];Rn) and c ∈ Rn;

(ii) problem (3.1), (3.20) is solvable for arbitrary q ∈ C([0, ω];Rn);

(ii) problem (3.10), (3.2) is solvable for arbitrary c ∈ Rn;

(iv) problem (3.10), (3.20) has only the trivial solution;

(v) deth(Z) ̸= 0, where Z(t) is an arbitrary fundamental matrix of the differential system (3.10).
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Lemma 3.1 is a well-known fact in the theory of boundary value problems for ordinary differential
equations (see, e.g., Theorem 1.1 from [18]. If problem (3.10), (3.20) has only the trivial solution,
then a solution of problem (3.1), (3.2) admits the representation z(t) = Γ[c](t) + G[q](t), where Γ :
Rn → C1([0, ω];Rn) and G : C([0, ω];Rn) → C1([0, ω];Rn) are bounded linear operators. Moreover,
the operator G admits the representation

G[q](t) =
ω∫

0

G(t, τ)q(τ) dτ,

where G : [0, ω] × [0, ω] → R is called the Green’s matrix of problem (3.10), (3.20) (for more
information about Green’s matrix, see [18]).

Lemma 3.2. Let problem (3.10), (3.20) have a nontrivial solution. Then for an arbitrary ε > 0 there
exist a bounded linear operator h̃ : C([0, ω];Rn) → Rn such that ∥h− h̃∥ < ε and the problem

z = P (t)z,

h̃(z) = 0 (3̃.20)

has only the trivial solution.

Proof. By Theorem 1.1 from [18], problem (3.10), (3̃.20) has a nontrivial solution if and only if
det h̃(Z) = 0, where Z(t) is an arbitrary fundamental matrix of the differential system (3.10). Set
h̃(z) = (1 − λ)h(z) + λz(0). Then D(λ) = det h̃(Z) is a polynomial (of degree not greater than n)
with respect to λ. Moreover, it is a non-identically zero polynomial. Indeed, D(1) = det h̃(Z) ̸= 0 for
λ = 1, since the initial value problem

z′ = P (t)z, z(0) = 0

has only the trivial solution. Hence, D(λ) has at most n zeros.
Consequently, there exists δ > 0 such that

D(λ) ̸= 0 for λ ∈ (0, δ). (3.3)

Notice that
∥h− h̃∥ ≤ λ

(
1 + ∥h∥

)
. (3.4)

The latter inequality with
λ < min

{
δ,

ε

(1 + ∥h∥)

}
implies ∥h− h̃∥ < ε.

Definition 3.1. G : C([0, ω];Rn) → C1([0, ω];Rn) is called the Green’s operator of problem
(3.10), (3.20).

Definition 3.2. Γ : Rn → C1([0, ω];Rn) is called the Green’s boundary operator of problem
(3.10), (3.20).

Lemma 3.3. Let x0 ∈ [0, ω1], and let the problem

v′ = P1(x
∗, y)v,

h(v) = 0

have only the trivial solution for every x∗ ∈ [0, ω1]. Then the linear problem

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy + q(x, y), (3.5)
u(x0, y) = φ(y), h(ux(x, · )) = ψ(x)
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has a unique solution u admitting the representation

u(x, y) = A0(φ,ψ)(x, y) +A(q)(x, y),

where A0 : C([0, ω2];Rn)×C([0, ω1];Rn) → C1,1(Ω;Rn) and A : C(Ω;Rn) → C1,1(Ω;Rn) are bounded
linear operators. Furthermore, there exists a positive constant M0, independent of q, such that∥∥∥ ∂

∂x
A(q)

∥∥∥
C(Ωx0x)

≤M0∥q∥C(Ωx0x) for x ∈ [0, ω1],

∥A(q)∥C(Ωx0x) +
∥∥∥ ∂
∂y

A(q)
∥∥∥
C(Ωx0x)

≤M0

∣∣∣∣
x∫

x0

∥q∥C(Ωx0s) ds

∣∣∣∣ for x ∈ [0, ω1],

where Ωx0 x = [x0, x]× [0, ω2] if x0 < x, and Ωx0 x = [x, x0]× [0, ω2], if x0 > x.

Lemma 3.3′. Let x0 ∈ [0, ω1], and let the problem

v′ = P1(x
∗, y)v,

h(v)(x∗) = 0

have only the trivial solution for every x∗ ∈ [0, ω1]. Then problem (3.3), (3.4) has a unique solution
u admitting representation (3.5), where A0 : AC([0, ω2];Rn) × L([0, ω1];Rn) → AC(Ω;Rn) and A :
L(Ω;Rn) → AC(Ω;Rn) are bounded linear operators. Furthermore, there exists a positive constant
M0, independent of q, such that

∥A(q)∥C(Ωx) ≤M0∥q∥L(Ωx) for x ∈ [0, ω1].

Lemmas 3.3 and 3.3′ immediately follow from Theorems 4.1 and 4.1′ from [24].

Lemma 3.4. Let conditions (A0) and (A2) of Theorem 1.4 hold. Then there exists u ∈ C1,1(Ω;Rn×n)
satisfying conditions (1.2).

Proof. Consider the problem

uxy = P2(x, 0)ux,

ℓ(u( · , y)) = φ(y), h(ux(x, · )) = ψ(x).

The latter problem has a unique solution

u(x, y) = Γ0[φ(y)](x) +

ω1∫
0

G0(x, s) Γ2[ψ(s)](y) ds,

where Γ0 and G0(x, s), respectively, are Green’s boundary operator and Green’s matrix of problem
(1.4), and Γ2 is Green’s boundary operator of the problem

v′ = P1(0, y)v,

h(v) = 0.

Consider the problem

v′ = P̃2(x, y
∗)v, (3.6)

ℓ(v) = 0, (3.7)

where P̃2 ∈ C0,1(Ω;Rn×n).
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Lemma 3.5. Let conditions (A0), (A1), (A2) of Theorem 1.4 hold, and let problem (3.6), (3.7) have
only the trivial solution for every x2 ∈ [0, ω2]. Then an arbitrary solution u of problem (1.1), (1.2)
admits the following representations:

ux(x, y) = P̃2(x, y)u+

ω2∫
0

G2(y, t;x)
((
P0(x, t) + P1(x, t)P̃2(x, t)− P̃2t(x, t)

)
u(x, t)

+
(
P2(x, t)− P̃2(x, t)

)
ut(x, t) + q(x, t)

)
dt+ Γ2

[
ψ(x)− h(P̃2(x, · )u(x, · ))

]
(y;x);

uy(x, y) =

ω1∫
0

G1(x, s; y)
(
P0(s, y)u(s, y) + P1(s, y)us(s, y) + q(s, y)

)
ds+ Γ1[φ

′(y)](x; y);

u(x, y) =

ω1∫
0

ω2∫
0

G̃1(x, s; y)G2(y, t; s)
((
P0(s, t) + P1(s, t)P̃2(s, t)−

∂

∂t
P̃2(s, t)

)
u(s, t)

+
(
P2(s, t)− P̃2(s, t)

)
ut(s, t) + q(s, t)

)
ds+ P[u;ψ](x, y) + Γ̃1[φ(y)](x; y),

where

P[u;ψ
]
(x, y) =

ω1∫
0

G̃1(x, s; y) Γ2

[
ψ(s)− h(P̃2(s, · )u(s, · ))

]
(y; s) ds,

Gj and Γj, respectively, are Green’s matrix and Green’s boundary operator of problem (1.1j), (1.2j)
(j = 1, 2), and G̃1 and Γ̃1, respectively, are Green’s matrix and Green’s boundary operator of problem
(3.6), (3.7).

Proof. Let u be a solution of problem (1.1), (1.2). Set

v(x, y) = ux(x, y); w(x, y) = uy(x, y); ṽ(x, y) = ux(x, y)− P̃2(x, y)u(x, y).

To prove Lemma 3.4, one needs to note that v, w and ṽ, respectively, are solutions of the following
boundary value problems:

vy = P1(x, y)v + P0(x, y)u(x, y) + P2(x, y)uy(x, y) + q(x, y),

h(v(x, · )) = ψ(x);

wx = P2(x, y)w + P0(x, y)u(x, y) + P1(x, y)ux(x, y) + q(x, y),

ℓ(w( · , y)) = φ′(y);

ṽy = P1(x, y)v +
(
P0(x, y) + P1(x, y)P̃2(x, y)−

∂

∂y
P̃2(x, y)

)
u(x, y)

+
(
P2(x, y)− P̃2(x, y)

)
uy(x, y) + q(x, y),

h(ṽ(x, · )) = ψ(x)− h
(
P̃2(x, · )u(x, · )

)
.

Lemma 3.6. Let conditions (A0), (A1), (A2) of Theorem 1.4 hold. Then problem (1.1), (1.2) has the
Fredholm property.

Proof. First, note that, by Lemma 3.4, there exists u ∈ C1,1(Ω;Rn×n) satisfying conditions (1.2). Let
us show that problem (1.1), (1.2) is equivalent to the following system of integral equations:

v(x, y) = F1(u,w)(x, y); (3.8)
w(x, y) = F2(u, v)(x, y); (3.9)
u(x, y) = F0(u,w)(x, y), (3.10)
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where

F1(u,w)(x1, x2) =

ω2∫
0

G2(y, t;x)
(
P0(x, t)u(x, t)+P2(x, t)w(x, t)+q(x, t)

)
dt+Γ2[ψ(x)](y;x);

F2(u, v)(x, y) =

ω1∫
0

G1(x, s; y)
(
P0(s, y)u(s, y)+P1(s, y)v(s, y)+q(s, y)

)
ds+Γ1[φ

′(y)](x; y); (3.11)

F0(u,w)(x, y) =

ω1∫
0

ω2∫
0

G0(x, s)G2(y, t; s)
(
P0(s, t)u(s, t) + P2(s, t)w(s, t) + q(s, t)

)
ds

+ P0[ψ](x, y) + Γ0[φ(y)](x),

where

P0[ψ](x, y) =

ω1∫
0

G0(x, s) Γ2[ψ(s)](y; s) ds, (3.12)

Gj and Γj , respectively, are Green’s matrix and Green’s boundary operator of problem (2.1j), (2.2j)
(j = 1, 2), and G0 and Γ0, respectively, are Green’s matrix and Green’s boundary operator of problem
(1.4).

Indeed, if u is a solution to problem (1.1), (1.2), then according to Lemma 3.4, u admits the
representations

ux(x, y) =

ω2∫
0

G2(y, t;x)
(
P0(x, t)u(x, t) + P2(x, t)ut(x, t) + q(x, t)

)
dt+ Γ2[ψ(x)](y;x);

uy(x, y) =

ω1∫
0

G1(x, s; y)
(
P0(s, y)u(s, y) + P1(s, y)us(s, y) + q(s, y)

)
ds+ Γ1[φ

′(y)](x; y);

u(x, y) =

ω1∫
0

ω2∫
0

G0(x, s; y)G2(y, t; s)
(
P0(s, t)u(s, t) + P2(s, t)ut(s, t) + q(s, t)

)
ds

+ P0[ψ](x, y) + Γ0[φ(y)](x).

Now, let (v, w, u) be a solution of system (3.8)–(3.10). Then from (3.10) we get

ux(x, y) =

ω2∫
0

G2(y, t;x)
(
P0(x, t)u(x, t) + P2(x, t)w(x, t) + q(x, t)

)
dt+ Γ2[ψ(x)](y;x), (3.13)

ux(x, y) = v(x, y), (3.14)

and
ℓ(u( · , y)) = φ(y). (3.15)

Consequently, in view of (3.9) and (3.11), we have

w(x, y) =

ω1∫
0

G1(x, s; y)
(
P0(s, y)u(s, y) + P1(s, y)us(s, y) + q(s, y)

)
ds+ Γ1[φ

′(y)](x; y).

The latter equality immediately implies

wx(x, y) = P2(x, y)w(x, y) + P0(x, y)u(x, y) + P1(x, y)ux(x, y) + q(x, y)

and
ℓ(w( · , y)) = φ′(y). (3.16)
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From (3.13) and (3.15) we get

uxy(x, y) = P1(x, y)ux(x, y) + P0(x, y)u(x, y) + P2(x, y)w(x, y) + q(x, y), (3.17)
ℓ(uy( · , y)) = φ′(y).

Set
z(x, y) = uy(x, y)− w(x, y).

Then

zx(x, y) = P2(x, y)z(x, y), (3.18)
ℓ(z( · , y)) = 0.

Consequently, in view of condition (A1), z(x, y) ≡ 0, i.e., uy(x, y) = w(x, y).
Thus, problem (1.1), (1.2) is equivalent to system (3.8)–(3.10).
Let F0

1 (u,w), F0
2 (u, v) and F0

0 (u,w) be the homogeneous parts of the operators F1(u,w), F2(u, v)
and F0(u,w), respectively, and set

K(u, v, w) =
(
F0

1 (u,w),F0
2 (u, v),F0

0 (u,w)
)
.

It is clear that K is a bounded linear operator from C(Ω;Rn)×C(Ω;Rn)×C(Ω;Rn) into C0,1(Ω;Rn)×
C1,0(Ω;Rn)× C1,1(Ω;Rn).

Notice that K2 = K◦K is a compact operator from C(Ω;Rn)×C(Ω;Rn)×C(Ω;Rn) into C(Ω;Rn)×
C(Ω;Rn)×C(Ω;Rn). The latter fact implies that the system of operator equations (3.8)–(3.10) and,
consequently, problem (1.1), (1.2) has the Fredholm property.

Lemmas 3.5 and 3.6 immediately imply

Lemma 3.7. Let conditions (A0), (A1), (A2) of Theorem 1.4 hold, and let P2 ∈ C0,1(Ω;Rn×n). Then
problem (1.1), (1.2) is equivalent to the integral equation

F(u)(x, y)=

ω1∫
0

ω2∫
0

G1(x, s; y)G2(y, t; s)
((
P0(s, y)+P1(s, t)P2(s, t)−P2t(s, t)

)
u(s, t)+q(s, t)

)
dt ds

+ P[u;ψ](x, y) + Γ1[φ(y)](x; y),

where

P[u;ψ](x, y) =

ω1∫
0

G1(x, s; y) Γ2

[
ψ(s)− h(P2(s, · )u(s, · ))

]
(y; s) ds

and Gj and Γj, respectively, are Green’s matrix and Green’s boundary operator of problem (1.1j), (1.2j)
(j = 1, 2).

Consider the problems

v′ = P̃2(x, y
∗)v, (3.19)

v(x+ ω1) = v(x), (3.20)

and

v′ = P̃1(x, y
∗)v, (3.21)

v(y + ω2) = v(y), (3.22)

where P̃1 ∈ C0,1
ω1ω2

(R2;Rn×n) and P̃2 ∈ C0,1
ω1ω2

(R2;Rn×n).
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Lemma 3.8. Let conditions (A1) and (A2) of Theorem 2.1 hold. Then an arbitrary solution u of
problem (2.1), (2.2) admits the following representations:

ux(x, y) = P̃2(x, y)u(x, y) +

x+ω2∫
x

G2(y, t;x)
((
P0(x, t) + P1(x, t)P̃2(x, t)− P̃2t(x, t)

)
u(x, t)

+
(
P2(x, t)− P̃2(x, t)

)
ut(x, t) + q(s, t)

)
ds;

uy(x, y) =

x+ω1∫
x

G1(x, s; y)
(
P0(s, y)u(s, y) + P1(s, y)us(s, y) + q(s, y)

)
ds;

u(x, y) =

x+ω1∫
x

y+ω2∫
y

G̃1(x, s; y)G2(y, t; s)
((
P0(s, t) + P1(s, t)P̃2(s, t)− P̃2t(s, t)

)
u(s, t)

+
(
P2(s, t)− P̃2(s, t)

)
ut(s, t) + q(s, t)

)
dt ds,

where Gj is Green’s matrix of problem (2.1j), (2.2j) (j = 1, 2) and G̃1 is Green’s matrix of problem
(3.19), (3.20).
Proof. The proof of Lemma 3.8 is similar to that of Lemma 3.5.

Lemma 3.9. Let conditions (A1) and (A2) of Theorem 2.1 hold. Then an arbitrary solution u of
problem (2.1), (2.2) admits the following representations:

ux(x, y) =

x+ω2∫
x

G2(y, t;x)
(
P0(x, t)u(x, t) + P2(x, t)ut(x, t) + q(s, t)

)
ds;

uy(x, y) = P̃1(x, y)u(x, y) +

x+ω1∫
x

G1(x, s; y)
((
P0(s, y) + P2(s, y)P̃1(s, y)− P̃1s(x, t)

)
u(s, y)

+
(
P1(s, y)− P̃1(s, y)

)
us(s, y) + q(s, y)

)
ds;

u(x, y) =

y+ω2∫
y

x+ω1∫
x

G̃2(y, t;x)G1(x, s; t)
((
P0(s, t) + P2(s, t)P̃1(s, t)− P̃1s(s, t)

)
u(s, t)

+
(
P1(s, t)− P̃1(s, t)

)
us(s, t) + q(s, t)

)
ds dt,

where Gj is Green’s matrix of problem (2.1j), (2.2j) (j = 1, 2) and G̃2 is Green’s matrix of problem
(3.21), (3.22).
Proof. The proof of Lemma 3.9 is similar to that of Lemma 3.5.

Lemma 3.10. Let conditions (A1) and (A2) of Theorem 2.1 hold. Then problem (2.1), (2.2) is
equivalent to the system of integral equations

v(x, y) =

x+ω1∫
x

y+ω2∫
y

G(x, s)G2(y, t; s)
(
P0(s, t)u(s, t) + (P2(s, t)− I)w(s, t) + q(s, t)

)
dt ds

+

y+ω2∫
y

G2(y, t;x)
(
P0(x, t)u(x, t) + (P2(x, t)− I)w(x, t) + q(x, t)

)
dt;

w(x, y) =

x+ω1∫
x

G1(x, s; y)
(
P0(s, y)u(s, y) + P1(s, y)v(s, y) + q(s, y)

)
ds;
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u(x, y) =

x+ω1∫
x

y+ω2∫
y

G(x, s)G2(y, t; s)
(
P0(s, t)u(s, t) + (P2(s, t)− I)w(s, t) + q(s, t)

)
dt ds,

where G(x, s) = ex−s

e−ω1−1
I is Green’s matrix of the problem

z′ = z, z(x+ ω1) = z(x).

Proof. The proof of Lemma 3.10 is similar to that of Lemma 3.6.

Lemma 3.11. Let conditions (A1) and (A2) of Theorem 2.1 hold. Then problem (2.1), (2.2) is
equivalent to the system of integral equations

v(x, y) =

y+ω1∫
y

G2(y, t;x)
(
P0(x, t)u(x, t) + P2(x, t)w(x, t) + q(x, t)

)
dt;

w(x, y) =

y+ω2∫
y

x+ω1∫
x

G(y, t)G1(x, s; t)
(
P0(s, t)u(s, t) + (P1(s, t)− I)v(s, t) + q(s, t)

)
ds dt

+

x+ω1∫
x

G1(x, s; y)
(
P0(s, y)u(s, y) + (P1(s, y)− I)v(s, y) + q(s, y)

)
ds;

u(x, y) =

y+ω2∫
y

x+ω1∫
x

G(y, t)G1(x, s; t)
(
P0(s, t)u(s, t) + (P1(s, t)− I)v(s, t) + q(s, t)

)
ds dt

where G(y, t) = ey−t

e−ω2−1
I is Green’s matrix of the problem

z′ = z, z(y + ω2) = z(y).

Proof. The proof of Lemma 3.11 is similar to that of Lemma 3.6.

Lemma 3.12. Let conditions (A1) and (A2) of Theorem 2.1 hold, and let P1 ∈ C1,0
ω1ω2

(Ω;Rn×n).
Then problem (2.1), (2.2) is equivalent to the operator equation

u(x, y)=

y+ω2∫
y

x+ω1∫
x

G2(y, t;x)G1(x, s; t)
((
P0(s, y)+P1(s, t)P2(s, t)−P1s(s, t)

)
u(s, t)+q(s, t)

)
ds dt,

where Gj is Green’s matrix of problem (2.1j), (2.2j) (j = 1, 2).

Proof. Lemma 3.12 is an immediate consequence of Lemmas 3.8 and 3.10.

Lemma 3.13. Let conditions (A1) and (A2) of Theorem 2.1 hold, and let P2 ∈ C0,1
ω1ω2

(Ω;Rn×n).
Then problem (2.1), (2.2) is equivalent to the operator equation

u(x, y)=

x+ω1∫
x

y+ω2∫
y

G1(x, s; y)G2(y, t; s)
((
P0(s, y)+P1(s, t)P2(s, t)−P2t(s, t)

)
u(s, t)+q(s, t)

)
dt ds,

where Gj is Green’s matrix of problem (2.1j), (2.2j) (j = 1, 2).

Proof. Lemma 3.13 is an immediate consequence of Lemmas 3.9 and 3.11.
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In the interval [0, ω], consider the problem

z′ = P (t)z, (3.23)
z(a) = Az(b), (3.24)

where P ∈ C([0, ω];Rn×n), A ∈ Rn×n and 0 ≤ a < b ≤ ω. Set P̂ = 1
2 (P + PT ), where PT is the

transpose of the matrix P .

Lemma 3.14. Let there exist σ ∈ {−1, 1} such that σP̂ (t) is positive semi-definite on [a, b], and let
either

σ(ATA− I) is positive semi-definite, (3.25)
σP̂ (t∗) is positive definite for some t∗ ∈ [a, b], (3.26)

or
σ(ATA− I) is positive definite, (3.27)

Then problem (3.23), (3.24) has only the trivial solution.

Proof. Let z be a solution of problem (3.23), (3.24). Then

1

2
⟨z(t), z(t)⟩

∣∣∣∣b
a

=

b∫
a

⟨z′(t), z(t)⟩ dt =
b∫

a

〈
P (t)z(t), z(t)

〉
dt =

b∫
a

〈
P̂ (t)z(t), z(t)

〉
dt,

whence, in view of (3.13), we get

1

2

(
⟨z(b), z(b)⟩ − ⟨z(a), z(a)⟩

)
=

1

2

(
⟨z(b), z(b)⟩ −

〈
Az(b), Az(b)

〉)
and

1

2

〈
(ATA− I)z(b), z(b)

〉
+

b∫
a

〈
P̂ (t)z(t), z(t)

〉
dt = 0. (3.28)

The matrix function σP̂ (t) is positive semi-definite on [a, b]. Notice that if (3.29) holds, then the
matrix function σP̂ (t) is positive definite in some neighborhood of t∗. Therefore, (3.25), (3.26) and
(3.28) imply z(t∗) = 0, while (3.27) and (3.28) imply z(b) = 0. In either case, by the Existence and
Uniqueness Theorem, z(t) ≡ 0.

Let n = 2m. In the interval [0, ω], for the linear system

z′1 = Q(t)z1 + P1(t)z2,

z′2 = P2(t)z1 −Q(t)z2,
(3.29)

consider the boundary conditions

z1(a) = Az1(b), z2(b) = Az2(a), (3.30)

where z = (z1, z2), z1, z2 ∈ Rm, Pi ∈ C([0, ω];Rm×m) (i = 1, 2), Q ∈ C([0, ω];Rm×m), and A ∈
Rm×m).

Lemma 3.15. Let A ∈ Rm×m be symmetric matrix, let Q ∈ C([0, ω];Rm×m) be a symmetric matrix
function on [a, b], let σP1 ∈ C([0, ω];Rm×m) and σP2 ∈ C([0, ω];Rm×m) be positive semi-definite
symmetric matrix functions on [a, b] for some σ ∈ {−1, 1}, and let σP1(t

∗) and σP2(t
∗) be positive

definite for some t∗ ∈ [a, b]. Then problem (3.29), (3.30) has only the trivial solution.
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Proof. Let (z1(t), z2(t)) be a solution of problem (3.29), (3.30). Then

b∫
a

〈
z′1(t), z2(t)

〉
dt =

b∫
a

(〈
Q(t)z1(t), z2(t)

〉
+

〈
P1(t)z2(t), z2(t)

〉)
dt (3.31)

and
b∫

a

〈
z′2(t), z1(t)

〉
dt =

b∫
a

(〈
P2(t)z1(t), z1(t)

〉
−Q(t)z2(t), z1(t)

〉)
dt. (3.32)

Adding (3.31) and (3.32), we get

⟨z1(b), z2(b)⟩ − ⟨z1(a), z2(a)⟩

=

b∫
a

d

dt
⟨z1(t), z2(t)⟩ dt =

b∫
a

(〈
P1(t)z2(t), z2(t)

〉
+

〈
P2(t)z1(t), z1(t)

〉)
dt. (3.33)

In view of (3.30) and symmetry of A, from (3.33) we get

⟨z1(b), z2(b)⟩ − ⟨z1(a), z2(a)⟩ = ⟨z1(b), Az2(a)⟩ − ⟨Az1(b), z2(a)⟩ = 0 (3.34)

and
b∫

a

(〈
P1(t)z2(t), z2(t)

〉
+

〈
P2(t)z1(t), z1(t)

〉)
dt = 0. (3.35)

The matrix functions σP1(t) and σP2(t) are positive semi-definite on [a, b], and σP1(t
∗) and σP2(t

∗)
are positive definite for some t∗ ∈ [a, b]. Consequently, the matrix functions σP1(t) and σP2(t) are posi-
tive definite in some neighborhood of t∗. Therefore, from (3.35) we immediately get (z1(t∗), z2(t∗)) = 0.
By the Existence and Uniqueness Theorem, (z1(t, z2(t)) ≡ 0.

4 Proofs of the main results
Proof of Theorem 1.1. Let ψ(x) ≡ 0, let c ∈ Rn be an arbitrary vector, and let φ ∈ C1([0, ω2];Rn) be
such that

h(φ) = c.

Existence of such φ follows from the admissibility of h. Indeed, let P ∈ C([0, ω2];Rn×n) be such that
the problem

z′ = P (y)z, h(z) = 0

has only the trivial solution. Then, in the role of φ one can choose the (unique) solution of the problem

z′ = P (y)z, h(z) = c.

Let u be an arbitrary solution of problem (1.1), (1.2). Set z = h(u(x, · )). Then, in view of (1.3),
z is a solution of the problem

z′ = 0, ℓ(z) = c. (4.1)

Thus, problem (4.1) is solvable for arbitrary c ∈ Rn. By Lemma 3.1, the homogeneous problem
(1.4) has only the trivial solution.

Proof of Theorem 1.2. Let u be a solution of problem (1.1), (1.2). Set

w(x, y) = uy(x, y)− P1u(x, y), v(x) = h(w(x, · )).
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In view of (1.2) and (1.6), w is a solution of the problem

w(1,0) = P2w + (P0(x, y) + P2P1)u(x, y) + q(x, y), (4.2)
ℓ(w( · , y)) = ℓ

(
uy( · , y)− P1u( · , y)

)
= φ′(y)− P1φ(y). (4.3)

After applying the operator h to (4.2) and (4.3) and utilizing (1.3), we get

h(w′(x, · )) = v′(x) = P2v +
(
h(P0(x, · )) + P2P1

)
Ψ(x) + h(q(x, · ))

= h
(
P2w(x, · ) + (P0(x, · ) + P2P1)u(x, · ) + q(x, · )

)
and

h(ℓ(w)) = ℓ(h(w)) = ℓ(v) = h(φ′ − P1Ψ).

Consequently, v(x) is a solution of problem(1.7), (1.8).

Proof of Theorem 1.3. Let u be a solution of problem (1.1), (1.2). Set

w(x, y) = ux(x, y)− P2u(x, y), v(y) = ℓ(w( · , y)).

In view of (1.2) and (1.6), w is a solution of the problem

w(0,1) = P1w + (P0(x, y) + P1P2)u(x, y) + q(x, y), (4.4)
h(w(x, · ) = h

(
ux(x, · )− P2u(x, · )

)
= ψ(x)− P2Ψ(x). (4.5)

After applying the operator h to (4.4) and (4.5) and utilizing (1.3), we get

ℓ(w′( · , y)) = v′(y) = P1v +
(
ℓ(P0( · , y)) + P1P2

)
φ(y) + ℓ(q( · , y))

= ℓ
(
P1w( · , y) + (P0( · , y) + P1P2)u( · , y) + q( · , y)

)
and

ℓ(h(w)) = h(ℓ(w)) = h(v) = ℓ(ψ − P2φ).

Consequently, v(y) is a solution of problem (1.9), (1.10).

Proof of Theorem 1.4. Theorem 1.4 follows from Lemmas 3.4 and 3.5.

Proof of Theorem 1.5. Let problem (1.1), (1.2) be well-posed. Assume, on the contrary, that either
condition (A1) or (A2) is not satisfied.

If condition (A1) is not satisfied, then problem (1.11), (1.21) has a nontrivial solution ξ0(x) for some
y∗ ∈ [0, ω2]. Due to well-posedness of problem (1.1), (1.2) there exist δ > 0 and P̃2 ∈ C(0,1)(Ω;Rn×n)

such that P̃2(x, y) = P2(x, y
∗) for y ∈ [y∗ − δ, y∗ + δ] ∩ [0, ω2], and the problem

uxy = P0(x, y)u+ P1(x, y)ux + P̃2(x, y)uy + q(x, y), (4.6)
ℓ(u( · , y)) = 0, h(ux(x, · )) = ψ(x) (4.7)

is well-posed. In other words, problem (4.6), (4.7) has a unique solution

u(x, y) = A(ψ, q)(x, y),

where A : C([0, ω1];Rn)× C(Ω;Rn) → C1,1(Ω;Rn) is a bounded linear operator.
Consider the problem

uxy =
(
− P1(x, y)P̃2(x, y) + P̃2y(x, y)

)
u+ P1(x, y)ux + P̃2(x, y)uy, (4.8)

ℓ(u( · , y)) = 0, h
(
ux(x, · )− P̃2(x, · )u(x, · )

)
= 0. (4.9)

Every solution u of problem (4.8), (4.9) is also a solution of the operator equation

u(x, y) = Ã(u)(x, y), (4.10)
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where

Ã(u)(x, y) = A
(
f(u), Q(u)

)
(x, y), f(u)(x) = h

(
P̃2(x, · )u(x, · )

)
,

Q(u)(x, y) =
(
P0(x, y) + P1(x, y)P̃2(x, y)− P̃2y(x, y)

)
u(x, y).

It is clear that Ã : C(Ω;Rn) → C1,1(Ω;Rn) is a bounded linear operator. Consequently, Ã :
C(Ω;Rn) → C(Ω;Rn) is a compact operator. Therefore, (4.10) has a finite dimensional space of
solutions in C(Ω;Rn). But then problem (4.8), (4.9) also has a finite dimensional space of solutions.

On the other hand, system (4.8) is equivalent to the system(
ux − P̃2(x, y)u

)
y
= P1(x, y)

(
ux − P̃2(x, y)u

)
. (4.11)

Hence, every solution u ∈ C1,1(Ω;Rn) of the problem

ux = P̃2(x, y)u, (4.12)
ℓ(u( · , y)) = 0 (4.13)

is a solution of problem (4.11), (4.9) and, consequently, of problem (4.8), (4.9).
Let γ ∈ C∞([0, ω2]) be an arbitrary function such that supp γ ⊂ [y∗ − δ, y∗ + δ] ∩ [0, ω2]. Then

u(x, y) = ξ0(x)γ(y)

is a solution of problem (4.12), (4.13) and, consequently, of problem (4.8), (4.9). Thus problem
(4.8), (4.9) has an infinite dimensional space of solutions, which contradicts to the fact that equa-
tion (4.10) has a finite-dimensional space of solutions.

Now, let us assume that problem (1.12), (1.22) has a nontrivial solution η0(y) for some x∗ ∈ [0, ω1].
In view of well-posedness of problem (1.1), (1.2) and Lemma 3.2, there exist δ > 0, P̃1 ∈ C1,0(Ω;Rn×n)

and a bounded linear operator h̃ : C([0, ω1];Rn) → Rn such that

P̃1(x, y) = P1(x
∗, y) for x ∈ [x∗ − δ, x∗ + δ] ∩ [0, ω1],

the problem
z′ = 0, h̃(z) = 0 (4.14)

has only the trivial solution, and the problem

uxy = P0(x, y)u+ P̃1(x, y)ux + P2(x, y)uy + q(x, y), (4.15)
ℓ(u( · , y)) = φ(y), h̃(ux(x, · )) = 0 (4.16)

is well-posed. In other words, problem (4.15), (4.16) has a unique solution

u(x, y) = B(φ, q)(x, y),

where B : C([0, ω2];Rn)× C(Ω;Rn) → C1,1(Ω;Rn) is a bounded linear operator.
Consider the problem

uxy =
(
− P2(x, y)P̃1(x, y) + P̃1 x(x, y)

)
u+ P̃1(x, y)ux + P2(x, y)uy, (4.17)

ℓ

(
u( · , y)−

ω2∫
0

G0(y, t)P̃1( · , t)u( · , t) dt
)

= 0, h̃(ux(x, · )) = 0, (4.18)

where and G0 is Green’s matrix of problem (4.14).
Every solution u of problem (4.17), (4.18) is also a solution of the operator equation

u(x, y) = B̃(u)(x, y), (4.19)
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where

B̃(u)(x, y) = B(P(u), Q(u))(x, y), P(u)(y) = ℓ

( ω2∫
0

G0(y, t) P̃1( · , t)u( · , t) dt
)
,

Q(u)(x) =
(
P0(x, y) + P2(x, y)P̃1(x, y)− P̃1x(x, y)

)
u(x, y).

It is clear that B̃ : C(Ω;Rn) → C1,1(Ω;Rn) is a bounded linear operator. Consequently, B̃ :
C(Ω;Rn) → C(Ω;Rn) is a compact operator. Therefore, (4.19) has a finite dimensional space of
solutions in C(Ω;Rn). But then problem (4.17), (4.18) also has a finite dimensional space of solutions.

On the other hand, system (4.17) is equivalent to the system

(uy − P̃1(x, y)u)x = P2(x, y)(uy − P̃1(x, y)u). (4.20)

Hence, every solution u ∈ C1,1(Ω;Rn) of the problem

uy = P̃1(x, y)u, (4.21)
h̃(u(x, · )) = 0 (4.22)

is a solution of problem (4.20), (4.18) and, consequently, of problem (4.17), (4.18).
Let γ ∈ C∞([0, ω1]) be an arbitrary function such that supp γ ⊂ [x∗ − δ, x∗ + δ] ∩ [0, ω1]. Then

u(x, y) = η0(y)γ(x) is a solution of problem (4.21), (4.22) and, consequently, of problem (4.17), (4.18).
Thus problem (4.17), (4.18) has an infinite dimensional space of solutions, which contradicts to the fact
that equation (4.19) has a finite-dimensional space of solutions. The obtained contradiction completes
the proof of the theorem.

Proof of Theorem 1.6. In view of Lemma 3.7, problem (1.1), (1.20) is equivalent to the operator equa-
tion

u(x, y) = F(u)(x, y) (4.23)
in the space C(Ω;Rn), where

F(u)(x, y) =

ω1∫
0

ω2∫
0

G1(x, s; y)G2(y, t; s)

×
((
P0(s, t) + P1(s, t)P2(s, t)− P2t(s, t)

)
u(s, t) + q(s, t)

)
dt ds.

Hence, it is obvious that if conditions (1.25) hold, then for ε > 0 sufficiently small, F is an operator
of contraction. Therefore, equation (4.23) is uniquely solvable and, thus, problem (1.1), (1.2) is well-
posed. Moreover, if equalities (1.26) hold, then the unique solution u of equation (2.9), as well as of
problem (1.1), (1.20), admits representation (1.27).

Proof of Theorem 1.7. Theorem 1.7 is a particular case of Theorem 1.4, since

X(x, y) = exp
(
(x− a)P2(y)

)
and Y (y, x) = exp

(
(y − c)P1(x)

)
,

respectively, are fundamental matrices of the differential systems
dz

dx
= P2(y

∗)z and dz

dy
= P1(x

∗).

Consequently, by statement (v) of Lemma 3.1, the problems
dz

dx
= P2(y

∗)z, z(a) = Az(b)

and
dz

dy
= P1(x

∗)z, z(c) = Bz(d)

are uniquely solvable if and only if inequalities (1.33) and (1.34) hold.
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Proof of Theorem 1.8. Theorem 1.8 follows from Theorem 1.4 and Lemma 3.14.

Proof of Theorem 1.9. By Theorem 1.9, problem (1.1), (1.27) has the Fredholm property. According
to Remark 1.5, well-posedness of problem (1.1), (1.27) in Ω is equivalent to the well-posedness of
problem (1.1), (1.27) in [a, b] × [c, d] ⊂ Ω. It remains to show that in the rectangle [a, b] × [c, d] the
homogeneous problem

uxy = P0(x, y)u+ P1(x, y)ux + P2(x, y)uy, (4.24)
u(a, y) = Au(b, y), ux(x, c) = Bux(x, d) (4.25)

has only the trivial solution. Let u be a solution of problem (4.24), (4.25). By Lemma 3.7, u admits
the integral representation

u(x, y) =

b∫
a

d∫
c

G1(x, s; y)G2(y, t; s)
(
P0(s, t) + P1(s, t)P2(s, t)− P2t(s, t)

)
u(s, t) dt ds,

whence we get

|u|C(Ω) ≤
b∫

a

d∫
c

∣∣∣G1(x, s; y)G2(y, t; s)
(
P0(s, t) + P1(s, t)P2(s, t)− P2t(s, t)

)∣∣∣ dt ds |u|C(Ω)

and |u|C(Ω) ≤ Λ|u|C(Ω). The latter inequality immediately implies u(x, y) ≡ 0 in [a, b] × [c, d], since
the spectral radius of Λ is less than 1.

Proof of Theorem 1.10. In view of (1.37) and (1.38), by Lemma 3.14 and Theorem 1.4, problem
(1.1), (1.29) has the Fredholm property. According to Remark 1.5, problem (1.1), (1.29) is well-posed
in Ω if and only if it is the well-posed in [a, b] × [c, d] ⊂ Ω. It remains to show that in the rectangle
[a, b]× [c, d] the homogeneous problem

uxy = P0(x)u+ P1(x)ux + P2(x)uy, (4.26)
u(a, y) = Au(b, y), ux(x, c) = ux(x, d) (4.27)

has only the trivial solution. Let u be a solution of problem (4.26), (4.27). Then u admits the Fourier
series representation

u(x, y) =

+∞∑
k=−∞

uk(x)e
ık 2π

d−c y. (4.28)

After substituting (4.28) in (4.26), we get

u′k(x) =
(
− P1(x) + ı

2π

d− c
kI

)−1(
P0(x) + ı

2π

d− c
kP2(x)

)
uk(x), uk(a) = Auk(b). (4.29)

In view of (1.35) and (1.38), for every j, k = 0, 1, 2, σjσkPj(x)Pk(x) is a positive definite symmetric
matrix function, and(

− P1(x) + ı
2π

d− c
kI

)−1(
P0(x) + ı

2π

d− c
kP2(x)

)
= −

(
P0(x)P1(x)−

4π2

(d− c)2
k2P2(x)

)(
P 2
1 (x) +

4π2

(d− c)2
k2I

)−1

− ı
2π

d− c
k
(
P0(x) + P1(x)P2(x)

)−1
(
P 2
1 (x) +

4π2

(d− c)2
k2I

)−1

. (4.30)

Moreover,

σ2

(
− P0(x)P1(x) +

4π2

(d− c)2
k2P2(x)

)(
P 2
1 (x) +

4π2

(d− c)2
k2I

)−1



140 Tariel Kiguradze, Afrah Almutairi

and
σ0

(
P0(x) + P1(x)P2(x)

)−1
(
P 2
1 (x) +

4π2

(d− c)2
k2I

)−1

are positive definite symmetric matrix functions. Hence, taking into account (4.29) and (4.30), we get

〈
(I −AAT )uk(b), uk(b)

〉
=

b∫
a

d

dx

〈
uk(x), uk(x)

〉
dx =

b∫
a

(
⟨u′k(x), uk(x)⟩+ ⟨uk(x), u′k(x)⟩

)
dx

= 2

b∫
a

〈(
− P0(x)P1(x) +

4π2

(d− c)2
k2P2(x)

)(
P 2
1 (x) +

4π2

(d− c)2
k2I

)−1

uk(x), uk(x)
〉
dx. (4.31)

(1.36)–(1.38) and(4.31) immediately imply uk(x) ≡ 0 on [a, b] (k ∈ Z). Consequently, u(x, y) ≡ 0 on
[a, b]× [c, d].

Proof of Corollary 1.1. Corollary 1.1 is an immediate consequence of Theorem 1.10.

Proof of Theorem 1.11. In view of (1.41) and (1.42), by Lemma 3.14 and Theorem 1.4, problem
(1.1), (1.29) has the Fredholm property. According to Remark 1.5, problem (1.1), (1.29) is well-posed
in Ω if and only if it is the well-posed in [a, b] × [c, d] ⊂ Ω. It remains to show that in the rectangle
[a, b]× [c, d] the homogeneous system

uxy = P0u+ P1ux + P2uy (4.32)

has only the trivial solution satisfying condition (4.27). Let u be a solution of problem (4.32), (4.27).
Then u admits the Fourier series representation (4.28). After substituting (4.28) in (4.26), we get

u′k(x) = Λkuk(x), uk(a) = Auk(b), (4.33)

where
Λk =

(
i

2π

d− c
kI − P1

)−1(
P0 + i

2π

d− c
kP2

)
.

By statement (v) of Lemma (3.1), problem (4.33) has a trivial solution if and only if

det
(
I −A exp((b− a)Λk)

)
̸= 0.

Proof of Theorem 1.12. By Lemma 3.15 and Theorem 2.1, problem (1.43), (1.44), (1.45) has the Fred-
holm property. According to Remark 1.5, well-posedness of problem (1.43), (1.44), (1.45) in Ω is
equivalent to the well-posedness of problem (1.43), (1.44), (1.45) in [a, b] × [c, d] ⊂ Ω. It remains to
show that in the rectangle [a, b]× [c, d] the homogeneous problem

vxy = Q1(y)vx + P11(y)wx +Q2(x)vy + P21(x)wy +Q0(x, y)v + P01(x, y)w, (4.34)
wxy = P12(y)vx −Q1(y)wx + P22(x)vy −Q2(x)wy − P02(x, y)v +Q0(x, y)w, (4.35)

v(a, y) = Av(b, y), w(b, y) = Aw(a, y),

vx(x, c) = Bvx(x, d), wx(x, d) = Bwx(x, a)
(4.36)

has only the trivial solution. Let (v, w) be an arbitrary solution of problem (4.34), (4.35), (4.36). Then
we have

b∫
a

d∫
c

〈
vxy(x, y), w(x, y)

〉
dy dx

=

b∫
a

d∫
c

(〈
Q1(y)vx(x, y), w(x, y)

〉
+
〈
P11(y)wx(x, y), w(x, y)

〉
+

〈
Q2(x)vy(x, y), w(x, y)

〉
+
〈
P21(x)wy(x, y), w(x, y)

〉
+
〈
Q0(x, y)v(x, y), w(x, y)

〉
+
〈
P01(x, y)w(x, y), w(x, y)

〉)
dy dx
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and
b∫

a

d∫
c

〈
wxy(x, y), v(x, y)

〉
dy dx

=

b∫
a

d∫
c

(〈
P12(y)vx(x, y), v(x, y)

〉
−

〈
Q1(y)wx(x, y), v(x, y)

〉
+
〈
P22(x)vy(x, y), v(x, y)

〉
−
〈
Q2(x)wy(x, y), v(x, y)

〉
−
〈
P02(x, y)v(x, y), v(x, y)

〉
+

〈
Q0(x, y)w(x, y), v(x, y)

〉)
dy dx.

Taking into account conditions (1.50), (1.51) and (4.36), and symmetry of the matrices and matrix
functions A, B, Qi, Pij (i = 0, 1, 2; j = 1, 2), we get

b∫
a

d∫
c

〈
vxy(x, y), w(x, y)

〉
dy dx =

b∫
a

d∫
c

〈
wxy(x, y), v(x, y)

〉
dy dx,

b∫
a

d∫
c

〈
Q1(y)vx(x, y), w(x, y)

〉
dy dx = −

b∫
a

d∫
c

〈
Q1(y)wx(x, y), v(x, y)

〉
dy dx,

b∫
a

d∫
c

〈
Q2(x)vy(x, y), w(x, y)

〉
dy dx = −

b∫
a

d∫
c

〈
Q2(x)wy(x, y), v(x, y)

〉
dy dx,

b∫
a

d∫
c

〈
P11(y)wx(x, y), w(x, y)

〉
dy dx =

1

2

d∫
c

〈
P11(y)(A

2 − I)w(a, y), w(a, y)
〉
dy,

b∫
a

d∫
c

〈
P12(y)vx(x, y), v(x, y)

〉
dy dx =

1

2

d∫
c

〈
P12(y)(I −A2)v(b, y), v(b, y)

〉
dy,

b∫
a

d∫
c

〈
P21(x)wy(x, y), w(x, y)

〉
dy dx =

1

2

b∫
a

〈
P21(x)(B

2 − I)w(x, c), w(x, c)
〉
dx,

b∫
a

d∫
c

〈
P22(x)vy(x, y), v(x, y)

〉
dy dx =

1

2

b∫
a

〈
P22(x)(I −A2)v(x, d), v(x, d)

〉
dx.

Therefore, after subtracting (3.17) from (3.16), we arrive at the equality

1

2

d∫
c

(〈
P11(y)(A

2 − I)w(a, y), w(a, y)
〉
+
〈
P12(y)(A

2 − I)v(b, y), v(b, y)
〉)
dy

+
1

2

b∫
a

(〈
P21(x)(B

2 − I)w(x, c), w(x, c)
〉
+
〈
P22(x)(B

2 − I)v(x, d), v(x, d)
〉)
dx

+

b∫
a

d∫
c

(〈
P01(x, y)v(x, y), v(x, y)

〉
+

〈
P0,2(x, y)w(x, y), v(x, y)

〉)
dy dx = 0.

If (B1) holds, then v(a, y) = 0 and w(a, y) = 0 (also, v(b, y) = 0 and w(b, y) = 0).
If (B3) holds, then v(x0, y) = 0 and w(x0, y) = 0.
Therefore, (v(x, y), w(x, y)) is a solution of system (4.34), (4.35) satisfying the initial-boundary

conditions
v(x1, y) = 0, w(x1, y) = 0,

vx(x, c) = Bvx(x, d), wx(x, d) = Bwx(x, a),
(4.37)
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where x1 is either a, or x0. By Lemma 3.3, the homogeneous problem (4.34), (4.35), (4.37) has only
the trivial solution in [a, b]× [c, d].

Similarly, one can show that if either (B2) or (B4)holds, then u(x, y) ≡ 0 in [a, b]× [c, d].

Corollaries 1.2–1.5 are particular cases of Theorem 1.12.

Proof of Theorem 2.1. The proof of Theorem 2.1 is similar to that of Theorem 1.4.

Proof of Theorem 2.2. The proof of Theorem 2.2 is similar to that of Theorem 1.5.

Proof of Theorem 2.3. The proof of Theorem 2.3 is similar to that of Theorem 1.7.

Proof of Theorem 2.4. The proof of Theorem 2.4 is similar to that of Theorem 1.8.

Proof of Theorem 2.5. By Lemma 9.3 and Theorem 9.2 from [18], the conditions of Theorem 2.5
guarantee unique solvability of the associated problems (2.11), (2.21) and (2.12), (2.22) for every y∗ ∈
[0, ω2] and x∗ ∈ [0, ω1], respectively. Consequently, by Theorem 2.1, problem (2.1), (2.2) has the
Fredholm property.

Proof of Theorem 2.6. By Lemma 9.4 and Theorem 9.2 from [18], the conditions of Theorem 2.6
guarantee unique solvability of the associated problems (2.11), (2.21) and (2.12), (2.22) for every y∗ ∈
[0, ω2] and x∗ ∈ [0, ω1], respectively. Consequently, by Theorem 2.1, problem (2.1), (2.2) has the
Fredholm property.

Proof of Theorem 2.7. The proof of Theorem 2.7 is similar to that of Theorem 1.9.

Proof of Theorem 2.8. The proof of Theorem 2.8 is similar to that of Theorem 1.12.

Proof of Theorem 2.9. By Lemma 3.14 and Theorem 2.1, problem (2.6), (2.2) has the Fredholm pro-
perty. It remains to show that the corresponding homogeneous problem has only the trivial solution.
Let u be a solution of the homogeneous system

uxy = P0(x, y)u+ ux + uy

satisfying conditions (2.2). Then we have

ω1∫
0

ω2∫
0

〈
uxy(x, y), u(x, y)

〉
dy dx =

ω1∫
0

ω2∫
0

(〈
P0(x, y)u(x, y), u(x, y)

〉
+
〈
ux(x, y), u(x, y)

〉
+

〈
uy(x, y), u(x, y)

〉)
dy dx, (4.38)

ω1∫
0

ω2∫
0

〈
uxy(x, y), ux(x, y)

〉
dy dx =

ω1∫
0

ω2∫
0

(〈
P0(x, y)u(x, y), ux(x, y)

〉
+
〈
ux(x, y), ux(x, y)

〉
+

〈
uy(x, y), ux(x, y)

〉)
dy dx, (4.39)

ω1∫
0

ω2∫
0

〈
uxy(x, y), uy(x, y)

〉
dy dx =

ω1∫
0

ω2∫
0

(〈
P0(x, y)u(x, y), uy(x, y)

〉
+
〈
ux(x, y), uy(x, y)

〉
+

〈
uy(x, y), uy(x, y)

〉)
dy dx. (4.40)

In view of condition (2.2), from (4.38)–(4.40) we get

−
ω1∫
0

ω2∫
0

〈
ux(x, y), uy(x, y)

〉
dy dx =

ω1∫
0

ω2∫
0

〈
P0(x, y)u(x, y), u(x, y)

〉
dy dx, (4.41)
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ω1∫
0

ω2∫
0

(〈
P0(x, y)u(x, y), ux(x, y)

〉
+ ∥ux(x, y)∥2 +

〈
uy(x, y), ux(x, y)

〉)
dy dx = 0, (4.42)

ω1∫
0

ω2∫
0

(〈
P0(x, y)u(x, y), uy(x, y)

〉
+
〈
ux(x, y), uy(x, y)

〉
+

∥∥uy(x, y)∥∥2) dy dx = 0. (4.43)

If P0 ∈ C1,0
ω1ω2

(R2;Rn×n), then (4.41) and (4.42) imply

ω1∫
0

ω2∫
0

(
∥ux(x, y)∥2 −

〈(
P0(x, y) +

1

2
P0x(x, y)

)
u(x, y), u(x, y)

〉)
dy dx = 0. (4.44)

If P0 ∈ C0,1
ω1ω2

(R2;Rn×n), then (4.41) and (4.43) imply

ω1∫
0

ω2∫
0

(
∥uy(x, y)∥2 −

〈(
P0(x, y) +

1

2
P0y(x, y)

)
u(x, y), u(x, y)

〉)
dy dx = 0. (4.45)

If P0 ∈ C1
ω1ω2

(R2;Rn×n), then (4.44) and (4.45) imply

ω1∫
0

ω2∫
0

(
∥ux(x, y)∥2 + ∥uy(x, y)∥2

− 2
〈(
P0(x, y) +

1

4
P0x(x, y) +

1

4
P0y(x, y)

)
u(x, y), u(x, y)

〉)
dy dx = 0. (4.46)

Set

Q1(y) =

ω1∫
0

P0(x, y) dx; Q2(x) =

ω2∫
0

P0(x, y) dy; Q0 =

ω1∫
0

ω2∫
0

P0(x, y) dy dx.

If condition (i) holds, then (4.43) implies u(x, y) ≡ u(y),

ω1∫
0

ω2∫
0

〈(
P0(x, y) +

1

2
P0x(x, y)

)
u(y), u(y)

〉
dy dx =

ω2∫
0

〈
Q1(y)u(y), u(y)

〉
dy = 0

and u(y∗) ≡ 0 due to the negative semi-definiteness of Q1(y) on [0, ω2] and negative definiteness of
Q1(y

∗). Hence, u is a solution of the homogeneous initial-periodic problem

uxy = P0(x, y)u+ ux + uy,

u(x+ ω1) = u(x), u(x, yast) = 0.

By Remark 1.1 and Lemma 3.3, u(x, y) ≡ 0.
Similarly, one can show that if condition (ii) holds, then u(x, y) ≡ 0.
If condition (iii) holds, then (4.46) implies u(x, y) ≡ u = const,

ω1∫
0

ω2∫
0

〈(
P0(x, y) +

1

4
P0x(x, y) +

1

4
P0y(x, y)

)
u, u)

〉
dy dx = ⟨Q0u, u⟩ = 0,

and u = 0 due to the negative definiteness of Q0.

Proof of Theorem 2.10. The proof of Theorem 2.10 is similar to that of Theorem 1.10.

Proof of Corollary 2.1. Corollary 2.1 is an immediate consequence of Theorem 2.6.
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Proof of Theorem 2.11. In view of (2.10) and (2.11), by Lemma 3.14 and Theorem 2.1, problem
(2.7), (2.2) has the Fredholm property. It remains to show that the homogeneous problem

uxy = P0u+ P1ux + P2uy, (4.47)
u(x+ ω1, y) = u(x, y), u(x, y + ω2) = u(x, y) (4.48)

has only the trivial solution. Let u be a solution of problem (4.47), (4.48). Then u admits the double
Fourier series representation

u(x, y) =

+∞∑
m,k=−∞

umk(x)e
ım 2π

ω1
x+ık 2π

ω2
y . (4.49)

After substituting (4.49) in (4.47), we get

det
(
P0 + i

2π

ω1
mP1 + i

2π

ω2
kP2 +

4π2

ω1ω2
mk I

)
umk = 0.

Hence, umk = 0 in and only if

det
(
P0 + i

2π

ω1
mP1 + i

2π

ω2
kP2 +

4π2

ω1ω2
mk I

)
̸= 0.
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