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Introduction
In the present paper, we study the linear hyperbolic system
Ugy :Po(x,y)u+P1(x,y)ux+P2(x,y)uy+q(m) (01)

in the characteristic rectangle 2 = [0, w;] x [0, ws] subject to the nonlocal boundary conditions

Eu( i y)) = (P(y)> h(”m(*% )) = ¢(33)7 (0'2)

where P; : C(Q;R™ ") (j =0,1,2), ¢ € C([0,w2];R™), ¢ € C([0,w1];R™), and £ : C([0,w1]; R™) —
R™ and h : C([0,w2]; R™) — R™ are bounded linear operators. Goursat initial-characteristic conditions

w(©0,y) = ¢(y), ue(z,0) =Y(x) (0.3)

and initial-boundary conditions

w(0,y) = ¢(y),  hluz(z, ) = ¥(z) (0.4)

are particular cases of (0.2). Problem (0.1),(0.2), except for the Goursat problem (0.1), (0.3), does
not belong to the classical boundary value problems of mathematical physics.

Initial-periodic and doubly periodic problems are one of the most important particular cases of
problem (0.1),(0.2). In fact, problems on periodic solutions were the original problems that have
been intensively studied for partial differential equations of hyperbolic type (see [4-17,37-49]). These
problems naturally led to the initial-boundary value problems in a rectangle with general boundary
conditions

w(0,9) = ¢(y),  Flua(z, -)) = (), (0.5)

where F : C([0,ws2]; R™) — C([0, w1];R™) is a bounded linear operator. Notice that (0.4) is a particular
case of (0.5). However, (0.5) is not a particular case of (0.2).

Initial-boundary value problems with integral boundary conditions for quasi-linear systems were
studied in [1-3].

Initial-periodic boundary value problems for quasi-linear and nonlinear hyperbolic equations and
systems were studied in [22,23,32].

Initial-boundary value problems for higher order linear hyperbolic equations were studied in [30]
and [31].

Initial-boundary value problems for higher order nonlinear hyperbolic equations were studied in
[29, 35].

Problems on doubly periodic solutions for linear hyperbolic systems were studied in [24].

Problems on doubly periodic solutions for nonlinear hyperbolic equations were studied in [25].

Nonlocal boundary value problems, in particular the Dirichlet problem and problems on doubly
periodic solutions, for higher order hyperbolic equations were studied in [26,27,31,34, 35].

A comprehensive theory of initial-boundary value problems (0.1), (0.5) was constructed in [21].

As for problem (0.1), (0.2), in its general form it has remained virtually unexplored.

This is the reason why in the present paper we do not consider initial-boundary value problem
(0.1),(0.4) and focus our attention to fully nonlocal boundary value problem (0.1), (0.2).

The paper is organized as follows:

In Section 1, the necessary and sufficient conditions for the solvability and well-posedness of the
general boundary value problem (0.1), (0.2), as well as several of its special cases, are formulated.

In Section 2, the problem of doubly periodic solutions in the plane is considered. This approach
seems more appropriate than studying (equivalent) doubly-periodic problem in a characteristic
rectangle 2. One of the main reasons for studying the periodic problem separately is that it is
not well-posed in the sense of Definition 1.2. The definition of well-posedness of the problem on
doubly-periodic solutions is given in Definition 2.1 and differs from Definition 1.2.

Auxiliary lemmas are formulated and proved in Section 3.
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The main results are proved in Section 4.

Throughout the paper, the following notations will be used:

R™>™ is the space of m x n matrices X = (zy;) with real components xy (K = 1,...,m;

l=1,...,n) and the norm
X0 =" lawl.
k=1 1=1

I is the unit matrix, R® = R?*1,

By the absolute value of the matrix X = (z;;) € R™*" we understand the matrix | X| = (|z;;|) €
R™*™ with components |z;;| (1 =1,...,m;j=1,...,n).

A matrix X = (x;;) € R™*" is called non-negative if z;; >0 (i=1,...,m; j=1,...,n).

The inequalities between the matrices X = (z;;) and Y = (y;;) € R™*" are understood compo-
nentwise, i.e.,

X§Y<:>£L'”§y” (z:l,,m, ]:].,,n)
Ika :({L‘”k) e Rmx" (k: 1,...7k0)7then

max Xk:< max xl]k).
1<k<ko 1<k<ko

Q= [0,w;] x [0,ws], Q2 = [0, 2] x [0, ws].
§Itky

(4:k) —
“ Oxd Oyk

(z,y) : R" xR™ - R ({x,y) : C" x C™ — C) is the standard inner product in R™ (in C")
y) = Ziﬂiyi ( z,y) Z%%)
i=1

C*([0,w]; R™*™) is the Banach space of functions u : [0,w] — R™*™ having continuous partial
derivatives u?) (i =0,..., k), endowed with the norm

k
lullorqow)y = > 1@ lcqow-

1=0

Ck(Q; R™*") is the Banach space of functions u :  — R™*" having continuous partial deriva-
tives u(*7) (i +j =0,... k), endowed with the norm

lullor) = Z ||U( ’j)HC(Q)
i+37=0

CHL(Q;R™*") is the Banach space of functions u : Q@ — R™*" having continuous partial
derivatives u(*7) (i =0,...,k; j =0,...,1), endowed with the norm

koo
[ullorio) = Z Z ||“(w)||cm)

i=0 j=0
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~ CF(R;R™*") is the space of k-times continuously differentiable w-periodic functions, endowed

with the norm .
HUHcgg = Z ||U(i)|\0([o,w])~
i=0

— Ckl, (R%;R™*™) is the Banach space of functions that are wi-periodic with respect to the

first variable and ws-periodic with respect to the second variable, having continuous partial
derivatives u(*) (i =0,...,k; j =0,...,1), endowed with the norm
|u||ckl ZZ ||U ’J)||C(Q
=0 j=0

1 Nonlocal boundary value problems
In this section, for the system
Ugy = PO('Ta y)u + Pl(xa y)ua: + P2(xa Z/)Uy + q(xay)v (11)

we consider the fully nonlocal boundary conditions

(u(-,y) =¢y), hlua(z, ) =p(z), (1.2)
where £ : C([0,w1];R™) — R™ and h : C([0,ws]; R™) — R™ are admissible bounded linear operators.

Definition 1.1. A bounded linear operator F : C([a,b]; R™) — R™ is called admissible if there exists
P € C([a,b]; R™*™) such that the problem

has only the trivial solution.

One may think that the boundary conditions
Cu(-,y)) =e@), hlu(z, -)) = ¥(z) (2.2)

are more natural than conditions (1.2). All the more so, conditions (2.2) obviously imply conditions
(1.2) with ¢(z) = ¥'(x). The main reason for studying problem (1.1),(1.2) instead of problem
(1.1),(2.2) is that problem (1.1),(2.2) is inherently ill-posed, since the functions ¢ and ¥ should sa-
tisfy certain compatibility condition. In general, it is virtually impossible to establish that condition
explicitly. However, if the operators ¢ and h commute, i.e., if

loh=hol, (1.3)

) = h(p). Indeed,
if u € C(Q) is an arbitrary function satisfying conditions (2.2), then, in view of (1.3), we get /(¥) =
Loh(u)=hot(u)=nh(p).

By a solution of problem (1.1), (1.2) we understand a classical solution, i.e., a function u € C11(£2)
satisfying system (1.1) and boundary conditions (1.2) everywhere in .
Along with problem (1.1),(1.2), consider its corresponding homogeneous problem

then the functions ¢ and ¥ must satisfy the following compatibility condition £(¥

Uzy = Po(z,y)u+ Pz, y)us + Po(z,y)uy, (1.10)
Lu(-,y) =0, h(ug(z,-))=0, (1.29)

as well as the problems
v = Py(x,y") 1.1,
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and
v = P(z*,y)v, (1.15)
h(v) = 0. (1.2:)

Problems (1.17),(1.27) and (1.12),(1.22) are called the associated problems of problem (1.1),
(1.2). Notice that problem (1.17),(1.27) (problem (1.1;),(1.21)) is a boundary value problem for
a linear ordinary differential equation depending on the parameter y* € [0,ws] (on the parameter
x* € [0,w1]).

The concept of o-associated problems for n-dimensional periodic problems was introduced in [38],
and for two-dimensional Dirichlet type problems in [46].

1.1 Necessary conditions of solvability

Theorem 1.1. Let condition (1.3) hold, let h be an admissible operator, and let problem (1.1),(1.2)
be solvable for arbitrary ¢ € C1([0,ws]; R™) and ¢ € C([0,w1];R™). Then the problem

Z=0, 4(z)=0 (1.4)
has only the trivial solution.

Remark 1.1. If problem (1.4) has only the trivial solution, then problem (1.1p), (1.2y) is equivalent
to the homogeneous problem

Uy = Po(z,y) u+ Pi(z,y) ug + Pa(x,y) uy, (1.1p)
K(u( ~y)) =0, h(u(m, -)) =0. (120)

Theorem 1.2. Let P; (j = 1,2) be constant matrices, let problem (1.11),(1.2,) have a nontrivial
solution, and let the followmg conditions hold:

h(Po(x, -)z(+)) = h(Po(w, -)) h(z(+)) for every z € C([0,ws];R™), (1.5)
W(Py=(-)) = Pyh(a(-)) for every = € C((0,wal; R,
h(Paz(-)) = Poh(z(+)) for every z € C([0,ws]; R™).

Then, for the solvability of problem (1.1), (1.2), it is necessary that the problem

U/ = PQ’U + (h(P()({ZZ, . )) + PQPl)\I/(’I}) + h(q(x, . )), (17)
t(v) = h(¢") — (P D), (1.8)

be solvable, where ¥ is a solution of the problem

=), U2)="h(p).

Theorem 1.3. Let P; (j = 1,2) be constant matrices, let problem (1.15),(1.22) have a nontrivial
solution, and let along with (1.4) the following conditions hold:

U(Po(- y)z(+)) = UPo(- ) L(2(+)) for every z € C([0,w1];R™),
(Plz( ) = P (z( )) for every z € C([0,wq]; R™),
((Pyz(+)) = Pol(2(-)) for every z € C([0,w];R™).

Then, for the solvability of problem (1.1), (1.2), it is necessary that the problem

v =P+ (UPo(-,y)) + PPa)e(y) +La(- ), (1.9)
h(v) = £(p) — h(P2p) (1.10)

be solvable.
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Remark 1.2. Solvability of the ill-posed nonhomogenous problem (1.9), (1.10) means additional com-
patibility conditions between the boundary values ¢ and 1, matrices Py, P; and P», and the vector
function ¢. Indeed, consider the problem

Uzy = Po(z,y)u+ gz, y), (1.11)

U(Oa y) = @(y)v ux(x, 0) = uﬂ?(anQ)' (112)

Let u be a solution of problem (1.11), (1.12). Set v(y) = u»(0,y). Then v is a solution of the problem
v(0) = v(wa). (1.14)

In other words, the solvability of (1.13), (1.14) is necessary for the solvability of problem (1.11), (1.12).
Problem (1.13), (1.14) itself is ill-posed. It is solvable if and only if the following equality holds:

/ (Po(0.8) o(t) + (0, 1)) dt = 0.
0
Remark 1.3. Solvability of the ill-posed nonhomogenous problem (1.9), (1.10) is necessary for the
solvability of problem (1.1), (1.2), but is by no means sufficient. Indeed, consider the two-dimensional
problem
gy = W — q1(),
Wey = —V + ¢2(),
v(0,y) =0, wv(wi,y) =0,
Vg (2,0) = vg(z,w2),  wy(z,0) = wy(x,ws).

(1.15)

(1.16)
Let us show that the corresponding homogeneous problem has only the trivial solution. Let <Z;((fc’ Z;)))
be an arbitrary solution of the homogeneous system
Ugy = W, (117)
Wey = —0, (1.18)

satisfying conditions (1.16). Multiply (1.17) by w and integrate over €. After integrating by parts
and taking into account conditions (1.16), we arrive at the equality

w1 w2 w1 W2
—//vm(x,y)wy(m,y) dydz = //w2(ac,y) dy dzx. (1.19)
00 00

Similarly, after multiplying (1.18) by v and integrating over 2, we get

w1 w2 w1 w2

O/O/wy(w,y)vz(x,y) dy dx = O/O/UQ(w,y) dy d. (1.20)

After subtracting (1.20) from (1.19), we arrive at the equality

w1 w2

// (v*(z,y) +w?(z,y)) dydz = 0.
00

Consequently, the homogeneous problem (1.17), (1.18) has only the trivial solution. Therefore, prob-
lem (1.15),(1.16) has at most one solution. Hence, the only possible (ws-periodic with respect to the
second variable) solution of problem (1.15), (1.16) should be independent of y. Consequently,

(o) = (26)

is the only possible solution of problem (1.15),(1.16). It is clear that u is a weak solution, but not a
classical one, if ¢; and gy are nowhere differentiable continuous functions.
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1.2 Necessary and sufficient conditions of well-posedness

Theorem 1.4. Let the following conditions hold:

(Ag) problem (1.4) have only the trivial solution;

(A1) problem (1.11),(1.21) have only the trivial solution for every y* € [0,ws];

(A7) problem (1.15),(1.25) have only the trivial solution for every x* € [0,w:].

Then problem (1.1), (1.2) has the Fredholm property, i.e., the following assertions hold:
(i) problem (1.1p), (1.20) has a finite dimensional space of solutions;

(ii) if problem (1.1p), (1.2¢) has only the trivial solution, then problem (1.1), (1.2) is uniquely solvable,
and its solution u admits the estimate

[ulloraay < M(HQHC(Q) + leller(ows)) + ||¢||C([o,w1])>a (1.21)
where M is a positive constant independent of p, ¥ and q.

Definition 1.2. Problem (1.1),(1.2) is called well-posed if it is uniquely solvable for arbitrary ¢ €
CL([0,wa]; R™), b € C([0,w1]; R™) and ¢ € C (), and its solution u admits the estimate (1.21) where
M is a positive constant independent of ¢, 1) and q.

Theorem 1.5. Let problem (1.1), (1.2) be well-posed. Then conditions (A1) and (As) of Theorem 1./
hold. Moreover, if equality (1.3) holds, then problem (1.4) has only the trivial solution.

Remark 1.4. Consider the problem
Ugy = P(@) Uz + p(x) uy — P (2) u + q(,y), (1.22)
u(O,y) = 2u(w17y)> uw(xao) = ua:(xaw2)’ (1'23)

where p € C*([0,w1]) is a nonnegative function and ¢ € C*(Q). Let ¢(x,y) = p(z) ¢(z,y). Set:
Jp ={z € [0,w1] : p(z) =0}. Then:

(i) problem (1.22),(1.23) is well-posed if and only if J, = @. Moreover, if J, = @, then the unique

solution o o
0 0
of problem (1.22), (1.23), where
2exp ([ p(€) df) z
sw +exp</p(§)d£> for 0 <s <z <w,
1—2exp ( f d€) 5
gl(:C,S) w1 0
2exp ( f )
Swl for 0<z<s<w
1—2exp ([ p(§)df)
0

and
_oxp(@apl@)) i~ typ(a)) for 0< s <<,
1 — exp(wap(z))
g2y, t;x) =
_exp(wap(z)) for 0<a<s<w
1 — exp(wap(x)) B

belongs to C*°(Q);
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(i) if ¢ € L*>=([0,w1]), then
u(z,y) = / 01z, )Gy, 2)is, 1) dt ds, (1.24)

where

~ T ,t;x) for xz € [0,w Iy,
0 for x € J,

is a unique weak solution of problem (1.22),(1.23) if and only if mesJ, = 0. Moreover, if
mes J, > 0, then problem (1.22),(1.23) has infinite dimensional set of nonclassical weak solu-
tions. If ¢ € C([0,w1]) and mes I, = 0, then the unique weak solution is a classical solution;

(iii) If ¢ € C([0,w1]), then u(x,y), given by (1.24), is a unique classical solution of problem
(1.22), (1.23) if and only if J, is nowhere dense in [0,w;], i.e., suppp = [0,w1]. Moreover, if
supp p # [0,w1], then problem (1.22), (1.23) has an infinite dimensional set of classical solutions;

(iv) problem (1.22),(1.23) has a unique classical solution and infinite dimensional set of weak solu-
tions if J,, is a nowhere dense set of a positive measure;

(v) if g(z,y) =1 and J, # @, then problem (1.22), (1.23) has no classical solution despite the fact
that the coefficients of equation (1.22) belong to C*°(€2).

Theorem 1.6. Let conditions (Ag), (A1), (A2) of Theorem 1. hold, and let P, € C%Y(Q) be such
that
h(v) =0 = h(P2(-,y)v(-)) =0 for y €[0,ws], v e C([0,ws]). (1.25)

Then there exists € > 0 such that if
| P(2,y) + Pi(x,y) Pao(z,y) — Poy(z,y)|| <& for (z,y) €9,
then problem (1.1),(1.2) is well-posed. In particular, if
P(z,y)+ Pi(z,y) P2(z,y) — Poy(z,y) = O, (1.26)

then the solution of problem (1.1),(1.2y) admits the representation

w1 w2

u(z,y) = Gi(z,s,y)Ga(y,t, s)q(s,t) dtds, (1.27)
/]

where G; is Green’s matriz of problem (1.1;), (1.2;) (j = 1,2).

1.3 Two-point boundary value problems

For system (1.1), consider the boundary conditions
u(a,y) = Au(b,y) + ¢(y), ua(z,c) = Bug(z,d) + (), (1.28)

and
u(a,y) = Au(b,y) + ¢(y), uz(z,c) = usz(z,d) + (), (1.29)

where 0 <a<b<wy,0<c<d<wsy, and A, B € R*"*",
By G1(z,s;y*) and Ga(y, t;x*), respectively, denote Green’s matrices of the problems

Z—; = Py(x,y%)z;  z(a) = Az(b), (1.30)

and p
& = Pi(z",y)z; z(c) = Bz(d). (1.31)
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Theorem 1.7. Let Pi(z,y) = Pi(z), Pa(z,y) = Pa(y), and let

det(I — A) # 0, (1.32)
det (I — Aexp((b—a)Px(y))) #0 for y € [0,ws], (1.33)
det (I — Bexp((d — ¢)Py(x))) #0 for x € [0,w1]. (1.34)

Then problem (1.1), (1.28) has the Fredholm property.
Theorem 1.8. Let inequality (1.32) hold, and let there exist o; € {—1,1} (i = 1,2) such that either

o1(BTB — 1) is positive semi-definite,
Jlﬁl(:c,y) is positive definite for (x,y) € [0,w1] X [¢,d],

or
01(BTB — 1) is positive definite,
o P, (x,y) is positive semi-definite for (x,y) € [0,w1] X [c,d],
and either
o2(AT A — I) is positive semi-definite,
O'Qﬁg(l’,y) is positive definite for (x,y) € [a,b] x [0,wa],
or

o9(AT A —I) is positive definite,
oo Py(,y) is positive semi-definite for (z,y) € [a,b] x [0,ws).
Then problem (1.1), (1.28) has the Fredholm property.

Theorem 1.9. Let inequality (1.32) hold, let problem (1.30) have only the trivial solution for every
y* € [0,ws], and let problem (1.31) have only the trivial solution for every x* € [0,w;]. Furthermore,
let

PQGCO’l(Q;Rnxn)v PZ(THC):PZ(ZEad)a PQ(mad)B:BPQ(xad)7

and

b d
// )Gl z,59)G2(y, t;s) (Po(s,t) + Pi(s, t)Pa(s, ) — Pgt(87t>)‘ dtds <A,

where A € R*™ is a nonnegative matriz with the spectral radius less than 1. Then problem (1.1), (1.28)
is well-posed.

Theorem 1.10. Let inequality (1.32) hold, let Pj(x,y) = P;j(x) (j = 0,1,2) be symmetric matriz
functions such that

Pj(x)Py(z) = Py(z)Pj(x) for x €[0,w1] (j,k=0,1,2), (1.35)

and let there exist o; € {—1,1} (i =0,1,2) such that

0gp01 092 = —1, (136)
o2(AT A — I) is positive semi-definite, (1.37)
0:Pi(xz) is positive definite for every x € [0,w:], (i =0,1,2). (1.38)

Then problem (1.1), (1.29) is well-posed.
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Consider the one-dimensional case of problem (1.1), (1.28):
Uy = po(@)u + p1(w)uy + pa(x)uy + q(x,y),
u(a,y) = au(b,y) + o(y), uz(z,c) =uy(z,d)+ (). (1.40)
Corollary 1.1. Let the following inequalities hold:
po(x) p1(x) pa(z) <0 for x € [0,w]

and
(1—a)pa(z) <0 for x € [0,w].

Then problem (1.39), (1.40) is well-posed.
Theorem 1.11. Let inequality (1.32) hold, let Pj(x,y) = P; (j =0,1,2), and let the inequalities

det (I — Aexp((b—a)Ps)) # 0, (1.41)

det (I —exp((d —¢)Py)) #0 (1.42)
hold. Then problem (1.1), (1.29) is well-posed if and only if
det (I — Aexp((b—a)Ax)) #0 for k € Z,
where 5 ) 5
. 27 - o 27
Akf(zd_ckIfPl) (POJrzd_csz).
Let n = 2m, u = (v,w), and v,w € R™. For the system
Uy = Q1(Y)vz + Pr1(y)ws + Q2(2)vy + Por(z)wy + Qo(z, y)v + Por(z, y)w + q1(z, y), 1.43)
Wey = Pra(y)vz — Q1(y)wa + Paa(2)vy — Q2(x)wy — Poa(w, y)v + Qo(x, y)w + g2, y), 1.44)
consider the following boundary conditions:
v(a,y) = Av(b,y) + e1(y), w(b,y) = Aw(a,y) + ¢2(y), (1.45)
vz (x,¢) = Bug(x,d) + 1 (), w(z,d) = Bw.(x,a)+ ha(x). ’
Periodic type, antiperiodic type, and Nicoletti type boundary conditions
v(a,y) = av(b,y) +e1(y), wby) =aw(a,y) +¢2(y), (1.46)
g (z,¢) = Bug(x,d) + 1(x), we(x,d) = Bw(z,a)+ a(z); '
v(a,y) = av(b,y) + e1(y), w(by) = aw(a,y) + e2(y), (1.47)
vp(z,¢) = v (x,d) + 1 (x), we(z,d) =w,(z,c)+ Y2(x); '
U(av y) = _U(bv y) + 801(31)7 ’U}(b, y) = —’LU((L, y) + @Q(y), (1 48)
ve(x,¢) = —vg(x,d) + ¥1(2), we(z,d) =—w,(z,c)+ Pa(x) .
and
v(a,y) = p1(y), wby) =p2(y), val(z,0) =v1(z), wi(w,d) = 1h2(x) (1.49)

are particular cases of (1.45). Here, 0 <a <b<w;, 0<c<d<ws, a, B E€R, ¢; € C([0,ws]; R™),
¥ € C([0,w1];R™), ¢; € C(Z;R™) (i = 1,2), A € R™*™ and B € R™*™ are symmetric matrices,
and Ql S C([O,wg];Rmxm), QQ (S O([O,wl];Rmxm), QQ € C(Q;Rmxm), P € C([O,WQ];Rmxm),

Py; € C([0,w];R™*™) and Py; € C(Q;R™*™) (i = 1,2) are symmetric matrix functions.
Theorem 1.12. Let
det(I — A) #£0,

AQ1(y) = Qi(y)A and BQz(z) = Q2(2)B,

and let there exist o; € {—1,1} (j = 1,2,3) such that the following conditions hold:

(1.50)
(1.51)
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(A1) 01P1

y) and o1 P12(y) are positive semi-definite symmetric matriz functions on [c,d] such that
o1Pi1(y*

y*) and 01 P12(y*) are positive definite symmetric matrices for some y* € [c,d];

(A2) o2Por

x) and o9 Py () are positive semi-definite symmetric matriz functions on [a,b] such that
o2 Py (2

) and oo Pas(x*) are positive definite symmetric matrices for some x* € [a, b|;

A,_\ o~ o~

(A3) 03P1;(y) (A2 —I) and o3Py (y)(B% — I) (i = 1,2) are positive semi-definite matriz functions on
[e,d] and [a,b], respectively;

(Ag) o3Po1(x,y) and o3Po2(x,y) are positive semi-definite symmetric matriz functions on [a,b] x [e, d].

Furthermore, let one of the following conditions hold:

(B1) 03P11(y)(A? — I) and o3P12(y)(A% — 1) are positive definite matriz functions on [c,d);
(B3) 03P (x)(B? — I) and o3Pas(x)(B? — I) are positive definite matriz functions on [a, b];
(B3) o3Po1(xo,y) and o3Pya2(xo,y) are positive definite matriz functions on [c,d] for some g € [a,b];
(B4) o3Py1(x,y0) and o3Po2(x,y0) are positive definite matrix functions on [a,b] for some yo € [c,d].

Then problem (1.43), (1.44), (1.45) is well-posed.
Corollary 1.2. Let there exist o € {—1,1} such that the following conditions hold:

(A1) o(a® —1)Pi1(y) and o(a® — 1)Pia(y) are positive semi-definite symmetric matriz functions on
[c,d] such that o(a® — 1)Pi1(y*) and o(a® — 1)Pia(y*) are positive definite symmetric matrices
for some y* € [c,d];

(A2) o(B% —1)Pai(z) and o (8% — 1) Pag(x) are positive semi-definite symmetric matriz functions on
[a,b] such that (B2 — 1)Pey1(z*) and o(8% — 1) Pas(x*) are positive definite symmetric matrices
for some x* € [a, b];

(A3) oPy1(z,y) and o Poa(x,y) are positive semi-definite symmetric matriz functions on [a,b] X [c, d].
Furthermore, let one of the following conditions hold:

Bi1) o(a? —1)P1(y) and o(a® — 1)Pia(y) are positive definite matriz functions on [c, d|;

(B1) o(a?
(By) o(B% —1)Pay1(z) and o(B? — 1) Py (x) are positive definite matriz functions on [a,b];

(Bs) oPo1(zo,y) and o Poa(xo,y) are positive definite matriz functions on [c,d] for some xqy € [a, b];
(By) 0Pp1(z,y0) and oPy2(x,y0) are positive definite matriz functions on [a, b]for some yo € [c, d].
Then problem (1.43), (1.44), (1.46) is well-posed.

Corollary 1.3. Let there exist o; € {—1,1} (j = 1,2) such that the following conditions hold:

(A1) o1(a? —1)Pi1(y) and o1(a® —1)Pi2(y) are positive semi-definite symmetric matriz functions on
[e,d] such that o(a? — 1)P1(y*) and o(a? — 1) Pia(y*) are positive definite symmetric matrices
for some y* € [c,d];

(A2) o2Pe1(x) and oo Pas(x) are positive semi-definite symmetric matriz functions on [a,b] such that
09 Po1(2*) and oo Pag(x*) are positive definite symmetric matrices for some x* € [a,b];

(A3) o1Po1(x,y) and o1 Poa(x,y) are positive semi-definite symmetric matriz functions on [a,b] x [e, d].
Furthermore, let one of the following conditions hold:
(B1) o1(a? —1)P11(y) and o1(a® — 1) Pia(y) are positive definite matriz functions on [c, d);

(Bz2) o1Po1(xo,y) and o1 Pya(xo,y) are positive definite matriz functions on [c,d] for some g € [a,b];
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(B3) o1Po1(x,y0) and o1 Po2(x,yo) are positive definite matrixz functions on [a,b]for some yo € [c, d].
Then problem (1.43), (1.44), (1.47) is well-posed.
Corollary 1.4. Let there exist o5 € {—1,1} (j = 1,2,3) such that the following conditions hold:

(A1) 01P11(y) and o1P12(y) are positive semi-definite symmetric matriz functions on [c,d] such that
o1 P11 (y*) and o1 P12(y*) are positive definite symmetric matrices for some y* € [c,d];

(A2) 02Po1

x) and o9 Pas(x) are positive semi-definite symmetric matriz functions on [a,b] such that
o2 Py (2™

(y
(
(z*) and o9 Pas(x*) are positive definite symmetric matrices for some x* € [a, b|;

(A3) o3Poi(x,y) and o3Poa(x,y) are positive semi-definite symmetric matriz functions on [a,b] x [e, d].
Furthermore, let one of the following conditions hold:

(B1) o3Po1(xo,y) and o3Pya2(xo,y) are positive definite matriz functions on [c,d] for some g € [a,b];
(Bs) o3Po1(z,y0) and o3Poz(x,yo) are positive definite matriz functions on [a,b] for some yo € [c,d].
Then problem (1.43), (1.44), (1.48) is well-posed.

Corollary 1.5. Let there exist o € {—1,1} such that the following conditions hold:

(A1) oP11(y) and oPia(y) are positive semi-definite symmetric matriz functions on [c,d] such that
o1 P11 (y*) and o1 P12(y*) are positive definite symmetric matrices for some y* € [c, d];

(A2) oPs1(z) and oPaa(x) are positive semi-definite symmetric matriz functions on [a,b] such that
09 Pa1 (z*) and o9 Pas(x*) are positive definite symmetric matrices for some x* € [a, b];

(A3) oPp1(z,y) and o Py2(x,y) are negative semi-definite symmetric matriz functions on [a,b] X [e, d].
Furthermore, let one of the following conditions hold:
(B1) oP11(y) and oPi2(y) are positive definite matriz functions on [c, d];

(B

2)
(B3) oPy1(xo,y) and oPya(xo,y) are negative definite matriz functions on [c,d] for some xg € [a, b];
4)

(B
Then problem (1.43), (1.44), (1.49) is well-posed.

o Py1(x) and o Pa1(x) are positive definite matriz functions on [a,b];

oPy1(z,y0) and oPy2(x,yo) are negative definite matriz functions on [a, b]for some yo € [c, d).

Remark 1.5. Notice that problems (1.1),(1.28) and (1.43),(1.44),(1.45) can be localized in the
rectangle [a,b] X [¢,d] C Q. In other words, they can be considered as boundary value problems in the
rectangle €2, as well as boundary value problems in the rectangle [a,b] X [¢,d] C Q.

Moreover, if inequality (1.32) holds and the associated problems (1.30) and (1.31) are uniquely
solvable for every y* € [0, w2] and z* € [0, w;], respectively, then problem (1.1), (1.28) is well-posed in
Q if and only if it is well-posed in [a,b] X [¢,d] C Q. In particular, the homogeneous problem

v = Po(z,y)u+ Pi(x,y)uy + Po(x, y)uy, (1.19)
u(a,y) = Au(b,y), wuz(z,c) = Buy(z,d), (1.369)

has only the trivial solution in the rectangle Q if and only if it has only the trivial solution in the
rectangle [a,b] X [c,d] C Q.

Indeed, by Theorem 1.4, problem (1.1),(1.28) has the Fredholm property in the rectangle €, as
well as in the rectangle [a,b] X [c,d] C Q.

Let problem (1.1y), (1.36¢) have only the trivial solution in [a,b] X [c,d], and let u be a solution
of problem (1.1p),(1.369) in ©. Then it is clear that the restriction of u(z,y) = 0 on [a,b] X [¢,d].
Consequently, in the rectangle [0,w1] X [¢, d], u satisfies the initial-boundary conditions

u(a,y) =0, wug(z, ¢) = Bug(x,d), (1.52)
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and, in the rectangle [a,b] x [0, ws], u satisfies the initial-boundary conditions
u(a,y) = Au(b,y), wu(z,c) =0. (1.53)
Conditions (1.53) imply the initial-boundary conditions
uy(a,y) = Auy(b,y), wu(x,c)=0. (1.54)

Thus, in the rectangle [0,w1] X [¢,d], u is a solution of the homogeneous initial-boundary value problem
(1.1p), (1.52), and, in the rectangle [a, ] x [0,ws], u is a solution of the homogeneous initial-boundary
value problem (1.1p),(1.54). By Lemma 3.3 (also Theorems 4.1 and 4.1’ from [24]), both problems
have only the trivial solutions, i.e., u(z,y) = 0 on [0,w;] X [¢,d] and [a,b] X [0,ws]. In particular, in
the rectangle €, u satisfies the initial conditions

u(a,y) =0, wu(x,c)=0. (1.55)

Thus, in the rectangle 2 u, is a solution of the homogeneous Goursat problem (1.1p), (1.55), which
has only the trivial solution. Consequently, well-posedness of problem (1.1), (1.28) in [a, ] X [¢,d] €
implies its well-posendess in §2.

Now, let problem (1.1), (1.36¢) have only the trivial solution in Q. Let ug(z,y) be a solution of
(1.1p),(1.360) in [a,b] X [c,d] € Q. By Lemma 3.3, the problem

Ugy = P()(.’E, y)u + P1<.’17, y)uz + P2<xa y)u”tja

u(a,y) =uo(a,y), uz(z,c)= Buy(z,d),
has a unique solution u;(z,y) in the rectangle [0,w;] X [¢,d]. Again, by Lemma 3.3 and Remark 1.1,
in the rectangle ) the problem

Ugy = P()(Z', y)u + P1($7 y)u:r + PQ(‘T7 y)uyv

u(a,y) = Au(b,y), u(z,c) =ui(z,c),

has a unique solution u(x,y). Thus, u(z,y) is a solution of problem (1.1y), (1.36¢), whose restriction
on [a,b] X [¢,d] is up(z,y). Therefore ug(z,y) = 0 on [a,b] X [¢,d]. Consequently, well-posedness of

problem (1.1), (1.28) in  implies its well-posendess [a, b] X [¢,d] C Q.
Similarly, one can show that if inequality (1.50) holds and the associated problems

% = Q1(z)v + P (z)w,
fl—l: = Pyo(z)v — Qa(x)w,
v(a) = Av(b), w(b) = Aw(a)
and
dv p
ay Q1(y)v + Pri(y)w,
o = Py - i),

v(c) = Av(d), w(d) = Aw(c)
are uniquely solvable, then problem (1.43), (1.44), (1.45) is well-posed in 2 if and only if it is well-posed
in [a,b] X [¢c,d] C Q.

2 Periodic problem

Consider the problem on doubly periodic solutions

Uzy = Po(,y)u + Pi(z,y)u, + Po(x,y)uy + q(2,y), (2.1)
uw(r +w,y) =u(z,y), ulz,y+w)=u(z,y),
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where
P, € Cuyw,(RER™™) (i =0,1,2),  q € Cupy wp(RER™). (2.3)

It is quite obvious that if (2.3) holds, then conditions (2.2) are equivalent to the conditions
u(0,y) = u(wy,y) for y € [0,ws], u(x,0)=u(z,wy) for = € [0,w]. (2.4)

More precisely, the restriction of an arbitrary solution u of problem (2.1),(2.2) on the domain (2 is a
solution of problem (2.1),(2.4) and vice versa, every solution of problem (2.1), (2.4) admits a doubly
periodic continuation, which is a solution of problem (2.1), (2.2).

Along with system (2.1), consider the homogeneous system

Ugy :P0<$7y)U+P1<$ay)Uz+P2<$ay)uy7 (210)
as well as the problems
v = Pz, y*)v, (2.1)
v(r +wi) = v(x) 1
and
v = P(z*,y)v, (2.15)
v(y + we) = v(y). (2.22)

Problems (2.11),(2.21) and (2.12), (2.25) are called associated problems of problem (2.1),(2.2).
Theorem 2.1. Let the following conditions hold:
(A1) problem (2.11),(2.21) has only the trivial solution for every for y* € [0,ws];
(A2) problem (2.13),(2.22) has only the trivial solution for every for x* € [0,w1].
Then problem (2.1),(2.2) has the Fredholm property, i.e., the following assertions hold:
(

(i) problem (2.1p),(2.2) has a finite dimensional space of solutions;

(i) if problem (2.1p), (2.2) has only the trivial solution, then problem (2.1), (2.2) is uniquely solvable,
and its solution v admits the estimate

[ullcri@) < Mllglle), (2.5)
where M is a positive number independent of ¢ € Cy, o, (R%;R™).

Remark 2.1. Theorem 2.1 is an improvement of Theorem 1.1 from [24], since the latter, in addition
to conditions (1.5) and (1.6), requires the fulfillment of an additional unnecessary inequality.

Definition 2.1. Problem (2.1),(2.2) is called well-posed if for every ¢ € C(£2;R™), it has a unique
solution v admitting the estimate (2.5), where M is a positive number independent of g.

Theorem 2.2. Problem (2.1),(2.2) is well-posed if and only if conditions (A1) and (Az2) hold, and
problem (2.1p), (2.2) has only the trivial solution.

Theorem 2.3. Let Pi(z,y) = Pi(z), Pa(z,y) = Pa(y), and let

det (I — exp(w; Pa(y))) £ 0 for y € [0,ws],
det (I — exp(wzP1(2))) #0 for x € [0,w].

Then problem (2.1),(2.2) has the Fredholm property.
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Theorem 2.4. Let there exist 01,09 € {—1,1} such that alﬁl(x,y) and aglsg(x,y) are positive semi-
definite for every (x,y) € Q. Furthermore, let for every x € [0,w1] there exist n(z) € [0,ws], and let
for every y € [0,ws] there exist ((y) € [0,w1] such that o1 Py(z,n(x)) and o2 Po(C(y),y) are positive
definite. Then problem (2.1),(2.2) has the Fredholm property.

Theorem 2.5. Let there exist 01;,02; € {—1,1} (i =1,...,n) such that

wa
o154 /pm(:v,t) dt = —a;(x) <0 for z €[0,w1] (i=1,...,n)
0
and
w
02 /pgii(s,y) ds = —Bi(y) <0 for y € [0,ws] (i=1,...,n),
0

and let there exist nonnegative continuous functions a;;, € C([0,w1]) (b € C([0,w2])) (i # k;
i,k =1,...,n) such that the spectral radius of the matriz A(z) = (aix(z))} )=, (B(y) = (bir(y))7r=1)>
where a;(z) = 0 (by(y) = 0) (i = 1,...,n), is less than 1 for every z € [0,wi] (y € [0,w2])
Furthermore, let the inequalities

Y—o1iw2 y
fplii(zﬂ') dr
et

Iprik(, t)] dt’ San(z)(1—e @) (i £k ik=1,...,n)

and
T—02iwW1 @
‘ S p2ii (&) d

€
es Ip2ir(s,y)| ds| < bik(y)(l - e‘ﬁi(y)) (i £k i,k=1,...,n)

x

hold on Q. Then problem (2.1),(2.2) has the Fredholm property.
Theorem 2.6. Let the inequalities

o1ipii(2,y) < aii(z), o2p2ii(x,y) < bii(y) for (x,y) €Q (i=1,...,n),
‘phk(xay” < a’ik(x)v |p21k($,y)| < blk(y) f07" (:Evy) €N (Z 7& k? Z,k = ]-7 o 77’L)

hold, where ;5 € {—1,1} (i =1,2; j=1,...,n), aix € C([0,w1]), b € C([0,ws]) (i,k=1,...), and
the real parts of eigenvalues of the matriz functions (ai(v))}';—, and (bir(y));x=, are negative for
every x € [0,w1] and y € [0, ws], respectively. Then problem (2.1),(2.2) has the Fredholm property.

Theorem 2.7. Let conditions (A1) and (Az) of Theorem (2.1) hold, let A € R}*™ be a nonnegative
matriz with the spectral radius less than 1, and let either Py € CLY (R%;R™ ") and

wiw2

w2 Wi

// ’Gz(y,t; 2)G1(w,5;t)(Po(s, t) + Pa(s, t)Pi(s,t) — Pls(s,t))‘ dsdt <A,
0 0

or Py € C21 (R%;R™ ™) and

wiwg

w1 W2

// ‘Gl(a:, 5,Y)Ga2(y, t; ) (Po(s, t) + Pi(s,t)Pa(s, t) — Pgt(&t))‘ dtds < A.
00

Then problem (2.1), (2.2) is well-posed.
Theorem 2.8. Let n = 2m, let

_(@i(y)  Puly) _ (@:2z)  Pa(z)
Pl(xvy) - <P12(y) —Q1(Z/)> ) PQ(xay) - <P22(.13) _Q2 Q]‘)) )

B Q x)y) Pl(xvy)
Po(z,y) = _P(;2<J,‘,y) Qoo(x,l/))’
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where Q1(y), Q2(x) and Qo(z,y) are symmetric matriz functions, and let there exist o; € {—1,1}
(j = 1,2,3) such that the following conditions hold:

(A1) o1Pi1
o1 Py

(AQ) 02P21
02Pay

y) and o1 P12(y) are positive semi-definite symmetric matriz functions on [0,ws] such that
y*) and o1P12(y*) are positive definite symmetric matrices for some y* € [0,ws);

o~~~ o~

x) and o3 Pag(x) are positive semi-definite symmetric matriz functions on [0, w;] such that
x*) and oo Pas(x*) are positive definite symmetric matrices for some x* € [0,w1];

(A3) o3Pyi(x,y) and o3Poa(z,y) are positive semi-definite symmetric matriz functions on ).
Furthermore, let one of the following conditions hold:

(B1) o3Po1(x0,y) and o3Pya(xo,y) are positive definite matriz functions on [0,ws] for some xg €
[0, w1];

(Bz2) o3Poi(x,y0) and osPoa(xz,y0) are positive definite matriz functions on [0,w1] for some yo €
[va2]'

Then problem (2.1), (2.2) is well-posed.

Consider the system
Uzy = Po(x,y)u + uz + uy + ¢(z, ). (2.6)

Theorem 2.9. Let Py be a symmetric matrix function, and let one of the following three conditions
hold:

(i) Po € CLY, (R%R™™),

wiw2

1 aPO(xay)

PO(x7y)+ 9 ax

is negative semi-definite for (x,y) € Q,

w1
/Po(s,y) ds 1is negative semi-definite for y € [0,wa],
0

w1
/Po(s,y*)ds is negative definite for some y* € [0, ws];
0

(i) Py € COL (R R™),

wiw2

1 aPO(xay)

P0($,y) + 9

is negative semi-definite for (x,y) € Q,
wo
Py(x,t)dt is negative semi-definite for x € [0,w],

0
wa

Py(x*,t)dt is negative definite for some x* € [0,w1];

0
(iii) Py € CL,,,,(R%HR™™),
1 /0P OP,
Py(z,y) + 1 ( Ogjy) + O(;;’y)) is negative semi-definite for (x,y) € Q,
w1 W2

Py(s,t) dtds is negative definite.
00

Then problem (2.6), (2.2) is well-posed.
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Finally, consider the system

Uzy = Po(y)u + Pr(y)ue + Pa(y)uy + q(x,y)

and its particular case, the equation

Ugy = Po(y)u + p1(y)ue + p2(y)uy + q(z,y).

Theorem 2.10. Let P; (j =0,1,2) be symmetric matriz functions such that

Pi(y)Pu(y) = Pe(y)P;(y) for y € 0,wn], (j,k=0,1,2),
and let there exist o; € {—1,1} (j =0,1,2) such that

000109 = —1,

0;P;j(y) is positive definite for every y € [0,ws].
Then problem (2.7),(2.2) is well-posed.

Corollary 2.1. Let
Po(y) P1(y) p2(y) <0 for y € [0, wo].

Then problem (2.8), (2.2) is well-posed.

Theorem 2.11. Let Pj(y) = P; (j = 0,1,2) be constant matrices. Then problem (2.7),(2.2) is

well-posed if and only if

det (I — exp(wi P2)) # 0,
det (I - exp(wgPl)) #0,

and
2

2 2 4
det <P0+i£mP1 +iZl kP 4+ =8
w1 wo w1

3 Auxiliary statements

Consider the boundary value problem

hi(z)=c
and its corresponding homogeneous problem
2= P(t)z,
h(z) =0,

mk:]) #0 for m,k €Z.

where P € C([0,w]; R™™) | g € C([0,w];R™), ¢ € R", and h : C([0,w]; R™) — R™ is bounded linear

operator.

Lemma 3.1. The following statements are equivalent:
(i) problem (3.1),(3.2) is solvable for arbitrary q € C([0,w];R™) and ¢ € R";
(ii) problem (3.1),(3.20) is solvable for arbitrary q € C([0,w]; R™);
(ii) problem (3.1p), (3.2) is solvable for arbitrary ¢ € R™;

)
)

(iv) problem (3.1p), (3.20) has only the trivial solution;
)

(v) det h(Z) # 0, where Z(t) is an arbitrary fundamental matriz of the differential system (3.1p).
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Lemma 3.1 is a well-known fact in the theory of boundary value problems for ordinary differential
equations (see, e.g., Theorem 1.1 from [18]. If problem (3.1y),(3.29) has only the trivial solution,
then a solution of problem (3.1),(3.2) admits the representation z(t) = I'[c](t) + G[q](t), where T :
R™ — C([0,w];R") and G : C([0,w]; R™) — C*([0,w]; R™) are bounded linear operators. Moreover,
the operator G admits the representation

Glal(t) = / G(t, 7)q(r) dr,
0

where G : [0,w] X [0,w] — R is called the Green’s matrix of problem (3.1y),(3.2y) (for more
information about Green’s matrix, see [18]).

Lemma 3.2. Let problem (3.1p), (3.20) have a nontrivial solution. Then for an arbitrary e > 0 there

exist a bounded linear operator h : C([0,w]; R™) — R™ such that |h — h|| < & and the problem

z = P(t)z,
h(z) = (3-20)

has only the trivial solution.

Proof. By Theorem 1.1 from [18], problem (3.15),(3.2)) has a nontrivial solution if and only if
det h(Z) = 0, where Z(t) is an arbitrary fundamental matrix of the differential system (3.15). Set
h(z) = (1 — A)h(z) + Az(0). Then D(X) = det h(Z) is a polynomial (of degree not greater than n)
with respect to A\. Moreover, it is a non-identically zero polynomial. Indeed, D(1) = det iNL(Z ) # 0 for
A =1, since the initial value problem

has only the trivial solution. Hence, D(\) has at most n zeros.
Consequently, there exists § > 0 such that

D(X) #0 for X € (0,6). (3.3)

Notice that ~
[h =Rl < A+ IA]). (3.4)
The latter inequality with
A < min {5, L}
(L+IAl)
implies ||h — h|| < e. O

Definition 3.1. G : C([0,w];R") — C*([0,w];R") is called the Green’s operator of problem
(3.10), (3.2¢).

Definition 3.2. T' : R® — C1([0,w];R") is called the Green’s boundary operator of problem
(3.19), (3-20)-

Lemma 3.3. Let zg € [0,w1], and let the problem

have only the trivial solution for every x* € [0,w1]. Then the linear problem

Uzy = PO('L y)u + Pl(xa y)uab + P2('7;a y)uy + q(x,y), (35)
u(wo,y) = @(y), h(uz(z, -)) = ()
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has a unique solution u admitting the representation

u(@,y) = Ao(p,¥)(x,y) + Alg)(2,y),
where Ag : C([0,ws]; R™) x C([0,w1]; R™) — CHH(Q;R™) and A : C(Q;R") — CHH(Q; R™) are bounded

linear operators. Furthermore, there exists a positive constant My, independent of q, such that

|2 4, < Molldlegon,.) for =€ 0.0

xr
/ ldllo,, . ds
zo

where Ny, » = [T0, 2] X [0,w2] if o < z, and Ny, » = [z, 0] X [0,w2], if o > .

C(Qge)

IA@letn. + | 55 A@] < Mo

for x €0, w1],

Lemma 3.3". Let xy € [0,w], and let the problem
’U/ - Pl(x*ay)va
h(v)(z") =0

have only the trivial solution for every x* € [0,w1]. Then problem (3.3),(3.4) has a unique solution
u admitting representation (3.5), where Ag : AC([0,w2]; R™) x L([0,w1]; R™) — AC(Q;R™) and A :
L(;R™) — AC(S;R™) are bounded linear operators. Furthermore, there exists a positive constant
My, independent of q, such that

[ADllc@.) < MollgllL,) for x € [0,w1].

Lemmas 3.3 and 3.3’ immediately follow from Theorems 4.1 and 4.1’ from [24].

Lemma 3.4. Let conditions (Ag) and (A3) of Theorem 1./ hold. Then there exists u € CH1(Q; R™*™)
satisfying conditions (1.2).

Proof. Consider the problem

Ugy = Pa(x,0)uy,
Cu(-,y) =¢y), hlua(z, ) = ().
The latter problem has a unique solution

w1

u(z,y) = Tolp(y)l(z) +/Go(x78) La[(s)(y) ds,

0

where 'y and Go(z, s), respectively, are Green’s boundary operator and Green’s matrix of problem
(1.4), and T2 is Green’s boundary operator of the problem

v = Pl(oa y)'U,
h(v) =0 O
Consider the problem
Vo= ﬁQ({L’, y*)’l}, (3 6
l(v) =0, 7

where P, € COL(Q; R™*™),
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Lemma 3.5. Let conditions (Ag), (A1), (A2) of Theorem 1.4 hold, and let problem (3.6), (3.7) have
only the trivial solution for every xo € [0,ws]. Then an arbitrary solution u of problem (1.1),(1.2)
admits the following representations:

w2

%@m:E@wm+/@@¢@«%@ﬂ+ﬂuﬁé@ﬂ—EM@M@ﬁ

+ (Pala,t) = Pale,0) el 1) + ae,)) dt + T [(w) — AP, - Ju(, )] (i)

uy(a.) = [ Galosia) (Palsv)u(s,) + Pils us(s9) + als, ) ds + Tale () s
0

w1 W2

mmw://@@@MGM¢Q«%@Q+HQQE@Q—%E@ﬂﬁ@ﬂ
0 0

+ (Palst) = Palo, ) el 1) + a(s,1) ) s+ Pl 0], ) + T p(w)) (a5,

where
wi

P[Uﬂﬁ] (Z’,y) = /él(‘rwg;y) Iy W(S) - h(ﬁ2(sv )U(S, ))] (y; S) ds,

0

G; and T'j, respectively, are Green’s matriz and Green’s boundary operator of problem (1.1;),(1.2;)

(j=1,2), and G1 and fl, respectively, are Green’s matriz and Green’s boundary operator of problem
(3.6), (3.7).

Proof. Let u be a solution of problem (1.1),(1.2). Set

v(a,y) = up(w,y); wla,y) =uy(z,y); V(@) = ua(z,y) — Palz,y)ulz,y).

To prove Lemma 3.4, one needs to note that v, w and v, respectively, are solutions of the following
boundary value problems:

vy = Pi(z,y)v+ Polz, y)u(z, y) + Pa(2,y)uy(2,9) + q(z,y),
h(v(z, -)) = ¥(z);
we = Po(x, y)w + Po(z,y)u(z,y) + Pz, y)us(z,y) + q(z,y),

w(-,y)) = ¢'(y);
@:ammw(%@w+amwé@w—%E@wﬁ@m
+(Pa(z,y) — Pa(a, ) uy(@,y) + q(z,y),
h(W(z, +)) = ¥(z) — h(Pa(z, - u(z, ). O

Lemma 3.6. Let conditions (Ap), (A1), (As2) of Theorem 1.4 hold. Then problem (1.1),(1.2) has the
Fredholm property.

Proof. First, note that, by Lemma 3.4, there exists u € C11(£; R"*") satisfying conditions (1.2). Let
us show that problem (1.1), (1.2) is equivalent to the following system of integral equations:

v(x,y) = Fi(u,w)(z,y); (3.8)
w(z,y) = Fau,v)(r,y); (3.9)
u(z,y) = Folu, w)(z,y), (3.10)
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where
Fi(u, w)(x1, 22) :/Gg(y,t;x) (Po(x,t)u(x,t)—l—Pg(x,t)w(x,t)—i—q(:E,t)) dt+Ta[(x)](y; );
0

Fa(u,v)(z,y) =/G1(x,s;y) (Po(say)U(s,yHH(say)v(say)M(say)) ds+T1[¢" (y)](259); (3.11)
0

w1 w2

Folu,w)(x,y) = //Go(x, s) Ga(y, t; s) (Po(s,t)u(s,t) + Py(s, t)w(s,t) + q(s,t)) ds
00
where o
Paltl(w.9) = [ Gales) Talu()](y:) ds (3.12)
0

G, and T'j, respectively, are Green’s matrix and Green’s boundary operator of problem (2.1;),(2.2;)
(j =1,2), and Gy and Ty, respectively, are Green’s matrix and Green’s boundary operator of problem
(1.4).

Indeed, if u is a solution to problem (1.1),(1.2), then according to Lemma 3.4, u admits the
representations

w2

ug(z,y) = /Gg(y, t;x) (Po(gc, tu(z,t) + Po(z, t)u(z, t) + ¢z, t)) dt + To[y(2)](y; z);
0

() = [ Grlavsi) (Po(ss)uls,n) + Prls sl ) +a(s.0) ds + Tale! )] w30
0

w1 w2

u(w,s) = [ [ Golw.siy) Galy.ts) (Pals. uls ) + Pals. (s, ) + as,1)) ds
0

0
+ Pol¥](z,y) + Cole(y)](x)-

Now, let (v, w,u) be a solution of system (3.8)—(3.10). Then from (3.10) we get

w2

U (2,) = /G2(y7 t; ) (Po(fﬂv tu(z,t) + Po(z, tyw(z, t) + q(z, t)) dt + Do[o(o)](y;2),  (3.13)
0
Ug (2, y) = v(z,y), (3.14)
and
Ou(-,y)) = o). (3.15)

Consequently, in view of (3.9) and (3.11), we have

w1

w(z,y) = /G1(m, ;) (Po(s, y)u(s,y) + Pi(s,y)us(s,y) +q(s, y)) ds +T1[¢' ()](w; y).

The latter equality immediately implies

wx(m, y) = PQ('I’ y)w(x,y) + Po(x,y)u(x,y) + Pl(xay)ux(x’y) + q(x’y)

and
tw(-,y) =¢'(y). (3.16)
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From (3.13) and (3.15) we get

Uzy(xvy) = Pl(xvy)uz(xvy) + PO(xvy)u(xvy) + PQ(xvy)w(xay) + Q(xa y)v (317)
Uuy(-,y)) = &' ().

Set
2(x,y) = uy(z,y) — w(z,y).
Then
zx(m,y) = PQ(JE,y)Z(I,y), (318)
0(z(-,y)) =0

Consequently, in view of condition (A1), z(x,y) =0, ie., uy(z,y) = w(z,y).

Thus, problem (1.1), (1.2) is equivalent to system (3.8)—(3.10).

Let F?(u,w), F9(u,v) and FJ(u,w) be the homogeneous parts of the operators Fi (u,w), Fa(u,v)
and Fo(u,w), respectively, and set

K(u,v,w) = (f?(u,w%]‘—g(%U)7f8(uvw))'

It is clear that K is a bounded linear operator from C'(Q; R™) x C(£; R™) x C(Q; R™) into C%1(; R™) x
CLO(Q;R") x CLL(Q;R™).

Notice that K? = KoK is a compact operator from C(Q; R"™) x C(Q; R") x C(£2; R™) into C(£2;R™) x
C(;R™) x C(Q;R™). The latter fact implies that the system of operator equations (3.8)—(3.10) and,
consequently, problem (1.1),(1.2) has the Fredholm property. O

Lemmas 3.5 and 3.6 immediately imply

Lemma 3.7. Let conditions (Ao), (A1), (As) of Theorem 1./ hold, and let P, € C%'(Q; R™*™). Then
problem (1.1),(1.2) is equivalent to the integral equation

w1 w2

f(u)(x,y)://Gl(x,s;y) Gg(y,t;s)((Po(s,y)—i—Pl(s,t)Pg(s,t)—Pgt(s,t))u(s,t)—i—q(s,t)) dtds
+ Plus 92, y) + Tale(y)](2;9),

where

Plu; ¢)(z,y) = /Gl(x,S;y) T2 [1h(s) — h(Pa(s, - Ju(s, )] (y: ) ds
0

and G; andT';, respectively, are Green’s matriz and Green’s boundary operator of problem (1.1;), (1.25)

(.7 = 132)'

Consider the problems

v = Py, y*)v, (3.19

v(z+wi) =v(z), 3.20
and

v = Pi(z,y*)v, (3.21)

v(y +w2) = v(y), (3.22)

where ﬁl € 091

wiw2

(R2;R"*") and P, € C%1

wiw2

(RQ;Ran).
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Lemma 3.8. Let conditions (A1) and (As) of Theorem 2.1 hold. Then an arbitrary solution u of
problem (2.1),(2.2) admits the following representations:

r+ws
uz(xvy) = ﬁg(a:,y)u(x,y) + / Gg(y,t;x)((Po(J?,t) + Pl(x7t)?2(xa t) - ﬁQt(xa t))u(a:,t)
+ (Py(z,t) — ﬁg(x,t))ut(m,t) + q(s,t)) ds;
r+wy
uy(z,y) = / Gi(z, 539) (Pols,y)uls, y) + Pi(s,y)us(s,y) + als,y)) ds;

x

THw) Ytwa

u(z,y) = / / G1(z,s;y) Ga(y, t; s)((Po(s,t) + Pl(S,t).F)Q(&t) — ]Sgt(s,t))u(sj)

+ (Pa(s,t) — ﬁg(s,t))ut(s,t) + q(s,t)) dt ds,

where G is Green’s matriz of problem (2.1;),(2.2;) (j = 1,2) and G, is Green’s matriz of problem
(3.19), (3.20).

Proof. The proof of Lemma 3.8 is similar to that of Lemma 3.5. O
Lemma 3.9. Let conditions (A1) and (As) of Theorem 2.1 hold. Then an arbitrary solution u of
problem (2.1), (2.2) admits the following representations:
r+w2
uw(x7y) = / Gg(y,t,x)(Po(x,t)u(x,t) +P2(x7t)ut(x7t)+Q(57t)) dS;

x

rt+wy
uy(x,y) = ﬁl(xvy)u(xvy) + / Gl(xa S;y)((PO(Svy) + P2(57y)ﬁ1(57y) - ﬁls(x7t))u(57y)

+ (Pi(s,y) = Puls.))us(s,9) +a(s,) ) ds

y+wa r+w;

u(x7y)=/ /Gg(y,t;x)Gl(x,s;t)<(Po(s,t)+P2(s7t)]51(5,t)—ﬁls(s,t))u(s,t)

+ (Py(s,t) — ﬁl(s,t))us(s,t) + q(s,t)) dsdt,
where G is Green’s matriz of problem (2.1;),(2.2,) (j = 1,2) and Go is Green’s matriz of problem
(3.21), (3.22).
Proof. The proof of Lemma 3.9 is similar to that of Lemma 3.5. O

Lemma 3.10. Let conditions (A1) and (As) of Theorem 2.1 hold. Then problem (2.1),(2.2) is
equivalent to the system of integral equations

T+wy ytwa
wa) = [ [ o) Galy i) (Pols,tpuls,t) + (Palo )~ D, 1) + a(s.) deds
' ’ Y+wa
+ / Ga(y, t; o) (Po(z,t)u(x,t) + (Py(z,t) — Dw(x,t) + q(:c,t)) dt;

4wy

w(x,y) = / Gl(xa 8;:1}) (PO(Sa y)u(say) + Pl(s,y)v(s,y) + q(s,y)) dS;
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Ttwy Yytw2

ue)= [ [ Glas) Galy.t:5) (Pols,thuls.t) + (Pa(sst) = Dl ) + a(s.1)) deds,
z oy
where G(z, s) = efz%_lf is Green’s matrix of the problem

2=z, z2(z+w)=2z().

Proof. The proof of Lemma 3.10 is similar to that of Lemma 3.6. O

Lemma 3.11. Let conditions (A1) and (As2) of Theorem 2.1 hold. Then problem (2.1),(2.2) is
equivalent to the system of integral equations

y+wi
U(.’L‘,y) = / Gz(y,t,x)(PO(;v,t)u(%t) +P2(x,t)w(:v,t)+q(x7t)) dt;
y
y+w2 z+wy
w(z,y) = / / G(y,t) Gi(z,s;t) (Po(s, t)u(s, t) + (Pi(s,t) — Dv(s,t) + q(s,t)) dsdt
y x
T+wy
+ / Gi(z,5:9) (Po(s,y)uls, y) + (Pi(s,y) — Dv(s,y) +a(s,y)) ds;
Ytw2 w1
weo)= [ [ GG st (Pl Ouls.t) + (Prlst) ~ Duls,t) + als.) dsd
Yy T
where G(y,t) = % I is Green’s matriz of the problem
=z 2y tw)=z(y)
Proof. The proof of Lemma 3.11 is similar to that of Lemma 3.6. O

Lemma 3.12. Let conditions (A1) and (Az) of Theorem 2.1 hold, and let P, € CLY, (;R™™).
Then problem (2.1),(2.2) is equivalent to the operator equation

Ytw2 z+w;
u(z,y)= / / Ga(y, t;x) Gi(x, s;t) ((Po(s, y)+Pi(s,t)Pa(s, t)— Pis(s, t))u(s, t)+q(s, t)) dsdt,

where G; is Green’s matriz of problem (2.15),(2.2;) (j =1,2).

Proof. Lemma 3.12 is an immediate consequence of Lemmas 3.8 and 3.10. O

Lemma 3.13. Let conditions (A1) and (Az) of Theorem 2.1 hold, and let P, € COL, (€ R™ ™).
Then problem (2.1),(2.2) is equivalent to the operator equation

T+wiY+tws2
ue)= [ [ Galosi) Galyt5) ((Pu(ss)+ Pls, ) Palo )= Parls, ) uls 0)+a(s.0) deds,

where G; is Green’s matriz of problem (2.15),(2.2;) (j = 1,2).

Proof. Lemma 3.13 is an immediate consequence of Lemmas 3.9 and 3.11. O



134 Tariel Kiguradze, Afrah Almutairi

In the interval [0,w], consider the problem
2 =P(t)z, (3.23)
z(a) = Az(b), (3.24)

where P € C([0,w];R™"), A€ R™" and 0 < a < b < w. Set P = 1 (P + PT), where PT is the
transpose of the matrix P.

Lemma 3.14. Let there exist o € {—1,1} such that o P(t) is positive semi-definite on [a,b], and let
either

o(ATA — 1) is positive semi-definite, (3.25)
o P(t*) is positive definite for some t* € [a,b], (3.26)

or
o(ATA — 1) is positive definite, (3.27)

Then problem (3.23), (3.24) has only the trivial solution.

Proof. Let z be a solution of problem (3.23), (3.24). Then

5 (00,20))  (=(a), 2(@))) = 5 ({0, 2(0)) — (420, 42(0)))
and
1, P
5(@.A—Ip@y4m>+/kpapuyawyﬁ:o. (3.28)

a

The matrix function oP(t) is positive semi-definite on [a,b]. Notice that if (3.29) holds, then the

matrix function O'ﬁ(t) is positive definite in some neighborhood of ¢*. Therefore, (3.25), (3.26) and
(3.28) imply z(t*) = 0, while (3.27) and (3.28) imply z(b) = 0. In either case, by the Existence and
Uniqueness Theorem, z(t) = 0. O

Let n = 2m. In the interval [0,w], for the linear system

21 = Q(t)z1 + Pyi(t)z,

zh = Py(t)z1 — Q(t)za, (3.29)

consider the boundary conditions
z1(a) = Az1(b), 29(b) = Azs(a), (3.30)

where z = (21, 22), 21,22 € R™, P, € C([0,w];R™*™) (i = 1,2), Q € C([0,w];R™*™) and A €
Rmxm).

Lemma 3.15. Let A € R™*™ be symmetric matriz, let Q € C([0,w]; R™*™) be a symmetric matriz
function on [a,b], let oP; € C([0,w];R™*™) and oPy, € C([0,w];R™*™) be positive semi-definite
symmetric matriz functions on [a,b] for some o € {—1,1}, and let oPy(t*) and oPa(t*) be positive
definite for some t* € [a,b]. Then problem (3.29), (3.30) has only the trivial solution.
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Proof. Let (21(t), 22(t)) be a solution of problem (3.29), (3.30). Then

b b
[, 220)dt = [ ({Qa@).20) + (i), =) di (331

and , ,
[ G020 it = [ ((Pa)a0.200) - Q=0 2(0)) . (332

Adding (3.31) and (3.32), we get

(21(0), 22(b)) — (21(a), 22(a))

b

b
= /% (21(t), 22(t)) dt = / (<P1(t)22(t)a (1)) + (Pa(t) 21 (1), 21(75)>) dt. (3.33)

a

In view of (3.30) and symmetry of A, from (3.33) we get

(21(D), 22(b)) — (21(a), 22(a)) = (21(D), Az2(a)) — (Az1(b), 22(a)) = 0 (3.34)

and
b

/ (<P1 (t)2(t), 22(8)) + (Pat) 2 (8), zl(t)>) dt = 0. (3.35)

a

The matrix functions o P; (t) and o P»(t) are positive semi-definite on [a, b], and o P; (t*) and o P»(¢*)
are positive definite for some t* € [a,b]. Consequently, the matrix functions o P (t) and o P (t) are posi-
tive definite in some neighborhood of ¢*. Therefore, from (3.35) we immediately get (z1(t*), z2(t*)) = 0.
By the Existence and Uniqueness Theorem, (21 (¢, z2(t)) = 0.

4 Proofs of the main results

Proof of Theorem 1.1. Let 1)(z) =0, let ¢ € R™ be an arbitrary vector, and let ¢ € C*([0,ws]; R™) be
such that

h(p) = c.

Existence of such ¢ follows from the admissibility of h. Indeed, let P € C([0,ws]; R™*™) be such that
the problem

2 =P(y)z, h(z)=0

has only the trivial solution. Then, in the role of ¢ one can choose the (unique) solution of the problem

Let u be an arbitrary solution of problem (1.1),(1.2). Set z = h(u(z, -)). Then, in view of (1.3),
z is a solution of the problem

2'=0, lz)=c. (4.1)

Thus, problem (4.1) is solvable for arbitrary ¢ € R™. By Lemma 3.1, the homogeneous problem
(1.4) has only the trivial solution. O

Proof of Theorem 1.2. Let u be a solution of problem (1.1), (1.2). Set

’LU(J},y) = uy(x,y) - Plu(x,y), ’U(.’L‘) = h(w(x’ ))
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In view of (1.2) and (1.6), w is a solution of the problem
w(l,O) = PQw + (Po(l‘,y) + PQPI)U(:L',y) + Q(xay)a (42)
Lw(-,y) = L(uy(+,y) = Pru(-,y)) = ¢'(y) — Pro(y)-

After applying the operator h to (4.2) and (4.3) and utilizing (1.3), we get

h(w'(z, ) =v'(2) = P + (h(Po(z, -)) + PoaP1)¥(z) + h(g(z, -))
= h(Pyw(z, -) + (Po(z, -) + PPy )u(z, ) + q(z, -))
and
B(U(w)) = ((h(w)) = (o) = h(' — P).
Consequently, v(x) is a solution of problem(1.7), (1.8). O

Proof of Theorem 1.3. Let u be a solution of problem (1.1),(1.2). Set

U)(.’L',y) :uz(m?y) _P2u($7y)’ ’U(y> :E(w(vy))

In view of (1.2) and (1.6), w is a solution of the problem

w® = Prw + (Py(z,y) + PLPo)u(z,y) + g(z,y), (4.4)
h(w(z, -) = h(ug(z, -) — Pou(z, -)) = ¢(x) — PY(x).

After applying the operator h to (4.4) and (4.5) and utilizing (1.3), we get

L' () =v'(y) = Pro+ (UPo(-,y)) + PLP)p(y) Y))
= {(Prw ) (Po(-y) + PiPoyu(-y) +a(-,y))
and
t(h(w)) = h(t(w)) = h(v) = £(¢ — Pagp).
Consequently, v(y) is a solution of problem (1.9), (1.10). O

Proof of Theorem 1.4. Theorem 1.4 follows from Lemmas 3.4 and 3.5. O

Proof of Theorem 1.5. Let problem (1.1),(1.2) be well-posed. Assume, on the contrary, that either
condition (A;) or (Asz) is not satisfied.

If condition (A;) is not satisfied, then problem (1.11), (1.21) has a nontrivial solution &y (z) for some
y* € [0,ws]. Due to well-posedness of problem (1.1), (1.2) there exist § > 0 and P, € (1) (Q; R"*")
such that Py(z,y) = Py(z,y*) for y € [y* — 8,y + 0] N[0, ws], and the problem

Ugy = P()(J?, y)u + Pl('ra y)ux + ﬁ2(ma y)uy + q(x,y), (46)
Cu(-,y) =0, h(ug(z, ) = () (4.7)

is well-posed. In other words, problem (4.6), (4.7) has a unique solution

u(z,y) = A, q)(z,y),
where A : C([0,w1];R?) x C(;R™) — CL1(;R™) is a bounded linear operator.
Consider the problem
Uy = (= Pi(2,y) Pa(z,y) + Pay(@,y))u+ Po(z,y)us + Po(2,y)u,
(u(-,y)) =0, h(ug(x, ) = Po(x, - Ju(z, -)) =0. (4.9)

Every solution u of problem (4.8), (4.9) is also a solution of the operator equation

u(z,y) = A(u)(z,y), (4.10)
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where

Alw)(z,y) = A(f(w), Q) (z,y), Flu)(x) =h(Pu(z, ulz, -)),
Q(U)(I,y) = (PO(‘T7y) + Pl(ajay)ﬁQ(xay) - ]32y(zvy))u(xay)

It is clear that A : C(;R") — CH(;R™) is a bounded linear operator. Consequently, A
C(;R™) — C(2;R™) is a compact operator. Therefore, (4.10) has a finite dimensional space of
solutions in C(Q;R™). But then problem (4.8), (4.9) also has a finite dimensional space of solutions.

On the other hand, system (4.8) is equivalent to the system

(u$—ﬁg(x,y)u)y:Pl(x,y)(uw—ﬁg(x,y)u). (411)
Hence, every solution u € C11(Q; R™) of the problem

Uy = Po(z,y)u, (4.12)
t(u(-,y)) =0 (4.13)

is a solution of problem (4.11), (4.9) and, consequently, of problem (4.8), (4.9).
Let v € C*([0,ws]) be an arbitrary function such that suppy C [y* — 6, y* + 6] N [0, ws]. Then

u(z,y) = &o(z)y(y)

is a solution of problem (4.12),(4.13) and, consequently, of problem (4.8),(4.9). Thus problem
(4.8),(4.9) has an infinite dimensional space of solutions, which contradicts to the fact that equa-
tion (4.10) has a finite-dimensional space of solutions.

Now, let us assume that problem (1.15), (1.22) has a nontrivial solution 79(y) for some z* € [0, w1].
In view of well-posedness of problem (1.1), (1.2) and Lemma 3.2, there exist § > 0, P € CLO(Q; R™*™)
and a bounded linear operator h : C([0,w:]; R™) — R™ such that

ﬁl(a:,y) = Pi(z*,y) for z € [z" — 4§, 2" + 0] N[0, w1],

the problem

has only the trivial solution, and the problem

Ugy = PO(J:; y)u + ﬁl(may)um + PQ(ma y)uy + q($7y)7 (415)

(u-,y) =¢y), hlue(z, ) =0 (4.16)

is well-posed. In other words, problem (4.15), (4.16) has a unique solution

u(z,y) = By, q)(,y),

where B : C([0,ws]; R") x C(;R™) — CL1(Q;R™) is a bounded linear operator.
Consider the problem

Uy = (= Py(z,y)Pi(2,y) + ﬁla:(x7y))u + Py (z,y)us + Py(z,y)uy, (4.17)

g(”('ay)_O/GO(yvt)Pl("t)u('at) dt> =0, h(ux(x’ )) =0, (418)

where and Gy is Green’s matrix of problem (4.14).
Every solution u of problem (4.17), (4.18) is also a solution of the operator equation

u(xay) = B(u)(@y), (4-19)
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where

w2

Bu)(z,y) = BP(u), Q) (x,y),  Pu)(y) = z( [ Gatw0 B 0uc-0) dt),

0
Qu)(x) = (Po(,y) + Pa(w,y) Pi(x,y) = Pra(a,y))u(a,y).

It is clear that B : C(Q;R™) — OYY(;R™) is a bounded linear operator. Consequently, B :
C(;R™) — C(2;R™) is a compact operator. Therefore, (4.19) has a finite dimensional space of
solutions in C(€2;R™). But then problem (4.17), (4.18) also has a finite dimensional space of solutions.

On the other hand, system (4.17) is equivalent to the system

(uy - -ﬁl(xvy)u)r = PZ(x,y)(uy - ﬁl(x,y)u) (420)
Hence, every solution u € C11(Q; R™) of the problem

u, = Pi(x,y)u, (4.21)
h(u(z, -)) =0 (4.22)

is a solution of problem (4.20), (4.18) and, consequently, of problem (4.17), (4.18).
Let v € C*([0,w1]) be an arbitrary function such that supp~y C [z* — §,2* + 6] N [0,w1]. Then
u(x,y) = no(y)v(z) is a solution of problem (4.21), (4.22) and, consequently, of problem (4.17), (4.18).
Thus problem (4.17), (4.18) has an infinite dimensional space of solutions, which contradicts to the fact

that equation (4.19) has a finite-dimensional space of solutions. The obtained contradiction completes
the proof of the theorem. O

Proof of Theorem 1.6. In view of Lemma 3.7, problem (1.1), (1.2¢) is equivalent to the operator equa-
tion

u(z,y) = F(u)(z,y) (4.23)
in the space C(Q;R™), where
f(U)(w7y)=//G1(x,8;y) Ga(y,t;5)
00

xQ%@ﬂ+a@ﬁg@o_&m@w@@+ﬁw»ﬁ@.

Hence, it is obvious that if conditions (1.25) hold, then for & > 0 sufficiently small, F is an operator
of contraction. Therefore, equation (4.23) is uniquely solvable and, thus, problem (1.1),(1.2) is well-
posed. Moreover, if equalities (1.26) hold, then the unique solution u of equation (2.9), as well as of
problem (1.1), (1.2¢), admits representation (1.27). O

Proof of Theorem 1.7. Theorem 1.7 is a particular case of Theorem 1.4, since
X(z,y) = exp ((z — a)Pa(y)) and Y(y,z) = exp ((y — ) Pi(z)),

respectively, are fundamental matrices of the differential systems

dz dz
e Py(y*)z and i Py (z*).

Consequently, by statement (v) of Lemma 3.1, the problems

& Py sla) = A0)
and d
@, ~ D@z 20 = B:(d)

are uniquely solvable if and only if inequalities (1.33) and (1.34) hold. O
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Proof of Theorem 1.8. Theorem 1.8 follows from Theorem 1.4 and Lemma 3.14. O

Proof of Theorem 1.9. By Theorem 1.9, problem (1.1),(1.27) has the Fredholm property. According
to Remark 1.5, well-posedness of problem (1.1),(1.27) in Q is equivalent to the well-posedness of
problem (1.1),(1.27) in [a,b] X [e,d] C Q. It remains to show that in the rectangle [a,b] X [c,d] the
homogeneous problem

Ugy :PO(x7y)u+P1("T7y)ufr+P2(x7y)uyv (424)
u(a,y) = Au(b,y), ug(z,c) = Buy(z,d) (4.25)

has only the trivial solution. Let u be a solution of problem (4.24),(4.25). By Lemma 3.7, v admits
the integral representation

bod
//G1 z,5;y) Ga(y, t; s) (Po(s,t) + Pi(s, t)Pa(s, t) — Pay(s,t))u(s,t) dtds,

whence we get

[ulco) < // ‘Gl(zws;y) Ga(y.t;s)(Po(s,t) + Pi(s,t)Pa(s, t) — Pzt(S,t))‘ dt ds |u|c ()

and |u|c) < Alulc(q). The latter inequality immediately implies u(z,y) = 0 in [a,b] X [c,d], since
the spectral radius of A is less than 1. O

Proof of Theorem 1.10. In view of (1.37) and (1.38), by Lemma 3.14 and Theorem 1.4, problem
(1.1),(1.29) has the Fredholm property. According to Remark 1.5, problem (1.1),(1.29) is well-posed
in Q if and only if it is the well-posed in [a,b] x [¢,d] C . Tt remains to show that in the rectangle
[a,b] X [c,d] the homogeneous problem

Ugy = Po(2)u + Pi(z)uy + Po(x)uy, (4.26)
u(a, y) = Au(ba y), Uy (l‘, C) = Ug (:C’ d) (427)

has only the trivial solution. Let u be a solution of problem (4.26), (4.27). Then u admits the Fourier

series representation
+oo

u(z,y) = Z ug(x)e™® ey, (4.28)

k=—oc0

After substituting (4.28) in (4.26), we get

)_1 (Po(a:) to

In view of (1.35) and (1.38), for every j,k = 0,1,2, 00, P;(x)Py(x) is a positive definite symmetric
matrix function, and

T2 (B o ko)

(AR - s k) (PR + o 1)

T j(Po(x) + Py(2)Pa)) " (Pf(x) + (d{%)? m)fl. (4.30)

i (z) = <7P1(z)+z (as))uk(:r), wp(a) = Aup(b).  (4.29)

(—Pl(x)—i—z

—1

—1

Moreover,

472

An? kQPQ(x)) (Pf(m)+ o sz)

(d— o)

02— Po(@)Pi(a) +
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and
- 472 -1
are positive definite symmetric matrix functions. Hence, taking into account (4.29) and (4.30), we get
b p b
(1 = ATy (8,0 (0) = [ - (o), (0 do = [ (i), @) + (s ), ) ) do

b
472 472

2/ <( — Py(x)P(z) + a=oe k‘2P2(Z‘)> (Pf(x) + = o? k‘zl)iluk(x),uk(x)> drx. (4.31)

a

(1.36)—(1.38) and(4.31) immediately imply ug(z) = 0 on [a,b] (k € Z). Consequently, u(z,y) = 0 on
[a,b] X [c,d]. O

Proof of Corollary 1.1. Corollary 1.1 is an immediate consequence of Theorem 1.10. O

Proof of Theorem 1.11. In view of (1.41) and (1.42), by Lemma 3.14 and Theorem 1.4, problem
(1.1),(1.29) has the Fredholm property. According to Remark 1.5, problem (1.1), (1.29) is well-posed
in Q if and only if it is the well-posed in [a,b] X [¢,d] C . It remains to show that in the rectangle
[a,b] X [c,d] the homogeneous system

Ugy = Pou + Prug + Pouy (4.32)

has only the trivial solution satisfying condition (4.27). Let u be a solution of problem (4.32), (4.27).
Then u admits the Fourier series representation (4.28). After substituting (4.28) in (4.26), we get

uy,(z) = Apug(z), ug(a) = Aug(b), (4.33)
where o ) o
Ak:(id_ckI—Pl) (P0+id_ckP2>.
By statement (v) of Lemma (3.1), problem (4.33) has a trivial solution if and only if
det (I — Aexp((b—a)Ax)) #0. O

Proof of Theorem 1.12. By Lemma 3.15 and Theorem 2.1, problem (1.43), (1.44), (1.45) has the Fred-
holm property. According to Remark 1.5, well-posedness of problem (1.43),(1.44),(1.45) in Q is
equivalent to the well-posedness of problem (1.43), (1.44), (1.45) in [a,b] X [¢,d] C Q. It remains to
show that in the rectangle [a,b] X [¢,d] the homogeneous problem

ey = Q1(y)vz + Pri(y)we + Qa(z)vy + Por(z)wy + Qo(z, y)v + Poi (2, y)w, (4.34)
Wyy = P12(y>vw - Ql(y)wz + P22(:L')Uy - Q?(x)wy - P02($7 y)’U + Qo(!I}7 y)wa (435)

v(a,y) = Av(b,y), w(by) = Aw(a,y),

Uﬂc(ma C) = sz(x7 d), wx(m, d) = wa(,jc’ a,) (436)

has only the trivial solution. Let (v, w) be an arbitrary solution of problem (4.34), (4.35), (4.36). Then
we have

b

_//d@my(ffay)»w(x,y» dy da

a

b d
— [ [ (@) w) + (P o)) + (Qa@)oy .0). wlwy)

+ <P21(x)wy(x,y),w(a:,y)> + <Q0(x, y)v(x,y),w(x,y)> + <P01(33,y)w(x,y), w(m,y)>) dy dzx
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and

b d
//(wzyxy (z,y)) dydx

b d

:// ((Puaw)en @), 00w ) — (Qu(w)wn(e, ), 0w 9) + (Pal@)oy 2,v),v(,v)
- <Q2(a:)wy(x,y),v(x,y)> - <P02(x,y)v(a:,y),v(x,y)> + <Q0(x,y)w(a:,y),v(x,y)>) dydx

Taking into account conditions (1.50), (1.51) and (4.36), and symmetry of the matrices and matrix
functions A, B, Q;, P;; (i=0,1,2; j =1,2), we get

//(Umy(w,y%w(w,yw dydx:/b/d (way (2, y),v(2,y)) dydz,

<Q1(y)vm(x,y)7w(w,y)> dy dx = *//<Q1(y)wm(x,y),v(z,y)> dy dz,

<
IS8

—
\m R

U

(Qa(@)vy(z,y), w(x,y)) dy de =

// (Pri(y)we (2, y), w(z,y)) dyde =
d

d
Plg(y)vz(ac,y),u(x,y» dy dx = /<P12(y)(I — A?)v(b,y), v(b, y)> dy,

a ¢ c

\@

/Qz z)wy(z,y),v(z,y)) dydz,

o~ @\T
Qu w\&

d

/<P11(y)(A2 — Dw(a,y),w(a,y)) dy,

(&)

N =

\&
js9
NN

\@

/ (Por()wy(z,y), w(z,y)) dy de = /<P21(33)(B2 — Dw(z,c),w(z,c)) da,

//<P22(x)vy(x,y),v(x,y)> dydx = %/<P22(x)(f — A*)(z,d),v(z,d)) dz.

Therefore, after subtracting (3.17) from (3.16), we arrive at the equality

N | =

d
J ((P)? - Dula,g) wla,) + (Paw)4* = Delby), o.9))) dy

_|_

DN | =

b
/ (<P21(33)(32 — Nw(z,c),w(z,c)) + (Paa(z)(B* — I)v(m,d),v(m,d)>) dx

b d
+// (<P01(x,y)v(:c,y),v(x,y)> + <P0,2(m,y)w(z,y),v(w,y») dy dx = 0.

If (By) holds, then v(a,y) = 0 and w(a,y) = 0 (also, v(b,y) = 0 and w(b,y) = 0).
If (B3) holds, then v(zg,y) = 0 and w(zg,y) = 0.
Therefore, (v(z,y),w(x,y)) is a solution of system (4.34), (4.35) satisfying the initial-boundary

conditions
U(xlay) :Oﬂ w(gjhy) :Oa

ve(x,¢) = Bug(xz,d), wg(x,d) = Bw,(z,a), (4.37)
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where ;1 is either a, or zp. By Lemma 3.3, the homogeneous problem (4.34), (4.35), (4.37) has only
the trivial solution in [a, b] X [¢, d].
Similarly, one can show that if either (Bg) or (By)holds, then u(x,y) =0 in [a, b] X [¢,d]. O
Corollaries 1.2—-1.5 are particular cases of Theorem 1.12.
Proof of Theorem 2.1. The proof of Theorem 2.1 is similar to that of Theorem 1.4.
Proof of Theorem 2.2. The proof of Theorem 2.2 is similar to that of Theorem 1.5.

Proof of Theorem 2.3. The proof of Theorem 2.3 is similar to that of Theorem 1.7.

o 0O o O

Proof of Theorem 2.4. The proof of Theorem 2.4 is similar to that of Theorem 1.8.

Proof of Theorem 2.5. By Lemma 9.3 and Theorem 9.2 from [18], the conditions of Theorem 2.5
guarantee unique solvability of the associated problems (2.11),(2.21) and (2.12), (2.22) for every y* €
[0,ws] and a* € [0,w:], respectively. Consequently, by Theorem 2.1, problem (2.1),(2.2) has the
Fredholm property. O

Proof of Theorem 2.6. By Lemma 9.4 and Theorem 9.2 from [18], the conditions of Theorem 2.6
guarantee unique solvability of the associated problems (2.11),(2.21) and (2.12), (2.22) for every y* €
[0,ws] and x* € [0,w:], respectively. Consequently, by Theorem 2.1, problem (2.1),(2.2) has the

Fredholm property. O
Proof of Theorem 2.7. The proof of Theorem 2.7 is similar to that of Theorem 1.9. O
Proof of Theorem 2.8. The proof of Theorem 2.8 is similar to that of Theorem 1.12. O

Proof of Theorem 2.9. By Lemma 3.14 and Theorem 2.1, problem (2.6), (2.2) has the Fredholm pro-
perty. It remains to show that the corresponding homogeneous problem has only the trivial solution.
Let u be a solution of the homogeneous system

satisfying conditions (2.2). Then we have

1/2<ury(x,y),u(x,y)>dydw/1/2(<Po(x,y)U(w,y)’U(ﬂc,y»
0 0 0 0

+ (o (@), u(@, ) + (uy(2,y), u(e,y) ) dyde,  (4.38)

w1 w2

7172<umy($,y)7um(m,y)> dydw://<<P0(Z‘,y)u(x,y),uz(x’y)>

+ <ux(x,y),u1(x,y)> + <uy(x,y),u$(a:,y)>) dydz, (4.39)

77<uxy(x,y),uy(:v,y)> dydz = 772<<P0(x,y)U(x,y),uy(x,y)>
0 0 00

+ (e (), 1wy (2, 9)) + (uy(@,9), wy(2,9)) ) dyda.  (4.40)

In view of condition (2.2), from (4.38)—(4.40) we get

w1 w2 w1 w2

_//<ux(x7y),uy(x,y)> dyda:://<P0(a:,y)u(:v,y),u(x,y)> dy dx, (4.41)
0 0

0 0
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w1 w2

(CPolws wyute, ), wa @, )) + s (@) 12 + (g (0,9, wa(0,9)) dyd =0, (4.42)
0 0

(ol ),y (o)) + () g () + sy )||*) dydr =0, (4.43)
0 0

If Py € CLO, (R%;R™ ™), then (4.41) and (4.42) imply

wiwsa

w1 W2

[ [ (st = { (Po) + 5 Poatea)ulo). o)) dyde =0, (@.49
0 0

If Py € C%L, (R%;R™ ™) then (4.41) and (4.43) imply

wiwsa
w1 W2 1
[ [ (el = { (Pt + 5 Poto ) ute ). ) dydo =0, (0.49
0 0
If Py € C,,,,(R:R"*™), then (4.44) and (4.45) imply
wi W2

(Il G, )12 + Ity 2, )1
0 0

—2( (Pl y) + § Pos(s) + 5 Poylar0) e, ), u(,) ) dy e =0, (4.46)

Set

w1 w2

Qi(y) = 71P0(x,y) dr;  Qa(z) = 72Po(x,y) dy; Qo= //Po(x,y) dy dx.
0 0 00

If condition (i) holds, then (4.43) implies u(z,y) = u(y),

/1/2<(P0(ffvy) + %POz(w,y)>U(y),U(y)> dy dz = /2<Q1(y)u(y),u(y)> dy =0
0 0 0

and u(y*) = 0 due to the negative semi-definiteness of Q1(y) on [0,ws] and negative definiteness of
Q1(y*). Hence, u is a solution of the homogeneous initial-periodic problem

Ugy = PO(x7y)u T Uy + Uy,
)s

u(z +wi) =ul(x), u(z,y*st) =0.

By Remark 1.1 and Lemma 3.3, u(z,y) = 0.
Similarly, one can show that if condition (ii) holds, then u(z,y) = 0.
If condition (iii) holds, then (4.46) implies u(x,y) = u = const,

w1 w2

// <(P0(x, y) + EPOI(x,y) + iPoy(x,y)>u,u)> dydz = (Qou,u) =0,

0 0

and v = 0 due to the negative definiteness of Q.
Proof of Theorem 2.10. The proof of Theorem 2.10 is similar to that of Theorem 1.10.

Proof of Corollary 2.1. Corollary 2.1 is an immediate consequence of Theorem 2.6.
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Proof of Theorem 2.11. In view of (2.10) and (2.11), by Lemma 3.14 and Theorem 2.1, problem
(2.7),(2.2) has the Fredholm property. It remains to show that the homogeneous problem

Ugy = Pou + Pruy + Pouy, (4.47)

u(z +wi,y) = u(z,y), w@,y+w)=u(z,y) (4.48)

has only the trivial solution. Let u be a solution of problem (4.47), (4.48). Then u admits the double
Fourier series representation

+oo
w(zy) = Y umn(a)e™ SRS Y, (4.49)

m,k=—o00

After substituting (4.49) in (4.47), we get

472

W1wW2

2 2

det (PO i e +iZkp, + mk I)umk —0.
w1 w2

Hence, u;,r = 0 in and only if

472

2 2
det(Po+i—7TmP1+i—7rkP2+
w2

w1

mk I) £ 0. 0

wWiw2
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