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Abstract. The aim of this monograph is to discuss, develop and apply the newest developments of
this fascinating theory connected with modern harmonic analysis. In particular, we investigate Fejér
kernels and study two-sided estimates for them, then we prove the almost everywhere convergence of
Fejér means. Moreover, we define the Lebesgue and Walsh—Lebesgue points of integrable functions
and prove the convergence of Fejér means of integrable functions with respect to the Walsh system
at Walsh—Lebesgue points, which are the almost everywhere points for any integrable function. We
also study the convergence of Fejér means in L, norm. Moreover, we investigate some important
upper and lower estimates of Fejér kernels that are very crucial in proving the important results in
the theory of martingale Hardy spaces. In particular, we consider the maximal operator, restricted
maximal operators and weighted maximal operators of Fejér means with respect to the Walsh system
and prove the (H,, L,) and (H,, weak-L,) type inequalities for them. Next, we apply these results to
find the necessary and sufficient conditions for the modulus of continuity under which the convergence
of norm Fejér means occurs. We also study analogous problems for the subsequences of Fejér means in
terms of modulus of continuity. Finally, we prove some new Hardy type inequalities for Fejér means,
which are called strong convergence results of Fejér means. We also prove the sharpness of all our
main results in the present monograph.
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1 Dyadic group and Fourier analysis on it

By N} we denote the set of the positive integers, by N := Ny U {0} the set of non-negative integers
and by R the set of the real numbers.

Denote by Zs the additive group of integers modulo-2, which contains only two elements: Zs :=
{0, 1}, the group operation is modulo-2 sum and all subsets are open.

Define the group G as the complete direct product of the groups Zs with the product of the discrete
topologies of Z,.

The elements of G are represented by the sequences = := (xo,21,...,%;,...), x = 0,1. This
group is called the Walsh group or dyadic group.

The dyadic group is metrizable with the following metric:

T — Yk
Z| s |, z,y € G. (1.1)

The direct product i of the measures ., ({j}) := 1/2, j € Z5 is the Haar measure on G with u(G) = 1.
Translation of a subset I,,(z) € G by y is defined by 7,(I,(x)) = {I,(z) + y}. Since p is a product
measure, we get

p(rae)) = T Gotond) T Gef0ccoo1) = [T 2 TT 1=
k=0 k=n k=0~ k=n

On the other hand, (1, (I.(2))) = p(In(x+y)) =1/2" for all y € G. Hence, pu(7y(In(z))) = p(In(z)).
In particular, G is a locally compact Abelian group and it can be equipped with the Haar measure
(see Pontryagin [80]), which coincides with the product measure p. We will not construct the Haar
measure here, since, for the groups we consider, the construction is trivial.
It is easy to give a base for the neighborhoods of G:

Io(l‘) = G,
I, (x):= {ye Glyo=20,-,Yn—1 :xn_l}, reG, neN.
Set I,, := I,,(0) for any n € Nand I,, := G\ I,.
Define

et Y (e +e) for k<l< M,
M Ins(er) for | = M.

It is evident that

_ M-2 M-1 o M—-1 oA
(G e
M-2 M-1 M-—1 M—-1
= ( U U Il+1(elc+€l)) U( U IM(ek)) = U I\ Tega. (1.2)
k=0 I=k+1 k=0 k=0

The norm (quasi-norm) of the space L,(G) for 0 < p < oo is defined as

1513 = ( [ P aute) ).
G

Denote by Lo (G) the space of all f € Lo(G) for which ||f|co=:Inf{C > 0, u{z€G,|f|>C}=0}<cc.
Let Lo(G) represent the collection of functions that are almost everywhere limits of step functions
with respect to the measure i of sequences in P.
The space C(G) counsists of all continuous functions for which ||f||c =: sup |f(z)| < ¢ < co. It is
zeG

obvious that if f € C(G), then ||f|lc = ||f]lcc and C(G) C Loo(G). Moreover, if 1 < p; < p2 < 00,
then Lpz (G) - Lpl (G)
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It is well-known that if f € L,(G) for all p > 0, then f € Loo(G) and || fllco = lim Il f1lp-
p—r00

Using Minkowski’s inequality, we easily obtain

Ifllp=0<= f=0 ae,
lefllp = lel 1 fllp, c€C,
If +9Hp < Cp(”f”p + ||g||p)7

where C, = 1 for p > 1 and C, < 2P for p < 1. In view of the last property, | - |, is a norm for
p > 1 and quasi-norm for p < 1.

Proposition 1.1 (Generalized Minkowski inequality). Let p > 1. Then

”/f<"t)dt S/Ilf(-,t)updt.
G P b

The convolution of two functions f,g € L1(G) is defined by

(f*g)(x t/f t)dt, = €Q.

It is easy to see that

(fxg)(x /f gz +t)dt, = eq.

Proposition 1.2. Let f € L.(G), g € L1(G) and 1 <r < oco. Then f*g € L,(G) and

1f*gllr < 1 £llrllglls-

The modulus of continuity of functions in the Lebesgue spaces is defined by

1
wﬂ;pﬁiﬁﬂﬁ”ﬂ~+mfftm~

P
The space weak-L,(G) consists of all measurable functions f for which

||f|\ieak_Lp(G) =supNWu(z e G: |f| > ).
A>0

The following properties of the weak-L,(G) spaces can be proved easily:

I fllweak-2, =0 <= f =0 a.e.,
”Cf”weak—Lp = ‘C|||f||weak-Lp (C S R),
H‘f +g||weak-Lp S CP(”waeak-Lp + ||g||weak—Lp),

where C), = max(2, 21/7). Due to the last property || - | weak-L, is a quasi-norm.

Proposition 1.3 (Tsebisev’s inequality). If 0 < p < oo, then
u(fl >0 < [ 1@ do
G
Proof. 1t is easy to see that

/ @) dr > / F@)Pde > yPu(lf] > ),
G {z: |f(z)|>y}

which proves the proposition. O
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We will show that the weak-L,(G) spaces are larger than the L,(G) spaces. In particular, Cheby-
shev’s inequality can be rewritten in the following form.

Proposition 1.4. If 0 < p < oo, then L,(G) C weak-Ly(G) and || flweak-L, < ||.f|lp-

Note that the inclusion L,(G) C weak-L,(G) is proper for any 0 < p < co. Indeed, let h(z) =:
|z|~Y/P. Then, obviously, h & L,(G), but h € weak-L,(G) because of yPu({z : |z|~YP > y}) =
yPy~P = 1. Recall that the weak-L,(G) space is also complete for each p > 1.

We define the distribution function Ay as follows: Af(y) =: p{z : |f(z)| > y}. We now establish a
useful formula which allows us to express the L,(G) norm of f in terms of the function A¢(y), namely,
we have the following

Proposition 1.5. We have
Jit@rauw =p [y s p=1. (13)
G 0

An operator T' which maps a linear space of measurable functions on G in the collection of mea-
surable functions on G is called sublinear if

T(f+ 9l <IT(HI+T(9)] ae on G, |T(af)| = lal[T(f)]

for all scalars a and all f in the domain of T. An operator T is a o-sublinear operator if, for any
a € R,

(3 5)| < ST and [T(af)] = o] T
k=1 k=1

An operator T from L,(G) into Lo(G) is said to be of strong type (p,q) (or of (p, q) type) for some
1<p<ooandl<gq< oo if there is a constant A > 0 such that | Tf||, < A||f|l, for all f € L,(G).
An operator T from L,(G) into Lo(G) is said to be of weak type (p,q) for some 1 < p < oo and
1 < ¢ < oo if there is a constant A > 0 such that || T f | weak-r, < Al f|p for all f € L,(G). Hence, any
operator of type (L, Ly) is necessarily of weak type (p, ¢).

Now, we state three important theorems of Fourier analysis.

Theorem 1.1 (Marcinkiewicz interpolation theorem). Let 1 < p1 < pa and suppose that the sublinear
operator T satisfies the condition

YPArs(y) < CP / F@)IP du(y)
G

forally >0, f € L,,(G) and i = 1,2, where C;‘s are the absolute constants independent of y and f.
In case py = 00, suppose that T is of strong type, i.e., |Tf|lco < Col||flloo- Then

P

2°P pP—P1 1 1
Tl < p2rey' Oy (ot
p—p1 Pp2—p

EL

forall f € L,(G), p1 <p < pa.
In particular, if p1 < p < pa and the operator T is of weak (p1,p1) type and weak (pa,p2) type,
then it will be of (p,p) type.

Theorem 1.2. Suppose Xy is dense in L,(G) and let T, T,, : X — L,(G) be sublinear operators, for
some 1 < p < oo with T bounded and T, f — Tf a.e. on G, asn — oo, for each f € Xy. Set

T f = sup|Tufl, fe L,
neN
If there is a constant C' > 0, independent of f and n such that

yYu({ITfl>y}) <CIFE v*u({T"f > y}) < CIfIE
forally >0 and f € Ly, thenTf = ILm Tnf a.e. on G, for every f € Ly.
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Theorem 1.3. Suppose that the o-sublinear operator V is bounded from L,, to L, for some 1 <
p1 < o0 and

/IVfldué Cliflh

T
for f € Ly and the dyadic interval I satisfies

supp f C 1, /fdﬂzO. (1.4)
G

Then the operator V is of weak-type (1,1), i.e., supyu({Vf > y}) < |fl1-
y>0

2 The numerical characterization of natural numbers

It is easy to see that every n € N can be uniquely expressed as n = io: n; - 27, where n; € Zs, j € N,
and only a finite number of n;s differs from zero. 0
Let us denote n(*) := 27k+1 4 2nkt2 ... 4 9nr p(0) .=
For any natural number n € N, we need the following expression: n = XS: 2" ng <ng < .- < M.
Set n(d :=2m ... 4 9m-1 =2 .. s and -

Ao = {neN: n:20+22+22”i}.
=3

In the study of our problems, the central role is played by their important characteristics [n], |n|,
d(n) and V(n), which are defined by

[n] := min {j eN, n; # 0}, [n| = max{j €N, n; # 0}»

d(n) = |n| — [n] (2.1)

and -
V(n) :=no+ Z |ng — ng—1| for all n e N. (2.2)

k=1

For any natural number n € N, there exist the numbers 0 <l <mj <l —2<ls <mg < --- <
S m;
ly —2 <1, <mgsuch that n = > Y 2%, where s depends on n.
i=1k=l;
It is evident that s < V(n) < 2s+ 1.
Moreover, for any natural numbers {n,,}, j = 1,2,...,7, satisfying 2° < ny, <n,, <--- <n,, <
25%1 s € N, we define the numbers

s_:=min{[n,,]}, s;:=max{|ng|} =5 di(n)=s4—s_. (2.3)
Ts; mfj

Furthermore, if 2° < n,, <251 j=1,...,r, s € N, which can be written as n,, = > > 2", where
1=1 k:lfj

0<IP <my <l —2<1 <my S---Slij —2<li§j Smiij,wedeﬁne
Ag={15,05,.. . 5 Y u{mi,m3, ... omP b = {uf,u3, ..., ups}, (2.4)

where ui < uj <--- < uls andmiij =s€Asforj=1,2,... 1.
We also denote the cardinality of the set A, by |As|, that is, card(As) := |As|. By this definition,
we can conclude that |Ag] =73 <rl 472

It is evident that sup |A,| < oo if and only if the sets {ng,,ns,,...,ns, } are uniformly finite for all
seN
s € Ny, and each ng, has bounded variation V(ns,), i.e., V(n;) < ¢ < oo for each j = 1,2,...,r.
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3 Walsh system and introduction to Fourier analysis
on dyadic group
As we mentioned above, if n € N, then it can be uniquely expressed as n = ) n; - 27, where n; € Zs,
§j=0
j € N, and only a finite number of n;s differs from zero.

Define the k-th Rademacher functions by ri(z) := (—=1)"*, 2 € G, k € N.
Using the Rademacher functions, we define the Walsh system w := (w, : n € N) G as

oo \n\il
wy(x) = H ek (r) = 7 (2)(—1) *=0 ’ k, n € N.
k=0

The Walsh system is orthonormal and complete in Lo(G) (see [83]).
For any two natural numbers n,m € N| let

oo
ndm:= Z Inge — my|2F.
k=0

Then it is easy to see that wy, (X)W () = Wpgm ().
Let us prove that the set of characteristic functions G is an orthonormal system.

Proposition 3.1. Let n,m € N. Then

1, n=m
n m d — ) )
[ oy (@) duta) {0’ e
G
Proof. Since wy, (2)wy, () = Wpem(x), we have only to prove that [ f(z)du(z) =0 for f € G\ {wo},
G
where @ is the set of Walsh functions. For a fixed f, choose y € G such that f(y) = —1. Then it is

not difficult to see that

/ f(@) dpu(zr) = / f(@ + ) duz + )
G G

- / f(@ + ) dulz) = f(y) / f() du(z) = — / £() du(z),
G G

G
from which the proof of the theorem follows. O

For any f € Li(G), the numbers

are called the n-th Walsh—Fourier coefficients of f.
The n-th partial sum is denoted by
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For the one-dimensional case, the Fejér means with respect to the one-dimensional Walsh—Fourier
series o, are defined by

o f(@) = 135 f(x) (e W),
k=1

Since
n

1
jonf — Al < =3 ISef - Al
k=1
it is easy to see that if a sequence is convergent, then it is also (C, 1)-convergent, but the converse is
not true in general.
The following equality is true (for details see [26] and [83]):

|
_

n

(Di * f)(@) = (f % Kn)(x) = / Ko+ 1) du(t),

k=0 G

S|

Unf<x) =

where

In the literature K, is called n-th Fejér kernel.
We also define the following maximal operators:

S*f =sup S, fl,
neN

Sy f = sup |San f], (3.1)
neN

0" f=suplo,fl, (32)
neN

5;f = sup |ogn f1.
neN

4 Background and state of the art about the partial sums
and Fejér means with respect to Walsh system
in Lebesgue spaces

It is well-known (see, e.g., the book [83]) that if f € L;(G) and the Walsh series

T(z) = Cjuwj(x)
j=0

~

converges to f in Li-norm, then C; = [ fw;dp =: f(j), j = 0,1,2,..., where C; is called the j-th
G

Walsh—Fourier coefficient and p is the Haar measure on locally compact Abelian groups G. This
means that in this case the approximation series must be a Walsh—Fourier series:

F~> " TG
§=0

According to the Riemann-Lebesgue lemma (see Proposition 6.3) for the Walsh system (for details
see, e.g., the book [83]), it is well-known that the Fourier coefficients of integrable functions vanish,
that is, f(k) — 0 as k — oo, for each f € Ly. Moreover, for f € L1(G) and 2V <n < 2N+1

Fl < con (g5 £)-
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where wy (6, f) is a modulus of continuity in the Li(G) space.
The classical theory of Hilbert spaces (for details see, e.g., the books [93,121]) says that if we
consider the partial sums

n—1
Snf =: Z fk)wyg
k=0
with respect to any orthonormal systems and among them to Walsh system, then ||S,, fll2 < [|f]]2. Tt
follows that for every f € Lo, ||Snf — fll2 = 0 as n — oo. Moreover, the so-called Bessel’s identity
(Parseval’s identity) asserts that for every Lo(G),

YoIF@P = 11£15-
i=1

It is well-known (see, e.g., [3,26,54,83] and [135]) that the Walsh system does not form bases in
the spaces L1 and L. It follows that the boundedness does not hold for p =1 and p = co. In these
cases, the Dirichlet kernel plays a central role in studying the boundedness of partial sums from the
space L1(G) to the space L1(G) and from the space Lo (G) to the space Lo (G).

It is known that for every Walsh system, the Lebesgue constant L,, defined by L, =: || D]
satisfies the inequality L, < clogn.

[ee]
For every natural number n = ) n; .27 we have the following two-sided estimates of the Lebesgue

7=0
constants (see [33,60,83]):

éV(n) < L,<V(n), (4.1)
O SR(CEES (42)
k=1

where V(n) are defined by (2.2). Hence, for any f € L1(G), the subsequence Sy, is bounded from
Li(G) to L1(G) and from Lo (G) to Loo(G) if and only if ny has uniformly bounded variation, which
means that
supV(n) < C' < 0.
neN
As a corollary of the above-said, the subsequence Sy~ of partial sums is bounded from the Lebesgue
space L1 (G) to the Lebesgue space L1(G) and from the Lebesgue space Lo, (G) to the Lebesgue space
Lo (G). Moreover, for any n € N, 1 < p < oo and f € L,(G), we have ||San fll, < ||f]lp, and for
any 1 < p < ooand f € L,(G), ||Sen f — fllp = 0 as n — co. It follows that the Walsh polynomials
are dense in the Lebesgue spaces L,(G) for all 1 < p < oo, which is very important to obtain almost
everywhere convergence of sublinear operators of weak-(1,1) type.
Onneweer [70] showed that if the modulus of continuity of f € Ly satisfies the condition

w1 (%,f) = 0(%) as n — oo, (4.3)

then its Walsh-Fourier series converges in the Li-norm. He also proved that condition (4.3) cannot
be improved.

Localization principle plays a central role in studying pointwise convergence of partial sums with
respect to the Walsh system. In particular, this result says that the convergence of partial sums of
the Fourier series of a function f at the point zy depends only on the neighborhood of z, since it is
proved that for f € L1(G), any g € G and for some N € N,

n— oo

lim / F(t) Do + 1) dt = 0.
G\IN (z0)

This implies that if f,g € Ly and f = g for some Iy (z), then S, f(z) and S,g(x) converge or diverge
simultaneously for every x € In(x).
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Moreover, Dini’s test holds for any € G and f € L1(G). In particular, if we define the function g by

f(t) = (=)

9 = ==

) LEEG, tEG\{J:}? fELl(G)7
and have g € L1(G), then S, f(z) — f(x), n — oc.
It follows that if f € Li(G) and

|f(x+t)—f(x)|:O(log(i)ilis), e>0, t—0,

2|
then S, f(z) — f(x), n — oo.
In [83], it is proved that there exists an absolute constant C),, depending only on p such that

[Snfllp < Cpllfllp for 1 <p < oo.

The boundedness does not hold for p = 1 or p = oo, but Watari [126] (see also Gosselin [55] and
Young [134]) proved that there exists an absolute constant C' such that, for n = 1,2,..., the weak
type estimate yu{|S, f(z)| >y} < C|fl1, f € L1(G), y > 0, holds.

For an integrable function f € L1(G) and for any x € G, we define the maximal function M (f) by

neN U

1
M) (o) = sup ] (/ | 0 du(t)‘- (4.4)

Then it can be proved that this function is bounded from L;(G) to the weak-Li(G) space, that
is, yu{|M(f)(z)| > y} < c|lfll, f € Li(G), y > 0. Moreover, if we consider a restricted maxi-

mal operator S7, defined by (3.1), according to the fact that sup |Sao» f(x)| = M(f)(x), we also get
#
neN

yu{ggf >yt <c|flli, f € Li(G), y > 0. Hence, if f € Li1(G), then Sonf — f a.e. on G. The
almost everywhere convergence of subsequences of the Walsh-Fourier series was considered in [20],
where some methods of the martingale theory were used.

The uniform and pointwise convergence and some approximation properties of the partial sums in
L1(G) norms were investigated by Avdispahi¢ and Memié [11], Gat, Goginava and Tkebuchava [43,50],
Nagy [65,69], Onneweer [70] and Persson, Schipp, Tephnadze and Weisz [73,74]. Fine [38] obtained the
sufficient conditions for the uniform convergence that are completely analogous to the Dini-Lipschits
condition. Guli¢ev [56] estimated the rate of uniform convergence of a Walsh-Fourier series by using
the Lebesgue constants and modulus of continuity.

Fejér’s theorem shows (see, e.g., [3] and [83]) that if one replaces an ordinary summation by Fejér
means, then o, f of any integrable function f converges almost everywhere on G to the function.
Moreover, for the maximal operator of Fejér means o* defined by (3.2) we have yu(a*f > y) < ¢ || f|l1,
f € L1(G), y > 0. This result can be found in Zygmund [135] for trigonometric series, in Schipp [82]
for Walsh series and in Pal, Simon [71] for bounded Vilenkin series. The boundedness does not hold
from the Lebesgue space L1 (G) to the space L1 (G).

It follows from the weak-type inequality that if f € L;(G), then nl;rr;o onf(z) = f(z) a.e. on G.

Weisz [127] (see also [63]) defined the Walsh-Lebesgue points and proved that a.e. points of
f € Li(G) are the Walsh-Lebesgue points. Moreover, he proved the convergence of Walsh—Fejér
means of integrable functions at these points.

In the one-dimensional case, Yano [133] proved that |o,f — f|, = 0 as n — oo, f € L,(G),
1 < p < oo. However (see [57,83]), the rate of convergence cannot be better than O(n~1), n — oo for
non-constant functions, i.e., if f € L,, 1 <p < oo and

1
loan f — fllp = 0(2—71) as n — 0o,

then f is a constant function.
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Tt is also known that (see, e.g., the books [3,83] and the paper [4]) for any 1 < p < oo and n € N,
we have the following estimate:

1 T os 1
lows = fllo < Coon(537:£) +Co X s wn(55:4):
s=0

where o.)p(%n7 f) is the modulus of continuity of the function f € L,. Applying this estimate, we
immediately find that if f € lip(«, p), i.e.,

(1) =0 gh).
then
0(2%) if a>1,
lonf = fllp = O(%) if a=1,
O(Q%N) if o<1

Convergence and summability for some general summability methods in the Lebesgue spaces were
investigated by Abesadze, Anakidze, Nasibov and Tephnadze [1], Anakidze, Areshidze, Persson and
Tephnadze [5,6], Anakidze, Persson, Tephnadze and Yimer [7], Kopaliani, Tephnadze and Weisz [58].
The best constants in some classical inequalities and the summability methods were investigated
in [72,81,120].

The convergence and summability of partial sums and their subsequences in variable Lebesgue
spaces follow from results obtained by Adamadze and Kopaliani [2] and by Shalukhina [84, 85].

5 Important equalities and estimates for partial sums
with respect to Walsh—Fourier series

First we prove the so-called Paley’s lemma.

Lemma 5.1. Letn € N. Then

DQn (.’E) =

2n, x e I,(0),
0, z¢€G\I,(0).

Proof. Tt is easy to see that wy(x) = 1 when z € I,,(0) and k < 2™. Tt follows that

2m 1 2m 1
Dan(z) = Z wg(x) = Z 1=2" z¢€I,(0)
k=0 k=0

and we get the first equality.
We also have

/ Dy (2) 2 dpu(r) = 22 (T, (0)) = 2°
1,,(0)

On the other hand, if we take into account the fact that {wy} is orthonormal system, we find that

2" —12"-1

[ 102 @F duw) = Y- 3 [ wioys o) duta) =2
G

i=0 j=0 &
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Hence,

o = / Dy (2) 2 du(z)
G

= [ pr@Paw + [ pe@Pa@ =2+ [ 1De@ )

I,,(0) G\I.(0) G\I,(0)
and
[ 102 @) duta) =0,
G\I(0)
It follow that Dan(z) =0 as x € G\ I,,(0). O

Lemma 5.2. Letn € N. Then

sup / Dy(z)du(z) =1 and sup / | Do (2)] dp() =

neN neN

Proof. Since Don is non-negative functions, the proof of both equalities follows from the orthonormal-
ity. O

Lemma 5.3. Let 0 < m < 2". Then Daonip(x) = Dan(x) + wan () Dy ().
Proof. Indeed,

2" fm—1 21 2" fm—1
Don i (z) == Z wg(x) = Z wi(x) + Z wg(x) = Dan(x) + Z Wipon (T
k=0 k=0 k=2"

Since k < m — 1 < 2" — 1, we can conclude that 2" +m = 2" ® m and wan 4, () = Wangm(z) =
wan (2)wm, (z). Hence,

3
L

Don () = Dan () + wan () wi () = Dan () + wan (2) Dy (). O
0

el
Il

The following theorem is true.

Theorem 5.1. Letn :=2" + 2™ 4 ... 4+ 2" ny >ng > --->n, > 0. Then
Dy (z) = wn(z)(w2r () Dam () + wane (2) Dara (x) + wans () Dana () + -+ - + wane () Danr (2))

an E w2"k D2“k )

Proof. Using Lemma 5.3, we obtain

Dn(x) = Dyn,y +n(1) (:U) = Dgnq (LE) + wWan1 (SL’)Dnu) (CC)
= Dy () + wam (2) Dans 1y () = Dans (x) + wans (x) (Dana (x) + wane () Dy ()
= D2n1 (fE) + Waoni (x)DQng (Z’) + Wansa (x)’U)in (ac)Dn@) (l’) I
= Dony (z)+wan, (2) Dans () +wani (x)wans (x) Dans (z)+- - - +wany (z)wons (T) - + - wonr—1 () Danr (),
and using w, = [] wank, we get
k=1
wony (x) =

wWany (T)wans () =
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This implies that
Dn (SL') = wn(x) ('LU2"1 (.’t) ccWong (l’)DQm ((E) + Wana (.’E) s Wony (l’)DQ”z (CE)
+ Wan3 (.’,C) s Wongy (CL')DQng ((L’) + s + wany (x)DQnr (CL')) .

It is easy to see that if ny < ns then won, =1 as x € I,,_(0). According to Dan. =0 as z & I,,_(0),
we find that wan. () Dans (x) = Dan. (z) as x € I,,_(0) and

Wy, (2) Dany (2) = wany () Dany ()
Wanz () -+ - wany () Danz () = wana () Dana ()
wani () - - - wanr (#) Dany () = wank () Dani (2).
Therefore

Dy (z) = wn(x) (wan1 () Dany () 4 wana () Dana () + wans () Dans () + - - - + wan, () Danr ()

—wnngnk ) Dy ().

The proof is complete. O

From this theorem also follows

In|

Lemma 5.4. Let z € G andn:= Y, n;2/, n; =0,1. Then

j=0
In|
D, ( ZanQJ ) Dy () (5.1)
and "
D ( an Dyis1(z) — Do (2)). (5.2)

Proof. The proof of the first equality is obvious. To prove the second equality, it suffices to use
Lemma 5.3 when n’ = 2. Then, by moving the first sum to the left-hand side, using this formula,

we get
In| In|

Dy ( Z”]wm ) Das () = wn () > nj(Dayser () — Das (). O

Lemma 5.5. Letn € N and x € G. Then

In| In|

x)| < anng (x) < Z Dy;(x) (5.3)

and

where C' is an absolute constant.

Proof. The first inequality is a direct consequence of (5.1) in Lemma 5.4.
Let x € I\ I441 for some s =0,...,N — 1. Then = (0,...,0,z5 # 0,541, Tst2,...) and

_|x|<Z _<23
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Combining Lemma 5.1 and (5.2) from Lemma 5.4, we obtain that

S S S ) ) ] ) C
|Da(@)| <Y m;Dar () =Y My < 20 =2 - 1< <o 27 < m
j=0 §=0 =0 ||
Lemma 5.6. Let x € G and n € N. Then
|Danll1 =1 (5.4)
and
IDally < clog(n). (5.5)

Proof. The first equality follows from Lemma 5.1. The second inequality follows by (5.3) from
Lemma 5.5. O

6 Fourier coefficients and partial sums with respect
to Walsh—Fourier series

By a Walsh polynomial we mean a finite linear combination of Walsh functions. We denote the
collection of Walsh polynomials by P. It is easy to prove that Lo(G) represents the collection of
functions which are almost everywhere limits with respect to a measure p of sequences in P.

Remark 6.1. Since the Walsh function w,, is constant on I, (x) for every € G and 0 < m < 2", it is
clear that each Walsh function is a real-valued step function, that is, it is a finite linear combination
of characteristic functions. By Paley’s Lemma, the equality

2" —1

> wi(z+t), xeL(t),

j=0

XI,,L(t) (‘T) = 27

holds for each z,t € G and n € N. Thus each step function is a Walsh polynomial. Consequently, we
find that the collection of step functions coincides with the collection of Walsh polynomials P.

Since the Lebesgue measure is regular, it follows that given f € Lq, there exist the Walsh polyno-
mials Pp, P»,... such that P, — f a.e., as n — co. Moreover, any f € L,(G) can be written in the
form f = g — h, where the functions g and h are almost everywhere limits of increasing sequences of
the non-negative Walsh polynomials. In particular, P is dense in the space L, for all p > 1. That
is, for any real numbers 1 < p < oo, ¢ > 0 and for the function f € L,(G) there exists a Walsh

n—1
polynomial W,,(z) := 3 a;w;(z) such that [|f — W, ||, <e.
i=0

Using the density of Walsh polynomials in LP(G,,), we can derive the following information for
the partial sums Sy .

Lemma 6.1. Let f € L,(G) or f € C(G) if p=o00. Then the following statements are equivalent for
any 1 <p < oo:

(i) [ISnf = fllp = 0 as N — oo;
(i) sup ISn fllp < Cpll fllp-

Proof. If (i) holds, then ||Snf — f|l, < Cp and

ISnfllp = IS8 f = f+ Fllo NSNS = Fllo + 1£llp < Cp + [ £l

so (ii) holds.
On the other hand, assume that (ii) holds. Then, by using the density of the Walsh polynomials
(see Remark 6.1) we get that, for any ¢ > 0,

S
If = Tllp < £ Cp.
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Then, for every sufficiently large N > degT, we get
ISnf = fllp = IS8 f = ST + SNT = fllp < 1SN (f = D)llp + IS8T = fllp
= ISn(f =Dl + 1T = fllp < CpllT = fllp + 1T = fllp <e,
so (i) holds and the proof is complete. O

Proposition 6.1. Letn € N, 1 <p < oo and f € L,(G). Then ||San fllp < || fllp and ||Sanf—fll, = 0
as n — oo.

Proof. Using (5.4) in Lemma 5.6 and Proposition 1.2, we immediately get ||Son f|lp < || fllpl|D2n |1 =
| f]lp- The convergence follows just by using Lemma 6.1. O

Proposition 6.2. Let N € N and f € L,(G), where 1 < p < co. Then

A}im sup || f(z+1t) — f(x)]|, = 0.
—X0teln

Proof. Using Corollary 6.1, for any ¢ > 0, there exists k& € N such that Sor € P and || f—Sax f|l, < /2.
Let N > k. To prove the first inequality, we observe that if ¢ € Iy(0), then

S f )= 3 wile 1) = 3 wil@un(t) = 3 wyle) = S (z).
k=0 k=0 k=0

Hence,

P

= sup | f(2+t) — Son fz + 1) + Son f2) — f(2)]|

sup [|f(z +1t) — f(@)ll, = sup |[f(z +1t) — Sor f(z + 1) + Sor f(x + 1) — f(2)||
teln teln

P

E =

25.[]

< sup [|f(z + ) = Sor fx + ) [[p + sup [|Sox f(2) = f(@)llp = 2 sup [[Sor f = fllp < 2-
tely teln tely

The Proposition 6.2 does not hold when p = co.

Corollary 6.1. Let N € N and f € Loo(G). Then

lim sup ||f(z+1) — f(2)]lec >c>0.
N—ootery
1 I
Proof. Let f(z) = O: i E C;(\Ok(()) Then || f||cc = 1. On the other hand, f(eg +t) — f(eo) = f(t)
for any t € Iy, N > 2 and ||f(eg +t) — f(eo)||oo = 1, which completes the proof. O

~

Proposition 6.3 (Riemann-Lebesgue lemma). Let f € L1(G). Then f(n) = 0 as n — oo.
Proof. Since the set of Walsh polynomials is dense in L;(G), for any € > 0 there exists a Walsh poly-
2N 1

nomial p(z) := > opwi(z) such that ||f —pl|; < e. On the other hand, using the orthonormality
k=0

of the Walsh system, we get p(n) = 0, when n > 2N Therefore, when n > 2V, we have
foo = [ fundu= [ (s = phwn dn
G G

~

Hence, |f(n)| < ||f —pll; <e. -
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Lemma 6.2. Let f € L1,y € G and N € N. Then

lim / f)Dy(z +t)dt =0
n—oo

G\In(y)

for all x € In(y).

Proof. Since z +t ¢ In(0), using (5.1) in Lemma 5.4, for n = > n; - 2¢, we get

=0
N-1 N-1
FO)Dn(x+t)dt =" FOwy(x + 1) Das (z + t)wys (x + 1) dt = wy(x) Y  Gj(n)
G\In (v) I=0 G\ In(w) =0

where g;(t) =: f(t)(Das (x +t)was (x+1)). According to the fact that g; € Ly, applying the Riemann—
Lebesgue Lemma (see Proposition 6.3), we can conclude that g;(n) — 0, n — co. Hence,

lim / F)Dy(z +t) dt = 0. O

n— oo
G\In (y)

Theorem 6.1 (Localization principle). Lety € G, N € N, f,g € L1(G) and f = g on In(y). Then
Snf(z) and Spg(x) simultaneously converge or diverge for every x € In(y).

Proof. By Lemma 6.2, we obtain

S, f(2) — Sug(x) = Sulf — g) = / (f(t) — g(t) Do — t) dt — 0. 0

G\IN(y)

Theorem 6.2 (Dini’s test). Let x € G, f € L1(G) and define the function g by

g(t)zzw, teG\{z}.

If g € L1(G), then S, f(x) — f(x), n = oc.

Proof. Using Lemma 5.5 we find that

ISnf(:v)—f(x)|§’ / (f(t)—f(w))Dn($+t)dt’+C / l9(2)] dt.

G\In (z) In ()

Moreover, by Theorem 6.1,

(f(t) — f(z))Dp(z+t)dt — 0, n — oo.

G\In (z)

Since g € L1(G), by using the absolute continuity of Lebesgue integral, we find that, for every £ > 0,
[ lg(t)|dt < e when N is large enough. O

Dini’s test immediately implies the following

Corollary 6.2. Let f € L1(G) and

|[fz+1t)— f(z)| = O((log ﬁ)_l_e), e>0, t—0.

Then S, f(x) = f(x), n = oo.
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7 The modulus of continuity of functions
in the Lebesgue spaces

As mentioned above, the modulus of continuity of functions in the Lebesgue spaces is defined by

1
(g ) = s 70+ = SO,

P
Using an absolute continuity of Lebesgue integral, we obtain
1
wp(f, 27) — 0 as n — oo.
We say that f € lip a, where a > 0, if
1 1
w,,(f, Q—n) = O(Qn—a) as n — o0.
The best approximation &,(f, L) of the function f € L,(G), 1 < p < oo is defined by
wiengn 1f —wllp = I1f = Ealf, Lp)llp
if it exists, where P, is the set of all Walsh polynomials of order less than n € N. Set
E,(f,L,) =: inf — .
(f.Lp) =5 inf If = wll,

Lemma 7.1. For any function f € La(G), we have F.T)relgl |f=Plla = | f=Snfll2, i.e., E(f, Lp) = Snf
in the space Ly(G). /
Proof. Tt is evident that

n 2 n N n n R n R
£ =D awwn], = 1715 = 23" i+ Y loal® = 1713 = D 1T + D 176) — el
i=1 i=1 i=1 i=1 i=1

This identity implies the proof. O

Proposition 7.1. Let n € N. Then

L (k) € Ban(£.L) < 1 = Sl < 0y (1. 5 ).

Proof. First, we note that

B (1) = 1 = Pl <17 = Senfl = | [(a40) = 1) D2 0t
G

P

< [ 15+ = @l dutt) =2 [ 15+ 0) = F@)pdu®) < (£ 57,
G 1,(0)

To prove the first inequality, we observe that if P € Py, and y € I,,(0), then

2n 1 21 21
P(r+y) = Z apwi (T +y) = Z apwi () wi(y) = Z apwi(z) = P(x). (7.1)
k=0 k=0 k=0

Hence, f(z +y) — f(z) = f(z +y) — P(z +y) + P(z) — f(z) and
1
wo(fr57) = s |If@+y) = @)y <20f = Pl
yEIn(O)
for every P € Pon. It follows that
1 1
5 Wp (f7 27) S EQ"’ (fa Lp)a

thus the first inequality is proved and so, the proof is complete. O
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8 Important equalities and estimates for Fejér kernels
with respect to Walsh—Fourier series

For n > t and ¢t,n € N, we have the following expression for the 2"-th Fejér kernels with respect to
the one-dimensional Walsh—Fourier series (see also [83] and [40,41]).

Lemma 8.1. Letn € N. Then

P (1) = S 2jD2]~(t)( 1:[ (1+w2k(t)))+2"71D2n71(t)
§=0 k=j+1
-y QJDQj(t)( 1:[ (1+w2k(t))).
j=0 k=j+1

n—1
In the last equality, we mean that [] (1 + wer(t)) = 1. Moreover, the following equalities hold true:
k=n
n—1 1
2"+ 3 t € I1,(0),
Kon(t) = 951, teles), s=0,1,....,n—1, (8.1)
0, tel,(es+e), s#l, s,1=0,1,...,n—1.

Proof. By a simple calculation, we get

27171 on

2" Koy (t ZD =3 Dit)+ Y. D)
j:l j=2n—1+1
on— 1 2n71 2n71 27171

= > Dy + 3 Do ()= 32 D0+ 3 (Danes (8) + wnes (61D;(1)

271—1 on— 1 271,—1

=3 D(t) + 2" Dyna () 4 wyn 1 ( ZD ) = 2" Dyur(t) + (1 + wan1(t) Y Dj(t)

= 2" Dy () + (14 w1 (1)) - 272 Dea () 4 (14 wpn 2 (0))(1 + wan1 (1)) 3 Dy(0) = -

= 2" Dyt (£) + (1 4 wan1 () - 2 2Dgna(t) + -+ + (1 + wan—1 (£))(1 + wan—2(t)) -+ (1 + wy: (£))

which proves the first equality.
Let t € I,(0). Then D; = j, when j <27, and

Sl 1
Kon (t QnZJ W—Q +t5-

Let ts =1,s=0,...,n— 1. Then, using Lemma 5.1, we get Dy;(t) =0, when j > s, and

n—1

Z_: 29 Dy, (t)( I @+ ws (t))) —0, t,=1. (8.2)

j=s+1 k=j+1
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n—1
On the other hand, the product [[ (14+wyr(¢)), 5 =0,...,s— 1, contains 1+ was(t) s-th multiplier
k=j+1
and 1 +was(t) =1+ (=1) =1-1=0,ts =1, and

s—1 n—1
S 2Dy, (t)( IT o+ ka(t))) =0, t,=1. (8.3)
Jj=0 k=j+1
It follows that if t € I,,(es), s =0,...,n — 1, then
n—1 n—1
> 2Dy(t) [ (14 was(t) #0
=0 k=j+1
if and only if j = s and
n—1
2" Ko (t) = 2°Dae () [ (1+wae(t)).
k=s+1
Since t € I,(es), we get tsy1 = tgpo = -+ = t,—1 = 0, which implies that 1 + wqr (t) = 1+ (—1)% =
1+41=2,k=s+1,...,n—1. On the other hand, for t € I,,(es), where to =t; =--- =ts_1 =0, we
have Da:(t) = 2°. Therefore,
n—1
2" Kon (t) = 2°Das (1) [ (14 wor(t)) =2% - 2077t = 2nbet,
k=s+1

n—1
Let t € I,(to,...,t,—1) and > t; > 2. Without loss of generality, we can assume that t; = ¢, = 1,
=0

where s <l <n—1.
According to ts = 1, applying (8.2) and (8.3), we obtain

n—1

2" Kon (t) = 2°Das(t) J[ (14 wor (1))
k=s+1

The difference in this case is that ¢;, = 1, where n — 1 > [ > s + 1, and this term contains an I[-th
multiplier, which equals to 0. Indeed, 1 + wy (t) = 1+ (—=1) =1 —1 = 0, whence, finally, we find
that if t € I,(es +€;), s #1, 8,1 =0,1,...,n — 1, then Kan(t) = 0. O

Corollary 8.1. Let t,n € N. Then

n—1
1 )
KQn (1’) = 5 (2—n + 1)D2n (LU) + E 2]—n—1D2" ((E + ej).
=0

Proof. Using Lemma 5.1 and Theorem 8.1. we immediately get the proof (we leave out the details). [
The proof of the following lemma follows directly from Theorem 8.1.
Lemma 8.2. Letn € N and z € I]’i,’l, where k < 1. Then
Kon(z) =0, if n>1, (8.4)
[ Koo (2)] < c- 2,

and

n
[Kon (@)] <€ 2°X, sy (8.6)
s=0

where ¢ is an absolute constant.
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Theorem 8.1. Let n € N. Then sup [ |Kon(t)|dt = 1.
neNg

Proof. Since f K;(t)dt =1 and Ka» are non-negative functions for any n € N, then

| Ko (t)| dt = | Ko (t)dt = 1,
=]

G

which completes the proof.
This equality can also be obtained from Lemma 8.1 proven above. Indeed,

2”1+12 ”1sn
/|K2n(t)|dt:/|K2n |dt+z / Ko ()] dt = 2 1/2 22 !
G In(o) I(es)
11 "“27,6_1 1 ok N gk
R RO IR EEL IR ST
k=2 k=2 k=n-+2
11 1 1
=ttt O

Theorem 8.2. Letn :=2"4+2™2+...42™ ng >ng > --- > n, and (k) 1= QMk41 L ONkt2 4L QN
Then
r—1

oty =3 ([T ) 206004 32 ([ @) 9101
j=1 k=1 j=1
Proof. 1t is easy to see that
n 2n1 nM on1 on1 n
nKn(t) =Y Dj(t)=> Di{t)+ Y Di{t)=Y Dj(t)+ > Djpam(t)
j=1 j=1 j=2n141 j=1 j=1
on1 n® omn1 n

=> Dj(t +Z Doy (t) + wans (¢ ZD (t) + 1M Doy (t) + wans (¢ ZD
j=1

= 2™ Kon, (t) + TL( )D2n1 ( ) + wWan1 ( )n(l)Knu) (t)
= 2" Koy (8) + 1) Dy (8) 4w (£) (277 Kzna (£) + 1) Dyna (£) + wzna (@ K0 (1)) =
—9om Kin (t) + n(l)Din ( ) + wWaon1 ( ) . 2n2 K2n2 (t) + n(z)wz'n ( )D2"2 ( )

(Hw2"k ) 2= ' Ko 1 (Hw2"k ) (r= 1)D2"r 1 (wak ) T DK n(r— 1)()

r—1 j—1 j
S ([ ws0) 200 2 ([ e 0020+ ([ e )50
j=1 k=1 Jj=1 =
r r—1 j—1
-3 ( H wori (8)) 27 Ko (1) + D (T wans (0)) 0 D (1),
j=1 k= j=1 k=1
The proof is complete. O

Corollary 8.2. Let n € N. Then there exists an absolute constant ¢ such that

In|

n|K,| <3) 2Ky (8.7)
=0
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Proof. According to nl) < 27 using Lemma 5.1 and Theorem 8.2, for any j € N, we get

1) Dyn; (£) < 227 Kon, . (8.8)
Hence, by Lemma 8.2, we obtain
T r—1 [n|

| K ()] < 2" Konj () + > ) Dy () < 322 i Ko (1) < 322 Ko (). O

j=1 j=1

Corollary 8.3. Let n € N. Then, for any n, N € N, we have

/ K(a) dpu(z) = 1, (8.9)

G
sup/|Kn(x)|du(x) <6, (8.10)

neN
/ | Ky (z)|dp(z) — 0 as n — oo, VN € N,. (8.11)

G\In

Proof. Using the orthonormality theorem of Walsh system, the proof of (8.9) is immediately obtained.
Combining Corollary 8.2 and Lemma 8.1, we get

e In|
oln|+1 9ln|+1
! !
/IK ) dp(a E 2/|K2l ) du(z E 2'<3- <3 —pr <6,

which follows from the proof of (8.8).

To prove (8.11), we use the equations in (1.2).

Let z € I]]i,’l, k=0,....N—-2,1l=k+1,...,N — 1. By theorem (8.1) and Corollary 8.2, we
arrive at

l l
3 s 3 s o ce2b.2k
DD |K25<x>|§5§82302 PLE S R (8.12)

Let x € I 1 C I N where N < ¢ < |n| — 1, that is,

x:(xon,...,a:k_l=O,xk:1,...,xN_1:0,...,mq_1:0,xq:1,...,x‘n|,1,...).
Then .
3 .9k . 9q
< 2% g &2 2 (8.13)
n n
i=0
L kaln‘ ka 1 j— j— j— j— j— —
et x € [7 C Iy~ that is x = (o = 0,...,25—1 = 0,2, = Lxgyr; = 0,...,2Ny_1 =

0,...,Zp—1 =0,...). Then

IN\ In|

ok . Q\nl
ZQS\[@ 221 gh < &2 12 (8.14)
n
Since
kN e k k,|n|
" :( U qul)ul‘n’l :
qg=N
combining (8.13) and (8.14), we get
[n|—1 |n|—1 ok &
c(ln|]—N)-2
/IKn\du—Z /IKn\du+ / | K| dp < Z < ( |2\n|) . (8.15)

&N k.q ko |nl
Iy Iq+1 I
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Hence, using (8.13), we can conclude that

N—2 N-1 N—-1
[ alan=3" 3 5 /\Kldu+ [ 15l
k=0 I=k-+1 zj—o k=0 ;
G\In je{i+i,..., 1N Y
N—2 N—1 N—-1
2N-l c.2l. 2k N
<c < peS =T +11
k=0 I=k+1 k=0
It is evident that the following estimate holds:
N— 2 ). ok N-2 in| — k
< = N-1Z < <
I szl k41 Cz \n| >c¢ oln—Fk
k=0 k=0
In| — N-2 c
= < .
CZ 2(Inl- k>/2 2<|n| neE =2y |n\ B S g U as m e
Analogously, we can show that 1T < C(Q“Zl‘jfy) — 0 as n — oo. Thus estimate (8.11) is fulfilled and
theorem is proved. O

The following theorem is very important in proving the almost everywhere convergence of the Fejer
means in the following sections.

Lemma 8.3. Let n € N. Then [ sup |K,|du < C < oo, where C is an absolute constant.
G\Iy n>2N

Proof. Let n > 2N and z € IN' k=0,...,N =2, 1=k+1,...,N — 1. Due to (8.12), we get
sup |K,(z)] < c-2tHk=N, (8.16)

n>2N
Letn > 2N and x € IJI%’N. Then, combining (8.13) and (8.14), we find that |K,,(z)| < c-2*. Hence,
sup |K,(z)| < c-2". (8.17)

n>2N

If we use the estimates used in the previous theorem and follow similar steps as in this theorem, we
finally get

N—-2 N-—
[ s Kldi= 3 Z 3 /sup |K|du+§j/ sup [, | ds
k=0 k,N

n>2N I—F 2,0, n>2
G\In ]E{H-l AN—1MN
N—-2 N-1 2N—l 2l 2k N-1 Qk N—-2 N-1 2k N—-1 2k
s¢ o 9N v~ ¢ v T2 on
k=0 l=k+1 k=0 k=0 l=k-+1 k=0
N-2 N-2
(N — k)
<c SN—R +c<e 2(N_k)m—i—c<C'<oo (8.18)
k=0 k=0
The proof is complete. O
The following estimation is proved by Goginava [48].
Lemma 8.4. Letz € [N, k=0,....M —1,1=0,...,M. Then
C- 2l+k) M

In

where ¢ is an absolute constant.
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Proof. Let neNandmelkl for0<k<I<M-—1andtelyy. Slncex—i—tEIM,comblmng (8.1)
in Lemma 8.1 and (8.7) in Corollary 8.2, we obtain

l
C_2k+l

i k+1
[ nltute+ ol dute) <OZ2 /|K21w+t)du()<0u(lzv)z;2+ S
In In =

SO
C,2k+l
Ko (z+ )| du(t) < =5
[ 1o+ 0ldut) < <55
In

and thus in this case (8.19) is proved.
Let z € IZIZ}M. Then, applying (8.1) in Lemma 8.1 and (8.7) in Corollary 8.2, we have

Inl
/n|K (z +t)| du(t) < Zzi/u@ )] dp(t). (8.20)

In

Let
= (0,...,0,1’].3 7é0,07...,071'1V[71'1\/[+171'q,...7x|n|_1,...)7
t= (0,...,0,.Z‘M,...,xq_1,tq75xq,tq+1,...,t‘n|,1,...),

for some ¢ = M,...,|n|—1. Using (8.1) in Lemma 8.1 and (8.7) in Corollary 8.2, it is easy to see that

; C~2k+q C .2k
/\K )| du(t) <722/ —oi < o (8.21)

=0

Int

Let
T = (0,...,0,xk 7éO,O,...,O,a:M,a:MH,xq,...,:c|n|_1,...),
t= (07'--707$M7«75M+17-~-733\n|717--~)-

If we apply again (8.1) in Lemma 8.1 and (8.7) in Corollary 8.2, we obtain

|n\ 1

.Qk
/\K (z+ 1) du(t) < = ZT/?’“ : (8.22)

Combining (8.21) and (8.22), we conclude that (8.19) holds for I = M as well, which completes the
proof. 0

Corollary 8.4. Letx € I¥' k=0,....M —1,l=k+1,...,M. Then

C.Ql-ﬁ-k
/\Kn(x+t)|dﬂ(t) < Brrivan for n > 2M.
In

The following estimations of Fejér kernels with respect to the one-dimensional Walsh—Fourier series
is proved in [112].

T my

Lemma 8.5. Letn= > > 28 where my >l >l —2>me>lg >l —2> - >my > 1 > 0.
i=1 k=1,

Then

T ma
InK,|<e¢> (21A|K21A |+ 274 Koma | + 214 DQk) +eV(n),
A=1 k=la

where ¢ is an absolute constant.
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T
Proof. Let n = > 2" ny >mng > --- > n, > 0. Using Lemma 8.2 for the n-th Fejér kernels, we can
i=1
conclude that

r A-1
= 5 (T ) @k 00
A=1  j=1

T

(szn ) QnA—l—TI,( ))DQT:A —11 12
A=1 =

For I, we have the following equality:

S (T ) (3 ( T1 )@ - @ 00w

v=1 j=1i=l; k=l, j=k+1
10191 R0 [ RITREREEN
= z:: <UHI izl[ wzl) (go ( :lj;lwy) (2 Ky — (28 — 1)D2k))
v My ly—1 l,—1
S (S (I e -o)

n—1
Since 2" — 1 = Y 2* and

k=0
n—1 n—1
(2"~ DKony =Y ( I1 w2j> (25 Ky — (25 — 1) Do),
k=0 = j=k+1
we obtain
v—1 My v
(H H Wa ) 2771u+1 — 1)K2mv+1_1 — Z (H H ’U}Qz) KQLU,1
v=1 j=11i=l; v=1 j=1li=l;
Applying the estimations |Kon| < ¢|Kgn—1| and |Kaon_1| < ¢|Kaon| + ¢, we get
L] < e (2K |+ 2™ [Kymo | + c7). (8.23)

v=1

na—1
Let [; < na < mj, where j =1,...,s. Then n(4) > Z 2v > 9na — 9l and 274 — 1 —n(A) < 2l

v=l;

If l; = na, where j = 1,...,s, then nA) < 2mi-1tl < 9l Using these estimations, we can
conclude that
|I| < cz Pl Z Do (8.24)
k=l
Combining (8.23), (8.24), we get the proof of Lemma 8.5. O

The following estimations of Fejér kernels with respect to the one-dimensional Walsh—Fourier series
are proved in [112].
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Lemma 8.6. Letn =) iZ’“, where 0 <13 <my <lp—2<ly<mg <+ <y —2<ly <mg.

i=1k=1;
Then

21;

n|Ky(z)] >

for x € I, 11(e,—1 + ey,).

Proof. If we apply Lemma 8.2 for n = Z Z 2k we can write that

i=1k=l;
s My s mj My
= E E ( H H W24q H ’w2j) '2kK2k
r=1k=l,. j=r+1q=l; j=k+1

my r—1 mqy

S e T ) (£ 82 S

r=1k=l, j=r+lq=l; j=k+1 t=1 q=I,
Let « € Ij,11(e;;—1 +e;;). Then

i—1 m,

2

i—1 m,
K| > (25 Ky | =Y 0> (28 Ko = > > (28 Dou| =T — 1T - I11.
r=1k=Il

r=1 k=,

From the equalities in (8.1) in Lemma 8.1, it follows that

2211'
4

I=12"Ky, (z)] =

Since m;_1 < l; — 2, we can easily obtain that the following estimation is true:

;-2
(20 +1) 224 9l 2
171 < 2" Kon < onx <X -z,
;) 2" Ko (2)] nz% 5 S u 173
For 111, we get
1;—2 1;—2 1
1T <) 2" Do (2 |<Z4’f o3
k=0
Combining (8.25)—(8.27), we can conclude that
A ol

n|K,(z)| > 1—11—1III >

Suppose that I; > 2. Then

22li 22[ 22l
n| Ky ()| = >
8 16 16

If I; = 0 or I; = 1, then, applying (8.28), we get n|K,(z)| > I > 2122; .

(8.25)

(8.26)

(8.27)

(8.28)

O

The following estimations of Fejér kernels with respect to the one-dimensional Walsh—Fourier series

is proved in [15].

Lemma 8.7. Letn =) i2k, where my > 11 >0 —2>mg >l >l —2> -+

i=1k=1,;

Then, for any i =1,2,...,s, n|K,(x)| > 2%mi=2 for v € E;, := Iy, 13(es, 41 + €1, 12).

Proof. 1t is evident that we always have m; +2 <1[;_1. If m; +2 =1;_1, then

Emi, = 7ni+3(emi+1 + e’mi-‘r?) = Il'i—l"l‘l(eli—l_l + eli—l) = Eli—l

and if we apply Lemma 8.6, we find that n|K,, (z)| > 22i-1=% = 224 for z € E),_,

>mg > g > 0.

= E,.
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Let m; +2 < l;—1. Combining Lemma 5.1 and (8.1) in Lemma 8.1, for any n > m; + 3, we get

Dan () = Kon(x) = 0 for x € E,.
From Lemma 8.2, for x € E,,, we can conclude that

w6 =32 S5 (T Tl 11 o) (2 + (3 ZQHZ%)@Q

r=1k=l, j=it+lq=l; j=k+1 J=i+1 q=l; l;

S5 (I Mo [T o) s (5 Sors T

r=i k=l, j=i+lq=l;  j=k+1 j=i+1q=1; L
Suppose that [; < m;. Since X
mi—
IPITSILELLS
j=i+1q=l;

for x € E,,,, we find that

mi—1 mi—1

n|K,| > |2 Kom; 4 2™~ =Y 2PKge| = Y 12¥Doi| =T - IT - I11.
k=0 k=0

Moreover, Combining Lemma 5.1 and (8.1) in Lemma 8.1, we obtain

92m; 2m;

2
I =2 Kom,(x) + 2™ Dgm, = 5+ gmi~l 4 = 22mi  gmi—l,

For II, we have

m;—1
d ok 1) 1 22mi—1 1 2mi_1 22
<> 2’6-(7;):5- + = < 4 gmi—l

Moreover, I11 can be estimated as follows:

l;—1

111 < Z 4k =

Combining (8.31)—(8.33) and substituting them into (8.30), we obtain

22mL

21;

n|Ky, ()| >1—1II—III >

If m; = 1;, we get m; 11 <1l; —2 = m,; — 2. Hence, using (8.29), we find that

mi72 mi72
K| > |27 Komi| = Y |28Koe| = > [2¥Dyi| := T = IT = I11.
k=0 k=0
By simple calculations, we get
I>2" Kom; (z) = Ca + 2
= omi (L) = 2 2 )
mi;—2
. (2% + 1) 1 2?mi—2_1 1 2t-l_1 22m
II< 2k . <= = < omi=2
Z =2 i—1 2 21 S T

1;—2

111 < Z 4k =

We substitute (8.36)—(8.38) into (8.35) and find that

22m1

21;

2
n|K, ()| >1—1II—III >

The proof is complete by simply combining the estimates (8.34) and (8.39).

(8.29)

(8.30)

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)

(8.39)
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S m;
Corollary 8.5. Letn = > > 2% wheremy > 11 >11 —2>ma >y >1lg—2>--->my > 1, > 0.
i=1k=1;
Then, for anyi=1,2,...,s, n|K,(x)| > 225 forx € Ep, = L1, 11(€m,+1+€m,+2) and n|K, (z)| >
22Li=5 for x € By, == Ij,41(e1,—1 + e1,), where I1(e_1 + eg) = Ia(eg + e1).

Corollary 8.6. Let2 <n € Ny and ¢, = 22"+ 22" 2 +... +22 4+ 20 Then

4k
= 128
Corollary 8.7. Letn € N, (n) # |n| and x € Iiny41(emy—1 + €@my). Then

gn—-1|Kq, ,(x) for x € Inpy1(ear—1 +en,,), k=0,1,...,n

22(n>
k2] = [(n = 2 ()] 2

9 Norm and almost everywhere convergences of Fejér means
with respect to Walsh system in Lebesgue spaces

We study the rate of convergence of Fejér means of the Walsh—Fourier series in the Lebesgue spaces.

Theorem 9.1. Suppose that f € L,(G) for some 1 <p < oo. Then ||onf — fll, = 0 asn — co. The
same holds for p = oo if f is uniformly continuous.

Proof. Let e > 0. Using an absolute continuity of the Lebesgue integral combining with (8.10) in
Corollary 8.3, we get

€
sup [|f(- +1) = f()llpsup [Knlly < 5,
tely neN

whenever N is large enough. Applying Minkowski’s integral inequality as well as (8.9) and (8.11) in
Corollary 8.3, we find that

lout = £l = | [ KaOGC 40~ 1D auto
G

E /|Kn<t>| 1£C 1) = £l dut)

- / KO£+ 1) — £()lp dis(t) / KO£ + 1) — £()lp dia(t)
In G\In
< sup [1F(- +1) = £ lpsup [Knlls +sup £ +8) = F()llp / Kal®ldu(t) < 5+ 5 <
teln neN teG G\IN
if n is large enough. O

The following theorem is true.

Theorem 9.2. Let 1 <p < oo, f € L,(G) andn € N. Then
lonf = fllp < 8wy(f,27N) + Z oF=N=1y (£,27F), 2N <n < 2NHL,

Proof. Let P:= Sonf. Then o f — f =0n(f — P)+ (P — f) + (0,P — P) and
lonf = fllp < llon(f = P)llp + 1P = fllp + llonP — Pl|p -

Using Proposition 7.1, we find that ||P — f||, < w,(f,27"). On the other hand,

<6f = Plp < 6wp(f,27).
p

low(f — Py < H [ =P+
G
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Using the identities

N n
1 1
OnSan f— Son f = EZSkSQNer - > SSonf—Sonf

k=0 k=2N41

—Zskf+f Z Son f = Sy f = = Zskf+
k2N+1
2N N

2 2N
== WUQNf—iAS'QNf— (SQNO'QNf—SQNf) = 752N(0'2Nf—f), (91)

Szwf San f

we can conclude that |0y, (Son f) — Son fllp < ||San(oan f — fllp < |loavf — fllp. It follows that
lonf —fll, < Twp(f,27N) + [|oan f — fll,- We have only to estimate |oon f — f]|,. Since

oo () — f(z) = / (Fla+ 1) — f(x)) Ko (8) dt,

G
applying Theorem 8.1, we get
N—1
o (@) = fa) = (2704 3) [le - f@yar+ Y27 [ (fa+0) - fla)a
2 In =0 In(e)
and
N-1
loan f = £ll, S wp(£,27N) + Y 27Ny (F,27). O

=0

Remark 9.1. Let f € L,(G). Then Aim Z 2k=N=1, (f,27%) =
— 0 fe=

Proof. Since f € L,(G), we obtain lim w(f,27") = 0 and, therefore, there exists Ny such that when

n—oo
k > Ny, the following inequality holds: wp(f, 27k) < ¢/2.
Let N > Ny. Then

N—1 Ny N—-1
SN (£ =Y Ny (ra Ry S 2Nl = T I
k=0 k=0 k=Np+1

For II, we have

N-—-1 oo
€ €
JI< = 2k—N—1 < Z 2—1’L
=3 PR
k=No+1 n=0
It is also easy to check that
< k=N-1,, No—N —k
I Zz £278) <207 max w(f,27F)
< 2No=N ogllcix wp(f, 27 k) <c¢- 2NN __ 50 as N — 0. O

From the theorem proven above, we find that the following is true.

Theorem 9.3. Let f € L,(G). Then ||onf — f||p — 0 asn — oo. Moreover, if f € lip(a,p), that is,

() =0l). m v
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then

1
O(Q—N> as o> 1,

lowf = fllp = o(%) as o =1,

1
O(W) as a < 1.

On the other hand, if 1 < p < oo, f € L, and ||oon f — f|l, = 0(1/2™) as n — oo, then f is a constant
function.

Now, we state the following result concerning the pointwise convergence.

Theorem 9.4. If x € G and f € L1(G) is continuous at x, then

lim o, f(x) = f(z). (9.2)

m—r0o0

Proof. 1t is easy to see that

onf(@) - f(z) = / (F(t) — F(@) K + 1) dt + / (F() — F(@) Kn(z + 1) dt.

Using the localization principle, we get

(f(t) = f(x))Dp(z +t)dt — 0, n — oco.
G\ (z)

Hence, if we use the regularity of the Fejér means, we find that

(f@t) = f@)Kp(z+t)dt — 0, n — 0.
G\In ()
On the other hand,
/ (f(t) = f(z))Kn(z +1) dt‘ < sup |f(u) = f(2)] / |Kn(z+t)]dt <2 sup |[f(u) — f(z)].
uwEln(z) u€ln (z)

In(z) G

Since f is continuous at z, the last term is small enough if N is large enough and we can conclude
that (9.2) holds. Thus the proof is complete. O

Now, we prove that the maximal operator of Fejér means with respect to the Walsh—Fourier series
is of weak-(1,1) type. In particular, the following statement is true.

Theorem 9.5. Let f € L1(G). Then supyp{c*f >y} <|fl1-
y>0

Proof. By Theorem 1.3, we find that the proof will be complete if we show that

/ " fdu < 1 (9.3)

for every function f, that satisfies the conditions in (1.4), where I denotes the support of the function
f. Without lost of generality, we may assume that f is a function with support I and u(I) = 2.
We may assume that I = Iy. It is easy to see that o, f = [ K,(z +1t)f(t)du(t) = 0 for n < 2V,

INn
Therefore, we may suppose that n > 2V. Hence,

lo* f(z)] = sup
n>Mpn

/K (& + ) £(8) du(t)].
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Let t € Iy and € Iy. Then = +t € Iy, and applying Lemma 8.3, we get

/ 0" £ ()] dis(z)
In

/ sup / K (o + D) £ ()] dpt) / [ s e+ 0)£0)] dite) du)

IN TN
/|f ) duc / sup K+ )] die /|f ) due / sup K ()| du(z) < O]
n>2N n>2N
Thus (9.3) holds and the proof is complete. O

Theorem 9.6. Let f € Ly. Then o,f — f a.e. asn — oo.

Proof. Since S,,P = P for every P € P, according to the regularity of Fejér means, we obtain o, P — P
a.e. as n — oo, where P is dense in the space Ly (see remark 6.1).

On the other hand, by Theorems 1.2 and 9.5, we obtain the almost everywhere convergence of
Fejér means: o, f — f a.e. as n — oo. O

Now, we introduce the notion of the Lebesgue points and Walsh—Lebesgue points.

Definition 9.1. A point = € R is called a Lebesgue point of an integrable function f if

tim 5 [ 17(0) = £ dutt) =0,

It is known that almost every point x is a Lebesgue point of f € L; and the Fejér means o f of
the trigonometric Fourier series of f € Ly converge to f at each Lebesgue point.
We now introduce the notion of Lebesgue points and Walsh—Lebesgue points for any « € G.

Definition 9.2. A point z € G is called a Lebesgue point of an integrable function f if

lim / () — F(@)| du(t) =

n—00 ‘I
In (x)

Below we prove an analogical theorem for the Fejér means o, f with respect to the Walsh system.
First, we present the following definition.

Definition 9.3. We introduce the operator W4 defined by

Waf( 228 [ 150~ r@lduce)

Ia(z+es)

A point z € G is called a Walsh—Lebesgue point of the function f € L;(G) if Alim Waf(x)=0
—00

We define V4 by

A S
Vaf(x Z 2° / F(t)du(t) Z 227 /D2A (x +es+t)f(t) du(t)
s=0 G

Ia(z+es) s=0

BS

s=0

:/(ZQQA DaA(HesH))f(t) dpu(t) :/YA(x+t)f(t)du(t),
G G
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where
S

A
Ya(z) = Z ox Doa(x + e5).
s=0

It is obvious that Alim Waf(z) =0 if and only if Alim Valf — f(z)|(x) = 0. Moreover, we define V*
— 00 — 00
by V*f(x) = sup [Vaf(z)|.
AeN

Theorem 9.7. Let N € N. Then [ sup |[Ya(z)|dp < C < oo, where C is an absolute constant.
G\Iy A>N

Proof. Let A>Nandx6[§,’l, k=0,....N—=2,l=k+1,...,N — 1. Then it is easy to prove that
x+es € G\ Iy. Using Lemma 5.1 (Paley’s Lemma), we get Doa(z + ¢5) = 0 and

A
28
Va(z)| = )ZTADQA(H@) —0 for A>N. (9.4)
s=0

Using again Lemma 5.1 (Paley’s Lemma), we can conclude that

QA, x IA(ek),

Doa(z+ep) = {07 x € G\ Ia(eg).

Hence,
ok 2k e IA(ek)
Ya(z)| = = |Daya(z +ex)| = ’ ’ 9.5
Ya(@)l = 3 Pas(e + ex)l {o, v G\ In(er). 09
Combining (1.2), (9.4) and (9.5), we find that
N—2 N—1 N-1
[ s Vaa)lduo) - [ s a@ldu)+ Y [ sup [Vata)ldute)
A>N k=0 l=k+1 %, k=0 Jy 4>
G\In I Iy
N-1 N-1 o
= sup |Ya(z)|du(x) < C — <(C< o0 O
k=0 A>N i
Ta(er)

We apply this lemma to prove the following important theorem for the maximal operator V*.

Theorem 9.8. Let f € L1(G). Then the operator V* is of weak-type (1,1), i.e.,
supyu{V*f >y} < | fl1-
y>0
Proof. Since
A-1

1
V* ] S C oo SUP =7 28 S C o0
V£ [ £lloo sup o7 Z:;) 11

we find that V*f is bounded from Lo (G) to Leo(G).
According to Theorem 1.3, the proof will be complete if we show that

/ V* £l dp < el (9.6)
T

for every function f satisfying the conditions in (1.4), where I denotes the support of the function
f. Without lost of generality, we may assume that f is a function with support I and p(I) = 2V.
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We also may assume that I = Iy. It is easy to see that V,,f = 0 when n < 2V¥. Therefore, we may
suppose that n > Mpy. Hence,

[V*f(z)| = sup
n>Mn

/Y (@ + ) £(8) du(t)].

Let t € Iy and x € Iy. Then x4t € Iy, and applying Lemma 9.7, we get

[1vsaia /ns;lgv/leth )] du(t) du(x)

Iy
// sup [Y; (& + )/ (1) due /|f ) dute / sup |V, (@) dp(z) < C 171,
n>2N n>2N
INTN
0, (9.6) holds and the proof is complete. O

Theorem 9.9. Let f € Li1(G). Then Alim Waf(x) =0 a.e. x €G.
—00

Proof. Tt is easy to see that Alim Waf(z) = 0 for every Walsh polynomial. Hence, since the Walsh
— 00
polynomials are dense in L1 (G), Theorems 1.2 and 9.8 imply the proof. O

Theorem 9.10. Let f € L1(G). Then lim o, f(z) = f(x) for all Walsh—Lebesgue points of f.

n— oo
Proof. Combining (8.6) in Lemma 8.2 and (8.7) in Corollary 8.2, we get

In|

0 f () — Z 24 / () = F@)] | K (2 + )] du(t)
[n|
9 3L SO BRUURN B0
5=0 Ia(z+es)
[n|
ZQAWAf x) — 0 as n — oo. O

As a corollary, we obtain that the following is true.

Corollary 9.1. Let f € L1(G). Then ILm onf(x) = f(z) a.e. on G.
Theorem 9.11. Let f € L1(G). Then sup y,u{S >y} <|fllh, where S;; is defined by (3.1).

Proof. Combining Lemma 5.1 and (8.1) in Lemma 8.1 we get Dan < 2Kyn for any n € N. Hence,
|San f ()] < 2020 | f(2)] and S} f < 25%|f] < 207|f].
Using Theorem 9.5, we find that

o * )
supypu{Syf >y} < supyu{a | f] > 5} <[ fl- O
y>0 y>0
Corollary 9.2. Let f € Li(G). Then 1i_>m Son f(x) = f(z) a.e. on G.

Corollary 9.3. Let f € L1(G). Then lim Son f(z) = f(x) if and only if x € G is the Lebesgue point
n—oo
of f.
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Proof. This fact is a direct consequence of the following equalities:

Sonlf — f(x)] = / F(@+ 1) — f(z)| Do (£) dpu(t) = 27 / @+ 1) — f(@)] dp(t)
G

2 [ 150~ f@)dutt) 2] dp)
I, (x) In(w
and 1
Jim Sl = @) = tim e [ 170 = @) dutt) = 0

I, (x)

Corollary 9.4. Let f € L1(G). Then lim Son f(z) = f(x) for all Lebesgue points of f.

n—oo

Next, we prove the sharpness of Corollary 9.4 in a special sense.

Theorem 9.12. Let 1 < p < oo, G be a dyadic group and {Sy,, } be any subsequence of partial sums
with respect to the Walsh system. If E is a subset of G of measure zero, then there exists a concrete
f € Ly(G) such that S, f diverges on E as k — oo.

Proposition 9.1. Suppose that E is a subset of G such that u(E) = 0. Cover E with intervals
(I;,7 € N) in a special way:

Each point x € E belongs to an infinite number of I, ’s and Z w(l;) < 1. Set ng := 0 and choose
1—0

a sequence {n;} of an increasing sequence of integers so that Z w(l;) < M; ", i € N. Then, for the

k=n;
’I’Li+1—1
sets A; = |J I, i €N, there exist a sequence of increasing integers {a;} and a sequence of Walsh
k=n;

polynomials {P;,i € N} such that sp(P;) := {i € N: P; # 0} C [2%,2%+1) that is,

2%i+1_1
P, = Z c};wk,
k=2
1Bl = m(Ay) <27 (9.7)
and
|Pi(z)|=1 z€A; for ieN. (9.8)

Proof. Let S,, be any subsequence of partial sums with respect to the Walsh system. Suppose that
{P;,i € N} are defined as in Proposition 9.1. Then we can choose increasing integers {;} such that
a; < B4, 1 € Nand {&,k € N} C {ng, k € N} such that

9Bi+1 & < 938i ~ (2%‘ + 2,31:)3 < 9% 9fi+1 L~ 9ait1 + 2Bi+1 ~ 9fiy1+l it (9_9)
Setting
fi= wyen P, (9.10)
=1

by applying (9.7), we can conclude that f € L,(G) and (9.10) is the Walsh-Fourier series of f.
Moreover, by the equality w; or = worw; for any i < 2% we find that the spectra of the polynomials
P; are disjoint pairwise and

~ e, if k=28 42 2B om0 [ e Ny,
f(k)={’“ i

0, otherwise.
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Since 28 +2% < 9Bi+1 < fz < Wi +2[31:+1 < Q%it1 +25i+1 < 9Bit1+1 < &_H < 923Bi+1 < 2Qit1 +25i+2
for any i € Ny, we have

St [ (@) = Se, f(x) = Syoina 42811 f(z) = Sya, 2fit1 f(@) = wys, 41 Pi().

Next, we use Proposition 9.1 to conclude that every x € E belongs to an infinite number of sets A;.

Moreover, Applying (9.8) we find that, for infinitely many 4, |Se,,, f(x) — S¢, f(z)| = 1 for z € A; and

limsup |Sy,,, f(x) — Sy, f(z)| = 1 for any z € E. O
ieN

Corollary 9.5. If f € L1(G), then Sorf — f a.e. on G as k — co. Moreover, for any 1 < p < oo
and o set E C G of measure zero, there exists f € L,(G) such that the subsequence Sox f of partial
sums with respect to the Walsh system diverges on E.

Corollary 9.6. If E C G is a set of measure zero, then there exists a function f € L1(G) such that
each x € E is not a Lebesque point.

We will also prove a similar result concerning the Walsh—Fejér means.

Theorem 9.13. Let 1 < p < oo and G be a dyadic group. If the subset E of G is of measure zero,
then there exists a concrete f € L,(G) such that its Walsh-Fejér means diverge on E.

Proof. Let f be defined by (9.10). Then, for i € N, we have

2%i+1 49Pi4+1 1

0 (2it1 +251:+1)3f(x) — Oga; 4 2Bit1 f(x) = wyp, iy Pi(x) — Z
k=22i420i+1

k

(e 1 25y (@)

i—12%+1 4201411

k k
+ Z Z 20¢z‘ —+ 2,31‘4.1 - (20@4.1 + 2ﬁi+1 )3
=0 p—g9a142P1+1

)cgwk(x) = — 11+ III.

Since |c}| < C for any i € N, according to (9.9), for IT we find that

2%i+1 4 2Pi+1 _q k
|II| S C kZ:O (204i+1 + 2ﬂi+1)3
0(2047:+1 + 2ﬁi+1)2
(2ai+1 + 25i+1)3 = 2ait1 4 2Bin

— 0 as i > oo. (9.11)

Analogously, applying again (9.9), we get

i—1 2%1+1 428141 2%i 4 2P I
k
|c|

k k l
|III| S Z Z (2067, + 261‘«{»1 o (20ti+1 + 2BL+1)3>|CIC| S Z 20(1' + 261'1»1
1=0 =221 1 2P1+1 k=0

;4 9B
c & C(20 + 2612

= 20  9Bit1 ;0 = 2ai 4 2Biy1 T Qo 4 9B

— 0 as i > oo. (9.12)

According to the fact that each x € E belongs to an infinite number of A;, applying (9.8), we find
that
|[I] =1 for x €1;, for infinitely many 4. (9.13)

Combining (9.11), (9.12) and (9.13), for sufficiently large and infinitely many i, we have
1
|0(2‘*i+1+257ﬂ+1)3f($) — Ogay 9Bit1 f(x)‘ > || =[] - [I11] > 3

and for any x € E, we get

. 1
lim sup ’U(zai+l+2ﬁi+1)3f(l') — Oga; 1Bt f(x)’ > 7
€N

Hence, the Walsh—Fejér means of the function f diverge for each = € E. O
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Corollary 9.7. If E C G is a set of measure zero, then there exists a function f € L1(G) such that
each © € E is not a Walsh—Lebesgue point.

10 Introduction to martingale Hardy spaces

The o-algebra generated by the intervals I,(z) of measure 27" is denoted by [ ,(n € N). The
conditional exponential operator with respect to f ,(n € N) is denoted by E,, and given by

B (@) = S f(0) = 3 Fkywn(o) = i [ 116 duo)

I, (x)

N

where |I,,(z)| = 27" denotes the length of the set I,,(x).
The sequence f = (fn,n € N) of functions f,, € L1(G) is called a dyadic martingale (see [79,83]) if

(i) fn is measurable with respect to the o— algebras [ ,, for any n € N;
(ii) By fm = fn for any n < m.
The maximal function of a martingale f is defined by f* = sup|f,|.
In the case f € L1(G), the maximal functions are also givenn’g}hlI

* =su _ U U

For 0 < p < oo, the Hardy martingale space H,(G) consists of all martingales, for which

1flm,c) = L]y < oo
Tt is easy to show that for the martingale f = (f,,n € N) and for any k € N there exists a limit

Fk) == lim [ fo(2)wp(z)du(z),
G

which is called k-th Walsh—Fourier coefficients of f.
If fo € L1(G) and f := (E, fo : n € N) is a regular martingale, then

f(k’) :/fo(x)wk(w)d,u(w) :fo(k’), ke N.
G

A bounded measurable function a is said to be a p-atom if there exists a dyadic interval I such
that [adp =0, ||lal|le < p(I)~Y/P, supp(a) C I.

T
The Hardy martingale space H,(G) for any 0 < p < 1 can be characterized by simple functions
which are called p-atoms. The following is true (for details see [128,130]).

Lemma 10.1. A martingale f = (fn,n € N) belongs to H,(G), 0 < p < 1 if and only if there exists a
sequence of p-atoms of (ax, k € N) and a sequence of real numbers (ux, k € N) such that for alln € N,

> Sanar = fn (10.1)
k=0
and -
> P < oo (10.2)
k=0
Moreover,

© 1/p
||f||Hp<G>mmf(Z|uk|p) ,
k=0

where the infimum is taken over all decompositions of f of the form (10.1).
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By applying Lemma 10.1 we easily obtain that the following is true (see [130]).

Lemma 10.2. Let 0 < p <1 and T be o-sub-linear operator such that [ |Ta(x)|P du(x) < ¢, < oo for
T
every p-atom a, where I denotes support of the atom a. In addition, if T is bounded from Lo (G) to

Loo(G), then ITflp < cpll fll,(c)-

Lemma 10.3. Suppose that an operator T is o-sublinear and suptPu{x € I : |Ta(z)| >t} < C, < 00
>0
for every p-atom a, where I denotes the support of the atom. If T is bounded from Lo, to Lo, then

HTf”weak-Lp < Cp”fHHp'

In the concrete cases, the norm of Hardy martingale spaces can be calculated by simpler formulas
(see [128,131)).

Lemma 10.4. If g € L1(G) and f := (Sang : n € N) is a regular martingale, then for 0 < p <1, the
Hy(G) norm can be calculated by | f|| &, (c) = || sup [Sangl|lp-
neN

The modulus of continuity in martingale Hardy spaces quantifies how “smooth” or “regular” a
martingale is across scales (or filtrations). It is crucial for understanding approximation, interpolation,
and embedding properties of these spaces. The definition adapts to the probabilistic, dyadic or
filtration structure, and is fundamental in modern harmonic analysis and stochastic processes.

The modulus of continuity in the H,(G) spaces is defined by

1
wity@) (55 ) = 1 = S flly (-

It is important to describe how the difference f —Son f can be understood, where f is a martingale
and Sa» f is a function.

Remark 10.1. Let 0 < p < 1. Since Son f = f, € L1(G), where f = (f, : n € N) € Hy(G), and
(Sgkfn ke N) == (SQkSQ'nf,k S N)
= (520f7"'552"*1,]“752".]0782".]03-") = (f07"'7fn—17fn7fna"')a
by the difference f — Sanf we mean the following martingale: f := ((f — San f)r, k € N), where

0 k=0,....n
_Sn — b b b b
=5 f fe—fn, E>n+1

Consequently, the norm || f — SganHp(G) is understood as an Hp-norm of
f=Sanf=((F—Sanf)r,keN).

It is known (see [83]) that there are strong connections between wy,(1/2", f), Ean(Lyp, f) and
I|f = Senfllp,p>1,n€eN.
In particular,

%wp(%,f) < |[f = Son fllp < Wp(%ﬂf)

and

1
5 Ilf = Sanfllp < Ean(Ly, f) < |If — San fllp -

11 Important examples of p-atoms and martingales
of H, spaces

Example 11.1. Let 0 < p < 1 and (ax,k € N) be an increasing sequence of integers. Then the
function ay =: 20*(1/P=V(Dya, 41 — Daay.) is a p-atom and

laklls, < 1. (11.1)
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Moreover,
gar(l/p=1)  ; — 9ok 9artl _ |
a(i) = ’ ’ ’ ’ 11.2
£ {0, otherwise, ( )
20 (/P=1)(D; — Dyay), =2 4+1,... 20+ 1,
Siar = ¢ ag, i > 20kt (11.3)
0, otherwise,
and )
_ 2ak . 20ék p—
lonak] = (n ) |Kp_gar| for any 20% < n < 20%F1, (11.4)
Proof. Since supp(ag) = In,, [ arpdp =0 and
Ia,
llag oo < 90k (1/p=1) 9o < 9ok /p — (11(supp ak))fl/p7
we conclude that ay is a p-atom and (11.1) follows from Theorem 10.1.
On the other hand, if we apply Lemma 5.3 and Lemma 10.4, we find that
laxllm, = H sggsznak’ L= 20%(/P=D)| Dy 1 — Doy b = 205 (1/p=1) || Dye, llp
1/p 1/p
_ 2ak(1/p—1)< / DE., d,u) _ 2%(1/1)—1)( / opok d,u) < 2%(1—1/17)7 (11.5)

g g

and also (11.1) is proved.
Let 2%% < 4 < 2%+1 _ 1. Then from the orthogonality of the Walsh functions, we immediately
obtain

20k 111
/akwi dp = gaku/pfl)/ S g dp = 20 (/D) /ww dyu = 20+ (1/p-1),
G G J=2k G

Analogously, again using the orthogonality, we get [axw; dp = 0 and hence (11.2) is proved.
G

Equality (11.3) follows also from the definition of partial sums of Walsh—Fourier series.
Let 29 < < 22+l — 1. Combining Lemma 5.3 and (11.3), we find that

n 1 n
e = LS50 1| 5 s
j=1

j=2%41

—

n n—2%
1 1
o ‘ > 2 (D; = Dy )| = n ‘ > 20 (Djgen — Daor)
§=2%+1 j=
2ak(1/p 1)

2ak(1/p 1) ’

—2¢
Z = (- 2 K =

Example 11.2. Let 0 < p < 1, (nk, k € N) be an increasing sequence of integers and ay = Dg2nj+1 —
Dy2n,, and
lak s, < 22m(=1P) (11.6)

Moreover,
o 1, §=22" . . 22"+l 1,
ag(i) = ]
0, otherwise,
D; — Doony, i =227 4 1,... 2%+ 1,
S;ar = ag, 7> 22nk+1,

0, otherwise,
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and
n — 22" 2 g+l
lonax| = — |K,,_o2n, | for any 22 <n <227t 1 (11.7)

Proof. The proof follows from Example 11.1 and the fact that the norm, Fourier coefficients, partial
sums and Fejér means are linear operators. So, we leave out the details. O

The next two estimates will be used frequently.

Proposition 11.1. Let 2% <n < 281 f € H, for some fivred 0 < p < oo and n € N. If S,,f denotes
the n-th partial sum with respect to the Walsh system, then the following estimate holds:

1Snflla, < Cpll S fllp + CpllSnflp-
where §;j#f is defined in (3.1).

Proof. The martingale (S, f) can be written as (555, f,1 > 1) = (Saof, ..., Sor f, Snfy. .y Snf,-..).
It immediately follows that

1Snfllm, < Cp

sup 1Sy f1[| +CollSufllp < Coll S lly + CollSut - O
0<I<k P

Proposition 11.2. Let 0 < p < 1, 2 < n < 2¥*! and o, f be the Fejér means with respect to the
one-dimensional Walsh—Fourier series, where f € H,(G). Then, for any fired n € N,

lowsla, < || sup lousl| +| sup (Sufl|| +lonflly < 155 1 + 1551 + lon s
0<I<k p 0<i<k P

Proof. Let us consider the following martingale:

J# = (Saronf,k €N)
_ (20020 n (n—QO)SQOf’“.’ 2k o f i (nf2k)52kf7gnf7,,,,anf,...).

n n n n

Using Lemma 10.4, we immediately get

P p _
onfl® <H sup |o H—FH sup |S H—!—S P NGL I + 1S FIE + lonfll2. O
lonf s, ) < 0§l£k| ot f1 ) Oglpk\ o 1 ) 1Snflp < o fII5 + 1S5 fID + llon fI5

The next five examples of martingales will be used many times to prove the sharpness of our
main results. Such counterexamples first appeared in the papers of Goginava [44] (see also [45,46]).
Analogous constructions of martingales are also used in the papers [17,18,20,22,52,53,59, 61,62, 66,
103,105,110, 115].

Example 11.3. Let 0 < p <1, {\¢ : k € N} be a sequence of real numbers

o0

> Il < ep < o0 (11.8)
k=0

and let {a; : k € N} be a sequence of p-atoms given by

ag(x) := 2P (Do 141 (2) = Dyt (@), (11.9)
where || == max{j € N: (ay); # 0} and (o), denotes the j-th binary coefficients of real number
of a € Ny. Then f = (f, : n € N), where f,(z) := > Agag(z) is a martingale, that belongs

{k: Jar|<n}

to Hp(G) for any 0 < p < 1.
It is easy to show that

Mg - 20/p=Dlexl g e folawl  olewlHl 11 ke N,

fG) = 0, j U{Q‘akl,_._’QlakH’l_l}. (11.10)
k=1
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Let 2lo-1l+1 < j < 9ll [ € N,. Then
-1
Sif = Syl it = Ay 210l O/P=0(D, s — D). (11.11)
Let 2l < j < 2lul+1 1 € N, . Then
S;f = Sotasl + N .2(1/p*1)|allw2‘a”Dj72‘a”

= Z >‘77 . 2(1/p_1)‘a"‘(D2|m,|+1 — Dz\an\) + N - 2(1/p_1)‘m|’w2|al\Dj72\al|. (11.12)

Moreover, for the modulus of continuity for 0 < p < 1, we have the following estimation:

pr(Qin,f> =o( i \Ak|p)1/p as n — oo. (11.13)

{k: Jag[>n}

ar, o <n

" applying Theorem 10.1 and (11.8), we can conclude that f € H,,.
0, apr>n

Proof. Since Sonay, = {

Let j ¢ J {222%,...,222FT1 — 1}, Using the orthonormality of the Walsh functions, we find that
k=1

an(j) = /22%(1/1’*1)(D22ak+1 — D2y Jw; dp =0

G
and
FG) = nlggo/ Y Marwidp= lim Y Ak/akwi dp = 0. (11.14)
G 1k 2ai<n} {k: 20, <n} el
Let j € {22 ... 22+l _ 1} for some k € N. Then, for every [ € N, we can conclude that

d\l(]) — 92a1(1/p=1) /(D22al+l . D22al)'tUj dp = 22011(1/17—1)(5”C7
G

where d; i is the Kronecker symbol. It follows that

n—oo n—oo

f(j) = lim Z )\l/ale dp = lim Z )\1,22a,,(1/p71)§l7]f :Ak.Qzak(l/pﬂ)_ (11.15)
{l: 2ax<n} @4 {l: 2ay<n}

Combining (11.14) and (11.15) we obtain (11.10).
Let 22v—1F1 4 1 < 5 <22 In view of (11.10), we can conclude that

920y _1+1_q

Sif =8peaaf= Y flo)w,
v=0
1—1 220+l

=30 ) Ay 22n/r iy, —ZA <2200 (/P=D (Do i1 — Dyoany ).

n=0 y=22n

If 220 < j < 22%F1 then Lemma 5.3 implies

j—1 j—1
Sif =Sy f+ D f0)wy = Sypa, f 4 N - 220D Ny,

=22 p=22a]

= Sy f 4+ N - 2201 /PD(D) — Dyaey) = Spze f + N - 22 P Vappoa, D goay  (11.16)
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and also (11.11) is proved.
Taking into account (11.11), for j = 22 we can rewrite (11.16) as

-1
Sif = Z Ay 22a"(1/p_1)(D22a,,+1 — Dyzay) + N - 22041(1/;0—1)(Dj — Dy2a,),
n=0
which proves (11.12).
In view of Remark 10.1, we immediately get

0, k=0,...,n,
— Son = ’ ’ = 11.17
(f = S2n )n {fk—fn, k>n+1 Zulsznal, E>n+1. ( )
l=n+1

According to Theorem 10.1, we can conclude that (11.17) is an atomic decomposition of the martingale
f—Sonf € H, and

o0

wm, (1) =0( 3 )" < oo,

k=n-+1
so that (11.22) holds. O

Sometimes, we will also use the martingale defined in the next example.

Example 11.4. Let 0 < p < 1, (ag,k € N) be an increasing sequence of positive integers, let
(A, k € N) be a sequence of real numbers such that

S P <G <o (11.18)
k=0

and (ag,k € N) be a sequence of p-atoms defined by ap =: 2‘0"“|(1/p*1)(D2\ak\+1 — Dylay1), where
lag| =: max{j € N,(ar); # 0} and (aj); denotes the j-th binary coefficient of as, € Ni. Then

f=(fn,n €N) € H,, where f, =: > Agag and
{k: |ok|<n}
g, - 2lewl(/p=1) = 5 e {2|05k" o, 2lewl L 1}, keNy,
FG) = o0 11.19
U) 0, j¢ (Jgalel, . et 1y, ( )
k=1
If 2l < j < 2lul | € N, then
-1
Sif = Syerier = D Ay 21PN (D — D). (11.20)
n=0

If 2l < j < 2ll+1 ] € N, | then
Sif = Saiort + N - 29I 0 DS iy

-1
- Z Ay 2|a"‘(1/p_1)(D2|aT,|+1 — Dyjayt) + A - 2|az|(1/p—1)w2|a”Dj_z‘all. (11.21)
n=0
Moreover, for all 0 < p <1,

oo

wH, (%,f) = O( Z \/\k|p> v as n — oo. (11.22)
(ks lar|>n}
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Proof. The proof is quite analogous to that of Example 11.3, so we omit the details. O

For our further investigations it is convenient to consider a fixed sequence (Ag,k € N). In many
cases, the following sequence may be such an appropriate choice: (1/ a,lc/ 2, k e N).

Example 11.5. Let 0 < p < ¢ < 1 and (ag,k € N) be an increasing sequence of positive integers
such that

= 1
> 7 <o (11.23)
k=0 Yk
k-1
92an/p  920k/p
7 7 (11.24)
n=0 Qn o
and
9ak/q
220%71/P+5 Otz/Q ’ pP=4
7 < gt 1) (11.25)
k-l —3p 0 P<¢
A,
We define a martingale f = (f,,n € N) € H,, where f, =: S Akag, A = %/2, and aj =:
{k: 2a,<n} Yk
22ak(1/p_1)(D22ak+1 — D22ak). Then f € H, and
922a(1/p—1)
T ge {22 220t 1} ke Ny,
f) = “ o0 (11.26)
0, JE | J{2%ex, . 22t 1)
k=1
For every | € N, we have the following identities
522al—1+17 22041,1-&-1 S ] S 22051’
S;f = 9200 (1/P=D) gy 0 D ooa (11.27)
J 522(” i 1?/2; 15 —22 92ay <j< 920+1
@
Moreover,
220 (k—1)pt1
1S; f| < 72 forall 0<j <2 and 0<p<qg<1 (11.28)
Op—1
and
220%(1/1)—1)
2041 | 2 s <p<qg<lL .
S fl> 0 1 11.29

40z,1€/2

Proof. First, we note that such an increasing sequence (ay, k € N) satisfyng the conditions (11.23)—
(11.25) can be constructed (see Remark 11.2).
Applying (11.23), we conclude that condition (10.2) is satisfied and f € H, by Theorem 10.1.
Since
Ay - 220k (1/p=1) — 422%(11//: - )
A,

according to (11.14) and (11.15), we find that the Fourier coefficients are given by equality (11.26).
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Let 22-1F1 11 < j < 22% where 1 <1 < k. In view of (11.26), we can conclude that

920 _1+1_q

S;f = Sypey_yir f = Z Flv)w,

1—1 22en+1_1 220471 (1/p—1) -1 220(,,(1/1)—1)
B Z Z 1/2 Wy = — s (D220,,,+1 — D22u,,). (1130)
n=0 p=22%n n=0 a?’]

Let 22 < j < 220t where 1 <1 < k. We apply (11.26) again and invoke Lemma 5.3 to obtain

— N 20 Jj—1
S;if = Sozen [ + Z f0)wy = Sg2a, f + 21/2 Z Wy
v=22% I v=22%
92ay 22azw2ale722al
= Syoa f + N (D — Dy2ay) = Soze f + — (11.31)
@ 1

Combining (11.30) and (11.31), we get the identities in (11.27). Moreover, if we take (11.30) for
j =22 we can rewrite (11.31) as

1
22a77(1/p—1)
ij = Z 17/2 (D22an+l —_ D22an)

n=0 Qrp
-1 92a,(1/p—1) 922 (1/p—1)
=Y 55— Dypays1 = Dyeay) + =5 (Dj = Dyzr).  (11.32)
n=0 Qi al

Let 22-1F1 1 < j <22 where 1 < < k. Then, according to (11.24) and (11.32), we get

22O‘n 1/p —2 920,-1/p 22cu-1/p 92a;-1/p+1 92a—1/p+1
1S;f] < Z R - Z 1/2 + 1/2 < 1/2 < 1/2 : (11.33)
Op_1 n=0 Oyn_1 Qr_y Qg Qg

Let 220 < j < 220F1 where 1 <1 < k — 1. In view of (11.24) and (11.32), we can conclude that

1 .
220117,1/;0 22az(l/p—1)j 22az/p 22al/p 22al/p 22ak,1/p+1
15561 < Z izt 1/2 S T e T 2 7z S 12 - (11.34)
n=0 Oy Q Q Q o Qg1

Combining (11.33) and (11.34) we obtain (11.28).

Let 0 < p < ¢ < 1. Combining (11.25) and (11.26) with the expression (11.33) obtained by taking
j = 22%% we can see that
22ak 1/p— l)ai/2

‘ 22ak(1/p—1)

|S22ak+lf‘ = ) +52204k f‘ = Wo2ay, + 522ak_1+1f

Wa2ay, a}1€/2
22(Xk(1/P—1) 220¢k(1/p—1) 220%71/]9_,’_1
= ‘TU}Q%% — |Sy2ap 141 f| 2 72 _ 7
e & Qg1
920 (1/p=1)  9ouw(1/p—1/q)  92ax(1/p—1)  9ax(l/p—1)  920x(1/p—1)
> 2 3/2 2 T~ T 2 >
ay, 16c o, 160" 4ol
0 (11.29) is proved and the proof is complete. .

Remark 11.1. It is obvious that if we cancel the assumption (11.25) in Example 11.5, we still get
f = (fn,n € N) € Hy, and equality (11.26) and estimate (11.28) are valid. Moreover, we also obtain
that (11.32) and (11.33) still hold.
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Remark 11.2. We now show that there exists an increasing sequence (ax,k € N) of positive in-
tegers which satisfies (11.23)-(11.25). First, we note that the sequences (22™%/n'/2,n > ng) and
(278 /n3/2 n > ng) are increasing,

22n/p 2”/q
lim ——— =o0 and lim

n—o00 n1/2 n— oo n3/2 ’

where 8 > 0, in particular, 3 =1/por 8 =1/p—1/q, p < gq. Then (ay) can be chosen so lacunary
that (11.23) holds and

92a0/p 92011 /p 920—1/p k- 920-1/p 92ak/p
— s+ -+ <

1/2 1/2 172 = 1/2 1/2
ao/ a1/ 0%/—1 O‘k/—1 O‘k/

Moreover,
920 —1/p+5 90k /P 920 —1/p+5 9ak(1/p—1/q)
s < a3z and iz < 3/2 » P<q
Oy Qe Qg1 Qe

which guarantee that (11.24) and (11.25) are also fulfilled.

In the next sections, we will repeatedly use a martingale with the fixed sequence (Ag, k € N).
Example 11.6. Let 0 < p < 1 and (ag,k € N) be an increasing sequence of positive integers and
(Pr, k € N) be a sequence of non-negative and increasing numbers such that ®; — oo as k — oo and

oo

1

- <o 11.35
Doy s o (11.35)

k=1
We define a martingale f = (f,,n € N) by f, = >_ ax, where
k
1 20k (1/p—1)
)\k = —— and ap = 254k p (D22rxk+1 — D22uk).

o1/

22%k
Then f € Hy, and

92ax(1/p—1)
—, jJ € {22ak,...,220‘k+1 —1}, keNy,

R ol/4
fG) = 2 o0 (11.36)
0, jé U{22ak, 2%t )
k=1
Proof. The proof is quite analogous to that of Example 11.3, so we omit the details. O

Sometimes, in the sequel, an appropriate choice of sequence will be the following: (A = 1/ ok/p
k € N).

Example 11.7. Let 0 <p <1and f, = > Aray, where
{k: 2kt1<n}
1 2k+1
Ak /D and aj =: 22 (D222k+1+1 — D22k+1 ).

Then f = (fn,n € N) € Hp,
22i+1(1/p71) i+1 i1
T oip je{22™ 22T jeNy,
f) = (11.37)

. o i1 i1
07 ]€U{22 ""722 +171}
=0
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and

wH, (%,f) :O(nll/p) as m — oo. (11.38)

27 < <22 | e N, then

If 2

22i+1(1/p—1)w22i+1 D

2i/p

j_g2itl

S;f = Sgzit1 + (11.39)

Proof. This example is a simple consequence of Example 11.3 if we take oy, = 2% and A, = 1/2F/P.

Since
oo oo 1
Z|/\k|p§c22—k < C < oo,
k=0 k=0

we obtain f = (f,,n € N) € H, for all 0 < p <1, and (11.37) holds. Moreover, in view of (11.22), we
can conclude that

Ik

{k: 2k+t1>n}

1\1/p 1 1/p 1
<( 3 5 =(gw=) =0(ms) —emnoe
{k>logy —1}

so (11.38) is proved as well. Finally, if we apply (11.12) with aj = 2*, then we immediately get
equality (11.39), thus the proof is complete. O

12 Background and state of the art about the partial sums
and Fejér means with respect to Walsh system
in martingale Hardy spaces

The state of the art in this area up to year 2022 can be found in the book [79] by L. E. Persson,
G. Tephnadze and F. Weisz. In this section, we briefly discuss some information from this book.

It is well-known (see [33,79]) that, for any f € Hy(G), we have ||Sp flla, < V)| fll,-

In [113], it was also proved that if f € H1(G) and {my : k > 0} is an increasing sequence of
natural numbers satisfying the condition

le(G)(ﬁ,f) = o(%) as k — oo,

then ||S,,, f — fll#,(¢) — 0 as k — oo. Moreover, if {my, : k> 0} is an increasing sequence of natural
numbers satisfying the condition

sup V(my) = oo, (12.1)
keN

then there exist a martingale f € Hq(G) and a subsequence {ay : k> 0} C {my : k > 0} for which

le(G)(ﬁ,ﬂ ZO(@) as k — oo

and
limsup ||Sa, f — fll1 >¢>0 as k — oo,
k—o0

where ¢ is an absolute constant. As a consequence, we obtain a result proved in [116]. In particular,
it f € Hi(G) and

1 1
oJHl(G)<2—N,f> = O(N> as N — oo,
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then ||S,f — flli = 0 as n — oo. Moreover, there exists a martingale f € H;(G) such that

le(G)<2iN,f> = O(%) as N — oo

and [|S,f — flli - 0 as n — oo.
It was proved in [113] and [111] that if F' € H,,, then there exists an absolute constant ¢, depending
only on p such that ||S,, f||lg, < ¢, - 24PV f|| 4 .
On the other hand, if 0 < p < 1, {my : k > 0} is an increasing subsequence of natural numbers
such that
sup d(my) = oo (12.2)
keN

and ¢ : Ny — [1,00) is a non-decreasing function satisfying the condition
— 9d(mk)(1/p—1)
e T R

then there exists a martingale f € H,(G) such that

bl

weak-Ly(G)

sup
kEN

In [111,113], it was also proved that if 0 < p < 1, F € Hp(G) and {my, : k > 0} is an increasing
sequence of natural numbers satisfying the condition
1 B 1 -
”HP<G>(2|mk\ ’f) - 0(2d<mk>(1/p—1>) as oo

then
1Smi f = flla, ) — 0 as k — oo. (12.3)

On the other hand, if {my : k > 0} is an increasing sequence of natural numbers satisfying condition
(12.2), then there exist a martingale f € H,(G) and a subsequence {ay, : k> 0} C {my : k > 0}, for

which
1

1
WH,(G) (Tlakl ) f) = 0(7211(0%)(1/1)71)) as kK — oo
and
lillcnsup 1Say f = fllweak-£,(@) > cp >0 as k — oo. (12.4)
—00

As a consequence, we obtain a result proved in [116]. In particular, if 0 < p < 1, f € H,(G) and

1 1
pr(G)<2—N,f) = 0(72]\,(1/1]_1)) as N — oo,

then ||S,f — fllp = 0 as n — co. Moreover, there exists a martingale f € H,(G), where 0 < p < 1
such that

1 1
WHP(G)<2W,f) = O(W) as N — oo
and ||S7’Lf - f”weak-Lp(G) - (0 as n — oo.
In [98], the weighted maximal operator S * defined by

SRl fTrrEay e

was investigated, and it was proved that the following inequality holds: ||S* f||; < cpll fll i, - Moreover,
it was also proved that the rate of the sequence {(n + 1)!/?='}  given in the denominator of (12.5),
cannot be improved. In particular, for any non-decreasing function ¢ : Ny — [1,00) satisfying the
condition

— log(n+1)
lim ————= = o0,
n—o0o go(n)
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there exists a martingale f € H(G) such that

=2

For 0 < p < 1, the weighted maximal operator S*p , defined by

*Df .
S = T

sup |
neN

Snf
o(n)

(12.6)

was investigated in [98], and it was proved that the following inequality holds: [|S*f llp < cpll fllm,-
Moreover, it was also proved that the rate of the sequence {(n+1)*/?~1}, given in the denominator of
(12.6), cannot be improved. In particular, for any non-decreasing function ¢ : Ny — [1, 00) satisfying

the condition
— (n+ 1)1/p—1

o

there exists a martingale f € H,(G) (0 < p < 1) such that

ool
p(n) llp

= 00,

sup H
neN

In [22], it was proved that the maximal operator, defined by

S f|

SUD 5atm) (1 /p—1)

neN

(12.7)

is bounded from H,(G) to weak-L,(G). Moreover, if 0 < p < 1, {my : k > 0} is any increasing
sequence of positive integers such that condition (12.2) holds and ® : N, — R is any non-decreasing

function satisfying the condition
___ 9d(mx)(1/p—1)
lim —— =0

k— o0 <I>(mk) ’ (12'8)

then there exists a martingale f € H,(G) such that

bl

sup
keN

weak-Ly

In [22], it was also proved that the weighted maximal operator defined in (12.7) is not bounded
from H,(G) to the Lebesgue space L,(G) for 0 < p < 1.

In [14], it was proved that if 0 < p < 1, f € Hp, {n : k > 0} is a sequence of positive integers
and {ns, : 1 <i <7} C{nr: k> 0} are the integers such that 2° < n,, <mn,, <--- <ng <251
s € N, then the weighted maximal operator S *V  defined by

|5 f|

Qox,V o .
S*V f = sup SUD L 9d(ne)(1/p—1)

seN 25<n,, <2s+!

where dg(ns,) are defined by (2.3), is bounded from the Hardy space H,(G) to the Lebesgue space
L,(G). Moreover, if 0 < p < 1, {ng : k> 0} is a sequence of positive numbers and {n,, : 1 <i <
r} C {nr : k > 0} is a subsequence satisfying the condition 2° < ng, < ng, < - < ng < 25T
s € N, then for any non-negative, non-decreasing function ¢ : Ny — R satisfying the condition

9ds(ns;)(1/p—1)
sup sup _

= 007
sEN 2s<n,, <2s+1 Sﬁ(ﬂsi)

the maximal operator, defined by sup sup ijnf ‘) is not bounded from the Hardy space H,(G)
sEN QSSnSi<25+1 S4

to the Lebesgue space L,(G).
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In [24], it was proved that if 0 < p < 1, f € Hy(G) and ¢ : Ny — R, is any non-negative and
non-decreasing function satisfying the condition

=1
Z < c <00,
= ¢P(n)

then for any sequence {ny : k>0} of positive integers, the weighted maximal operator g*,V’ defined by

o Sn fl
S*,V = su | k
S = S0 ST W=D o (d ()

(12.9)

is bounded from the Hardy space H,(G) to the Lebesgue space L,(G). Moreover, for any 0 < p < 1,
any sequence {ng : k > 0} of positive numbers and any non-negative and non-decreasing function
¢ : Ny — R, satisfying

=1
n; 0 = (12.10)

the weighted maximal operator S*V, defined by (12.9), is not bounded from the Hardy space H,(G)
to the Lebesgue space L,(G). Hence, we get that if 0 < p < 1 and f € H,(G), then the weighted

maximal operator S *V.e defined by

5 Snf|
SEVE f—= gy [ , >0,
/ nek 24 /=) (d(n) log ¢ d(n)) /7
is bounded from the Hardy space H,(G) to the Lebesgue space L,(G) for ¢ > 0 and is not bounded
from the Hardy space H,(G) to the Lebesgue space L,(G) for € = 0.
The weak (1, 1)-type inequality for the maximal operator o* of Fejér means o,, with respect to the
Walsh system

C
plo"f >N < S fl A>0

was derived in Schipp [82] and PAal, Simon [71] (see also [20,64] and [78]). Fujii [39] and Simon [86]

verified that ¢* is bounded from H;(G) to Li(G). Weisz [129] generalized this result and proved the

boundedness of o* from the martingale space H), to the Lebesgue space Ly, for p > 1/2. Simon [88] gave

a counterexample, which showed that boundedness does not hold for 0 < p < 1/2. A counterexample

for p = 1/2 was given by Goginava [47,48] (see also [28,29]). Moreover, in [49] (see also [97,108,116]),

he proved that there exists a martingale f € H,(G), 0 < p < 1/2 such that sup|o,fll, = .
neN

Weisz [132] proved that the maximal operator o* of the Fejér means is bounded from the Hardy space
H /5 to the space weak-Ly /5.
In [48], Goginava (see also [100]) proved that the weighted maximal operator o*, defined by

5*‘]0 ‘= sup ‘o—nf|

—_— 12.11
nen log?(n + 1) ( )

is bounded from the Hardy space H;/5(G) to the Lebesgue space L;/(G). Moreover, it was also

proved that the rate of increase of the denominator {log®(n + 1)} cannot be improved. In particular,
for any non-decreasing function ¢ : N; — [1, 00) satisfying the condition

— log*(n+1)
lim —————= = o0,
n— oo (p(n)

there exists a martingale f € Hy/5(G) such that

swp | 251, ==
g eyt
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Similar problems for 0 < p < 1/2 were investigated in [101,102]. In particular, it was proved that
the weighted maximal operator o*?, defined by

1
0<p<jy (12.12)

g*@f = sup |gnf| 5

neN (n + 1)1/1)72 ’
is bounded from the Hardy space H,(G) to the Lebesgue space L,(G). Moreover, for any non-
decreasing function ¢ : Ny — [1, 00) satisfying the condition
R (n + 1)1/17—2

lim = o0,
n=oo  p(n)

there exists a martingale f € H,(G), 0 < p < 1/2 such that

w75, =
sup ||—=| = oco.
neN 90(71) P

Weisz [131] (see also [128]) also proved that for any f € H,(G), p > 0, the maximal operator,

defined by sup |o2» f| is bounded from the Hardy space H,(G) to the Lebesgue space L,(G), but it is
neN
not bounded from the Hardy space H,(G) to the space Hy(G) (see also [77,79]).
Persson and Tephnadze [76] generalized this result and proved that if 0 < p < 1/2 and {ny : k > 0}

is a sequence of positive numbers such that

supd(nk) < ¢ < o0, (12.13)
keN

then the maximal operator *V, defined by
"V f = sup|on, f| (12.14)
kEN

is bounded from the Hardy space H,(G) to the Lebesgue space L,(G). Moreover, if 0 < p < 1/2 and
{my : k > 0} is a sequence of positive numbers such that condition (12.2) holds, then there exists a
martingale f € H,(G) such that sup ||op, f|l, = cc.

keN

From the boundedness results of weighted maximal operators, we immediately get that for any
f € H,(G), there exists an absolute constant ¢, such that for any n € N the following inequalities
hold:

lonflle < clog?(n+ DI fllm, . (12.15)
and

1
lonfllp < cpn'/P=2log?™ P (0 + 1) f || ) as 0 <p < 3 (12.16)

Applying inequalities (12.15) and (12.16), in [112] (see also [116]), the necessary and sufficient condi-
tions for the modulus of continuity of the martingale F' € H,(G) were obtained, for which the Fejér
means of the one-dimensional Walsh—Fourier series converge in the H,(G) norm (0 < p < 1/2). In
particular, for any F' € Hy/5(G) if

1 1
WH, 5(G) < (27\;7f) = 0<W> as N — oo,

we have ||o, f — fll1/2 = 0 as n — co. Moreover, there exists a martingale f € Hy/5(G), for which

le/Q(G)(QiN,f) = O(%) as N — oo

and ||onf — flli/2 = 0 as n — oco.
For 0 < p < 1/2, it was proved in [112] (see also [116]) that if F' € H,(G) and

1 1
wHP(G)<2—N,f) = 0<72N(1/p_2)) as N — oo,
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then ||o, f — fllp, — 0 as n — oo.
Moreover, there exists a martingale F' € H,(G), for which

pr(G)(QiN’f) :O(m) as N — oo

and |lon f — fll, - 0 as n — oo.

In [112], it was also proved that if f € Hy/2(G), then |0y f[lw,,, < cVz(n)Hf||H1/2. Moreover, if
{my € N: k > 0} is a sequence satisfying condition (12.1), {¢, } is any non-decreasing, non-negative
function, satisfying the conditions ®,, T co, and

b

i ()

lim

then there exists a martingale f € H;/2(G) such that

o, f
D,

sup
keN

‘1/2

It follows that if f € H;/5(G) and {ny : k > 0} is any sequence of positive numbers, then o, f are
bounded from the Hardy space H;/2(G) to the space Hy/o(G) if and only if, for some ¢, the condition

sup V(ng) < ¢ < oo holds.
keN
It was also proved in [112] that if f € H;/5(G) and {my : k > 0} is an increasing sequence of

natural numbers such that

wH1/2(G)<ﬁ,f) = 0(%) as k — oo,

then |[om, f— fllm, ,,(c) — 0 as k — oo. Moreover, if {my, : k > 0} is an increasing sequence of natural
numbers such that (12.1) holds true, then there exist a martingale f € H;/5(G) and a subsequence
{ar: k >0} C {mg: k> 0} such that

le/Z(G)(%)f> :O(%> as k — oo

and limsup |[o, f — f|li/2 > ¢ > 0 as k — oo, where c is an absolute constant.
k

— 00
When 0 < p < 1/2, f € Hy(G) in [112] (see also [77]), it was proved that if {my : k > 0} is an
increasing sequence of natural numbers such that

1 1
WH, (@) (2|mk\ ’f) = 0(2d<mk>(1/p—2>) as k — oo,

then [|op, f — flla, @) — 0as k — oo,
On the other hand, if {my : k > 0} is an increasing sequence of natural numbers satisfying
condition (12.2), then there exist a martingale f € H,(G) and a subsequence {ay : k> 0} C {my, :

k > 0}, for which
1

and

lim sup Ho'akf - f”weak—Lp(G) >cp > 0 as k — oo,
k— o0

where ¢, is a constant depending only on p.

In [15], it was proved that if f € Hy/5(G) and {ny : k > 0} is a sequence of positive numbers and
{ns, : 1 <i <71} C{ny: k >0} are the numbers such that 2° < n,, < ng, < --- < n, < 25
s € N, and the sets Ag, defined by (2.4), are uniformly finite for all s € N, that is, the cardinality of
the sets A, are uniformly finite, i.e., sup|A4,| < ¢ < oo, then the restricted maximal operator ¢*V,

seN
defined by
o=V f =sup|on, fl, (12.17)
keN
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is bounded from the Hardy space H;/; to the Lebesgue space Ly/,. Moreover, if sup |[A,| = oo, then
seN
there exists a martingale f € H;/5(G) such that the maximal operator, defined by (12.17), is not

bounded from the Hardy space H; /5 to the Lebesgue space L 5.

This result implies that if F' € H,/5(G) and {ny : k > 0} is a sequence of positive numbers, then
the restricted maximal operator o*V, defined by (12.17), is bounded from the Hardy space H; /2 to
the Lebesgue space L/, if and only if any sequence of positive numbers {n, : k > 0}, which satisfies
nk € [2°,25%1), is uniformly finite for each s € N, and each {nj : k > 0} has bounded variation, i.e.,

sup V(ng) < ¢ < 0.
kEN
In [8], it was proved that if f € H;/; and {ng : k > 0} is a sequence of positive numbers, then the

weighted maximal operator 5%V, defined by

Oy f|
U*,Vf =g ‘ Nk
keN [Apny| 2
is bounded from the Hardy space H, /3 to the Lebesgue space L;/,. Moreover, if sup \A‘nk|| = oo and
keN

{¢n} is a non-decreasing sequence satisfying the condition

e [Apnyl?
lim Pl _ 00
k— oo <p|7lk\

|Unk fl
Plng|

then there exists a martingale f € Hy 5 such that the maximal operator, defined by sup is not

kEN
bounded from the Hardy space H; /5 to the Lebesgue space L o.

From this theorem we get (see also [48,100]) that the maximal operator *, defined by (12.11) is
bounded from the Hardy space H;/5(G) to the space Ly/2(G). Moreover, the rate of increase of the
denominator {log?(n + 1)} cannot be improved.

In [25] (see also [37]), the (H,, weak-L,) type inequalities were described for 0 < p < 1/2. In
particular, for any 0 < p < 1/2 and f € H,(G), the weighted maximal operator ¢**?, defined by

lon f|

T = SUp St/

neN

is bounded from the Hardy space H,(G) to the space weak-L,(G). Moreover, if 0 < p < 1/2 and
¢ : N = [1,00) is a non-decreasing function satisfying the condition

9d(n)(1/p—2)
lim = (12.18)
n—o0o p(n

then there exist a sequence {ay,k € N1} of p-atoms and a sequence {¢y,,k € Ny} of real numbers
satisfying the condition |gy, | = ni such that

[

L,D(an) ||weak—L,D

= Q.
keN x| m,

In [25], it was also proved that for any 0 < p < 1/2, there exists a sequence {ax, k € N;} of p-atoms
such that
5P
w7 Pl _
keN okl a,
In [16], the (H,, L,) type inequalities were investigated for 0 < p < 1/2 and it was proved that for

any 0 < p < 1/2, f € H,(G) and any non-negative and non-decreasing function ¢ : Ny — R satisfying
the condition

i @pl(n) < ¢ < oo, (12.19)

n=1
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the weighted maximal operator 6*V, defined by

*V e |Unf|
S = SUp S W (d ()

is bounded from the Hardy space H,(G) to the Lebesgue space L,(G).
Moreover, if 0 < p < 1/2, {n : k > 0} is a sequence of positive numbers and ¢ : Ny — R is any
non-negative and non-decreasing function satisfying the condition

=1
2 @P(n)

n=1

then there exist p-atoms aj such that

|| sup WNJZ—‘;'(MH
sup neN v " =0
hen laxll, '

In [19], it was also proved that if 0 < p < 1/2, f € H,(G), {ng : k > 0} is a sequence of positive
numbers and {ns, : 1 <¢ <r} C {ng: k > 0} are the numbers such that 2° < n;, < ng, <--- <
ns, < 2°%1 s €N, then the weighted maximal operator 5*V defined by

|Unsif|

~%,V p .__
g f = sup sup 2d5 (nsi Y(1/p—2)

sEN 25<n,, <25+1

is bounded from the Hardy space H,(G) to the Lebesgue space L,(G). Moreover, if 0 < p < 1/2,
f e Hy(G), {nr : k> 0} is a sequence of positive numbers and {n,, : 1 <i<r} C {ng: k> 0}
are the numbers such that 2° <ng, <ng,, <.--<n, < 25t s € N, then, for any non-negative and
non-decreasing function ¢ : Ry — R satisfying the condition

9ds(ns,)(1/p~2)
sup sup ————— =09, (12.20)

sEN 2s<n,, <2s+1 @(nsi)

there exist p-atoms as such that

|7, s

‘p(nsi)

|| sup sup
seN 28<n, <2s+!

In [13], the martingales were constructed that ensure the sharpness of the results described above.
In particular, if 0 < p < 1/2 and ¢ : N — [1, 00) is any non-decreasing function that satisfies condition
(12.18), then there exists a martingale f € H,(G) such that

»

—> 00 as § — Q.

as”Hp

= .

| 2t
sup
keN @(nk)

weak-Ly

In the same paper, it was proved that if 0 < p < 1/2, {ny : k > 0} is a sequence of positive numbers,
{ns, : 1 <i<r}C{n: k>0}arethe numbers such that 2° < ng, <ng, <--- <n, <2571 s €N,

and ¢ : N — [1,00) is any non-negative and non-decreasing function satisfying condition (12.20), then
|‘7nsi f|
1 w(ns,)

there exists a martingale f € H,(G) such that the maximal operator, defined by sup sup
s€EN 25<n,, <25+

is not bounded from the martingale Hardy space H,(G) to the Lebesgue space L,(G).
Moreover, if 0 < p < 1/2, {ny : k > 0} is a sequence of positive numbers and ¢ : N — [1, 00) is any
non-negative and non-decreasing function satisfying condition (18.34), then there exists a martingale

f € H,(G) such that the maximal operator, defined by sup WWL—"‘JMW))

martingale Hardy space H,(G) to the Lebesgue space L (G)

is not bounded from the
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Similar problems for partial sums and some general summability methods can be found in Are-
shidze, Persson and Tephnadze [9, 10], Baramidze [12] (see also [17,18]), Blahota [27], Blahota and
Nagy [30,32], Blahota, Nagy, Persson and Tephnadze [31], Blahota, Persson and Tephnadze [24] (see
also [21-23]), Blahota and Tephnadze [34-36, 78], Gat [40-42], Goginava [44-46], Mémic, Simon and
Tephnadze [62], Persson and Tephnadze [75], Nagy and Tephnadze [66-69], Simon [87,89,90], Simon
and Weisz [91], Smith [92], Tephnadze [94-96,99,104,106,107,109,114,117] (see also [51-53,59,61,63,
119]), Tutberidze [118,122-125], Weisz [130], Yano [133], Young [134].

13 Boundedness of maximal operators of Fejér means
with respect to the one-dimensional Walsh—Fourier series
on the martingale Hardy spaces

First, we state the following sharp result.
Theorem 13.1.

a) Let p > 1/2 and f € H,. Then the maximal operator o* of the Walsh—Fejér means is bounded
(a) Letp p p ]
from the Hardy space H, to the Lebesgue space L.

(b) There exist a sequence {ax} of 1/2-atoms and a sequence {qn, } of real numbers, where gy, :=
22mk 4 22ne=2 4 ... 4 92 4 90 gych that

(f |ank a|'/? d,u)2

sup < = 00. (13.1)
keN lakll .

Proof.
(a) First, we note that o, is bounded from Lo, to Lo (see (8.10) in Corollary 8.3). Hence, by
Theorem 10.1, the proof will be complete if we prove that

/|U*a|p dp < c< oo (13.2)
I

for every p-atom a, where I denotes the support of the atom a.

Let a be an arbitrary p-atom with the support I and u(I) = 2=M. We may assume that I = ;. It
is easy to see that o, (a) = 0 for n < 2. Therefore, we can suppose that n > 2. Since ||a||o < 2M/?,
it follows that

lomal §/|a(t)||Kn(x+t)|du(t) < \|a|\oo/|Kn(x+t)|du(t) §2N/p/\Kn(x+t)\du(t).
Iy

I]u 11\4

Let z € I]]\C/}l, 0<k<l< M. From Corollary 8.4, we can deduce that

21+k M(1 2 l+k
—r =G, - 2M/pm2) gtk (13.3)

lonal < Cp- M/ 2

The expression on the right-hand side of (13.3) does not depend on n. Thus,

lo*a(z)] < C, - 2MA/P=2) olFk for peIHl 0<k << M. (13.4)
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Using (13.4) combined with identity (1.2), we obtain

1

M-2 M- M—
/www =Y Y [ e dute) z/wwm>
k=0 l=k+1 :kM
A
M

k‘
+

Ik,l

M—2 M—1 -1
M@1-2p) _o(i+k) L oM@a-p)  opk
Cp o -2 L) Pt 501 2 p).gp
k=0 I=k+1 k=0
M-2 M-1 p(k+1) M—-1 pk
e S T g S 2 e
k=0 I=k+1
We estimate each term separately. For I, we have
M-2 M-1
M(1-2p)
I=cp-2 > Y i
k=0 l=k+1
M—2 M—2 M-1
2(1-p)k 9(2p—1)k 9(1-p)k
M(1-2 k(2p—1)
Scp-2 7 22 . Z 2 =€ Z Cp—D)M Z o(—p)l
k=0 I=k+1 =0 I=k+1
M— M-1 1 M—2
Z Mk)2p 1)22@ D=k = CPZ2M k:)2p 1)<C<OO'
k=0 I=k+1 =0
It is obvious that
M-1 2kp
ch,,kz oty < Cp < 0.
=0

We combine (13.5)—(13.7) to see that (13.2) holds, which completes the proof of part (a).
(b) Let ay be the 1/2-atom defined in Example 11.2. Using (11.7), we find that

‘ankak| = It 1K,
an

-t

Let x € Ing11(e2s—1 + €25). Then, in view of Corollary 8.6, we can conclude that

c- 245
|0, an ()] = Do

Hence,

nk3

/|0q ap|Y? dp > Z / |aanak|1/2du

Ize+1 ezs—1+eas)

neg—3 2 —
1(lasy1(e2s—1 + €25)) an
> c o Z
s=0 s=0
From (11.6) in Example 11.2, we have
(Jlow,ax2dn)*
G .
llak| m = 22n]z (22 > C”i —> 00 as k — oo.
1/2

Thus, (13.1) holds, so part (b) is proved.

Our next sharp result reads as follows.

(13.6)

(13.7)
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Theorem 13.2.

(a) Let f € Hysp. Then the maximal operator o* of the Walsh-Fejér means is bounded from H /o
to the space weak-Ly /5.

(b) Let 0 < p < 1/2. Then there exists a martingale f € H, such that sug llon fllweak-1, = +00.
ne

Proof. (a) By Lemma 10.3, we have to prove that
tu{xETM : o*aZtQ} <c<oo, t>0, (13.8)

for every 1/2-atom a. We may assume that a is an arbitrary 1/2-atom with the support I, u(I) = 2=M
and I = Iy;. It is easy to see that o,,a(x) = 0, when n < 2M. Therefore, we may suppose that n > 2M.

Let t € Ips. Since o, is bounded from Ly, to Lo, (see (8.10) in Corollary 8.3) and ||a|e < 22M,
combining (13.3) and (13.4) for p = 1/2, we get |0 a(z)| < C - 28 for z € Illf/}l, 0<k<lI<M,and

lo*a(z)] < C- 2" for z eI}, 0<k<I<M. (13.9)
It follows that for such k < I < M, we have the estimate |o,a(z)| < C-22M for z € I]l\“/}l, and also,
plrelll: o*f>C-22} =0, s=M+1,M+2,.... (13.10)

Suppose that
2tk > 925 for some s <k <1< M. (13.11)

It is evident that inequality (13.11) holds for all [ > k > s, that is,
2tk > 925 wwhere 1>k > s. (13.12)

If I > s >k, from (13.11) we can conclude that [ > 2s — k. Combining (13.9) and (13.12), we get

M-1 M s M
zely: o f>C2%) C zelt. o f>C-2%U zelll: ot f>C.2%
M M
k=s l=k+1 k=01=2s—k
and
M-1 M s M
pleeTy: o f>C 2%} < SAnHY S 1y
k=s l=k+1 k=01=2s—k
M-1 M 1 s M 1 M-—1 1 s 1 C
SOY D g+0>. D FS<D st g (1313)
k=s l=k+1 k=01=2s—k k=s k=0

In view of (13.10) and (13.13), we can conclude that 22°u{z € Ip; : o*f > 22} < C < oo, which
shows (13.8), as does part (a).

(b) Let aj, be the atom defined in Example 11.2. Using (11.7), we find that

1 _ 1 _ 1 _ 1 S 1
22n. 4 1 1= 221, 4 1= 22nk+1w0_ 22n, 1 = 92nk+l

|og2ny 4 ak| =

and 1
,u{x eG: |O'22nk+1ak($)| Z W} Z ILL(G) =1.

Therefore, using (11.6), we get

W (:u{x €G: |0'22"k+1ak(37)| > 227124-1 )1/p

lax m,

c
>

> o 22 (1/p=1) — o 92 (L/P=2) s o as k — oo,

and also part (b) is proved. O
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Note the following consequence of Theorems 13.1 and 13.2.
Corollary 13.1.
(a) There exists a martingale f € Hy /o such that |[o* fl1/2 = o0

(b) Let 0 <p < 1/2. Then there exists a martingale f € Hy such that ||0* f | weak-1, = 0.

14 Boundedness of weighted maximal operators
of Fejér means with respect to the one-dimensional
Walsh—Fourier series on the martingale Hardy spaces
Theorem 14.1.

(a) The mazimal operator o*, defined by

lon f
ek _ZeNlog( +1)

is bounded from the Hardy space Hy ;5 to the Lebesgue space Ly 5.

(b) Let (®,,n € N) be any non-decreasing sequence satisfying the condition

— log? 1
lim log’(n+1) _

n—00 b,

(14.1)

Then there exist the sequences {ay} of p-atoms and {qn, } of real numbers, where qy, = 22"~ +
22m=2 ... 422 4+ 20 such that

Tqn, Ok
52—l

Sup ————— = 0. (14.2)
keN ||akHH1/z

Proof. (a) It suffices to prove that

/|5*a(w)|1/2 dp(z) <c < oo (14.3)

I

for every 1/2-atom a, where I denotes the support of the atom. Let a be again an arbitrary 1/2-atom
with support I = Iy and u(I) = 2=M. Obviously, o, (a) = 0 for n < 2. So, we can suppose that
n > 2M,

Since [|a|s < 22M

, we obtain

lona(z)] 1
logQ(n +1) = logQ(n + 1)1[ 9] [n( 4 £)| ()

llalloo
1og n+1)

/\K (& + 1)] dpu(t) < /|K (& + 1) dpu(t).

7log (n+1)

Let z € I111(ex +e), 0 < k <1< M. Then from Corollary 8.4 it follows that

" . 92M 9l+k . 9l+k
‘”2 alz)l ¢ - . (14.4)
log (n+1) M2 922M M?2
Since the expression on the right-hand side of (14.4) does not depend on n, we have
2l+k Kl
lo*a(z)] S for zely;, 0<k<I<M. (14.5)

M?
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Applying (14.5) in combination with identity (1.2) we obtain

M-2 M-1 M—-1

/ Fa(@) 1 dp(z) = S 3 / Fra@ duta) + Y. [ 5@ duta)
k=0 I=k+1 k:OIk,M
M—-2 M-—1 M-—1
1 2H—k/2 1 2M/2 ok/2
c > 5 —I—CZ .
k=0 l=k+1

For the first term, we get

Moreover,
M—1

k/2 o C
H§2M/2MZQ <qfSe<oo
k=0

We conclude that (14.3) follows just by combining the above estimates, and thus the proof of part (a)
is complete.

(b) Under condition (14.1), there exists an increasing sequence (A, k € N) of positive integers such
that )
1 A 1
lim —8 kT2 (et 1) =

k— o0 (I))\k

It is evident that, for every A, there exists a positive integer m}, such that Iy, < Ak < Qi +1 < CGm), -
Since ®,, is a non-decreasing function, we have

— (m))? log?( A\, + 1
T ) s gy 08 et D

k—o0 q"";c k— o0 (DAk

2
L

Let (ng,k € N) C (m},,k € N) be a subsequence of positive numbers Ny such that klim 5
—00  dng
and let aj be the 1/2-atom defined in Example 11.2. Using (11.7), we find that

=

-1 9g., 0kl 1 g
|Uanak| = ks |ank 1| a‘nd - = - |

Any, " ®q,, g, A

an—l |

Let @ € Iosy1(ea5_1 + €25). Then, in view of Corollary 8.6, we can conclude that

|0q,,, ak(z)] c- 2%
= 52
D, 22 dy
Hence,
-3
i, | vz 70 12
> : ] d
/‘ B ZO (I)q”k 8
57V Loat1(eas—1+ess)
2 Sp(I2s41(€25—1 + €25) = cng
s+ s— s
zc Z /2 one > > 2,%(1)1/2 = 27116(1)1/2 :
s=0 dny : s=0
From (11.6) in Example 11.2, we have
Tany, Ok 11/2 2
(g| Ty, |12 dp) en2 , cn?
> - ko .92nk > k560 as k — oo,
||ak||H1/2 2 k(I)ZIn dny

Thus, (14.2) holds, and so part (b) is proved. O
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Corollary 14.1. Let (®,,n € N) be any non-decreasing sequence satisfying condition (12.13). Then

the maximal operator sup lons] ”fl is not bounded from the Hardy space Hy ;5 to the Lebesgue space Ly .
neN on

Theorem 14.2.

(a) Let 0 <p < 1/2. Then the mazimal operator oy, defined by
s f|
=sup ————F——
T =R G
is bounded from the Hardy martingale space H, to the Lebesgue space Ly.

(b) Let (®,,n € N) be any non-decreasing sequence satisfying the condition

— 1)1/p—2
g (1)

n—00 D,

= 0. (14.6)
Then there exists a sequence {ar} of p-atoms such that

|| gZZZI Hweak L,
sup
keN lla ||Hp

= o0. (14.7)

Proof. (a) First, we note that o, is bounded from Lo, to Lo, (see (8.10) in Corollary 8.3). Hence, by
Lemma 10.2, the proof will be complete if we show that

[ @ duts) < 6, < o0 (1438)

for every p-atom a, where I denotes the support of the atom.

Let a be an arbitrary p-atom with support I and u(I) = 2=, We may assume that I = Ip;. It is

easy to see that o,a = 0 for n < 2M. Therefore, we can suppose that n > 2M. Since ||a||o < 2M/?,
it follows that

|Una| 1
(n+1)1/p-2 = (n+ 1)1/r—2 /|a(t)||Kn($+t)|du(t)
I
< e i olann < 20 1Kol
= (n+ 1)1/p2 | K (z +1)] M()_(n+11/p2 | K (x4 t)] dpu(t).

Ing
Let z € I]l\“/}l, 0<k<l< M. From Corollary 8.4, we can deduce that

lonal C, - 2M/p  gltk .ol
(n+1)/p=2 = 2M(1/p—2) 22M
The expression on the right-hand side of (14.9) does not depend on n. Thus,

=C, - 21F, (14.9)

Gra(x)| < Cp- 2K for we ), 0<k<i<M. (14.10)
Using (14.10) together with identity (1.2), we obtain

[ Ea@p duta) g%/www>§/mwww
Tnmr

k=0 I=k+1 ne k:OIkM
M-2 M-1
<G Y. Z C 2th)/P 4 ) Z L gpM . gpk
k=0 l= k+1
M-2 M-1
zp 2
<G, +Cp Z gy = [+ (1411)
k=0 l=k+1 k=0
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We estimate each term separately:

M-2 M-1
op(I+k)
I= C Z Z 2l(1 2p) 22pl
k=0 l=k+1
M-2 M-1 1 M-2 M-1 1 M—2 1
<G Y. D, S = Cr iz < Cv > siaay < Op <oo. (14.12)
k=0 I=k+1 k=0 I=k+1 k=0

It is obvious that

Cp
= oM (1-2p) Z opM = QNI (1-2p) <c < oo (14.13)
k=

Combining (14.11) with (14.12), (14.13), we obtain (14.8) and part (a).

(b) Under condition (14.6), there exists an increasing sequence of positive integers (\g, k& € N) such
1/p—2
that klim A’&)A = oo. It is evident that for every A, there exists a positive integer mj, such that
— 00 k

dm), < Mg < 2¢y . Since (®,,n € N) is a non-decreasing function, we have

_92mi(1/p=2) 1 __ (92m} 4 1)(1/p—2) A\L/P—2
lim > — lim ( +1) > ¢ lim = 00.
k—oo <I>22m;€+1 2 k—oo <I>22m;€+1 k—oo Dy,
Let (ng, k € N) C (m},,k € N) be a sequence of positive numbers such that
92nk(1/p—2)
lim 2 — oo,
k—o0 @22nk+1
and ay, bethe atom defined in Example 11.2. Using (11.7), we find that
|O'22nk+1ak| = WKl = D1 = Wo = 1
and
|022nk+1ak| _ 1 > C
Poony g (I)zznkJrl(Zznk‘ +1) — 22nk¢)22nk+1 ’
Hence,
|og2n, 4 ak ()| c
eG: > Doon,, }> G)=1.
M{x Doy 11 = Dony, T2kl f = (@)
Therefore, using (11.6), we get
logeng g ak(2)] 1/p
22”kq>22nk+1 (/,L{.T € G : 2<I>22::,+1 2 22w’kq>(;2nk+1 })
llaxllm,
2np,(1/p—2
¢ .92nk(1/p=1) _ M — v 0 as k — oo
- 22”k(1)22nk+1 Doony g ’
and so part (b) is proved. O

We also mention the following corollaries.

Corollary 14.2. Let (P,,n € N) be any non-decreasing sequence satisfying condition (14.6). Then
the maximal operator sup lowfl "fl
neN &n

is not bounded from the Hardy space H,, to the space weak-L,.
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15 Boundedness of restricted maximal operators
of Fejér means with respect to the one-dimensional
Walsh—Fourier series on the martingale Hardy spaces

We first investigate the following restricted maximal operator.
Theorem 15.1.

(a) Let 0 <p <1 and f € Hy(G). Then the restricted mazimal operator c**, defined by
oy f = sup|ogk f, (15.1)
keN

is bounded from the Hardy space Hy ;5 to the Lebesgue space Ly s.

(b) Let 0 < p < 1. Then the operator |oan f| is not bounded from the martingale Hardy space H,
to Hy,.

Proof. Since oy, is bounded from L., to Lo, by Lemma 10.2, the proof of the theorem will be complete
if we prove that

/ o5 fIP du(z) < e < oo (15.2)

TJW

for every p-atom a. We may assume that a is an arbitrary p-atom with support I, u(I) = 2=
andl = I;. It is easy to see that ogn(a) = 0 for n < M. Therefore, we can suppose that n > M.
Let o € I). Since ||alls < 2M/P, we obtain

josnaa)] < / lat)] [ (z + )] dpt)

In

< ||a\|oo/\K2n(fU+t)|du(t) S2M/p/\K2n(fU+t)|du(t)- (15.3)

I]u I]W

Let z € Iy) where i < j < M. Then z +t € Iy] for t € Ij; and, according to (8.1) in Lemma 8.1,
since n > M, we find that
| Kon (2 +t)| = 0. (15.4)

Combining (15.3) and (15.4), we get
|oana(x)| = 0. (15.5)

Let z € I}QM, where ¢ < M. Then x +t € I}QM for t € Ip; and, according to (8.1) in Lemma 8.1,
we obtain
| Kon (x4 t)| = 2. (15.6)

Combining (15.3) and (15.6), we get
logna(z)| < 2MA/P=D+i, (15.7)
Let 0 < p < 1. Combining (1.2) and (15.7), we have

M-1 M—-1
JFasran=3 [ prans X [ 2ermae 3 0 <o

=0

_ i=0 . i=0
i, M i M
Im Iy Iy

We conclude that (15.36) holds for 0 < p < 1, so the proof of part (a) is complete.
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Let aj, be the p-atom from Example 11.2. Using (11.7), we find that |og2n,+1a] = [Ko2n,|. It is
evident that

Sox (joseme a4 (z)])
/ a2om (ODos (0 ) dilt) [ Joans Fu®IDs a4 0) du(t)

I2nk

>c [ K ODo (a4 O du(t) 2 ¢ 22 [ Dyl 1) dut).

I2nk I?nk

Since w;(t) =1 for t € Iop,, j =0,1,...,2%" — 1, we obtain

Son (|ogzng+1ax(z)]) > ¢ 22 Dyn(x), N=0,1,...,2Y —1,

Snr
so that
sup SQN(‘U?%H%@)D >c¢ sup S (|022"k+1ak(x)|) >c sup  Dyn(2).
1<N<22nk 1<N<22mk 1<N<22nk
Let x € I \ I;4 for some s =0,1,...,2n; — 1. Then, from Lemma 5.1, it follows that

sup  Son (Jogenrrag(z)]) > ¢ 2°.
1<N <227k

According to (11.6), for every 0 < p < 1, we have

p

H |022nk+1ak\ ||Z;Ip = H sup SQN(|O'22nk,+lak(IL')|)

1<N<2n4 P

> [ sup S (foneian(e)])) dute)

1<N<22nk
21’1)@71 p
> / ( sup SQN(|022V,Lk+1ak(x)|)) du(x). (15.8)
s=1 1§]\[<22n,C
I N\To41
Let 0 < p < 1. Then
an 1
| [og2n+1 ] HH >c Z — =C, > 0.
Let p = 1. We find that
2’ﬂk71
H |0’22nk+1ak‘ HHl >c Z 275 > CNg. (159)
s=1

Combining (15.8) and (15.9) with (11.6) in Example 11.2, we can conclude that

lowmia s, . G,
lax|m, = 9ani-1/p) 00 B8 k—o0, 0<p<1,
and for p =1, we have || |ogzn,+1ag| || gy l|akl| g, = cng — 00 as k — oo. .

Corollary 15.1. Let 0 < p < 1. Then the mazimal operator o, defined by o¥ f := sup |oan f| is

bounded from the Hardy space Hy, to the Lebesgque space Ly, but it is not bounded from the Hardy space
H,, to the Hardy space Hp.

Proof. Since
|oon f| < o7 F, (15.10)

this result follows from Theorem 15.1. O
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Corollary 15.2. Let 0 < p < 1. Then the operator |oan f| is bounded from the Hardy space Hy to Ly,
but is not bounded from H) to Hp.

Proof. Using (15.10), this result immediately follows from Theorem 15.1. O

Since Don < 2K5n for any n € N, we obtain that the following statement is true.

Corollary 15.3. Let 0 < p <1 and f € H,(G). Then, for any n € N, we have

152 fllp < 2llo2n fllp < 20* fllp < c £,
where ¢ is an absolute constant.
Next, we investigate the case p = 1/2. The following result was proved in [15].
Theorem 15.2.

(a) Let f € Hyjo(G) and {ny : k > 0} be a sequence of positive numbers, and let {ns, : 1 < i <
r} C {ng: k> 0} be the numbers such that 2° < ng, < mng, <--- <n, <251 se N. If the
sets Ag, defined by (2.4), are uniformly finite for all s € N, that is, the cardinality of the sets A

is uniformly finite, i.e., sup |A| < ¢ < oo, then the restricted mazimal operator a*V , defined by
seN

7V f =sup|o,, f| (15.11)
keN

is bounded from the Hardy space H, 5 to the Lebesgue space Ly 5.

(b) (Sharpness) Let sup |As| = co. Then there exvists a martingale f € H,/o(G) such that the
seN

mazximal operator, defined by (15.11), is not bounded from the martingale Hardy space Hy o to
the Lebesgue space Ly ;.

Proof. Since o, is bounded from L., to L, the proof of theorem, according to Lemma 10.2, will be
complete if we prove that

/ ( sup |0n5ka(m)\)1/2 du(z) < e < oo (15.12)

s EN
Tm
for every 1/2-atom a. We may assume that a is an arbitrary 1/2-atom with support I, p(I) = 2=M
and I = Iy and 0,,(a) = 0 for n < 2M. Therefore, we can suppose that n,, > 2.

Let x € Iy and 2% < n,, < 2°F! for some n,, > 2M. Since ||a]|o < 22, we obtain

9, 0(a)| < [ Jalt)| |, (& + )] du(t)

Ing

<l [ 1Ko, (o Oldu(®) <22 [ |, (@ 4+ 0] du(e). - (1513
In Int

Using Lemma 8.5 and (2.4), we get

S oo

|K"Sk| = nc (2l:k KZZixk + 2m:k szzk + 2l;k 2 : DQ’“)
5k A=1 k:lj‘qk
< (& 2 2lAK ma la >
~ ? 2la + 2 KQ’"A —+ 2 E D2’“

A=1 k=la
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and
2M M 5
lon,, a(z)] < 2 Z 24K s, (x4 1) dp(t)
A=1p
(2’”2 /2mAK2m (x4 t) du(t )) <2MZ /21 Z Do (z +t) du(t ))
A=1p A=1p, k=15,
If we denote
II1 QM/QQAKZQ (x+t)du(t), a=1 or a=t,
I (x —2M/2lA Z Do (x4 t) dpu(t),
k=13
from (15.13) we can conclude that
Tl Tl
2AI s s )
\anSka(as)| < 5 (Z IIls )+ Z It x) + Z Illi‘(a:))
A=1 A=1
and ) .
sup o, alx ) < 2 . (ZH}S + 311k (o) + > 11 (:c)).
2°<na), <271 2 A=1 e
Hence,

/ ( sup |on., a(z) |) i du

27 <n,, <25+1

Iy

2M/2

S S (Z/|st 1/2du+2/|111 \1/2du+2/|lll3 |1/2du) (15.14)

Since supr! < r < oo and supr? < r < oo, we find that (15.12) holds, so part (a) will be proved
seN seN
if we prove that

/|Ilfz(x)|1/2d,u§c<oo, A=1,...,r} (15.15)
7IVI
and
1 1/2
/ (15 ()7 dp < ¢ < oo (15.16)
Tm
forallas =15, A=1,...,rl and a5 =m%, A=1,...,r2 Indeed, if (15.15) and (15.16) hold, from
(15.14) we get
1/2 1/2 X .9M/2
/( sup |on, a(x) ) du < Z / sup |on. a(x)|) dp < Z Cﬁ < C < o0.
ne,>2M " 29<n,, <2st1 " =%

I M

It remains to prove (15.15) and (15.16). Let t € Ip; and = € Ijlf/}l. fo<k<l<a)y <Mor

0<k<l<M<a$,thenz+t e I]If/}l, and if we apply (8.1) in Lemma 8.1, we obtain K (z+1t) = 0
and
1 —
11}, (x) =0. (15.17)
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Let 0 <k <a% <l <M. Thenz+t € Ijlf/}l, and if we use (8.1) in Lemma 8.1, we get 2°4 K a5 (z41) <
204tk 3o that
ITL. (z) < 204tk (15.18)
A

Analogously to (15.18), we can prove that if 0 < a% < k <1 < M, then QO‘AK o (z+ 1) < 2%0%,
tely,zc Ijlf/}l so that
I}, (x) < 2%, te Iy, z €Iy, (15.19)

LettEIMandeIkMandletO<k<a <M0r0<k<M<aA Slncex—l—texelkM
and if we apply (8.1) in Lemma 8.1, we obtain QQAK as (T +1) <29k and

T}, (x) < 2%ath, (15.20)

Let 0 <aj <k < M. Since v+t €x € I]’f/}M, and if we apply (8.1) in Lemma 8.1, we find that
290K o5, (x4 t) < 22°% and
I, (x) < 2%, (15.21)

Let 0 < o < M. Combining (1.2) with estimates (15.17)—(15.21) for any A =1,...,s, we have

M-2 M-1
/|U1 WWodp=>" > /|H1 \1/2du+z /\Hl ()" dp.
T kOlk+1kl kOIkJM
M

as—1 M-2 M-1

SCZ ZM_l/Q(aA+k/2d‘u+CZ Z /QO‘Ad,u

k=0 l=a% e kaAlkJrlIkl
af—1
+cz / O‘A““/Qd,u+cz /QQ'Zdu
kOIkM kaAIk,M
aiz—1 M-1 o(ad+k M=2 M=l g3 aAlakz M—1 .4
<X ¥ EE S Y R R FE e Y fsees
k=0 I=as+1 =k+ k=as3,

Analogously, we can prove that (15.16) holds for the case a®% > M as well. Hence, (15.16) holds, and
it remains to prove (15.15).
Let t € Ing andz € I; \ Ij41. If <15 — 1, since x +t € I; \ I;11, using Lemma 5.1, we have

11 (x) = 0. (15.22)

If 15, <14 < M, using Lemma 5.1, we obtain

T3 (x) < 2™ /2l Z Doi(x + t) dp(t) < ¢ 284, (15.23)
k=I5

Let 0 <% < M. Combining (1.2), (15.22) and (15.23), we get

15-1 M—1

/uﬂ \1/2du—(z+ > ) [ @M

— s
=5+l Ii\Lit1

<CZ |2 dua) ) <o 3 2z, 5 <C<oo. (1524)
YAV =l
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If M <15, then i < M <[5, and applying (15.22), we get

/ 117, () dp = 0. (15.25)

I'n

Thus, (15.15) will be proved just by combining (15.24) and (15.25), and so part (a) is complete.

We now turn to the proof of part (b).

Under condition (14.6), there exists an increasing sequence {ay : k > 0} C {ng : k > 0} of
positive integers such that

— 1

E <e < oo. (15.26)
2

= A

lak|

Let f = (f1, f2,...) be a martingale form Example 11.3, where

1
)\k'

T Aol and ag 1= 2/ (Dyjay 1 = Dyjayl).
ag

Applying Lemma 5.3 and (15.26), we can conclude that f € H 5.
It is easy to prove that

9lak|
A ge el okl 13k =0,1,...,
e vk |
fG) = ’ o0 (15.27)
0, j | Jfalel, . et 1y,
k=0
Let 2lo¢l < j < ay,. Using (15.27), we get
it (D,_Dla‘).Qlakl
Sif =Sy f+ D> Fw)wy = Spapi f + 2 A? 5 (15.28)
ol [ Ao |
Let 2lovl < q < 2l@kl+1 Then, using (15.28), we find that
1 2l 1 s,
oo =4 > Sif+ . > S
n j:1 n j:2|ak\+1
Oglapl f (g — 2'0"‘“)52\%\]0 2lel on
_ D; — D,
. + . + Ao [0s, Z (D; glel)
j=2lokl41
=111+ 111, + 111;5. (15.29)
Due to Lemma 5.3, we get
glag| | @en 2!
Qg n
|I115] = T ‘ Z (Djialon — DQWM)’
‘ \Oék||a5n j=1
as, —2!%k!
olak| ‘ n olak|
= Dj| = ———— (a,, =21 DK e
Ao | 2= 2™ o vy gt

j=1

> —— (g, =21 |K,  ep]. (15.30)
2|A|Otk‘| Sn 21%%k

Using Corollary 15.3, we find that |[I111|;/, < C and |[I113];/, < C.
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Let 2loxl < s, Lag, << a,, < 2lakl+1 he natural numbers generating the set
Aoy = {lllak‘,llfk‘ llak\ }U {mlak‘vm‘;ﬂcl kl }

and choose a number .

Tn M

D IPIEE

i=1 k=I7

where
mlo#] 3 1041 5 108 >l 5 o s o g s ple s el 5 g
for some 1 < n < r such that llf‘"‘l =1; for some 1 <u < r‘lakl, 1<i<rl
Since p{F;,} > 1/24+1 by Corollary 8.5, we get

/ | * Vf‘1/2 du > / | |1/2 > 2(2li76)/2 1 > 1 (15 31)
g Oa, = - = . .
"= g NS (A D2 255 = 2([Ay,, )17

[k |

On the other hand, we can also choose a number «; , where 1 < n < r such that mluak I — m;
for some 1 < u < r|2ak\’ 1< < r|206k|. According to the fact that u{E,,,} > 1/2™i3  using again
Corollary 8.5 for some oy, and 1 <4 < 2 we also get

/|J*vf‘1/2d,ut>/|0agn 1/2 M

1 1 1
> ... om0z, > . (15.32)
V2 ([Aja, )2 2mits = 21(|Aja, )2

Combining (15.31)—(15.32) with Proposition 8.7, for sufficiently large oy, we get

~x% 1/2 1/2 1/2
/wﬂwﬂwzwmmﬁwmbwfwnmmg

|Otk\ \akl

Z /|a*’vf|1/2d,u+ Z / |0*’Vf|1/2d,u 20
Ey,
1 1 2 (|4 )2
Z W(Tm' +ri) —20 > S—5— — 00 as koo,
so part (b) is also proved and the proof is complete. 0

In particular, Theorem 15.2 implies the following optimal characterization.

Corollary 15.4. Let f € Hy/5(G) and {ny : k > 0} be a sequence of positive numbers. Then the
restricted mazimal operator o*V , defined by (15.11), is bounded from the Hardy space Hy/y to the
Lebesgue space Lyjo if and only if any sequence of positive numbers {ny : k > 0} which satisfies
ny € [2%,25%1), ds uniformly finite for each s € Ni and each {ny : k > 0} has bounded variation, i.e.,
sup V(ng) < ¢ < o0.

keN

Theorem 15.3.
(a) Let 0 < p<1/2 and (o, k € N) be a subsequence of positive numbers such that

supd(ag) = »x < ¢ < 00, (15.33)
keN
where d(n) is defined in (2.1). Then the mazimal operator o**, defined by 7 f := sup |oq, f|
keN

is bounded from the Hardy space H) to the Lebesgue space L.
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(b) Let 0 < p < 1/2 and (ak, k € N) be a subsequence of positive numbers satisfying the condition

sup d(ag) = oo. (15.34)
keN

Then there exists a martingale f € H,, such that

sup ”Uakf”weak—Lp = 0. (15.35)
keN

Proof.
(a) Since 0% is bounded from L, to Lo, the proof of part (a) is complete if

15 @) << o0 (15.36)

holds for every p-atom a with support I and u(Iy) = 2=™. Analogously to the proof of Theorem
14.1, we may assume that nj > 2M.
Since ||al|oo < 2M/P, we find that

Oneal] < / a(t)] [ Fony (-+8)| dpa(8) < [la]lo / K, ()] dp(t) < 2V/7 / Koy (2-+)| du(t). (15.37)

I]\/j I]W II\/I

Let z € I}kj, where ¢ < j < (ng). Then z+t € I}wj for t € Ips and, according to (8.1) in Lemma 8.1,
we obtain | Ko (z+t)| = 0 for all (ng) <1< |ng|. Letz € I}],0<i<j < (ng) <l <|ng|. Combining
(8.1) in Lemma 8.1, Lemma 8.2 and (15.37), we get

[n|
loneal@)] <2MP N Ky (@ + 1) du(t) =
I=(nk)r,,
Let z € I}-\}j, where (ng) < j < M. Then, in view of Corollary 8.4, we can conclude that

c- 2t
[ 1Kot 01 dutt) < <

Ing

Using again (15.37), we obtain |o,, a(z)| < C), - 2M1/P=2) . 2747 If we define ¢ := min(ay), then we

have N hen
[0"%a(z)| =0 for z €I}/, 0<i<j<o (15.38)
and
55%a(x)| < Cp - 2MA/P=2) 9 for p eIl i<o<j<M-—1. (15.39)

Let p = 1/2. Combining estimates (15.38) and (15.39) with (1.2), we conclude that

M-2 M-1

/|0*’A(L|1/2d[1,_ Z Z /|0*’Aa|1/2dp—|— Z / |~*A 1/2
=0 j= z+1 1= OﬂM
o—1 M- M-2 M-1 M—-1
<3 Z /|0*,Aa|1/2du+ D /|a*,Aa|1/2dM+ / 1524] 12 dy
1=0 j=p IZ] i=Q j= 'L+1 i=0 I;CIM
M-1 M—-2 M-1 1 M-1 21/2
i/2 i/2
RLDS WHZ? D mmted gup
=0 j=o+1 Jj=i+1 =0
M—2

1 . 1
SC-QQ/Q-W-FCZQUQ W+C<M—Q+C§C<OO.
=0
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Let 0 < p < 1/2. Combining (15.38) and (15.39) with (1.2), we have

M-2 M-1

/w rai= Y Y [t Paut 3 [ #ealra
=0 j= z+1[7J i= OI’”M
o—1 M- M-2 M-1 M-1
SZ Z /\a*’A P dp + Z Z /|a*’A P du + / |5*,Aa|pdu
1=0 j:g i i1=p j=i+1 11 =0 oM
M
M-1 1 M—-2 M-—1 1 M-—1 2pi
o(1-2p)M i (1—2p)M i
Scp 2 ! Zzp Z 2(1 p)i +2 ! Z 2 Z 2(1 p)j +Cp Z 2pM
=0 Jj=o+1 i=p j=i+1 =0
C .2(172p)M ng|—(n - n —
31’2(1_721))9+0p§0p.2(\ kl=(ne))(1=2p) 4 & :C’p.Qd( ©) (1 2p)+0p<00.

We conclude that (15.36) holds for 0 < p < 1/2, so the proof of part (a) is complete.
(b) Let (ng, k € N) be a sequence of positive numbers satisfying condition (15.34). Then

sup 24%) = o0, (15.40)
keN

Under condition (15.40), there exists a sequence (ay, k € N) C (ng, k € N) such that

oo

1
Z od(ar)(1—2p)/2 < Cp <o

Let f = (fn,n € N) be the martingale defined in Example 11.4, where

1

A = 2d(ar)(1/p—2)/2

(15.41)

Applying Theorem 10.1, we can conclude that f € H,. Using (11.19) with A\ defined by (15.41), we
obtain

olokl/2p . 9ler)(1/p=2)/2 {2|(¥k" o, 2lewl L 1}, keNg,

() = o0 15.42
f(j) O, j¢ U{z‘ak|772|ak‘+1_1} ( )

k=0

Therefore,
olagl ak
O f = — Z S; f+— S Sif=I+11
] =21kl 41

Let 2l@¢l < j < ay. Then, according to (15.42), we have
Sif = Sptapi [+ 21020 ler) W=D 2D (15.43)

Applying now (15.43), we can rewrite IT as

— 9lok] olakl/2p . 9fauw)(1/p=2)/2y, Ok
= = « Solart [+ a e Z Dj—Q“‘kl =I5 +1I,.
k b j=21okl 41

Using Corollary 15.3, we get

2law]
||I||weak L, ( ) ||0-2‘“k|f||weak L, < ||02‘“k|f||weak L, < C ||f|| (1544)
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and
ap — 2‘0‘
HIIl||;'lyueak—Lp S (T) ||S2‘ak|f||weak Ly, < C ||0-2“"k‘f||weak Ly S C(prHpHp < 00. (1545)

Under condition (15.34), we can conclude (ay,) # |ag| and (o, —2!%#1) = (o). Let 2 € I<<o”€>>+11 o)
According to Corollary 8.7, we find that

_ologl
olaxl/2p . 9(ak)(1/p—2)/2 | k2
1| o > D

olarl/2p . 9{ar)(1/p—2)/2

= - (ke — 21N K, il

j=1
> ¢ glarl(1/20-1) _9len)(1/p=2/2(q _glewl)| K> e glenl(1/20-1) gl (1/p42)/2,
> o —2lonl| =

It follows that

|1 L|" e (2 glaxl(1/p=2)/2 <ak>(1/p+2)/2)p
% ,u{x €G: |l >C, .Qlakl(l/p—Q)/2 . 2<ak>(1/p+2)/2} -G,
>C,- 9lakl(1/2=p) 9 (ak>(1/2+P)M{]a +1 (o) } > C, L9d(ar)(1/2-p) o as k — oo. (15.46)

Combining now (15.45) and (15.46), we can conclude that

||Uakf||weakL > ”IIQ”weakL ”IIlH'weakL HI”ieak—LP

= 5 ||IIQ||Z)60J€—LP 2 CP : 2d(ak)(1/27p) —r o0 as k— 0,

which proofs part (b). O

16 Convergence in norm of Fejér means with respect
to the one-dimensional Walsh—Fourier series
in the martingale Hardy spaces

Theorem 16.1. Let 0 < p < 1 and f € H,. Then there exists an absolute constant C, depending
only on p such that |loon f|la, < Cpllfllm,-

Proof. In view of Corollary 15.1 and Proposition 11.2, we conclude that
loran fllar, < | sup Jow fl|| < Cyllfla,. O
0<i<n P
Theorem 16.2. There exists a martingale f € Hy /o such that
sup [|op fll1/2 = oo. (16.1)
neN

Proof. Let f = (fn,n € N) be the martingale defined in Example 11.5 in the case p = ¢ = 1/2. We
have

22% Qo
Tgu [ = — Z Sif + o — S Sif=III+1V. (16.2)
k J 22ak+1

According to (11.25) and (11.28) for p = ¢ = 1/2, we conclude that

920y
24ak,1+1 22ak 24ak,1+1 22ak
[I17| < — |S: f| < < < . (16.3)
qoy, ; ,1/21 oy, a}1€/21 160¢Z/2
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Applying (11.27) obtained by letting | = k, we can rewrite IV as

—200)Shan [ 22, e
IV = (q()ék ) 22 kf 1/121]22 K Z Dj,22f¥k = I‘/vl +I‘/2
th)g Ozk qak j:22°‘k+1

According to (11.28) for j = 22% and invoke estimate (11.25) for p = ¢ = 1/2, we find that

24ak_1+1 2204;c
IV < |Sper fI S —75— < —575 - (16.4)
o 16a,
Let « € Iopy1(ean—1 +e2p), n= [QQT’“] +1,...,a, — 3. Applying Corollary 8.6, we have
144qak_1|KQak—1(x)| 2 24,
Hence, for 1V5, we readily get
22ak oy, —1 220% Gor—1 qak71|Kq 71‘ 247]
IIV2|=7‘w2w Dj| = —— =5 |Ky,, 1| > o > . (16.5)
o 2q0 ; T oy ol 20,/ 2880,
Therefore, using (16.2), (16.3), (16.4) and (16.5), we find that
c 14422«
|0ge, f(2)| > [TVa] — (ITT] + |TV4]) > 7 (24" - ) (16.6)
k

Thus, for a sufficiently large k, we have 227 > 1442%  where a;, > 1, and it follows that for some
c>0,

- 24 20
‘Uqakf(z” > W’ x € Inpq1(ean—1 +e2y), n= {Tk} +1,...,a, — 3.
k
Hence,
ak—B
/ 0, f@ 2 dp() = > / 04, £ ()2 dpa()
G n:[2ak/3]+112n+1(62,7_1+e,2n)
c o —3 c arp—3
= 1/4 Z |1271+1(62n—1 + 6[2n)| -2 > 1/ Z 1> ozi/4 —> 00 as k — oo.
Op p=[204/3]+1 Qi n=[204/3]+1

Thus (16.1) holds. O

We also point out the following consequence of Theorem 14.1 which will be used later.

Corollary 16.1. Let f € Hyj;. Then there exists an absolute constant c such that

lonfllije < clog®(n+ V)| flla,,,, n €Ny (16.7)

Proof. According to part (a) of Theorem 14.1, we readily conclude that

o0 f]

onf
H T T e S
nen log®(n + 1) ll1/2

oDl =
log”(n +1)111/2

CHf||H1/27 n €Ny,

which implies that (16.7) holds, and the proof is complete. O
The following statement, which is a consequence of theorem 14.2, will be needed later.

Corollary 16.2. Let 0 <p < 1/2 and f € H,. Then there exists an absolute constant C, depending
only on p such that
lowfllp < Cp(n+1)YP72(|f |1z, n €Ny (16.8)
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Proof. According to part (a) of Theorem 14.2, we conclude that

onf |00 f| ‘
I L < [ <C , eN 7
H m+ 07zl = IR o ezl = wllfllm,, n €Ny
which implies that (16.8) holds. 0
Corollary 16.3. Letp > 0 and f € H,(G). Then HO’2kf*fHHp(G) — 0 ask — oo and ||02kf||Hp(G) <

Cpll fll 1, (), where Cy is an absolute constant.
Since Dan < 2K for all k € N, we find that the following statement is true.

Corollary 16.4. Let p > 0 and f € Hy(G). Then ||Sorf — fllz, (@) — 0 as k — oo and || Sor f —
M, < Collflla, @), where Cy is an absolute constant.

17 Modulus of continuity and convergence in norm
of Fejér means with respect to the one-dimensional
Walsh—Fourier series in the martingale Hardy spaces

In this section, we find the necessary and sufficient conditions for the modulus of continuity in the
martingale Hardy spaces H, that ensure the convergence of partial sums. We also describe and
motivate the sharpness of these results.

Theorem 17.1. Let 0 < p < 1/2 and f € H,. Then there exists an absolute constant C, depending
only on p such that ||o, flla, < Cpnl/P_2||f||Hp.

Proof. According to Proposition 11.2 and Corollary 16.2, we arrive at
lon fllz, < NS* Fllp + o™ fllp + lonfllp < 1 fm, + Con' P2 fllm, < Con'P=2| fllm,.  (17.1)
The proof is complete. O

Remark 17.1. Note that the asymptotic behaviour of the sequence (nl/p_z,n € N) in Theorem 17.1
cannot be improved (cf. part (b) of Theorem 14.2).

Theorem 17.2. Let f € Hyso. Then there evists an absolute constant C such that ||on f|#,,, <
Clog” nl|f |, -

Proof. According to Theorem 17.1 and Corollaries 15.1 and 16.1, if we invoke Proposition 11.2, we
find that

o fllery o < NSF Fllye + 0™ flije + llowfllyz < 1fllm, . + clog® nll flm,,, < Clog®nl| flm,,. O

Remark 17.2. Note that the asymptotic behaviour of the sequence (log2 n,n € N) in Theorem 17.1
cannot be improved (cf. part (b) of Theorem 14.1).

Theorem 17.3.
(a) Let 0 <p<1/2, f € H, and
1 1
Then ||onf — flla, — 0 as n — occ.

(b) Let 0 < p < 1/2. Then there exists a martingale f € H,, for which

w(%,f)Hp = O(m) as n — 0o

and ||onf — fllweak-z, - 0 as n — co.
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Proof.
(a) Let f € Hy, 0 < p<1/2and 2V < n < 2V Making some routine calculations, we get

OnSan f— Sy f = — ZSkSQNer— Z SSon f — Son f

=2N 41
—Zskf+f Z Son f = Son f = — Zskf+ Y S S S
212\[2 +1 N
702Nf—7521\ff— (52N02Nf Ssz) 7S2N(U2Nf—f)'

Hence,

lonf = flle, < lonf —onSa fllfy, + llonSan f = Snn flla, + 1927 f = fll,
= llon(Son f = N, + 1S2n f = fllfy, + llonSav f = Son fIIfy,

_ 1
< G + 1)y (5+f) + 182w (0o £ = DI
Then, according to Corollary 15.3 and Theorem 16.1, we obtain

Sox f — fllm, — 0 as k — oo, (17.3)
logr f = flla, =0 as k — oo. (17.4)

Thus,

2PN
lon o | = Son fllfy, = ——= 192 (025 f = [y,
< |[Son (oon f = Oy, < lloav f— fliy, — 0 as k — oo,

It follows that, under condition (17.2), |0 f — f|lm, — 0 as n — oo, so, the proof of part (a) is
complete.

(b) Let f = (fn,n € N) be the martingale defined in Lemma 11.3, where \; = W
Combining (11.22) in Lemma 11.3, we conclude that f € H, and

L 1 1/p 1
pr(277f) = ( > m) :O(m) as n — 00.
{k,2ap, >n}
A simple calculation gives

22(113, j€{22a"’,.--722ai+1_1}7 iEN+,

) = B NO{QQ%?..W?WH_H. (17.5)
=0

By (17.5) we obtain

||0-22ak+1f - waeak—Lp

_H22%022ak o Spanf  2%%wgpa, .,  220nf f

220 41 22k 4] 20k 41 2241 22 41

weak-Ly

920 2, 1
||S22% f - f”weak—Lp

> WHUJQ%% ||weak—Lp — W||0'22akf - f”weak-L,, - W
22ak

Z éﬁg@‘;ji'—'0(1> as k — oo.
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Therefore,
22
lilrcrisip llogzar 1 f = fllweak-L, > hmsup 22&7“ >c>0.
Hence part (b) is proved, and so the proof is complete. O
Theorem 17.4.
(a) Let f € Hyp and
le/Q( n7f> —0(7112> as n — oo. (17.6)

Then ||lowf — fll#,,, — 0 asn — oco.

(b) There exists a martingale f € Hy o for which

1 1
it (5o £) = 0(37) a5 m o oc
and ||onf — fll1j2 = 0 as n — oco.

Proof. Let f € Hy /3 and 2N < n < 2N+ Using identity (9.1), we find that

1/2 1/2 1/2

lowf = Fli2, < llonf = onSan FlI312, + llowSan £ = San Fli7, + 1San f = £II347,
= llow(Saon £ = P2, +1San f = FI32, + llowSan f = Saw FII37,

12 (1 1/2
c(log? n + wif” (2N , f) + lonSox = Saw FIH2,.
Combining (17.3), (17.4) with equality (9.1), we have
12 2N 1/2
||O'n52Nf - 5’2Nf||111/2 = 7 HSQN (O'QNf — f)||H1/2 — 0 as k — oo.

It follows that under condition (17.6), |lowf — fllm,,, — 0 as n — oo, so part (a) is proved.
(b) Let f = (fn,n € N) be a martingale from Lemma 11.7, where p = 1/2. Then f € H,/, and

1 1
le/z(%,f) :O(ﬁ) as n — o0.

Hence,
22k+10_ 1 ok 22k+1
qukf — f — 22k+1f + Z S f o f o q2k—1f ) (177)
g2k qar PR ok qar

Let 22" < j < gor. Combining (11.37) and (11.39), we have

dak 2’€+1 Aok 1

1 qok _ 1522k+1f 22k+1
Ton Z Sif = 92k ZD

qak
j=22F1 41

2k+l
B QQk,1322k+1f n 2 Wook+1 Q2’°71Kq2k_1
dzk Gon - 22F

Due to (17.7), we obtain
1/2
loay f = Fl115

k+1 1/2
c 1/2 2 1/2 Gok—1 1/2
> ok ||q2k711<q2k_1||1/2 - ( Gor ) ||022k+1f - f||1/2 - ( o ) H»S'szﬂf le/z- (17~8)
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Let © € Ingi1(eas—1 +e2s), s = 1,...,2F — 2. Moreover, applying Corollary 8.6, we find that for
some ¢ > 0, qo—1|Ky,,  (2)] > 2% 5o that

2k _2 2k _2
1
/|Q2k—1Kq2k,1|1/2 dp = c Z / |Q2k—1Kq2k,1|1/2 dp > c Z 92511 225 > ¢ 2k, (17.9)
s=0 2s—1,2s s=1
2s+1

Combining (17.8) and (17.9) we obtain limsup |0y, f — f|l1/2 > ¢ > 0, which implies part (b). O
k—o0

18 Boundedness of restricted and weighted
maximal operators of Fejér means with respect
to the one-dimensional Walsh—Fourier series
on the martingale Hardy spaces

Our first theorem of this section was proved in [8].
Theorem 18.1.

(a) Let f € Hyjy and {ny : k> 0} be a sequence of positive numbers. Then the weighted mazximal
operator 5V, defined by

Y fr=sup
keN [Ajn, (12
is bounded from the Hardy space Hy ;3 to the Lebesgue space Ly 5.

(b) (Sharpness) Let sup |Aj,,|| = oo and {pn} be a non-decreasing sequence satisfying the condition
keN

= | A2
im ———— =
k—o0 mek‘
Then there exist the p-atoms a,, such that
[ sup st H
rehr P
lak |,

Proof. In view of Lemma 10.3, the proof of part (a) will be completed if we prove that

|om., a(@)[\1/2
<5up 7) du(z) < ¢ < oo for every 1/2-atom a. (18.1)
keN ‘A|ng |‘
In

We may assume that a is an arbitrary 1/2-atom, with support I, where u(I) = 2=M and I = I,;.
Since 0,6 = 0, when n < 2™, we can suppose that Ng, > oM

Let z € Iy and 2° < n,, < 2°F! for some n,, > 2M. According to [allec < 22 and |ng, | = s,
using Lemma 8.4, we get

|on,, al@)] _ 22V
Ny s

M

‘A |225 (2”12/21A|K,e (z+t)| du(t )) . T;S (2MZ/2tA|K (z+t)| du(t ))

|A |223 (2M Z /2z ZDQk (2 + 1) dpu(t )). (18.2)

k=l;
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Defining
IIls (x) := 2M/2O‘Z|K os (1) du(t), a=1 or a=t,
I (x —2M/2lA Z Dor(z +t) du(t),
k=15,

from (18.2) we can see that

1
|0ns CL| & 2
sup SR ‘A |22$ <§ :ILQ + § 11 +A§_1Hl;).

2
25<n,, <25+1 | A}, |

Hence,

On, @ \1/2
/( “up |i‘2) i
S N o Al

Iy
2M/2
= Ay (Z/'”“

Since suprs < |A4| and supr? < |A,|, we find that (18.1) holds, so the theorem will be proved if
seN seN
we prove that

1/2du+2/|II}s 1/2d,u+2/\Hls 1/2du> (18.3)

/ (117 ()] du(z) < e < oo, A=1,...,7}, (18.4)
Tu
and
/ 115 ()] dp(w) < ¢ < o0 (18.5)
Tu
forall oy =15, A=1,...,rtand o5 =t5, A=1,...,72.

Indeed, if (18.4) and (18. o) hold, from (18.3) we get

/( |on,, al )1/2 - / |om., al \1/2
a3 vl
N, sau A 12 25<nsk<25+1 | A, 112

I
c-2M2 1 2 ¢-2M/2
_Z 28/2 S (27” +T) ZIVIW<C<OO

It remains to prove (18.4) and (18.5).
Letteyandze Il f0<k<l<ay<Mor0<k<l<M<as,then z+te IV and if
we apply (8.1) in Lemma 8.1, we obtain
Ky (@ +1) =0 and I, (z) = 0. (18.6)
Let 0 <k <oy <l < M. Then z+1t € III\C/}Z, and if we use (8.1) in Lemma 8.1, we get
20% | K yos, (x +1)] < 204tk g0,
I, (x) < 2%ath, (18.7)

Analogously to (18.7), we can prove that if 0 < a% < k <1 < M, then 2“Z|K2a54 (x +1)| < 2%,

tely,xz¢€ Ijlf/}l so that
s k.l
Il (x) <2°%4, te Iy, xely. (18.8)
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LettEIMandeIkaorO<k’<a <M0r0<k‘<M<af4. Sincex—i—texelf/}M,if

using again (8.1) in Lemma 8.1, we find that 2°‘A|K2aA (x4 1t)| < 2%tk 5o,

15, (x) < 2%ath, (18.9)
Let 0 < a% <k < M. Sincex+t € z € Ijlf/}M, in view of (8.1) in Lemma 8.1, we have

2‘J“i\|K2a§4 (z +1)] < 22*4, so,
I, (x) < 2%, (18.10)

Let 0 <a% < M, A=1,...,s. Combining (1.2) with (18.6)-(18.10), we get

M-2 M-1

/|H1 Pap=d" Y /|H1 |1/2du+z / 11512 dp
kolk+1kl kOIkM
ab—1 M—1 M-2 M-1
<e X N [ gre Y Y [
k=0 l:ai[,@yl k=af I=k+1 kl
M
a1 M-1 )
ey / 22 gy 1o 3 / 9% dy
k=0 Ik,]u k=0¢f4Ik,M
aa ! glas+k)/2  MZ2 M-l o cal aA+k>/2 M1 Has
<e ) Z e > 5 +CZ Z*M—Ow’
kOlocA+l kaAlk+l

which means that (15.16) holds for a5 < M.

Analogously, we can prove that (15.16) holds for o > M as well. Hence, (15.16) holds and it
remains to prove (15.15).

Next, we prove the boundedness of IIlzi. Let t € Ipg and ¢ € I; \ Iixy. If i <15 — 1, since

x+te€l;\ I, by Lemma 5.1, we can conclude that
2 —
I} (z) = 0. (18.11)
If I5, <14 < M, then using again Lemma 5.1, we obtain
11} (x) 2M/2lA Z Doi(z 4 t) du(t) < - 281, (18.12)
Iy k=15,
Hence, for 0 <% < M, Combining (1.2), (18.11) and (18.12), we get

-1 M-1

Jurea= (X« Y ) [ e
T]\/I

=0 =15 +1 JAVAN

~.

M-1
ey / 24 +)/2 g, < ¢ Z 242, Z <O < oo (18.13)
= AT i=l5,

If M <15, then i < M <15, and applying (18.11), we arrive at

/ LI2, (2)|/2 dp(z) = 0, (18.14)

71\4

and (15.15) holds for this case too. So, (15.15) is proved by combining (18.13) and (18.14). Thus, the
proof of part (a) is complete and we turn to the proof of part (b).
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Under condition (14.6), there exists an increasing sequence {ay : k > 0} of positive integers such
that

|A\04k||1/2 _

and
_ Plow|
<c < 0. (18.15
Z |A|ak\|1/2 )
Let ay be a p-atom from Example 11.1 and let 2/l < o, < 2l@kl+1, Using (11.4), we find that

9lak|

|Uo‘3nak‘ = (asn - 2|ak‘)‘Kasn*2\ak\| > (Oésn - 2‘ah|)|K

_ologl |
Sn

Let 2loxl < 0s; Lag, <~ <a,, < 2laxl+1 he natural numbers generating the set

_ filou] |Oék\ |Oék\ lak| loul ok |
A‘aﬂ—{ll Vg sl }U{m , My ’”"m’"fak },

where mllak‘ > lllak‘ > lllak‘ -2> m|20”"| > llzo”cl > llzo”"| —2 > >nl > o > 0 and for any

ok | \a|

1<i< r‘ .| there exists a;, € Ajq,|, for some 1 <n < r such that a,, = Z Z 2% where 1l — 1,

i=1 k=l7
for some 1 < u < r‘lakl.
By using Corollary 8.5, we get
| Oay,, ak| c -2k
sup
keN  Plas, | w|agk\
Since p{FE;,} > 1/24+1 we have
Oa, 1/2 Oo 1/2
/ (sup M) dp > / (7"f> dp > % . (18.16)
keN <)0|a5k\ Plas, | (‘D\ak|+l
1; 1

On the other hand, for any 1 < i < rﬁlk‘, there exists a number «;, , for some 1 < n < r, such

that m‘f’“| = m,; for some 1 < u < r‘zakl. According to the fact that u{E;} > 1/2%+3 using again
Corollary 8.5 for some a,, and 1 <i <72 we also get

|oa., fIN1/2 Oa,, [\1/2 c
sup du > / —snt dp > . 18.17
E/ (keN Plas, | ) E <<P|asn|> 1/2 ( )

Plag|+1

m; mg

Combining equation (18.59)—(18.17)) for sufficiently large oy, we obtain
Oa, 1/2
[ (5w Lo Ty 12,
keN 90\045“
G

ot 170, 11/ Ly 170 Ty V2
= Z / keN <P|ask> Z / )

=t El ‘"Ll kEN wlagk‘
c(ri, (+7r2. ) clA
> ol 72 ol > | 1'7;" —s 00 as k — oo,
Play| Play|
so part (b) is proved and the proof is complete. O

From Theorem 18.1, we get the following result of Goginava [48] (see also [100]).
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Corollary 18.1.

(a) The mazimal operator o*, defined by (12.11), is bounded from the Hardy space Hy,5(G) to the
space Ly (G).

(b) The rate of increase of the denominator {log*(n+ 1)} cannot be improved.

To enable comparison with other results presented in the literature, we also state the following
statement.

Corollary 18.2. Let f € Hy5(G). Then the restricted mazximal operators 5:’V, 1= 1,2,3,4,5,
defined by

eV f = sup oo f|, G5 f := sup ook ok f], (18.18)
ke keN
o,V ¥V 4,V
oy fi=sup|ogeiifl, 04" fi=suplogzorf|, 05" f = sup|ogsk ok f], (18.19)
keN keN keN

are bounded from the space Hy5(G) to the Lebesgue space Lqo(G).
Next, we describe the (H), weak-L,) type inequalities for 0 < p < 1/2 which are proved in [25].
Theorem 18.2.

(a) Let 0 <p<1/2 and f € Hy(G). Then the weighted mazimal operator c**P, defined by

o f|

P —
T = SUb /)

"'**

is bounded from the Hardy space Hy(G) to the space weak-Ly(G).
(b) Let 0 < p<1/2 and ¢ : N — [1,00) be a non-decreasing function satisfying the condition

2d(n)(1/p—2)
lim ﬁ = 0. (18.20)
n—o00 p(n

Then there exist a sequence {ax,k € N1} of p-atoms and a sequence {qa,,k € Ny} of real
numbers satisfying the condition |qa, | = o such that
g C!
” (;(qa ) ||wealc L,

sup —————————— = 00.
kEN ||ak||Hp

(c) Let 0 < p < 1/2. There exists a sequence {ax, k € Ny} of p-atoms such that

[0 Paglp _
sup ————— = 0
keN ||ak||Hp

Proof. Since o, is bounded from L, to L, by Lemma 10.3, the proof of the theorem will be completed
if we show that

tp{r € oy : 3Va(x) >t} <c< oo, t>0, (18.21)
for every p-atom a. We may assume that a is an arbitrary p-atom, with support I, u(I) = 2= and
I = Iy Tt is easy to see that o,a(z) = 0, when n < 2. Therefore, we can suppose that n > 2.
Since ||afc < 2M/P, we obtain

lona(z)| 1 M)
A1 /p-3) = 2d<n><1/p 2) |“”°°/|K Dl du(t) < Samama "2 p/‘K"(”“"”)‘d“(t)'
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Let x € I]]\c/}l, 0<kl<[n]<Mor0<k,l<M<[n]. Then it is easy to see that z +1¢ € I]]\c/}l for
t € I, and if we combine Lemma 5.1 and (8.1) in Lemma 8.1, we get K, (x +t) =0 for t € Iy and

lona(@)|  _

Let x € I]]f/}l, [n] <k, <Mork<|n << M. Using Corollary 8.4, we can conclude that

lona(z)] <o M/ ok+1—2M
2d(n)(1/p-2) = P’ " 9d(n)(1/p—2)
9[n](1/p—2)+k+I+M(1/p—2)
. 9[n](1/p—2)+k+l _ok+I1(1/p—1)
=6 ol (1/p—2) <cp-2 <ep-2 . (18.23)

Applying (18.22) and (18.23) for any x € I]’f/}l, 1<k<l< M, we find that

~x,V _ lona(z)| k+1(1/p—1)
77" al) = S st < 2

It immediately follows that for such & < I < M, we have the following estimate: *Va(z) <
Cp - oM/p for x € Iﬂl, and also

plz eIy 5 Va(z) > Cp 2P} =0, s=M+1,M +2,.... (18.24)

Suppose that
ok H(/p=1) - 95/P for some s < M. (18.25)

It is evident that inequality (18.25) does not hold for £ < I < s. On the other hand, inequality (18.25)
holds for all I > k > s, that is,

ok HA/P=1)  95/P  where | > k > s. (18.26)

If I > s >k, from (13.11) we can conclude that

1 >—k
k+l(771) S P
p P -1
and s g
2R H/P=1) 5 25/P  where s >k, | > 2 o (18.27)
-

Combining (1.2), (18.26) and (18.27), we get

{zely: "Va(z)>C,- QS/p}

M-1 M
(U U frellf: 5w =0, 277)
k=s l=k+1
s M
o(U U et 5@ 2 c,-27))

k=01>(s/p—k)(1/p—1)

and
M-1 M
NI I ACCEY AR DI DTUTIED DI DI )

k=s l=k+1 k=01>(s/p—k)/(1/p—1)

M-1 M 1 s M 1 M—-1 1 1 c

14
= Z ol +Z Z 9l S Z 9k +Z 9(s/p—k)/(1/p—1)—1 < 9s (18.28)
k=s l=k+1 k=01>(s/p—k)/(1/p—1) k=s k=0
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In view of (13.10) and (18.28), we have 2°u{x € T5; : *Va(x) > C,-2%/P} < ¢, < 0o, which implies

(18.21) and part (a) as well.
Let qq, be a sequence such that |q,, | = o and [ga,] = sk and
90(qay, ) (1/p—2)

k—oo  9(qay,)

Let aj be a p-atom from Example 11.1. Due to (11.4), we find that

20k (1/p=1) (g, — 20k — 1
0, ax(z)] = (q . AT —]
o

Let x € Ijy, 14+1(€[ga,]-1 + €[q,,])- Using now Corollary 8.7, we obtain

|0g,, k()| _ ¢ 22lam]ter(1/p=2)

©(qar) ©(qay)

‘O'qqk alc(.%‘)‘ >c- 92lda I +an(1/p=2) 414

Hence, we can conclude that
104, ak(z)] _ - 2%ap]Hen(l/p=2) c
(o) ©(qay)

Combining (11.1), (18.29) and (18.31), we get

u{x cG: } > M(I[q%]ﬂ(e[qak]ﬂ + e[qak])) >

92laay ]tag (1/p—2) [0ga, ar(z)]| 92lday ]+ag(1/p=2) 1/p
e Tk R T (n{reG: —= 2 )

o]

(18.29)

(18.30)

(18.31)

©(qay,) P(qay,) = ?(qay,)
lax ()]l m,
cp - 22Maailtar(/p=2) 4 G 90k (1/p=2) G 9d(dey, ) (1/p=2) e as b
©(qay) 9lda,l/p Q[Qak](l/P—Q)@(qak) ©(qay) ’

The proof of part (b) is complete.

Let ay be a p-atom from Example 11.2. If we replace q,, by ¢, = 22nk 4225 from (11.7) we find

that ) ()
2 5K22S xT
g ap(r)] = ————=.
g ou3)| = 2
Using Corollary 8.7, we get

c- 243
|Uq3k ag(z)| > ST for © € Ingiq1(€25—1 + €25)

e 045, (2)
Og;, Ok(T cp - 22s/p
9(/p=2)d(a;,) = 22ni(1/p—1) for @ € Iypa(ezs1 + €25).
Hence,
‘O-qs ak(x)| p
Iy UL
/ (igg 2(1/p—2>d<qfl,€>) ()
G
el |0g,; ax(@)| \» O T Cpn
T TR = bk
=D (2<1/p—2>d(qzk>) B 2 6 D o g 2 i (1832
s=1 Insti1(e2s—1+eas) o=t
Finally, Combining (11.6) and (18.32), we have
s, ar(@)] y
(f (2‘111@0 sup lew)pdu(m)) ! (e _y1/p
G keNO<s<ny PRI > cpnpl/P — 00 as k — oo. O

laxlln, = 0D
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In [16], the (H,, L,) type inequalities were investigated for 0 < p < 1/2 and the following sharp
result was proved.

Theorem 18.3.

(a) Let 0 <p < 1/2, f € Hy(G) and ¢ : Ny — R be any non-negative and non-decreasing function
satisfying the condition

=1
Y —— <c<o (18.33)
= ¢P(n)

Then the weighted mazimal operator Y, defined by

5*}V ‘= su |Jnf|
1= S0 ST (d(n))

is bounded from the Hardy space Hyp(G) to the Lebesgue space L,(G).

(b) Let 0 < p < 1/2, {nk, : k > 0} be a sequence of positive numbers and ¢ : Ny — R be any
non-negative and non-decreasing function satisfying the condition

o~ 1
; o = > (18.34)

Then there exist the p-atoms ay such that

[
oy nER T
keN laxl|m, '

Proof. Since o, is bounded from L., to L, by Lemma 10.3, the proof will be completed if we prove
that
lona()|

/ (Z‘é§ 24(m)(1/p=2) 5 (d(n))
T

)pdu <, <00 (18.35)

for every p-atom a. We may assume that a is an arbitrary p-atom with support I, u(I) = 2=Mand
I = Iy Tt is easy to see that o,a(x) = 0, when n < 2M. Therefore, we can suppose that n > 2M.
Since ||allc < 2M/?, we find that

e 1 [
< o [ 1Kz +1)] dut
ST 0D p(d(m)) = 2D p(d(m)y) 1 1 [Kn (@ + )] du(t)
M
1

oM/ / Ko (z + )] dp(t). (18.36)

In

S QA2 p(d(n))

Let x € Ijlf/}l, 0<k<l<[n]<M. Then x+t € I]]f/}l and, applying (8.4) in Lemma 8.2, we get
K, (z+t)=0for t € I, and from (18.36) it follows that

1
Qd(”)(l/P*Q)gp(d(n))

|ona(x)| = 0. (18.37)

Let z € I, [n] <k <l<Mork<[n] <l< M. Since |n| > M, due to (18.36) and Corollary
8.4, we can conclude that

1 c - 2M@1/p=2)+k+l c-2nl(1/p=2)  9M(1/p=2)+k+i
ST D () 17N S Samm D amy) 21l (1/2=2) 5 (d(n))
_ o 2M/pD) glnl(/p bk QM) gEHA/pY) . ght10/pD)
= on[(1/p—2) oM —1) — 2n/p=2) (M —-1) = oM —1I)

(18.38)
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Applying (18.37) and (18.38) for any x € I]’f/, 0<k<l< M, we arrive at

lona(x)] c- 2k H(/p=1)
sup <
neN 24P~ p(d(n)) p(M —1)

(18.39)

Let x € IZkV}M, 0 <k < M. Using again (18.36) and Corollary 8.4 for k = [, we conclude that

lona(z)| M /p M 28 eMe-1)
QT WDy < ¢ 2 ) Wonle  Dldpt) < e 2 G =2
Ing
and
sup |onalz)] < . ok FMA/p-1), (18.40)

neN 24mA/P=2p(d(n))

Combining (1.2), (18.39) and (18.40), we obtain

/ (7811;1121 Qd(”)(lligag)g;)(d(n)) )p du(m)

Iy

v
nen 24 /P~ p(d(n)) nen 24mM1/P=Dp(d(n))
k=0 I=k+1 %, k=0 ¢ m
I Y
M-2 M—1 M
1 2pk+i(1-p) 1 .
- - . +M(1-p) ._
<¢p o L) +ep ) a2 P=T+11. (18.41)
k=0 I=k+1 k=0
Hence,
M—2 M-1 1
pk
I<cy ) 2 ) 20lor (M — 1)
k=0 I=k+1
M—2 [(k+M)/2] 1 M-2 M—1 1
_ pk pk —
=% Z 2 Z 20lgr (M — 1) T Z 2 Z wlop(M —1) Ii+1. (18.42)
k=0 I=k+1 k=0 I1=[(k+M)/2]+1
Using now (18.33) for Iy, we get
Aiz opk [(k%ﬂ] 1 M—2 1
I <¢ —lgcp < ¢p < 00.
2 (1 —R)/2) 2 2 =7 2 ([~ 1))
For I, we find that
M-2 . M-1 M-2 . 1 M=2 opi/2
I2§sz2p Z ﬁSCpZZPWSCpZW<CP<OO.
k=0 I=[(k+M)/2]+1 k=0 k=0
For 11, we can conclude that
M—-2 2pk
HESSY it < Cp < 00, (18.43)
k=0

Combining (18.41)—(18.43), we come to the conclusion that (18.35) holds, and so the proof is
complete. N
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Proof of Theorem 18.1. In view of (18.34), we have

nkfl

( ; cppl(s))l/lﬂ — 00 as k — oo. (18.44)

Let ay be a p-atom from Example 11.1. Let ¢;,, € N be such that 2% < ¢, < 20k +1 and [45,] = s,
where 0 < s < ay. Using (11.4), we find that

20k (1/p=1)(gs QoK)
|0g, ar(@)| = pn - [Kqs, —20n (z)].
ag

Let x € I;11(es—1 + e5). By Lemma 8.7, we have |aqi,€ ap(z)| > ¢ - 22t (1/P=2) and

00, an(@) -
. > .
2(1/p_2)d(q3k)<p(d(qgk)) olag — s)

Hence,

|Uq3kak( ) P
!(Zgg 2(1/P—2)d(q(§k)(p(d(qg )) ) d/,b(.]?)

— |0qa5a (37)| P
Z / <2<1/p—2>d<;ak’; ))) dp()

— d(qg
s=0 3+1(6571+€3) QD( (qak

I\D\H

Oékfl

1 29
S S e z

s=0 Sp(k_s

Finally, using this estimate combined with (11.1) and (18.44), we find that

logs, ax(z)] 1/
(J (sup sup | ey a5 |)pdﬂ($)) ! ok
G  keNO0<s<ay ko o(d(gs, ) 1 1/p
Zcp(zi) —r 00 as k—oo0. O
ok, — pr(s)

If we take p(n) = n(1+2)/P for any £ > 0, we get that condition (18.33) is fulfilled. On the other
hand, if we take ¢(n) = n'/P, then condition (18.34) holds. Hence, Theorem 18.3 implies the following
sharp result.

Corollary 18.3. Let 0 < p < 1/2 and f € Hy(G). Then the weighted mazimal operator 5V,
defined by
lonf]

*V,ep . __
J 3= S ST T2 ()

>0,

is bounded from the Hardy space H,(G) to the Lebesgue space L,(G) for e > 0 and is not bounded
from the Hardy space H,(G) to the Lebesgue space L,(G) for e =0.

In [19], it was also proved that the following theorem holds.
Theorem 18.4.

(a) Let 0 < p < 1/2, f € Hy(G) and {ng : k > 0} be a sequence of positive numbers and let
{ns, : 1<i<r}yC{ngp: k >0} be the numbers such that 2° < ng, < ng, < - <ng <25+
s € N. Then the weighted mazimal operator *V , defined by

lon,, fl
oV fi=su su —
f SGIN) 2S§ns£28+1 2ds(ns;)(1/p=2)

is bounded from the Hardy space Hy,(G) to the Lebesgue space L,(G).
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(b) Let 0 < p < 1/2, f € Hy(G), {nk, : k > 0} be a sequence of positive numbers and let
{ns; : 1 <i<r}C{ng: k >0} be the numbers such that 2° < ng, <ng, < - < ng, <257
s € N. Then for any non-negative and non-decreasing function ¢ : Ny — R satisfying the

condition

9ds(ns;)(1/p—2)
sup sup ——— =00, (18.45)
seN 25<n,, <2s+! @(nsz)

there exist p-atoms fs such that

lon,, sl

w(ns;)

[| sup sup
seN 2s <ns, <2s+1

||f5||Hp

.

—r X0 aS S — 0.

Proof. Since o, is bounded from L, to L, by Lemma 10.3, the proof of the theorem will be completed

if we prove that
On, @

p
_ < .
[ (s, o, |raia) e <o (18.46)

T
for every p-atom a. We may assume that a is an arbitrary p-atom with support I, u(I) = 2= and
I =1I);. It is easy to see that Op,, 0 =0, when n,, < 2M. Therefore, we can suppose that n,, > 2M.
Let 25 < n,, < 25t for some s > M. Since ||allo < 2M/P we find that

lon, al ! K )| dp(t
2ps(nsi)(1/p—2) = 2ps(nsi)(1/p—2) HaHoo | nsi(er )‘ /‘()

In

1 M
< 292 (1/=2) - oM/p / | K, (z + )| dp(t).
In

Let z € I]}f/}l, 0<k<l<[ng] <M. Thenax+t € IIIT/}l, 0 <k<l<|[ns] <M, and applying
(8.4) in Lemma 8.2, we get K, (z +1) =0 for t € Iy and |o,,, a| = 0 for any 2° < ngy, <2571, Since
[ns,] > s—, we have

‘Unsia‘

WD o (D)

25 <n,, <25+1

=0 for x € [111(ex+e), 0<k<l<s_. (18.47)

Next, we suppose that z € Ijlf/}l, where either [ns,] <k <1 < M or k < [ng] <l < M. Since
ns, > 2M and |ng,| = s, applying Corollary 8.4, we find that

oy, al oM (1/p—2)+k+l  oM(1/p—2)

L ok+l+s_(1/p—2)
o ) pD) = o)) = 9(/m ) 2 (18.48)

Applying (18.48) for any x € IJI\C/}Z, s <k<l<Mork<s_<l<M,weobtain

|on.. al oM (1/p—2) bl
si . -(1/p—2)
I X o T R T B ' (18.49)
If we now define o} by
5= su |Uns,;f‘
s/ = b (ne)(1/p2)

2s<n,, <2s+1 2P°

then we can conclude that

o0

On,, @ P s

sup su — 7 oy < g ap.

(seg o ¢ 2,%(%,6)(1/;)72)‘) <) [5al
s=M
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Hence, combining (1.2), (18.47) and (18.49), we get

On,, G p > ~
/(sup sup —’“D dp < E /|U:a\pdu
seN ke | 205 (M54 )(1/P=2) =
- 71\4

Iy
oo s_—2s_—1 s_—1M—-1 M-2 M-1 o)
=> ( YOI AEDI DD D )/\5§alpdu+ > / |o5al” dp
s=M = k=0 I=k+1 k=0 I=s_ k=s_l=k+1 3, s=M k=0 "\
I Ini

M-1

0 2M 1/p—2) s——1 M-1

Z (25(1/17 2)) Z Z (1=2p) | gp(k+1)

s=M k=0 l=s_ +1
oM(1/p—2) -2 M-
—_— —(1-2p) . op(k+1)
ro Y ) Y z 02
s=M k=s_ 1=
o0 S_
9M(1/p=2) p 9s-(1-2p) .
+M) . _
+CT’Z (28(1/p—2) ) oM 20 )= T+ IT+III. (18.50)
s=M k=0

Since
oM (1/p—2)

Z (29(1/13 2)) < €< 00,

it follows that
s_.—1 M-1

Lo ae
I<e, > Y gr 27072 <) < oo, (18.51)
k=0 l=s_+1
M-2 M-1 1
II <¢, o 25-(1=2) L gp(bH) < ¢ < 0 (18.52)
k=s_l=k+1
and
c 23 (1—2p) 5-—
1< =2 D p M) <) < oo, (18.53)
k=0

Combining (18.50)—(18.53), we conclude that (18.46) holds, so the proof of part (a) is complete.
Let ng, := Qo € N be such that 2% < q;ik < 2+l where 0 < s < 2%, If s is such that
g2 = s, then we get pa, (qaz) = ax — s- = p(g32). In view of (18.34), we have

9r(¢:5,)(1/p=2)

T — 00 as k — oo. (18.54)
Let ay, be a p-atom from the Example 11.1. By (11.4), we find that
gak(1/p—1)
‘O'q(slkak e — (qik — 2% _ ]_)|Kq(51k720¢k71|.
9oy,

Let g3 be asg;, so that [¢30] = s_, that is, s = s_ and x € I,11(es,—1 + €5,). Using Lemma 8.7, we
obtain

2s04-ay(1/p—2
|o 0 ax| > ¢ - 2%s0tan(l/p=2) 4pq ‘aqa’“ak‘ c- 22oronl/p)
« - S — S
ok ¢(gar) o(ga3)

Hence,

logs akl\» o g20 ak|\»
(s 20 (i) o
ken ¢(¢5,) ©(gas.)
G Isg+1(esg—1+esqy)

1 ¢.92psotar(1-2p) C, - 22p=1)s0 Cp- 9r(4gs)(1—2p)

> c, — > >
P 2% ©P(gal,) T 20-Weker(gas) T wP(gad)
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Finally, combining this inequality, (11.1) and (18.54), we find that

loag, akl\p o \1/p
sup sup k d
G (keN 0<s<ng elag,,) ) M)
llawllm,
C. . 22-1/p)so 1 . 9P(a5,)(1/p=2)
P . > L ks — 00 as k — o0. O
205 p(qas,)  200(1=1/P) p(qa5)

The following result of Tephnadze [101] follows immediately from Theorem 18.4.
Corollary 18.4.

(a) Let 0 <p <1/2 and f € Hy,(G). Then the weighted mazimal operator o, defined by (12.12), is
bounded from the martingale Hardy space H,(G) to the Lebesgue space L,(G).

(b) The rate of increase of the denominator {(n + 1)/P=2} cannot be improved.
From Theorem 18.4, we also obtain the results of Persson and Tephnadze [76].

Corollary 18.5. If 0 <p < 1/2, f € Hy(G) and {ny : k > 0} is any sequence of positive numbers,
then the mazimal operator, defined by (12.14), is bounded from the Hardy space H,(G) to the Lebesgue
space L,(G) if and only if condition (12.13) is fulfilled.

We also have the following new consequences of Theorem 18.4.

Corollary 18.6. Let p > 0 and f € Hy(G). Then the restricted mazimal operators 5:,v7 1=1,2,
defined by (18.18), are both bounded from the Hardy space H,(G) to the Lebesgue space L,(G).

Corollary 18.7. Let 0 < p < 1/2 and f € H,(G). Then the restricted maximal operators 5f’v,

i = 3,4,5, defined by (18.19), are not bounded from the Hardy space H,(G) to the Lebesgue space
L,(G).

Corollary 18.8. Let 0 < p < 1/2 and f € H,(G). Then the restricted mazimal operators Ef’v, 1=
6,7,8, defined by

|022k+2kf| ~*,vf |023k+2kf| (18.55)

‘= sup

~x,V p |02k+1f| ~%,V
o fi=sup 75 SUD oa(1/p=2)

i O A I TV =T

are bounded from the Hardy space Hy(G) to the Lebesgue space L,(G).

Remark 18.1. Let 0 < p < 1/2 and f € H,(G). Then from Corollary 18.8 we conclude that the
restricted maximal operators E;"V, i=6,7,8, defined by (18.55), are bounded from the space H,(G)
to the Lebesgue space weak-L,(G).

In [13], the martingales were constructed, which provide the sharpness of our main results described
above.

Theorem 18.5.

(a) Let sup A, || = oo and {@n} be a non-decreasing sequence satisfying the condition
keN

m ——— =00

k—o0 (p|nk‘

|‘7nkf|

Then there exists a martingale f € Hy/o such that the maximal operator, defined by sup ]
nk

keN
is not bounded from the Hardy space Hy 5 to the Lebesgue space Ly ;.
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(b)

Let 0 <p <1/2 and ¢ : N = [1,00) be any non-decreasing function satisfying condition (18.20).
Then there exists a martingale f € Hy(G) such that

|5t
sup
ken lp(ng)

weak-L,

Let 0 < p <1/2, {ny: k> 0} be a sequence ofposztwe numbers, {ns, : 1 <i<r}C{ngp: k>
0} be the numbers such that 2° < ng < mng, < --- < ng < 2”1, seN, and p : N — [1,00) be

any non-negative and non-decreasing function satz’sfying condition (18.45). Then there exists a

lon,, fl

martingale f € H,(G) such that the mazimal operator, defined by sup sup EORE is not

seN 2s<n,, <2s+1 ¢
bounded from the martingale Hardy space H,(G) to the Lebesgue space L (G)

Let 0 < p < 1/2, {ng : k > 0} be a sequence of positive numbers and ¢ : N — [1,00) be

any non-negative and non-decreasing function satisfying condition (18.34). Then there exists a

martingale f € H,(G) such that the mazimal operator, defined by sup —Qd(n)(l)jf'gjto(d(n)) s not
neN

bounded from the martingale Hardy space H,(G) to the Lebesgue space L,(G).

Proof. Under condition (14.6), there exists an increasing sequence {ay : k > 0} of positive integers

such that
li |A\ k||1/2 _
el /s
Plox|
and
1/4
Placl _ o 18.56
Z|A| EE ¢ < 0. (18.56)
ag
Let
o1/
far= D> ap, A= \ALQMH o ag =2 (Dyjagier = Dyiay)-
ag

{k; |o | <A}

If we apply Lemma 5.3 and (18.56), we conclude that F' € H, 5. Moreover,

Qlakl 1/2
ﬁ je {2lexl . olesl+l 1} keN,
FG) = o] o (18.57)
0, g ({2l .. 2wt — 1y,
k=0
Let 2loxl < j < ay. Using (18.57), we get
-1 (Dj — Dyay) - 21!
Sif = Sy f Y F0)wy = Sypag f o 2 : (18.58)
’U:Q‘ak‘ ‘ ‘Oék||
Let 2lovl < o < 2l@kl+1 Then, according to (18.58), we have
s f o (o, — 290 Sy
_ Oglay| s, — olagl
O-OLSTI f B aSn Z S f + Qs Z ij B ask + aSn
koi—olekl g
2|ak|¢1/2 Qsp
+ ﬁ S (D~ Dyay) i= Iy + I + 1115, (18.59)
ag Sn

j=2lekl41
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Using Lemma 5.3, we get

9lex |<)01/2 ag,, —2lok! 901/2
_ |0471.| Iak‘ ‘Oél
I11| = E D;| > o, — 2 k)|Ka et
| |A|a""|a5" j=1 ! 2|A|Oék|‘( sn 2%k ‘

Combining Corollaries 16.3 and 16.4, we find that |[I11|;/o < C and || [112][,/2 < C.

Let 2loxl < os; Lag, < < a,, < 2lexl+1 he patural numbers that generate the set A|a,€| =
{lllak‘,llza’“‘,...,llr(‘f’“‘l}u{mlla’“‘,m‘;kl, ,m IQ’“l‘} where
(!k «
lak lak lak] lo lok lak] o | o |
my > ST =2 > my N > > I -2 > >m|"‘>l|a"‘>0

Tn

and for any 1 <i < Tllaw there exists as, € A‘ak_|, for some 1 < n < r such that a,, = > Z 2k

1=1k= l"
where l|u"‘k| =[; for some 1 < u < r‘lakl.
Since p{FE;,} > 1/24+1 using Corollary 8.5, we get
O, 1/2 Oa. 1/2 1
[ (s 2y P [ ()P L s
keN Plag,| E Plas, | 25|A|ak“1/2<p|ak\
1 1.

i i

On the other hand, for any 1 < i < r|204k| there exists a number «,,, for some 1 < n < r, such

that mLakl = m,; for some 1 < u < T\Zakl' According to the fact that u{E;,} > 1/2%+3, using again
Corollary 8.5 for some a, and 1 <1i <r2 we also get

O, 1/2 . 1/2 1
/ (sup M) dp > / <M> dp > ————— . (18.61)
keN Plag, | 2 Plas, | 27|A‘O‘k||1/290\ak|

Combining (18.59)—(18.61) for sufficiently large «y, we obtain

loa,, fIN1/2 1/2 1/2 1/2
sup =) > [ ITE|y)5 — TR 11y — 1]
/(neN Plece. | 1/2 1/2 1/2

\Ot)g\

\le
Z /A Vagpil® e Z /|A Vgl =2
|k £, ok |

> —( sl FTenl) o0 7C|A'wil/‘4/
27|A| |1/2¢‘a | 2880

lak|

— 00 as k — oo.

So, part (b) is proved and the proof is complete. O

19 Boundedness of subsequences of Fejér means with respect
to the one-dimensional Walsh—Fourier series
on the martingale Hardy spaces

In this section, we study the boundedness of subsequences of Fejér means with respect to the one-

dimensional Walsh—Fourier series in the martingale Hardy spaces (for details see [112]).
First, we consider the case p = 1/2. The following statement is true.
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Theorem 19.1.

(a) Let f € Hy/2(G). Then there exists an absolute constant c such that
||Unf||H1/2(G) < CVQ(n)”f”Hl/Q(G)

(b) Let {ny : k € Ny} be an increasing sequence of natural numbers such that sup V(ny) = oo and

keNy
let & : N — [1,00) be a non-decreasing function satisfying the conditions ®(n) 1 co and
w— V2(np)
li = 19.1
2 B () 191

Then there exists a martingale f € Hy/5(G) such that

bl
ken 1 @(ng) ll1/2
Proof. Suppose that
onf
[y = 1l 00 (19.2)

Combining Propositions (11.1) and (11.2), we conclude that

1/2

onf ’

e <5 a + it
V2(n)

- L ()n oL I+ j(n)
<|@5l

~ 1/2 Sk 1/2 1/2
U TITRIINS + 1S5 A1 < eI, 0 (193)

By Lemma 10.2 and (19.3), the theorem will be proved if we show that

|Una| 1/2
<
/(V2(TL)> du < c< oo

I

for any 1/2-atom a.

Without loss of generality, we may assume that a is a 1/2-atom with support I, for which pu(I) =
2=M [ = I. It is easy to check that o,(a) = 0, when n < 2M. Therefore, we may assume that
n>2M. Set

13, (2) =2 [ 24K o+ 0] dut),

Iy

117 (x) _2M/2lA Z Do (z +t) dp(t).

k=la

Let © € Ip;. Since o, is bounded from L. (G) to Loo(G), for n > 2™ and ||al|e < 22M, using
Lemma 8.4, we can conclude that

e < /|a ) e+ 1) du(t)

C”aHoo

2M
/|K &+ ) du(t) < 2 /|K (& + )] du(t)

{Z/QAKW (z +1)[dp(t) + /2mAIK2mA(x+t)|du(t)}

A= s In
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Ia c-2M .
Z/2 kZlADQk dp(t) + VQ(n)I/ V(n)du(t)
_ V;En) ST (I (@) + 114, (2) + 1T, (2)) +c.
A=1
Hence,
ona(x)|1/?

/ V2(n) ‘ ()
Im

(Z/IHz )2 dp( >+/ 11}, ()2 dp(x) + /|I-712A($)|1/2du(:£)> +e

In
Since s < 4V (n), Theorem 19.1 will be proved if we show that
/ 111} ()" dp(z) < ¢ < oo, / 117 ()" dp(x) < ¢ < o0, (19.4)
T
where aqg =lq orag =ma, A=1,...,s8

LetteIMandeI]]f/}l,OSk<l<aA§M0r0§k<l§M§aA. Sinceac—i—teljl&’l,applying
(8.1) in Lemma 8.1, we conclude that

Kyon(x+1) =0 and IT. (z)=0. (19.5)

Let x € I]’f/}l, 0<k<asp<I<M. Thenz+te I]}f/}l7 where t € I, and if we apply again (8.1)
in Lemma 8.1, we get

294 | Koau (z + 1) < 2°4%F and I1} (z) <274, (19.6)
Analogously to (19.6), for 0 < ay < k <1< M, we can prove that
204 | Kooa (x + )] < 2204, I (2) <2%%4, tely, xelyj. (19.7)
Let 0 <agq <M —1, where A=1,...,s. According to (1.2) and (19.5)—(19.7), we find that

M-2 M-1 M—-1

[ @) = 3 S [ @ )+ Y [, @l due)
Tu k=0 z:k+1jk,l k= OIkM
M
aa—1 M-1 M—-2 M-1
<ec /Q(aA+k)/2 du(z) + ¢ Z Z /204A dp(z)
k=0 l=as+1 k.1 k=aa l=k+1 k1
Iy Iy
aa—1 M—1
+c Z 2(xatk)/2 g () Z 294 du(x)
k=0 k]w k aAIk,M
M
aa—1 M-1 M-2 M-1
2(a,4+k:)/2 2(1.4
Sed D T —ted Do
k=0 l=aa+1 k=aa l=k+1
ap—1 M-—1
2(aA+k)/2 90a
T Dl S
k=0 k=aa

Let ay > M. Analogously to I} (x), we can prove (19.4) for A=1,...,s
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Now, we prove the boundedness of III2A. Let t € Ipy and « € I; \ Ij41, @ < la — 1. Since
x4+t e I;\ 141, applying the first equality of Lemma 10.3, we get

117 (z) = 0. (19.8)

Let v € I;\Ii11,la <i<mu. Sincen > 2M and t € I, applying the first equality of Lemma 10.3,
we get

ITE (z) <2M /2“ Z Doi(z +t) du(t) < ¢-2!a71, (19.9)
k=la

Let ¢ € I; \ Ii41, ma <i <M —1. Then x +t € I; \ I,11 for any t € I, and due to the first
equality of Lemma 10.3, we obtain

I} (z) <c-2M / glatma < ¢ olatma, (19.10)

Ine

Let 0 <lg <ma < M. Then, in the view of (1.2) and (19.8)—(19.10), we can conclude that

la—1 ma M-—1

Jum@rae = (2 3+ ) [ u @ e

i=la i=ma+1 JAVA

M-1

<c Z / 2(a+)/2 q(z) + ¢ | Z / oUatma)/2 g (z)
i=la ALNTi41 Z:mA+IIi\111+1
ma ) 1 M—1 1
<ec Z oUla+i)/2 5 +e Z ollat+ma)/2 = <c< oo
i=la i=ma+1

Analogously, we can prove the same estimations in the cases 0 <14 < M <mgand M <y <mayu.
Now, we prove part (b) of Theorem 19.1. According to (19.1), there exists an increasing sequence
{ap: k€N,} C{ng: k € N.} of natural numbers such that

=B (a)

‘/1/27() < ¢ < oo. (19.11)

k=

Let f = (fa,n € N;) be a martingale from Example 11.3, where \j, := ®/2(ay)/V ().
According to (19.11), we get that condition (11.8) is fulfilled and thus f = (f,,n € N).
Applying (11.10), we get

2okl §1/2 ()
M je{2lasl o olexltl 1V ke N,
V(ak) J { } +

) = o0 (19.12)
0, g | Jfalel, . et — 1y,
k=0

Let 2loxl < j < ay. If we apply (11.12), we arrive at

wz\ak\D 2|o¢k\© / (Oék)

Sif = Sytan [+ Vo) (19.13)
Hence,
Uakf 2 02\uk|f (ak - 2‘ak|)52|ﬂk\f
Bar) ~ awar 2 T S o > s Blowar | Blag)a

j=2lerl41
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w2‘ak‘ . 2|ak‘@1/2(ak)
@(ak)V(ak)ak

Qg
> Dj gy =IIL+ 11+ 1115 (19.14)
j=2lkl4+1

For 1115, we have

aj—2lokl
> 0

Iaqu)l/z(ak)
= = Nt/ N — 2|0‘k~\ K N >
D)V (ak) o (o )l ap—2! Wl >

olokl$1/2(o
I1T,] =

D (o) V (o) v

o — 21 N|K, _gjapl]
@1/2(0%)‘/(06]@)

(19.15)

Tk MMy
Let ap, = 5. > 28 wheremf >1F > b —2>mb>15>15-2>..>mh >1F >0
=1 k=it

Since (see Corollaries 16.3 and 16.4) [[I11112 < ¢, [[I11z]l1/2 < c and p{Ep} > zk -, combining
(19.14), (19.15) and Lemma 8.6, we get

/ 1/2
G

Tap f () |1/2 1/2 1/2
a1 @y > 1182~ 11 2~ a2

@(ak) 1/2 1/2

rE—2 1/2 rE—2 1

> — > —
¢ Z / ‘@1/2 (o) V () dp(@) —2e 2 ; V12 )PV 4 () 2¢

< cry S cVY2%(ay)
= VI2(0) @4 (ay) = V4 (ap)

— 00 as k — oo. O

Theorem 19.2.

(a) Let 0 < p < 1/2, f € Hy(G). Then there exists an absolute constant ¢, depending only on p
such that
lonfllm, @) < cp- 2922 £y )

(b) Let 0 < p <1/2 and ®(n) : Ny — [1,00) be a non-decreasing function such that
dny) o 9d(n)(1/p—2) (19.16)
sup d(ng) =00, lim ———— = 0. :
kel\ﬂ k k—o00 <I>(nk)

Then there exists a martingale f € Hy(G) such that

on,. f ’
@ (ny)

sup
keNL

weak-Ly(G) -
Proof. Let n € N. Analogously to (19.3), it is sufficient to prove that [ (2d(")(2*1/1’)|0n(a)|)p du <
In
cp < oo for every p-atom a, where I denotes the support of the atom.
Analogously to Theorem 19.1, we may assume that a is a p-atom with support I = I, p(In) =
2=M and n > 2M. Since |allo < 2M/P, we can conclude that

24 (2=1/P) |5 ] < 241D o / | Ky (@ + )| du(t) < 24 @=1/p)  gM/p / | K (24 t)] du(t).
I I

Let z € I]]\Cj, 0 <k,l <[n] <M. Then, applying (8.4) in Lemma 8.2, we get K, (x+t) = 0, where

t € Iy, and hence,
24UMC2=1/P) |5 4] = 0. (19.17)
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Let x € Illf/}l, [n] <k,0<Mork<in <I< M. Then by Lemma 8.5 it follows that

2M@=1/P) |5 o] < 2WE=1/p) gM(/p=2tkH < . olnl(1/p=2)hH (19.18)

Combining (1.2), (19.17) and (19.18), we can conclude that

/ 24P 6 () [ dpu(e)

T]VI
[n]—2 [n]-1 [n]—1 M—
< ( + + ) / |2d(”)(271/p)ana(m)|p du(x)

S
b
S
L

k=0 I=k+1 k=0 I=[n] k=[n]l=k+1 3,
Y
M-1 M2 M-1
+ |2d M=) g a(x | du(z) < c = 9[nl(2p—1) | op(k+1)
k=0 & m k:[ Ji= k+12
IM
oL olnl(zp-1) )
+cpz Z L olnl(2p—1) | 2p(k+l)+2722p M) L o < oo
k=01= [n]+1 k=0

Now, we prove part (b) of Theorem 19.2. According to (19.16), there exists an increasing sequence
of natural numbers {ay : k € Ny} C {ni : k € N4} such that ap > 3 and

9d(@)(1/p—2)/2
Z’U, an < Cp < 00, u(ak) = @1/2—(0[16) . (1919)

Let f be a martingale from Example 11.3, where A\, = u™= ().
If we apply (19.19), we get that (11.8) is fulfilled, and it follows that f € H,(G). According to
(11.10), we have

9lakl(1/p—1)
ﬁ’ jE {2|0‘k|’ o, 2lewl L 1}, keNy,
U\

- (19.20)
0, jg (Jfalel, . et 1y,
k=

Let 2l@¢l < j < ay. Then, analogously to (19.13) and (19.14), applying (19.20), we get

ooy f _ Tl f (ak_Q‘akl)Sﬂ%\f
@(Ozk) (I)(Oék)()ék @(ak)ak

glag|(l/p—1) k1

_— D:—Dyja, ) =1V1 +1IVy + 1V3.
+(I>(ak) (ak)ak (] ol wl) 1+ 1V 4+ 1V3

—olagl

Let oy € N and Ejy,) := Ija,]41(€[ay)—1 + €[ay])- Since [ag — 2lxl] = [ay], analogously to (19.15),
applying Lemma 8.6 for I'V3, we have the following estimation:

v 9lak|(1/p—1) olaxly| i
[[V3] = m QO — )l ak—zmkl|
arl(1/p—1 ap|(1/p—2 2[ar]—4 apl(l/p—2)/2 2[a]—4
_ 9lakl(1/p—1) .|2[ak]K[ ]| - 9lakl(1/p—2) . 92[cu] - olar|(1/p=2)/2 . 92[a]
O (o )u(ag)ag il = O (ag)u(ag) - OL/2(ay)
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Hence,

. glarl(1/p=2)/2 . g2lar]—1
||IV3||weak—LP(G) = ( B1/2(ay)

olak|(1/p—2)/2 . g2lo]—4
) )
92lak]+larl(1/p=2)/2 p 9(lexl=lex])(1/p=2) \ p/2
>

= cp( (I)l/Q(Qk) ) ILL(E[ak]) = CP( q)(Oék) )
gd(ar)(1/p—2)

— o

D(a)

)pu{x eG: |IV3| >

Combining Corollaries 16.3 and 16.4, we find that
[1V1 | weak-2,(c) < ep < 00, [ IVallweak-L,(c) < ¢p < 0.

On the other hand, for sufficiently large n, we can conclude that

Y

||I‘/3Hi)eak—Lp(G) B ||I‘/2HZ)eak—Lp(G) B HIVlH;Z)eak—L,)(G)

1
B IIVs3ear 1, (@) — 00 as k — oo.

Ho'ak foueak’—Lp(G)

Y

Corollary 19.1. Let p > 0 and f € H,(G). Then
||<72k+2k—1f - f”Hp(G) — 0 as k — oo.

Corollary 19.2. Let 0 < p < 1/2. Then there exists a martingale f € H,(G) such that
ook i1 f — fllweak-L,(c) = 0 as k — oo.

On the other hand, for any f € Hy,5(G),

o2k 1 f = flla, ) = 0 as k — oo

20 Modulus of continuity and convergence in norm
of subsequences of Fejér means with respect
to the one-dimensional Walsh—Fourier series
on the martingale Hardy spaces

p/2
) — 00 as k — oo.

In this section, we apply Theorem 19.1 and Theorem 19.2 to find the necessary and sufficient conditions
for the modulus of continuity of the martingale f € H,,, for which subsequences of Fejér means with

respect to the one-dimensional Walsh-Fourier series converge in the Hj,-norm.
First, we prove the following result.

Theorem 20.1.
(a) Let f € Hy2(G), sup V(ng) = oo and
keN

€Ny

wm(c)(ﬁ,f) = 0(%) as k — oc.

Then ||on, f — fllH,,.(c) — 0 as k — 0.

(b) Let sup V(ng) = oco. Then there exists a martingale f € Hy/5(G) such that
keNL

wH1/2(G)<ﬁaf) = O(%) as k — oo

and
o f — f||H1/2(G) -0 as k — oco.

(20.1)

(20.2)

(20.3)
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Proof. Let f € Hy2(G) and 2% < n < 281, Then

1/2 1/2 1/2
lonf = FI2 ) < llonf = onSor 2 iy + llonSarf = Sax FI2 oy + 181 F = £l

= llow(Sarf = Pl sy + 152 F = FIE ) + NlowSen f = S 37 6

< (Vi) + 1Dlf2, ) (g 7) + lonSars — S FIN2

It is evident that

2k 2k
onSok f — Sor f = n (SQkazkf - Szkf) = ;S2k(02kf - f)-

Let p > 0. Combining Corollaries 16.3 and 16.4, we conclude that

2k/2
1/2 1/2 1/2
|5 Sar f — Szkf”h{l/z(c) ni/2 ([ Sar (o2e f — f)H]j{l/2 e = ook f = th{l/Q(G) — 0 as k— oo,

Now, we prove part (b) of Theorem 20.1. Since sup V(ay) = oo, there exists a martingale
keNy

{ag: ke N} C{ng: ke Ny} such that V(ag) 1 oo as k — co and
V2(ap) < V(agg1)- (20.4)

Let f be a martingale from Example 11.3, where A\, = V =2(ay).
Applying (20.4), we find that condition (10.2) is fulfilled and it follows that f € H,(G). Using
(11.10) we obtain

9lak|
——, je{2lesl o 2lekltl 1} ke N
~ Vz(ak:) ) j E { ) ) }7 6 +
7) = . (20.5)
0, jg | Jgalel,. et 1y,
k=0
Combining (11.13) and (20.4), we conclude
(@) g v = 2 V)~ N\vaa)
Let 2lo¢l < j < ay. By (11.12), we get
219k g a1 Dyl
. — ]_2 k
S]f SQ|ak\f+ VQ(ak)
Hence,
9l | g — 2lo] 219kl oy (e — 219N K ol
oo f—f= (02|ak\f_f)+T(SQ“’Mf_f)_" akvg(ak) s : (207)

According to (20.7), we have

1/2 c « 1/2
Haakf lejQ e m H(ak; — 2' k‘)Kak*2|°‘k‘ H1/2

ol 172 — goxl\ 1/2
= (5ar) Mowen f = fI = (F) IS f = £l (208)

Qg

k

Tr T
Let a = >, > 2% where mf > 1F > 18 —2>mbk >k >1h-2>...>mk>1%>0and

i:lk:lf

Epe = Tpe gy (e +egr).
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Using Lemma 8.6, we get

/ ok — 29N Ko ()] s
G

9l > ery > eViag). (20.9)

o

1 rE—2 1/2 1 —
> 7 / (g — 21Ky ()] > Z
=2

1=2 E,
i

Combining estimations (20.8), (20.9), Corollaries 16.3 and 16.4, we get that (20.3) holds true and
Theorem 20.1 is proved. O

Theorem 20.2.
(a) Let 0 <p<1/2, f € Hy(G), sup d(ng) = oo and

keNL
1 1
Then
lone f = fllz, @) =0 as k — oo. (20.11)

(b) Let sup d(ng) = co. Then there exists a martingale f € Hy(G), 0 < p < 1/2 such that
keNL

WH,(G) (ﬁ,f) = O(W) as k — o0 (20.12)

and |0, f = fllweak-L, () » 0 as k — oo.

Proof. Let 0 < p < 1/2. Then under condition (20.10) if we repeat steps of the proof of Theorem 20.1,
we immediately get that (20.11) holds.

Let us prove part (b) of Theorem 20.2. Since sup d(ng) = oo, there exists {ax : kK € N.} C {ny :
keNL

k € N1} such that sup d(ax) = oo and
keN_L
92d(ak)(1/p=2) < gd(art1)(1/p=2) (20.13)
Let f be a martingale from Lemma 11.3, where \;, = 2~ (1/p=2)d(ei)

Using (20.13), we conclude that condition (10.2) is fulfilled and thus f € H,(G).
According to (11.10), we get

2(/p=2er] 5 e {2lexl olewl+l 1} ke Ny,

) = ol o 20.14
() 0, g |J{2lenl, . 2l 1y, ( )
n=0
Combining (11.13) and (20.13), we have
1 = 1 1
H,(G) (W7 f) < Zk 5@ (1/p=2) — O(zd(ak)(l/p72)) as k — oo. (20.15)
1=

Analogously to the proof of the previous theorem, for a sufficiently large &k, we can conclude that

||O-Olkf - foueak—Lp(G) = 2(1721))[0%] ||(Oék B 2|ak‘)Ko‘k72‘ak‘ ||Z}eak—Lp(G)

2|Oék| p o _2\ak| P
— (70% ) ||02\ak|f - f”fueak-Lp(G) - (70% ) HSQ\%\f - f”i}eak-Lp(G)

> 2(1—2p)[0¢k]—1||(ak — QIak\)K

p
ap—2lok! Hweak-Lp(G)' (2016>
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Let z € E|,]- Lemma 8.6 implies that

a an]— 1
u(m €G: (ap — 2 N|K, _jjap| > 2% 4) > u(Eay) = Sfor—4

and
221)[“’“]74/1(95 €G: (o —2N|K, _sapi| > 22[“’“]74) > 22— Dlew]=4, (20.17)

Hence, combining (20.16) and (20.17) and Corollaries 16.3 and 16.4, we get |0, f — fllweak-L,(c)
- 0as k — oo. O

Using Theorem 20.2, we easily get an important result proved in [116].
Corollary 20.1.
(a) Let f € Hy/2(G) and
1 1
le/z(G)(z—k,f) = 0(?) as k — oo.
Then |lowf — fll, 0c) — 0 as k — oo.

(b) There exists a martingale f € Hy/5(G), for which

me(G)(%,f) = O(%) as k — oo

and ||ogf — fllij2 = 0 as k — oco.
Corollary 20.2.
(a) Let 0 <p<1/2, f € Hy(G) and

1 1
WH,(G) (Q—k,f) = 0<72k(1/p_2)> as k — oo.

Then |loxf — flla, @ — 0 as k — oc.

(b) There exists a martingale f € Hy(G), 0 < p < 1/2, for which

e (31) =0l gr) o0 4

and ”ka - f”weak—Lp(G) - 0 as k — oo.

21 Strong convergence of Fejér means with respect
to the one-dimensional Walsh—Fourier series
in the martingale Hardy spaces

In this section, we consider results on the strong convergence of Fejér means with respect to the
one-dimensional Walsh—Fourier series in the martingale Hardy spaces, when 0 < p < 1/2 (for details
see [97]).

The following statement is true.

Theorem 21.1.

(a) Let 0 < p < 1/2 and f € H,(G). Then there exists a constant c,, depending only on p, such
that

1 i ||O'mf‘|z;1p(g)

loglt/?*7l m2-2p

< Cp”f”%p(cy

m=1
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(b) Let 0 <p<1/2, ®: Ny — [1,00) be a non-decreasing function such that ®(n) 1 co and

k2 2p
lim

= Q.

Then there exists a martingale f € Hy(G) such that

i Ho-meZ)eak—Lp(G)
®(m)

m=1

Proof. Suppose that

1 = llomflp
< p
10g[1/2+p} n Zl m2-2p — cP”fHHp(G)

m=

Combining Propositions (11.1) and (11.2), we can conclude that

1 Zn: ||0mf||z;1p(c)

log[1/2+p] n m2—2p

1 “NomflE S+
Ty 2 a1 e + 154l < el (210)

According to Lemma 10.2 and (21.1), Theorem 21.1 will be proved if we show that

1 lomallp
<c -
og /2T Z m2—2p <00, m=2,3,.

for any p-atom a. We may assume that a is p-atom with support I, pu(I) = 2= and I = I;. Tt is
obvious that ¢, (a) = 0, when n < 2™. Therefore, we may assume that n > 2.

Let x € Ip;. Since o, is bounded from Lo (G) to Lo (G) (the boundedness follows from (8.10) in
Corollary 8.3) and ||als < 2M/?, we have

lomall% _ llall? .
/|cra )P dp(z) < M°°< 2M°°<c<oo 0<p 5
Let 0 < p <1/2. Then
n f |Jma |pd:u‘( ) n
oy O < (T e <0<
Og[1/2+p] n “— m2—2p = log[1/2+p] n ~ m2—2pr = :

It is evident that
Fma(@) < [ 10Ol 1Ko+ 0] dutt) <277 [ Kol )] du)
Ine
Equalities (8.1) in Lemma 8.1 and Lemma 8.2 imply that

c . 9k+l . 9M(1/p—1) kol
loma(x)] < - ,zelyy, 0<k<l<M, (21.2)

and
oma(z)| < c- 2MA/P=D 9k gy e IRM 0 < k< M. (21.3)
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If we use identities (1.2), (21.2) and (21.3), we get

M-2 M— M-—1
[ lomat)P duta =3 > [ o) dute EDY [ omata)? duto)

Tu =k+1 e kM
M—-2 M-1 M-1
1 op(k+l) . 9M(1-p) o
i (1—p) . 9pk
S Y g e Y gy 2Oy
k=0 I=k+1 k=0
c.oM—p) MZ2 M—1 opett)  MZl opk . oM(1—p) pyl1/2+p]
S X X gt gw s P +e (214)
k=0 I=k+1 k=0
Hence,

X LS loma(@)P du(x)
Tu
1Og[1/2+p] n Z m2—2p

m=2M 41
1 n c - oM(1=p) prl1/2+p] n c
s X T Y ) <e<se
m=2M 41 m=2M 41

The proof of part (a) of Theorem 21.1 is complete.
Now, we prove part (b) of Theorem 21.1. Let ®(n) be a non-decreasing function satisfying the

condition

gkl (2-2p)

According to (21.5), there exists an increasing sequence {ax : k € Ny} C {nx : k € Ny} such
that
|ag| > 2, where k€ Ny (21.6)

and
s @1/2(2|0¢7,|+1) oo (1)1/2(2\ocn|+1)

_ ol—
> g =2 pzo S(an T p) < ¢ <00 (21.7)
’r]:

Let f = (fn,n € Ny) € Hy(G) be a martingale from Example 11.3, where

P1/2p (2lonl+1)
k= 9arh@/p-1) -

Using (21.7), we find that f € Hy(G). According to (11.10), we have

/2 (loklty - if e {2lexl o olenlHl 11 ke Ny,

Tu)= 0, if j¢ G{2'°‘k‘,...72‘%|+1 ~1}. (21.8)

k=0

Let 2loxl < < 2lawl+l Then

Q\Qk\

onf=— ZSf+— zn: S;f =TI +1V. (21.9)

j=2lekl41

It is evident that
S;jf =0, if 0<j <2l (21.10)
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Let 21| < j < 2losl+1 where s = 1,2,..., k. If we apply (11.12), we get

s—1
Sif =Y @22 (Dyjayii1 = Dyjayt) + @2 (21 Ywyia D _gay. (21.11)
n=0

Let 2l@sl+1 < j < 2lest1l s =0,1,... k — 1. Then, using (11.11), we can conclude that

Sif =Y @22l (Dyjayii1 = Dyjay). (21.12)
n=0
Let x € Iz(eg + e1). Since (see Lemma 10.3 and (8.1)) in Lemma 8.1 we obtain that
Dan(x) = Kon(z) =0, where n > 2, (21.13)
Combining (21.6) and (21.10)—(21.13), we get
1 k—1 olan|+1
I = = 1/2p (glay|+1
LS amgern) Y o
n=0 v=2lonl41
=
_ Z <I>1/2p(2“"”|+1)(2'“”‘+1K2\an|+1(:v) _ 2|an‘K2|an‘ (z)) = 0. (21.14)
n
n=0

If we use (21.11), when s = k, for IV we can write

n — 2l 1/2 1
V= on ZO(I) / ;0(2|Oz7,\+ )(DQ“)‘WHl - D2‘°‘71|)
77:

(I)l/2p 2\ak|+1 n
+ # Z w2|ak\Dj_2\ak| = I‘fl + I‘/Q (2115)

n
j=alakl 1
Combining (21.6) and (21.13), we conclude that
IVy =0, where x € I2(€0 + 61). (2116)

Let o € Agp, 2okl < p < 2lorl+l and 2 € I>(eg + €1). Since n — olarl ¢ Ag 2, Lemma 5.3,
Lemma 8.2 and (21.13) imply that

lay, |

q)l/Zp 2|ak\+1 n—2%

o) = T TS D)
=1

@1/2p(2|ak\+1) @1/2p(2|ak|+1)

=—— |0 2K, pen()| > — - 2L17)

Let 0 < p <1/2 and n € Ags. Combining (21.9)—(21.17), we get
c (1)1/2(2\ak|+1) c @1/2p(2\ak|+1)
||an||fueak—Lp(G) > WH{QZ € I(egter): lonf| > I)Z‘T}
cp®1/2(2lekl+1) ¢, /2 (2lokl+1)
Z iy M2(eo e} = TSy — . (21.18)

Hence,
s~ Lo ot sy) 3 o a2, )
n=1 q)(n) - (I>(n)

{n€hg, 2: 2lokl<n<2lorl+1}
.9(1=p)(Jax|+1)

Z 1 Z 1 Z Cp 2
@1/2(2lak\+1) op(lak|+1) @1/2(2lak\+1)

{n€hg,2: 2okl <n<2lorl+1y

— 00 as k — oo.

The proof of Theorem 21.1 is complete. O
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Theorem 21.2. Let f € Hy/5(G). Then

1 172
sup  sup — omf
sup s 2 Z lomflis =

Proof. Let 0 < p < 1 and ai be the p-atom from Example 11.1. Using (11.4) for 0 < n < 2%, we

have N
k

|Ont2an ak| = n|Ky|.

n + 2%

S m;
Let n=>Y > 2F where 0 <l <m; <lp—2<lp<mg <---<l,—2< Iy <m, Applying
i=1 k=1,
Lemma 8.6 and (21), we find that |0, 9e ar(z)| > ¢- 224 where x € I, 1(e;,_1 + ¢;,). Hence,

/ |20 ar(2)| 2 dp(z)
G

S
> [ lomema@l du) >cz2l )
1=0

I, 41(er; —1+er;)

According to the second estimation of (4.2), we can conclude that

2okt _q
/2 1/2
sup sup 3 [l 2 oo
el HfIIHp<1 Z 12 2 2ak+1 22‘“;+1 1/2
20kt _1 2%k 1
_QQkHJQza,;HVj_Q% _2%“ Z V(j) > clogay — o0 as k—oo. O
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