Memoirs on Differential Equations and Mathematical Physics

VOLUME 96, 2025, 163—-174

Nugzar Shavlakadze

BOUNDARY VALUE PROBLEM FOR PIECEWISE-HOMOGENEOUS
VISCOELASTIC PLATE WITH FINITE CRACK



Abstract. A piecewise-homogeneous viscoelastic plate, weakened by a finite crack, which meets the
interface at a right angle, is considered. The crack boundary is loaded with normal symmetric forces.
Using the analogues of the Kolosov-Mushkelishvili formulas of viscoelasticity theory, the complex
potentials are determined and a system of singular integral equations of the first kind with respect to
jump of the normal displacement is obtained. The asymptotic behavior of a solution of the resulting
system is investigated. In the particular case, using the methods of the theory of analytic functions,
the solution to the problem is presented in explicit form. The behavior of normal contact stresses in
the neighborhood of singular points is established.
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1 Introduction

The first fundamental problem for a piecewise-homogeneous plane was solved when a crack of finite
length arrives at the interface of two bodies at the right angle. Various problems with mixed boundary
conditions are reduced to the Wiener—Hopf equation [9]. Similar problems for a piecewise-orthotropic
and piecewise-isotropic planes under the action of symmetrical normal stresses at the cracks sides
(of finite or half-infinite length) are investigated. These problems are reduced to the singular integral
equations with fixed singularity [2,14] and their solutions are presented explicitly. Additionally, contact
problems for a piecewise-homogeneous planes with a semi-infinite or finite inclusion or stringer are
investigated [3,4,8,12]. In the present paper, a piecewise-homogeneous viscoelastic plate (under the
condition of Volterra viscoelastic model) with a finite crack is considered. When the crack crosses the
interface between two materials, the problem is reduced to the system of singular integral equations
of the first kind. The asymptotic estimates of solutions of this problem are derived. In the special
case, when the crack passes through the interface, the singular integral equation with fixed singularity
is investigated by using the methods of analytical functions and integral transformation.

2 Statement of the problem and reduction to the system
of integral equations

Suppose the body holds a complex plane z = x + iy, consisting of two dissimilar isotropic half-plane
with viscoelastic properties. It is weakened by a finite crack the boundary of which is loaded by
normal symmetric forces (see Figure 1).

The half-planes S; = {z | Rez >0, z¢l; =(0,a)} and So ={z| Rez <0, z¢ly=[—a,0)}
are connected along the Oy axis. Quantities and functions related to the half-planes .S well be marked
by the index k (k = 1,2), and the boundary values of the functions at the upper and lower edges of
the crack will be marked by the signs (+) and (—), respectively. The contact conditions along the
interface have the form
8u1 8’[1,2 8’()1 81]2

) = 7(2) =— = (2.1)

1) _ (2 dur o _ Ova
Ta =0 v 9y 9y 9y Oy

T

On the crack boundary we have the following conditions:

aé’“” = aé’“)* = Ni(z,1), TQEZH = T:,(;];F =0,

N (2.2)
uf —up =0, v —vg =z, t), el k=12,
O'y(k), ngg) and wug, vi are the stress and displacement components, respectively. Given continuous
functions Ny (z,t) on the interval, vg(z,t) are unknown functions, showing the opening of the crack
at the corresponding points.
The analogues of the Kolosov—Muskhelishvili formulas of the viscoelasticity theory are presented
in [8] as follows:

O‘?Sk) - iTé’;) = Pp(z,t) + Pr(z,t) + 29 (2, t) + Ui(z,1),

(2.3)
(I — L) [5:®p(2,1) — Op(2, 1) — 2@} (2, ) — Wi(z,t) | = 2k (uy, + ivy,),
where
/ 0 E
_ J— PR = k
(I = L)gk(t) = gr(t) /Ek 5 Cr(t,T)gr(1) dr,  2up o
to

Cr(t,7) = @r(r)(1 — e 777),

3—vg
1+
k = 1,2; Ck(t,7) and Ej are the creep measure and Jung’s module of the materials, respectively.

and s, = 3 — 4vy (in the case of plane strain) or s, = (in the case of generalized plane stress),
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Here, @y (7) is known as the ageing function, the function (1 — e~ 7(*=7)) characterizes the hereditary
properties of materials, and tq is the ageing of the material at the beginning of load. Besides, the
Poisson coefficients for elastic-instant deformation v (t) and creep deformation v (t,7) are the same
and constant: vg(t) = vi(¢,7) = vi = const [1,5,6].
Based on formulas (2.2) and (2.3), we obtain the following conditions of the problems of linear
conjugation:
o (2,t) — @) (z,t) = ag(w,t), = € Ly,

t ¢ (2.4)
Ul (x,t) =V, (x,t) = bi(z,t), =€l
where
, , 2u 1 Ovg(a,t
ak(l’,t):lfk(l',t), bk(xat)ziszl,@(xat)a fk(xat): %k-‘,]-cl (IiL) 1%&
and (I — L)™' is an inverse operator of (I — L), which can be clearly given as [8]
t t T N
(I—L) 'gi(t) = Ck(to)/ék(T) dr + /§k(7)< 5k((5)) ds) dr + 5k(t0),
to to to b
where
¢
(5k(t) = exp (—7/0%(7) dT), ak(t) = l—l—Ek(pk(t), 5k(t0) :Ekgk(to),
to
dg . _ 0%

A (t) = Exgr(t) +v9x(t), Ck(to) = Ex(gr(to) — E¢r(to)vgr(to)), k=1,2; g= 5 9= 32

The general solutions of the obtained jump problems (2.4) can be written in the following form:

Dp(z,t) = L /Mdcher(z,t) = Ap(z,t) + Wi(z, 1),

27i T—z
173
(2.5)
b
Uy (z,t) = % / % dz + Qr(2,t) = By(z,t) + Qi(2, t).
Iy

where Wi.(z), Qr(z), k = 1,2, are unknown analytic functions in the half-plates Sy to be determined
from conditions (2.1) at the interface of two materials.
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Using the methods of the theory of analytic functions (particularly, the Cauchy theorems), for the
search functions [10], we obtain the following representations:

Wl(Z,t):Bltl/%d.fCﬁ*eltl/ fl( )d +h1t /f2 I’,

(z+2)?
ll ll
ez, t
Wg(z,t):f@tz/md:pf@t / f2( d + haty /fl
x+z (x +
l2
'Tf{(xat) /fl I,t /(xfl(xvt))
t) =e;t —————dr — t — 2 dt — 2eqt ——
Q1(z, 1) 611/ g T — mitly pRSpS €112 (@1 2)2 x
11 I 31
(2.6)
ozt
ity [ D 4y gy [2R
x—z (x —2)?
12 l2
 f5(x,t) /fz /(l“fz(x,t))’
t) = eata dx to dt + 2est ———d
Q2(z,t) = e / o + mg + 2estaz @+ 2)2 x
12 l2
t
—h4t2/7mfl( d )d$+m1t1/7xfl(z7 Q)dt,
x—z (z—2)
ll ll
where
; 111 . 142 M2 — M2 —
1= 9 = eg=—"—"""—, e=_—"—"""—
1+’ 1+ s Mg + p1 o1 + o
1
m (51 + D [ - } = hg — hy,
Lo 2#1 + e sape + ? !
1
m (500 + D [ - } = hz — hq,
2T Aoy + p2 e + ? !
(a4 1m  Ga A Dpe (a4 1m  Ga A+ Dpe
N h_ia h3_77 h4—7-
»if2 + Mo fhy + 2 Mol + 2 » 2 + U
Taking into account relations (2.5), (2.6) in the equality
o) (2,8) = Re [@4(2,1) + B2, 0) + 28 (,1) + i(z,D) |,
and passing the limit as z — = + 40, from the condition
ot + o= = 2Ny (2,t), €l k=12,
we obtain the following system of singular integral equations of the first kind:
1 i 2 2 deia?
e +mq e1xr eixr }
— — t)d
7r/ r—s 2(z+s) (x+s)2+(x+s)3 Sl t) d
0
[ (=t +hs)
t2 —(h1 + N3 Mok }
— —x,t)dx = N1(s,t
Jr77751/{ x+s Jr(m—i—s)2 o=z ) dz (s:1),
X 0 (2.7)
1 1 2e9 + Mo 2es1 deqr? }
— — — —x,t)d
ﬂ'/{x—s 2(z + s) (x+s)2+(x+s)3 Jo(—a,t) d
0

1
t —(h h
_’_71/{(2-5-4)_’_ mix

7ty r+s (x +s)?
0

}fl(ﬂ%t) dz = Na(—s,t), 0<s<1.
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3 Asymptotic study of the system of singular integral
equations

To find the behavior of the solution of the system of integral equations (2.7) at the singular points,
we present its solution in the neighborhood of the point s = 1 in the following form:

f1(57t) = (1 - S)iagl(sat)v
o(s,t) = fa(—s,t) = (1 — 5)75901(3,15), 0 < Re(a,d) <1

where g1 (x,t) and o1 (x,t) are the continuous functions in the neighborhood of the point s = 1.
The functions

1

1 261 + m1 2e1x deqz? }

— — t)d

7r/ (x+s)2+($+s)3 il t)d
0

1
2 {—(h1+h3)+ mayx

E }fg(—x,t) dx

mty x+s (x+s
0
; 2
1 262 —|—m2 2es9x deox }
- - t)d
0= [{- o rept 2D
0

1
RS {*(h2+h4)+ miz

x+s (x + s)2

}fl(a:, t) dx

7Tt2
are regular in the neighborhood of the point s = 1. Therefore, they can be represented as follows:

Ti(s,8) = J (L) + 7 (1, E)(1 — 5) + % T = 5)? 4o
(3.1)
Ja(s,t) = Jo(1,1) + ' (1,4)(1 — s) + % " (1,t) (1 — )2+ -

According to the well-known theorems about the behavior of the Cauchy-type integral near the
ends of the integration curve, from (2.7) and (3.1), we have (see [11])

—ctgmag (1,1)(1 —8) >+ O0((1 — 5)7°) + Ji(1,¢) + - -- = N1 (1, 1),
—ctgmopr(1,t)(1— )72 + O((1—8)7%) + Jo(1,£) + - = Na(—1,1),
ag < Rea, dg < Red.

Since the first terms have the greatest singularity, from the system of equations (2.7), we obtain

1
ctgma =0, ctgmd =0, a:5:§.

Accordingly, in the neighborhood of the point s = 1, the solutions of the system have a singularity of

order %

We present the solution of the system in the neighborhood of the point s = 0 as follows:

fi(st) = S*ng(s,t), w(s,t) = s Tpa(s,t), 0<Re(B,7) <1

where go(x,t) and @a(x,t) are the continuous functions in the neighborhood of the point s = 0.
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Based on the known theorems on the behavior of the Cauchy-type integral [11], we have

1
1 t
— / LLS) dr = ctgmfg2(0,t)s™ P + O(s™7), 5 =0,
P _

1
1 t
—/ Pl 1) dx = ctgmyg2(0,t)s™7 + O(s77°), s — 0,
T) x—s
0

Bo < Ref, 79 < Ren.

For the functions

1 1
1 2 deix? t
JS(svt):;/{_ ar + ar g}fl(‘r’t)dx+7t21/( m2§)2 f2( )
0 0

(x+s)?  (z+59)

1 1 1
1 d 2e1x 1 d? 2611‘ ta d mMoX

t)yde — —=— — | —— fa(—z,t)d
mds ) x+s 7 ds? fl( t)dz wty ds sc+sf2( z,t) dz,
0 o 2

1

1
1 2esx deqx? maXx
J4(S,t) - ﬂ_b/{ (.T+S)2 + (33—1— ) }fQ(x t) do + — ts O/WfQ(xvt) dx

1
t1 d mix
—_ r,t)de — — —
ac—|—3f2( ) Tty ds | x4+ s
0

fi(z,t)dx

1
2 1 d? 2eq12
2L ol t)da+ — 2 / c21

Il
3=
&l

O\H

we obtain

Js(s,t) = 2e, {w 92(0,) + O(s—ﬂo)] | f2ma [ 1—7 ¢2(0,2) " O(s—%)],

sin 3 sh t; Lsinmy s
(1=9)% ¢2(0,) - timi 1 -5 g2(0,t) -8
t) = 2 P i S Yo 0
Ja(s,1) 62[ sin 7y 57 +0(s )] * to [sinﬂ'ﬁ sP +0(s )}’ s =0,
and the functions
A / D ;
t t
Lyi(s,t) = —*1/ L@ 4, —1/ Pl )da:,
s x4+ s T T+ s
0 0
A / D /
t t
Ly(s,t) ——2/“0(”3’ ) gy = D2 [ Silzt)
s x4+ s ™ r+s
0 0

Dl{ e £2(0.1)(~3) " + O(~5) ™ }

sin 7y

w2(0,t)s™7 + O(s 770)}, s — 0,

B
Li(s,t) = *Al{s;iﬂﬁ 92(0,8)(=5) "7 +

sin 7y

pf £ 5 92(0)(=3) "+ O((=s) )}

)=
92(0,8)s™8 + O(s~ } D%
) -

2(0,1)5™7 + O(s —%)} Dy{ 1ﬂg2<o s +0(s~™)}, 50,

ﬁO < Reﬂ7 Yo < Re’y
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Taking into account these estimates, from the system of singular integral equations (2.7), in the
neighborhood of the point s = 0, we obtain

0,t 0,t 1-p8)?
—ctgmBg2(0,t)s™" — A g2( ) s# - Dy M s77 4+ 2ey ﬂ g2(0,1)s7
sin w3 sin 7y sinwf3
t 1-—
22~ 00(0,8)sY + O(s ™) + O(s7) = N1(0, 1),
t1 sinmy (3.2)
t t 1—7)2 '
—ctgmypa(0,1)s™7 — Ay 2(0.1) s77 — Dy w 577+ 2 Q w2(0,t)s77
sin 7y sinwf3 sin 7y
tym; 1-0 -8 _3 _
t 0 Yo = N. t
t smnd 92(0,8)s™7 + O(s77°) + O(s7°) 2(0,1),
where
2 hi + h3)t 2 ho + hy)t
Al = 61-i-m17 D1:(1+ 3)27 Ay = <f2-f-TTl27 D2:(2+ 4)t
2 t1 2 t2

It is easy to prove that 8 = -, since otherwise (Re S > Re~y, Re 8 < Re) the last equalities are
not simultaneously satisfied. Therefore, from (3.2), we obtain the following system of transcendental
equations:

t 1-
COSTI’ﬂ + (A1 +2€1(1 — 5)2) + (D1 - M)C = 0,
" (33)

cosmh + (A2 + 2ex(1 — B)%) + (D2 - tlml(t;ﬁ))c—l -0,
2

where C' = ‘52((8 f)) does not depend on 8 and t.
It can be shown that if s us + 1 # o1 + p2, system (3.3) has no such solution (8, C), where

0 < RepB < 1, C = const. In this case, the normal stresses cr?(,l) (2,t) may have the logarithmic
singularity or may be bounded in the neighborhood of zero.
In the case s s + p1 = 2441 + 2, equations (3.3) take the form

cosTfB+er+2e(1—pB)*+DC=0 (3.4)

Dg %1—1 %2—|—1)
C==+4/—
D1 \/%2—1 %1+1)7

and if, additionally, ;11 = po (the material of both half-planes is the same), we obtain

where

cosmB =42, f=——In2+3),
T

which means that the functions fi(s,t) and f2(—s,t), and accordingly the normal stresses aél)(z,t)
can have an integrable singularity or can be bounded in the neighborhood of zero.

The analytical study of equations (3.3) and (3.4) is associated with great difficulties and can be
investigated only numerically.

Theorem. If the system of singular integral equations (2.5) has a solution, then it satisfies the
following estimates:

{ fl(s,;?f) :O((1—8>_%), { s —=1-, 0<s <1,

fa(= —5 = —14,
filst) _ /-8 s — 0+,
{fQ(_Svt) =067, —5 = 0—, 0<s<l1 0<Ref<l,

where B can be determined from equation (3.4).
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4 Exact solution of the problem in a specific case

Let us consider a problem when the crack is located in one half-plane and passes at a right angle on
the interface of two materials. Considering

ON(z,t), = €[0,1],

(1)+( (D= () —
o x)+ o xr) =
v (@) Foy (@) {2o§1>(m), z € (1,00),

the problem is reduced to the following singular integral equation of the first kind:

1

1 1 Aq 2e1x dejx?

;/{xfs T ats (29 + (erS)g}fl(x,t)dJU—Nl(S,t)7 0<s<l. (4.1)
0

Using the equality

1

/fl(x,t)dx: 21 (I—L)—l/‘%l(x’t) do = 2 (1 D) (1,6) — v (0,4)) = 0,
0

14 ox T 14
0

from (4.1) we have

1
1 1 Ay —2e 6ex deqx?
;/{m — + 1x+5 L (x+1$)2 - (xis)3}f(x’t)dx =sNi(s,t), 0<s<1, (4.2)
0

where f(z,t) = xf1(x,t).

Due to the fact that the displacement must be limited at the pointxz = 0, the desired function
f(x,t) is required to satisfy the condition f(z,t) — 0, z — 0.

To solve equation (4.2), we make changes to the variables = e°, s = e, and use a generalized
Fourier transform to obtain the Riemann boundary value problem [7]

Gy)® (y,t) =V *(y,t) + P(y,t), y=uyo+ic, |yo| <oo, £>0

where
1 0 . %)
- _ itz + _ ¢t + itz
O (2,1) = m_/ ol e d, W (ert) = <= O/ B, 1) d,

0
P(z,t):\/% / No(€, )ei* de,

0, £<0,
Fol€8) = FE0), - No(€:8) = 26Mi(e€.0), 07 (6.1) = {zay)(ef), £>0,
1

shmz

G(2)

[chmz + (A1 — 2e1) + 2e1 (2 + 1) (22 + 7i)].

The problem can be formulated as follows: find the function ¥ (z,t), holomorphic in the half-plane
Imz > 0, and the function &~ (z,t), holomorphic in the half-plane Im z < 1 (with the exception of a
finite number of roots of the function G(z) in the strip 0 < Im z < 1, at which the function ®~(z,¢)
has poles of the first order), vanishing at infinity and satisfying condition (4.1) [7,11].

The boundary condition (4.1) is represented in the form

Go(y) é_(y’tsm _ ‘Ij%> I P;yf)i

) y:y0+7;€7 ‘€>07
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where the function Go(y,t) = yG(y)[1 + 4]~ 2 satisfies the conditions Re Go(y,t) > 0, Go(+o0) = 1,
Ind Go(y, t) =0.
The solution of this problem can be represented in the form [10]

O (z,t) = =L ) Imz2 <0, U'(2,t) = X(2,t)Vz+i, Imz >0,
z2—1
_ Ut (z,t) 4 P(z,1)
D7 (z,t) = G , 0<Imz <1,
where
_X() [ P(y.t) - 1 7’1na0<y>
X(zt) = 271 /X+(y)\/gm(y—z) dy, X(2) =exp 2mi y—z dy |-

The function ®~(z,t) is holomorphic in the half-plane Im z < 1, with the exception of a finite number
of roots of the function G(z) in the strip 0 < Im z < 1.
The function ¥*(z,t) can be represented in the form

oo X&) [ [VEFiP@y [ P
v (’t)_27ri\/z+i{£ Xty —=2) W / X*(y)\/yﬂdy}

X(z) [ Py
_27ri\/z+i_4 X+(y)\/y+idy'

= \IJOJF(Za t)

The boundary value ¥yt (y,t) of the function Wo"(z,¢) is the Fourier transform of the bounded
function (&, t), continuous on the semi-axis & > 0, except possibly at the point £ = 0, where it may
have a logarithmic singularity. Using the inverse Fourier transform [13], from

Tt (y,1) = \/y(% ety t),

we obtain
c(t)
Vievzr —1

c1(t)
VY — 1
where the function Wy~ (y,t) is the Fourier transform of the bounded function ¢g(€,t), which is

continuous on the semi-axis £ < 0 (except maybe at the point £ = 0, where it may have a logarithmic
singularity), the inverse Fourier transform yields

a(l)y(w,t) = +¢Yo(lnz,t), > 1,

and from the function

(I)i(yat) = + (I)Oi(yvt)v

Cl(t) 1
z,t) = + lnz,t)=0((1—2)"2), 0<z<l, x—1—.
It can be easily shown that for 0 < Imz < 1, we have
_ Cg(t) _
P (z,t) = + @ ,t), 4.3
(1) = 2 + 015 (43)

where the function ®;7 (z,t) is holomorphic in the strip 0 < Imz < 1, except maybe at one point
zo = iTg + @, 79 < B < 1, where it has a first order pole. Using Cauchy's theorem, we obtain

N N

/él’(y,t)e’iyf dy = / D (y +iB,t)e W dy + cs(t)e™ + £(N, &),
_N —-N
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where (N, €§) — 0, N — cc.
From formula (4.3), the Fourier transform gives

(oo}

co(t)et  efS (t)eTo¢

EF (5 1) = - ; —iyE ‘s
e e, t) = + o +18,t)e dy+ ———, £€<0.
Therefore,
t t To—1
fult) = 2ot oy + ST gny g <a<t, x o o0t

vV—Inx

V2r
Ouni(z,t) _ 2 +1 (I—L)fi(z,t) = O™ 1), z—0+.
6.13 2/,[,1

In a particular case pu3 = ps (e = 0, Ay = 2’(‘;{;’&), |A1] < 1), the equation G(z) = 0 has a
purely imaginary solution (the least distant from the origin) zo = i7g, 70 = %arc cos 2’(‘?{;‘11), and the

following conclusions are valid:

(a) if Ay >0 (51 > 52), then & <79 < 1;
(b) if A1 <0 (301 < 52), then 0 < 79 < 3;

(c) if Ay =0 (311 = 2, the material of both half-planes is the same), then 7o = 1.
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