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PERIODIC SOLUTIONS FOR FOURTH-ORDER
DIFFERENTIAL EVOLUTION EQUATION
INVOLVING POLY-HARMONIC OPERATOR



Abstract. In this note, we analyze the existence and uniqueness of periodic solutions for a fourth-
order evolution differential equation involving the well known poly-harmonic operator. The right-hand
term of the equation is taken in some anistropic Holder spaces. Our approach is based on the study of
a fourth-order abstract differential equation. To this end, we opt for the use of analytic semigroup’s
techniques.

2020 Mathematics Subject Classification. 34G10, 34K10, 44A45, 47D06, 47G20.

Key words and phrases. Abstract differential equations, Holder spaces, periodic functions.

tgbodyg. 59 65FOmIFo Hggh goobomobgdm IgMmomEymo 3mbsblbgdol s@lgdmdsl ws gOMowy®-
0omdsl dgmmby Mool g3mmy3E0gMo oggmgbGosmg®mo AsbFmmgdolmgol, Mmdgmoi Tgoiogl
350250 (3bmdom 3mEodsMBmbogm m3g@Ms@m@l. sbGmemgdol Bomxggbs dbomygBo dpamdo §g3@0
3390360l o339 SbobmB®OmIge gmegmol Log®dgl. hggbo dopamds ggedbgds dgmmby
®020L SdLEMSJB Ym0 oggMgbGgosmP®o asbBmmgdol gLFsgmsl. o3 dobbom, Bggh go®bggm
Sbogmobg®o bobggedxynngool Hgdbogol gsdmygbgast.



Periodic Solutions for Fourth-Order Differential Evolution Equation Involving Poly-Harmonic Operator 57

1 Motivation and statement of the problem

The theory of boundary value problems involving the poly-harmonic operator is a well-developed
subject. For more information, we can refer the reader to [1-4,17]. These works discuss a classical
situation and establish the elliptic theory for the following model problem

Ay = f. (1.1)

This differential equation is called the Kirchhoff~Love model for the vertical deflection of a thin
elastic plate. The investigation of equation (1.1) was considered under different boundary conditions.
The techniques of investigation are based on the use of the well-known potential theory or via the
variational techniques. For the reader convenience, we just recall the classical poly-harmonic operator
A™ which can be regarded as iterations of the Laplace operator, that is,

A™ = A(A™Y).

On the other hand, there exists another research axis which are concerned with the study of evolution
equations involving a poly-harmonic operator. For instance, we quote two famous model equations

Dyu+ (—A)™u = f,

and
D?u+ (—A)™u = f.

These classes of problems have been well investigated in different contexts and under several conditions.
For more details, we refer the readers to [6,20] and the references therein. All these studies were
motivated by the fact that this kind of problems arise in several models describing various phenomena
in the applied sciences. In our situation, we deal with the solvability of Cauchy problems for the fourth-
order evolution equations involving a relaxed poly-harmonic operator. More precisely, we provide a
systematic study of the following equation:

(Dy + (=1)™ L) ult, z) = f(t,2), (t,z) €RY xQ, meN-{0}, (1.2)

where L,, is the higher order differential operator defined by

2 m
Lm:<;Di—)\) , A>0,

Here, = (z1,72) is a generic point of R? and 2 = [0,1] x [0,1]. The right-hand term of equation
(1.2) belongs to the anisotropic Holder space C?(R*; LP(Q)) with 0 < § < 1, 1 < p < 400, consisting
of all §-Hélder continuous functions f : RT — LP () such that

1£(t) = fF(T)le
| fllco®+;rr)) = Ifllcy@+Lr(a)) + sup 7 ©)
teR+ |t — 7

< o0,

where

t—4o00

Cy(RY; LP(Q)) = {f € CRTL/(Q):  lim f(ta) < +oo}.
We also assume that f is a T'—periodic function in the first variable
f(t+Ta'):f(ta')a t€R+~

Let us supplement Eq. (1.2) with the following higher order boundary conditions:

= 0’
R+x {0} x[0,1] (1.3)

Ll [ S (1103, | "
0

k —
m] “|R+x{1}x[o,1] =Y
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and

=0, (1.4)
R+x[0,1]x{0}

(> ni” [ DL
j=0 §j=0

where k € {0,1,2,3}. We also impose the following initial conditions of periodic type:

R+x[0,1]x {1}

J Y] T
Dtu’{O}XQ—Dtu‘{T}XQ, j=0,...,3. (1.5)

The boundary conditions (1.4) involve the well known Wentzell type boundary conditions which
were introduced in [22] in order to study a multidimensional Diffusion Processes. Note that in this
work, the diversity of boundary and initial conditions imposed on equation (1.2) and the character of
the functional framework make the use of classical approaches a difficult task. For these reasons, we
will opt for the use of an abstract point of view. As in [13], the abstract version of problem (1.2)—(1.5)
will be treated by using the theory of analytic semigroups. This allows us to obtain some interesting
regularity results for our problem.

2 Operational formulation of problem (1.2)—(1.5)

We set E = LP(2) endowed with its natural norm and define the vector-valued functions
u:RY = B t—u(t); u(t)(z)=ult,x),
FrRY = By t— f(t); f(t)(2) = f(t,2).
Consider the operator A,, defined by
Anp(@) = (-1)" L) (a) (2.1)

and its natural domain

D(A,) = {% [Lnlp € E: <P|{1}X[0,1} =0 and

1 m 2 Com
(e 2) el =0 (P4) o =0}

]:
Then our problem (1.2) can be formulated as a complete fourth-order abstract differential equation
3
DY+ (DA uAR (1) + AL u(t) = f(t), teRT,
(t) g(k)m (t) + Anu(t) = f(t) (2.2)
u(0) =u)(T), 1<j<3, T>0,

with

To establish our main results, we need to use some spectral properties of the operator A,, defined by
(2.1). It is obvious that this study needs to introduce the operator (Ag, D(Ag)) defined as follows:

Aop(x (Z:D2 — )\) ), x=(x1,22) € Q, (2.3)

and its natural domain

2
D(A) = {@, Y DiypckE:

i=1

1 2
= 07 '7+1 ‘ == 0 .
w‘{O}X[OJ] jgo IISD {1}x[0 1] Zo z2<P [0,1]x{0,1}
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For f € C%(R*; LP(12)), we search for a strict solution u of problem (2.2), that is, a vectorial function
u such that
(i) ueCiRYE)NC(RY; D(A)),

(i) u® e Cy(RT; D(AE)), k=1,2,3.

3 On the elliptic character of the operator A,

The investigation of spectral properties of operator (2.3) is based on the study of the following spectral
problem:

D2 o(x1,m2) + D2 Lu(1, 22) — Av(wy, 22) = (21, 22), (21,22) €
1 2 2
ey . B . B
los =0, > (=1 TDI | o > DI w(-,0)=Y Div(-,1)=0.
§=0 j=0 j=0

The study of (3.1) is performed in the Lebesgue space LP(€2). As in [7], we use the commutative
version of the well-known sum’s operator theory developed by G. da Prato and P. Grisvard in [15].
Briefly, the abstract version of (3.1) can be formulated as follows:

(3.1)

Mo+ Nv— =y, veDM)NDWN),
where (M, D(M)) and (N, D(N)) are the linear operators defined as
D(M) = {’U, Dgl’l) c Lp(o’ ]_) : DE1U|3;1=0 — v 2120 = O, 'U|$1:1 = O}’ Mo = Dilv(xl’xQ) (32)

and

D(N)z{v, D2v e LP(0,1) ZD

2
OZZDg?zU :0}7 NU:Dizv(xl’x2)'
§=0
The basic spectral properties of the operator (M, D(M)) are summarized in the following

Lemma 3.1. Let (M, D(M)) be the linear operator defined by (3.2). Then M is a closed linear
operator satisfying the following properties:

(1) R* > p(M) and 3C >0: Vu >0,

C
[(M = uI) 1HL(E) =1+ (3:3)

(p(M) is the resolvent set of M);
(2) D(M) = L*(0,1).

Proof. As in [19, p. 89], an explicit calculus shows that

1
{IM =)~ <p} x1) /IC i, 8, x)p(s) ds,
0

where ¢ € LP(0,1) and

sinh \/fi (1 — @1 )[sinh /@ s + /i cosh /1t s]
VI [sinh /1 + /1 cosh /7] ’

sinh /i (1 — s)[sinh /@y + (/1 cosh /11 21]
Vi [sinh /it + /1t cosh (/7] ’

K(p,s,z) =




60 Belkacem Chaouchi, Marko Kostié¢

Here, \/p is the analytic determination defined by Re /i > 0. Note that

. e~ Revi .
(a\/p—l—zb\/ﬁ)—l—T(cﬁ—de\/ﬁ),

eRe\/ﬁ
‘sinh\/ﬂ—k \/ﬁcosh\//ﬂ = ‘

where
ayp =1+ Re/p cosIm/p —Im \/p sinIm /i,

by =1+ Rey/psinlm/p+Im\/p cosIm /i,
cyp = (Rey/p— 1) cosIm \/pp — Im \/p sinIm /1,
d sz = (1—Re/u)sinIm /i + Im \/p cosIm /0 .

So, we deduce that

|sinh\/ﬁ+\/ﬁcosh\/ﬁ|
eRe Vi 2 911/2 e~ Revi 2 2
> S (L4 Reyi)” + (myi)’] = [ (1 = Revia)” + (Im vj1)”]

1/2
zsinhRe\/ﬁ[l—i— (Re\/ﬁ)Q—FZRe\/ﬂ} / ,

1/2

which implies
| sinh /p + /1 cosh \/m > sinhRe /1t [1 + (Re \/ﬁ)}

To obtain the desired result, it suffices to observe that

sinh(l — ) Re\/ﬁ B eRevi(l—z1) _ o—Re/m(l-=1)
sinhRe /it [1 4+ (Re )] (eReVF — e~ Revi)(1 + (Re /1))
e~ Re /px1 [1 — e Re \/ﬁ(2—w1)] Ce™ Re iz

(1= e TRevi)(1+ (Rey) ~ (1+ Re /i)

from which it follows that

1 1
/ . < /Ie*ReW“mxl S —
sinhRe /1 [1 + (Re /1)) Re /1
0 0
The density of D(M) is obtained thanks to Proposition 1.1 in [18, p. 18]. O

Concerning the operator (A, D(N)), one has

Lemma 3.2. Let (N, D(N)) be the linear operator defined by (3.2). Then N is a closed linear
operator satisfying the following conditions:

(1) Rt D p(N) and 3C >0: Vu >0,

_ C
|V = ) 1||L(E) < m§

(2) DIN) = L7(0,1).

Proof. These results use the same argument as in the previous lemma. In fact, using the classical
variation of a constant, we show that

1 1
1
/e_\/’j(s_“_mgo(s) ds + 7(1 — /e_\/ﬁ@_s'”?)(p(s) ds

0 0

1

{(N pl)~ ‘P} (72) m
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+

(1—e~

1
C(/’L) —/Br(2—s—x3)
20 /e o(s)ds + (
0

1
S(p) —VA(s+xz2)
=~ /e pls) ds
0

1 2 o
1 1
+ /e—\/ﬁ(s—xz)w(s) ds + —— / e_\/ﬁ(“—s)(p(s) ds + 7/6_\//7(3—162)@(5) dS,
2 2
0 v 0 Vi 0

where ( VE+1)
=B+ 1
Cluw) = ———=—=— and S(u)=5—.
(h+e+1) C(w)
At this level, a direct computation shows that

C
I

|V - MI)_lHL(E) =

Now, we have

Proposition 3.1. Let (A, D(Ap)) be the linear operator defined by (2.3). Then Ag is a closed linear
densely defined operator satisfying the natural ellipticity hypothesis

C
1+2z°
Proof. As a direct consequence of the use of the commutative version of the sum operators technique
due to [15], we conclude that the operator (Ag — zI)~! is well defined and

1
(Ag —2zI) "t = —5i- N+ 2) Y M — 2T = M\)Lpdz, (3.6)
r

R* C p(Ag) and 3C >0, Vz2=0 |(Ag—2I) 7Y < (3.5)

where T' is a suitable Jordan curve lying in o(—N) N o(M). Keeping in mind estimates (3.3) and
(3.4), estimate (3.5) can be easily deduced from formula (3.6). Furthermore, this estimate holds true
if we replace z by z + A. O

As a consequence of these results, we have

Lemma 3.3. The operator (A, D(Ay,)) defined by (2.1) is closed, densely defined and satisfies the
Krein-ellipticity property, that is, RT™ C p(A.,) and there exists C > 0 such that for all 2 > 0 we have

C

| (A — ZI)_1HL(L”(Q)) STz

(3.7)

Proof. The proof is based on the use of the following algebraic formula:

(Am = AD) = M750 > by (Ao — ex A D))
k=0
with 1
by, = w1l n # k,
I (ex —&n)

n=0
where ¢, takes all the values of the mth root of unity. By adapting the same techniques used in [21],
we conclude that for A > 0,

||(Am—)\I)‘1||E:O(§>. O

Remark 3.1. Using the classical argument of continuation of the resolvent, we know that estimate
(3.7) holds true in a sector of the form

Y= {ZG(C*: |arg z| SW(].—Q%)}UB(O,E())

with some small €5 > 0.
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4 Construction of the solution of (2.2)

Differently from [9] and [10], we use another approach based essentially on the semigroup theory. In
fact, from [5] we know that estimate (3.7) implies that the operator

B = 7(*Am)1/4

is well defined and it is the infinitesimal generator of a generalized analytic semigroups (e )e>0. More
precisely, there exists a sector

s, = {z eC*: Jargz| <d+ g} U B(0,79)

(with some positive §, r9) and C' > 0 such that

1 C
[ <7
1+ 2]

1
2—/ B—zI)"'pdz,
¥

where v = OIl;,, (the sectorial boundary curve of Tl oriented from ooe’®*+7/2) to coe=#0+7/2)),
Then we have the following auxiliary results:

(1) Veke N, Imp > 1, w > 0:

p(B) D15, and Vz € Il5,,, [[(B—=zI)"

Thus, for all £ > 0 and ¢ € E, one has

[t B*e™ || 1 (my < mre, (4.1)
(2) %iH(l) e'Byp = ¢ if and only if ¢ € D(B).
—

Using the same reasoning as in [13], the representation formula of the solution for problem (2.2)
can be deduced from the scalar case. Putting

U(B)=(1-eB)t

and 1
®(B) = —5 (1+ 4eBT 4 2BTYT3,

the formal solution of (2.2) is formulated as follows:

4
t)=> u(t) (4.2)
k=1
with
t+T
wn(t) = T [ (o= 0T 1) s
\IJQ(B) t+T
up(t) = === T / (s —t)2etFT=3)B £ () ds

t+T
uz(t) = % T2 / (s — )t T=9B f(s) ds

t

o(B)v(B)
2

t+T

ug(t) = — T3 / eHT=3)B £(5) ds
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Remark 4.1. For the sake of convenience, we note here that due to Lemma 3 in [21], the operator
(1 — eTB)~1 is well defined. In fact, it suffices to adapt the proof of [21, p. 59]. Note also that the
absolute convergence of these integrals is justified by the key estimate (4.1).

First of all, we have

Proposition 4.1. Let f € C*(R*; E) with 6 €]0,1[. Then, for allt >0 and k € N,
u(t) € D(BY).

Proof. Tt suffices to show that
HBku(t)||ce(R+;E) < 00,

which means that for i = 1,2, 3,4, we have
1B us (8) | oo ety < 00

Since these vectorial functions can be treated similarly, we restrict ourselves on the first one. First,

recall that
t+T
6(t+T)B\II (B)

u(t) = S5 [ s 0B ds

t

since
e”'® c () D(BY),
k>1

and the Banach valued functions ¥ and ® are regular in the sense that there are bounded quantities.
Then it follows that

t+T t+T

Brua (1) = W\P(B)( [ 5= - soas— [ (s- st rwas),
6
and, clearly,
+oo
B a0l < o[ =070 as ) flovieriey + SO
0

S CT2+0)flleo @y + C' I fOIlE < Cllfllco@r:m),
where " is the usual Euler function defined by

—+oo
I'(z) = / e “w*tdw, Rez > 0. O
0

The study of the regularity of solution (4.2) is purely technical. As for the techniques, we refer
the reader to [8,11-14,16,16] and the references therein, in which the kernel semigroups appearing
in formula (4.2) were extensively used in different situation to provide some interesting results for
different abstract differential equation under abstract boundary conditions.

Proposition 4.2. Let f € C°(R*; E) with 6 €]0,1[. Then:
(1) for all j € {1,2,3} : ul9) € Cy(RT; E).
(2) for all k € {0,1,2,3} : A Fy c Cy(RT; E).

Summing up, we are able to state our main regularity results for Problem (2.2).
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Proposition 4.3. Let f € C°(R*; E) with 6 €]0,1[. Then Problem (2.2) has a unique solution
(i) ueCHRT;E)NCy(RT; D(AY)),
(i) w9 € Cy(R*; D(AT79)), j e {1,2,3}.
Moreover, the solution u satisfies the following mazimal reqularity property
u(4),./4znu(47j), A u € C’(RT;E).

Now, we are able to give our main regularity results for our concrete problem (1.2)—(1.5) which
can be formulated as follows.

Proposition 4.4. Let f € C/(R*; LP(Q)) with 0 < 6 < 1, 1 < p < 4+00. Then Problem (1.2)—(1.5)
has a unique strict solution
u € CHRT; LP(Q))

such that for all (t,z) € R* x Q, we have
(1) D2™u(t,z), D2Mu(t, x) € Cp(RY; WH™P(Q));
(2) Diu(t,x) € CLR*; LP());
(3) Dy F[D? + D2 J*Fu(t,z) € Cy(RT; LP()), k € {1,2,3}.
Proof. First, the use of the sum operator technique allows us to conclude that
D}, u(+,2), D3, u(-,x) € LP(Q),

which justify the first assertion. The assertions (2) and (3) are viewed as direct consequence of the
preceding theorem. O
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