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Abstract. This paper is concerned with some properties of two-parameter Cy-groups and two-
parameter uniformly continuous groups and series of bounded linear operators on ultrametric Banach
spaces. Our main result is to extend some known theorems in the classical setting to the ultrametric
case. Finally, we give some examples.
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1 Introduction and preliminaries

In this paper, E is an ultrametric Banach space over a non-trivially complete valued field K with
valuation | - |, Q, is the field of p-adic numbers equipped with | - |,. We denote the completion
of algebraic closure of Q, under the p-adic valuation | - |, by C, and B(E) denotes the set of all
continuous linear operators on E. For more details, we refer to [6] and [15]. The family of two-
parameter Cy-semigroups on the classical Banach space was studied by Hille and Phillips [12], Arora
and Sharma [2] and Al-Sharif, Khalil [1]. The definition of two-parameter semigroups on Archimedean
Banach space E is given as follows.

Definition 1.1 ([1]). A two-parameter family (7'(s,t)):,s>0 in L(E) is called a two-parameter semi-
group on F if:

(i) 7(0,0) = I;
(i) for all t,s,u,v € RT, T((t,s) + (u,v)) = T(t,s)T (u,v).

A two-parameter semigroup (7'(t,s)),s)er+xr+ is called of class Cy or strongly continuous if the
following condition holds:

e For each x € F,
lim ||T'(t,s)x — x| = 0.
(t,s)—(0,0)
A two-parameter semigroup (T'(t, s)) (t,5)ERF xR+ is said to be uniformly continuous if and only if

lim ||T'(t,s) — I|| = 0.
(t,s)—(0,0)

Recently, Diagana [5] introduced the concept of Cy-groups of bounded linear operators on an
ultrametric free Banach space E. Also, in [8], El Amrani, Blali, Ettayb and Babahmed introduced
and studied the notions of C-groups and a cosine family of bounded linear operators on the ultrametric
Banach space. The aim of this paper is to introduce and study the uniformly continuous, strongly
continuous two-parameter groups and series of bounded linear operators on the ultrametric Banach
spaces. For more basic concepts of ultrametric operators theory, we refer to [3-6,8-10,12].

Let r > 0, 2, be the clopen ball of K centred at 0 with radius r» > 0; that is, Q, = {t e K: [¢| < r}
and QF = Q, \ {0}. Throughout this paper, (T'(t)):cq, is a family of bounded linear operators on E.
We always suppose that r is suitably chosen so that ¢ — T'(¢) is well defined.

Definition 1.2 ([5]). Let » > 0 be a real number. A one-parameter family (7'(t)):cq, of bounded
linear operators on FE is a group on FE if:

(i) T(0) = I, where I is the identity operator on E;
(ii) for all ¢, s € Q,., T(t+ s) = T(t)T(s).
The group (T'(t)):eq,. is called Cop-group or strongly continuous group if the following condition holds:
e For each x € F,
lim ||T'(t)z — z|| = 0.
t—0

A group of bounded linear operators (T'(t))teq, is uniformly continuous if and only if
tim 7)1 = 0.

The linear operator A defined by

_ L TWe—a
D(A) = {f SO th_% ex1sts}
and -

for each z € D(A), Az =lim M

t—0

is called the infinitesimal generator of the group (T'(¢)):eq,.-
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Remark 1.1 ([5]).

(i) Let F be an ultrametric free Banach space over K, let (T'(t)):ecq, be a group on E and (e;);en
denote an orthogonal basis for E, then for each ¢t € €,., T'(t) can be expressed as

Zﬂ% ) for any x—Zmzez ek,

€N i€N

where
(Vi EN) T()(e;) = 3 ag(t)es with lim Jag(t)|[les]| =0.
ieN

(ii) Using (i), one can easily see that for each t € O, we have

(VjeN) (%)sz (GJJ ) +Za”

7]

with
li ii () leill = 0.
lim a0 e
(iii) If (T'(t))teq, is a group on E, then its infinitesimal generator A may or may not be a bounded
linear operator on F.

Theorem 1.1 ([5]). Let (T(t))icq,. be a Co-group satisfying for each t € Q,., ||T(t)|| < M, where
M > 0 and let A be its infinitesimal generator. Then for every x € D(A), T(t)x € D(A) for each
t € Q... Furthermore,
dT(t)
dt

x=AT(t)x = T(t)Ax.
We start with the following definitions.

Definition 1.3 ([3]). Let 7 > 0 be a real number. A two-parameter family (7'(s,t))(seq, xq, of
bounded linear operators on E is said to be a two-parameter group of bounded linear operators on
E if:

(i) 7(0,0) = I;
(ii) for every t1,ta, 51,52 € Qp, T(s1 4 S2,t1 + t2) = T(s1,t1)T(s2,t2).

Definition 1.4 ([3]). A two-parameter group (7'(s,t))(s e, xq, on E is a strongly continuous two-
parameter group or two-parameter Cy-group if

(Ve E) lim ||T(s,t)z — x| = 0.

(5,t)=(0,0)
Definition 1.5 ([3]). A two-parameter group (7(s,t))(s,¢)cq, xq, is uniformly continuous group if

T(s,t)—I||=0.
Jdm (s 0) -1

Definition 1.6 ([3]). A two-parameter Co-group (7'(s,t))(s,+)eq, xq, i uniformly bounded if there
exists M > 0 such that for all (s,t) € Q2, ||T'(s,t)]| < M.

Definition 1.7 ([3]). A two-parameter Co-group (7'(s,t))(s)e, xq, is a Co-group of contractions if
(V(s,t) €Q7) |T(s,)] < 1.

Remark 1.2 ([3]). Let E be an ultrametric Banach space over K.
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(i) Let (T(t))ieq, and (S(s))seq, be a one-parameter groups of bounded linear operators on E
such that for all t,s € Q,., T(t)S(s) = S(s)T(t). Set, for all t,s € Q,., U(s,t) = T(t)S(s). Then
(U(5,1))(s,t)eq, x,. 18 a two-parameter group of bounded linear operators on E. Moreover, if
(T'(t))tcq, and (S(s))seq, are one-parameter Cp-groups on E, then (U(s,t))(s)eq, xq, 15 a
two-parameter Cy-group of bounded linear operators on F.

(i) Let (T'(s,t))(s,t)eq, x0, be an uniformly bounded group on E, if (T'(s,1))(s+)eq, x,. is uniformly
continuous on E, then the map T : Q2 — B(E) is continuous on 2.

We have the following statements.

Theorem 1.2 ([3]). Let E be an ultrametric Banach space over K. Let (T(s,t))s e, xq, be a
two-parameter uniformly bounded group on E. Then the following statements hold:

(i) (T'(s,t))(s,tye, xq, is uniformly continuous if and only if (T'(0,t))icq, and (T(s,0))secq, are
uniformly continuous.

(ii) (T(s,1))(s,t)e0, x, 8 strongly continuous if and only if (T'(0,t))icq, and (T(s,0))scq, are uni-
formly continuous.

We have the following proposition.

Proposition 1.1 ([3]). Let E be an ultrametric Banach space over K and let (T(s,t))(s neq, xq, be
a two-parameter group on E. Then the following statements hold:

(i) (T(s,1))(s.)eq, x, s uniformly bounded if and only if (T(0,t))icq, and (T(s,0))seq, are uni-
formly bounded.

(ii) (T(s,1))(s,t)e0.x, 95 Co-group of contractions if and only if (T'(0,t))icq, and (T(s,0))scq, are
Co-group of contractions.

We continue by recalling the following definition.

Definition 1.8 ([14]). Let E be an ultrametric Banach space over K and let a be an interior point
of U C E. A function f : U — FE is called differentiable at a if there exist a continuous mapping
lo - E — E (called the derivative of f in a) and a function ¢, : U \ {a} — E such that for all h € F
for which a + h € U,
fla+h) = f(a) +1a(h) +€a(h),
e Jeu ()
€a
li =
n0 A

In this case, [, is called the differentiable at a and is denoted by D f(a).

Remark 1.3 ([14]). The above definition is directly derived from the classical case. The derivative
l, is uniquely determined.

Definition 1.9 ([13]). The collection of all p-adic integers Z,, of Q, is
Zp={z€Qy: |z, <1}.

Definition 1.10. Let A € B(K™). A is said to be nilpotent of index d, if there is an integer number
d < n with A9 = Og» and A?~! 5 Ogn (where O~ denotes the null operator from K" into K").

Definition 1.11 ([13]). If u € K and m € N, we define (%) =1 and (*) = “0=toCmmtl) 1p g N
with k > n, hence |(:)| <1.

Theorem 1.3 ([13]). Additive, translation invariant and bounded Qp-valued measure on clopens of
Z,, 1s the zero measure.

We denote by C(Z,,Q,) the space of all functions defined and continuous from Z, into Q,.
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Theorem 1.4 ([13]). Let f € C(Z,,Q,). The function defined on N by
F(0) =0, F(n)=f(0)+ f(1) +---+ f(n—1)

is uniformly continuous. The extended function is denoted by Sf(x) (called indefinite sum of f). If
f is strictly differentiable, so is Sf.

CYZ,,Q,) is the space of all functions defined and strictly differentiable from Z, into Q,. For
more details, we refer to [13].

Definition 1.12 ([13]). The Volkenborn integral of f € C1(Z,,Q,) is defined by

p"—1

/f(t) dt= lim p~" Y f(j) :nlinéow
Z, §=0

peT = (S1)'(0).

We have the following statements.

Lemma 1.1 ([13]). For allt € Q* _, ,
R

t
et du = .
et —1

Zp

Lemma 1.2 ([13]). For all k € N, we have

&)
Proposition 1.2 ([13, Proposition 55.3]). Let f = Y ax(;) € CX(Z,,K). Then
k=0

- (D
Z/f(t)dt_kz—; T

2 Main results
We begin with the following remark.

Remark 2.1. Let E be an ultrametric Banach space over K. Let (T'(s,1))(s)eq,xq, be a two-
parameter Cop-group on E. Then for all x € E, the map (s,t) — T'(s,t)z is continuous on 2, x ;.
Let A; and As be a linear operators defined by

B . Th0)—2
D(A) = {x ekb: %gr%) — exists in E},
B . TO,h)z—2 o
D(Ay) = {x ekb: %g% — exists in E},
and
T(h — T(s, t
Ajz = lim (h,Q)z —z _ 9T(s, 1) for each x € D(4;),
h—0 h 95 |(5.6=(0,0
T — T
Aoz = lim Ohz -z = oT(s, 1) for each x € D(As).
h—0 h ot (5,6)=(0,0)
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It is easy to see that A; and As are the infinitesimal generators of the one-parameter groups
(T(s,0))seq, and (T(0,t))teq,, respectively. We define the infinitesimal generator of two-parameter
group as follows.

Definition 2.1. Let E be an ultrametric Banach space over K. Let (T'(s,))s,1)eq, xq, be a two-
parameter group on E. The infinitesimal generator of the two-parameter group (7'(s,t))s teq, is the
derivative of T at (0,0).

From the definition of the infinitesimal generator, we have the following theorem.

Theorem 2.1. Let E be an ultrametric Banach space over K. Let A1 and As be the infinitesi-
mal generators of the one-parameter groups (T(s,0))scq, and (T(0,t))icq, on E, respectively, and
(T'(5,t))(s,t)eQ, x0, e two-parameter Co-group on E. Then the infinitesimal generator of the two-
parameter Co-group (T'(s,t))(s,t)cq, xq, 5 the linear transformation L : Q. x Q. — B(D(A1) N
D(A,), E) defined by

L(s,t)x = (A1, Ag) <i) x = sAix +tAsx for all x € D(A1) N D(A2) and (s,t) € Q, X Q,.

Furthermore, if x € D(A1) N D(Az), we have for all (a,b) € Q, x Q,, we have

DT (s,t) (Z) z = (A1, As) (‘b’) T(s,t)z.

Proof. Let x € D(Ay) N D(Az) and (s,t) € Q, x Q.. Then DT(s,t)|s 1)=(0 ,0), the derivative of
(T'(s5,t))(s,t)e0,x0, at (0,0), as a function of two variables exists if there is a linear transformation L
from 2, x Q, into B(D(A1) N D(Asg), E) such that T'(s,t) = L(s,t) + R(s,t) where

N L G,
(s,)—(0,0) [|(s,2)]|

Let Ay, A be infinitesimal generators of the one-parameter groups (7'(s,0))seq, and (T(0,%))icq, ,
respectively. Set

J =T(s,t) = T(0,0) — (A1, Ap) (i) .
Then
[Jz|| = ||T(s,t)x — x — sArz — tAqa|

= ||T(s,t)x — x — sA1x — tAsz||
= ||T(s,0)T(0, t)x — T(s,0)x — tArx + T(s,0)x — x — sA1z|

= HtT(s,O) (% - Agﬂ:) + t(T(s,O)Agx - A2x> + s(

T(s,0)x —x
s

- Alm)

1t [|(T(5,0) Asz — As)|[; |3] HM - Ale }

T

T(0,t)xr —
< max{t| IT(5,0)]] H% - Aza;

S

Divide both sides by ||(s, )| = max(|s|,|¢|). Since T'(s,0) is bounded in a neighborhood of (0,0) and
using simple calculations, it follows that

T L
(s,:)=(0,0) [|(s,1)]|
Hence DT'(s,t)|(s,)=(0,0) = (A1, A2), as a linear transformation on Q, x Q,, is the derivative of

the two-parameter group (7(s,t))(s,t)eq, x0,- Thus the linear transformation L = (Ay, Ay) is the
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a

infinitesimal generator of the two-parameter group (7'(s,t))(sneq, xq,- Let u = (b

) € Q, x Q, and
x € D(A1) N D(A3). Then it is easy to see that

DT(s,t) <Z) T = <8T(,()z’ t), 8T§i’t)) <Z) x
(e ), (D), o T )

By Remark 2.1, we get

DT(s,t) (Z) z = (aA1T(s,0)T(0,t) + bAT(0,8)T(s,0))x

= (aAlT(s,t) + bAQT(S,t))iC = (Al, AQ) (Z) T(&t)x O

Let E be an ultrametric Banach space over K. Let (T(s,t))s,tcq, be two-parameter Cp-groups of
bounded linear operators on E. The problem is to find an analogue of the Hille-Yosida theorem in
ultrametric case. We have the following questions.

Questions. In Theorem 2.1, is L a closed operator? Has L dense domain?

From now, we will think that A = (Ay, Ay) is the infinitesimal generator of the two-parameter
Co-groups (T'(s,1))(s,t)e0, x,- We have the following examples.
Example 2.1. Let E be an ultrametric Banach space over Q,. Let A, B € B(F) such that AB = BA
and max{||All,||B||} < r with r = pv;—ll7 then for each (s,t) € Q, x Q,, the operator
(sA)" (tB)"
T SIS

n! n!
neN neN

satisfies the conditions of Definition 3.1, and we will show that. For each s € €2,., set

T(s,0)= Y (sA)" (2.1)

n!
neN

Clearly, the series given by (2.1) converges in norm by |s|||A|| < r and define a one-parameter family of
bounded linear operators on E. It is easy to check that 7°(0,0) = I and for all s,t € Q,, T(s+1t,0) =
T(s,0)T(t,0). It remains to show that (7'(s,0))scq, given above is a Cp- and uniformly continuous
one-parameter group. Indeed, for all s € €Q,.,

T(s,0) — I = sA(% (Sf:)!),

then for every « € E, ||T(s,0)x — x| < |s]||A]|||¢sx||, where

B (sA)™
G = Z (n+1)!

neN

converges to zero as s — 0, and hence (T(s,0))secq, is a Cy-group on E. The uniformly continuous
property follows from
(Vs €) (T(s,0) = Il < [s[ A Is ]I,

then lin% IT(s,0) — I]| = 0. Furthermore,
S—r

(Vs e Q) HLS’? -

I
— 4| < sl 141 le(s)]
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where

converges. Consequently,

lim
s—0

LS

Hence, (T'(s,0))seq, is a Co- and uniformly continuous one-parameter group of bounded linear opera-
tors of infinitesimal generator A. Similarly, (7°(0,t)):cq, is also one-parameter Cy-, uniformly continu-
ous group of bounded linear operators of infinitesimal generator B. By Theorem 1.2, T'(s, 1)) (s.+)e0, x,.
given above is a uniformly continuous group of bounded linear operators of infinitesimal generator
(A, B).

Example 2.2. Assume that K= Q, and r = pp%ll . Let E be an ultrametric free Banach space over
Q, and (e;);en be an orthogonal base of E. For each s,t € 2, and for each z € E, define

T(s,t)x = Z eSHitthigie;,
i€EN

where (u;)ien, (Bi)ien C Q. It is easy to check that the family (7'(s,t)):cq, xq, is well defined and
defines a two-parameter Cy-group of bounded linear operators on F.

Our next result indicates that a bounded linear operator generates an uniformly continuous two-
parameter group.
Theorem 2.2. Let E be an ultrametric Banach space over Q,. Let A1, Ay € B(E) such that

A1 Ay = AsAq, ||A1]] <7 and [|Az]| <7 (r= pp%ll) Then A = (A1, Az) is the infinitesimal generator
of some uniformly continuous two-parameter group of bounded linear operators (T'(s,t))(s e, x, -

Proof. Assume that A;, As € B(E) such that A; As = AsAq, ||A1|| < rand ||Az|| < 7, where r = pp_fll.
Define
(V(s,t) € Q. x Q) T(s,t) = eAret42, (2.2)

By

lim |s|"[|41]|" =0 and lim [¢|"||A2]|" =0,

n—oo n—oo
the family (2.2) is well-defined and defines a family of bounded linear operators on E, and it is easy
to see that

e T(0,0) =1,
e For all (Sl,tl) and (Sg,tz) € Q,. x Qr, we have T(81 + S9,t1 + tg) = T(Sl,tl)T(527t2).

Hence (T'(s,t))(s,1)e0,x0, is a two-parameter group on £ and it is easy to see that (T'(s,t))(s,1)e0,x,
is uniformly continuous, since (T'(s,0))scq, and (T(0,t))tcq, are uniformly continuous groups and for
all s,t € Q,, T(s,t) =T(s,0)T(0,¢). It is easy to check that

AT (s,t) O(esAretAz)

— = Ajetreth2 _ =4
95 |(s.)=(0,0 s (s,£)=(0,0) |(s’t)_(0’0)
and Ay tA
OT (s,t O(esM1 etz .
éS7 ) _ (6 a € ) _ AzeaAl etAg ’(s 5=(0.0) _ A2-
L (et)=(0,0) ¢ (5,£)=(0,0) P
Hence or or
s,t s,t
(2 (0522 712
s t (s,£)=(0,0)
is the infinitesimal generator of uniformly continuous two-parameter group (7°(s,t))s.tcq, - O

Question. Is the converse of Theorem 2.2 true?
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3 p-Adic series of bounded linear operators

Proposition 3.1. Let E be an ultrametric Banach space over C,, let A € B(E) with ||I — A| < 1.
Then for each t € Zy, and for all x € E, the series Y. (*)(I — A)"x converges in E.
n=0

t
n

Proof. Since for any n € N and for each t € Z,, |( )|p < 1, then for any x € E,

()0

11 = A)" ]| < [[(T = A)["[|[],

hence
t
lim H< )(I —A)"z|| =0,
n— o0 n
thus
o0 t N
Z (n) (I—-A)"z
n=0
converges in F. O

From Proposition 3.1, we have the following definition.

Definition 3.1. Let E be a finite-dimensional Banach space over C,, let A € B(E) be a diagonal
operator such that |A|| < 1. For all ¢ € Z,, we define

t - t n
(I+4)=>" (n A
n=0
with the convention (I + A)° = 1.
Under the conditions of Definition 3.1, we have
Proposition 3.2. The family ((I + A)")icz, given above is a group on E.
Proof. For each t € Z,, set T(t) = (I + A)', then
(i) T(0) = 1.
(ii) For all ¢, s € Zy,
THT(s) = (I + A+ A)*,
= [t = /s = "t s
_ A™ A" = A",
(00 -2 (2 E62)

From the Vandermonde convolution identity, for the binomial coefficients

,i) <’t€> (n i k:) (3.1)

for all t,s € Z,, T(t)T(s) =T(t+s). O

the coefficient of A™ equals (tis). Hence

In the next proposition, we assume that for all 1 < k < n, ||A"|| < ||A¥|| and p # 2.

Proposition 3.3. Let A € B(E) be a diagonal operator such that | Al < % , then for any t,s € Z,,

[(T+A)" = (T+A)[| <[t = s, ]| Al
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Proof. For any t,s € Zy,

v () ()

n=

—

then
H(I—i—A)t — (I—i—A)SH < sup
n>1

Set u =t — s, by the Vandermonde identity (3.1),

()= ()2 0065 -

Using the identity (i) = % (ﬁfl) for all m € N*, we get

(-5 000
E (0]

lulp ( )
= o b, e B )

Thus for all A € B(E) such that ||A]| < %, we have

L

‘oL
N
I »
~—
N
3

| =
o~

~—
+
N
S ®»
N~

hence

tY _ (s n 1A 1A% B B4
47| < Jul, max < Jul, max <t - sl max -
n nji, 1<k<n \ |k|p 1<k<n \ |k|p 1<k<n \ |k|p
From [|A] < % < pp;—ll , then for all £ > 2, ”\?3| I« |All, hence for all k¥ > 1, H < 4|, then
t AF
()] nary < sl maxe (M) < e 0
n n/l, 1<k<n \ |k|p,

We finish with the following proposition.

Proposition 3.4. Let E be the finite-dimensional Banach space over Q,, let A € B(E) be a nilpotent
operator of index n such that ||Al| < 1, then for all x € E,

n—1 (—l)k
/(I—i—A)txdt: > P Ak,

7, k=0

Proof. By definition, for all A € B(E) such that ||A]| <1, t € Z,,
— ('t
I+ A) = ( )A’f.
(I+4) ;::0 N

Since A is a nilpotent operator of index n, we have

(1+ Ay = Z( )= 21( )

k=0 k=0
Thus for all z € E,

/(I+A)txdt:Z/§(t>Akmdt Z/( )A%dt:fﬂA%. 0

Zyp k= OZ k=0
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