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FEEDBACK STABILIZATION OF BILINEAR SYSTEMS IN R?



Abstract. In this paper, we provide sufficient condition under which the considered system is globally
asymptotically stabilizable by a homogeneous feedback.
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1 Introduction

Homogeneous systems appear naturally as local approximations of nonlinear systems. In order to make
use of this approximation property in the design of locally stabilizing feedback for nonlinear systems,
the main idea lies in the construction of homogeneous feedback, i.e., feedback laws that preserve the
homogeneity of the resulting closed-loop systems. These laws can be shown to be locally stabilizing
also for the approximated nonlinear system. Regarding the existence of stabilizing continuous feedback
laws, it was shown in [12] that for general controllable homogeneous systems, the existence of stabilizing
feedback does not necessarily imply the existence of a homogeneous stabilizing feedback. Homogeneous
bilinear systems are a second-order approximation of the nonlinear system & = f(z) + ug(z) with
f(0) =0 and ¢g(0) = 0. These systems can be written in the form

& =Ax+uBx, A,Be M,(R), z€R", uek (1.1)

In addition to the rich mathematical structure that motivates the problem, we can consider this as
a stabilization problem for systems with a first-order singularity at an equilibrium point. Vector fields
Az and Bz are the first-order approximations of the state and the input vector fields. We illustrate
this aspect by considering a numerical example. More precisely, we investigate the stabilization of a
class of the bilinear system (1.1) in three dimensions. We suppose that the surface containing invariant
straight lines is a submanifold with a special algebraic equation.

Many researchers are evolved in the above-mentioned subject [1,3,6,7]. Bacciotti-Boieri [2] give
a complete classification of such systems in the plane. In dimension two, a complete classification
was given by Chabour, Sallet and Vivalda [4]. In particular, they introduced homogeneous feedbacks
of zero degree to stabilize these systems. In [11], the authors consider a class of bilinear systems
in dimension three and study the stabilization problem by continuous feedback and by homogeneous
feedback of degree zero. The stabilizing feedback is explicitly given. In [9], the authors consider a class
of bilinear systems in dimension three which can be an extension of another one in dimension two.
They prove that there exists some homogeneous feedback of degree zero stabilizing the considered
class if and only if these feedbacks are constants.

In [10], the authors prove that in the case of bilinear systems in R? or R3, the stabilization by a
constant feedback is analytically solved by determining the eigenvalues of the matrix A + aB with
a e R

In the present work, we consider the problem of explicitly constructing of a feedback law u(x)
which is homogeneous of degree zero and asymptotically stabilizes system (1.1) under the following
assumption:

det(Ax, Bx,z) = R(x1, 22) — x3q(21, 2).

The fundamental idea is that if a vector field X of the closed-loop system by a homogeneous feedback
(defined on R?)

& = Ax + u(x)Bx

is homogeneous, then it induces a dynamical system on a lower-dimensional space: the unit sphere
S2. The main tool of this paper is the theorem of Coleman [5] who gives the necessary and sufficient
conditions for global asymptotic stability (G.A.S.) of a homogeneous system in 3-space.

2 Preliminaries
Next, let us consider the system
i=X(z), (2.1)

where x € R and X is a homogeneous vector field (not necessarily polynomial) of odd degree.
In the following, || - || and (-, -) denote, respectively, the usual two-norm and standard inner

n
product on R" (i.e., for x € R", ||z|| = /2% + - + 22; (z,y) = Z:lxlyz)
1=
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Let 2 € R*\ {0}, r = ||z and y = £. Differentiating # = ry and denoting r™~'(t)dt = dr, we
obtain a system on the unit sphere S by writing the equation satisfied by 1:

v =X(y) - (X(¥),y)y. (2.2)
Coleman proved the following theorem.

Theorem 2.1 ([5]). The origin is an asymptotically stable equilibrium point for system (2.1) if and
only if the following conditions are satisfied:

(a) (X(y),y) <O for all equilibrium points of (2.2).

0
(b) [(X(y(s)),y(s))dt < 0 for any periodic solution y(s) of system (2.2) (o denotes the period of
0

y(s))-

Definition. Let A/ be a subset of R?, we say that A/ is an invariant set by the trajectories of system
(2.1) if:

for all yg € NV, one has ¢;(yo) € N for all t € R (¢i(yo) is the solution of equation & = X (x) and
co(¥0) = vo)-

Remark 2.1. If NV is a submanifold of R?, then: N is an invariant set by the trajectories of system
(2.1) if

for all yo € N, one has X (y) € T,N (T, N is the tangent space of N at the point y).

3 Main results

We consider the bilinear system
&= Az +uBz, A,Bc M3(R), x€R® and u € R. (3.1)

In any basis of R?, the matrices A and B take the following forms:

a1l a2 ais bir bz bis
A= laxn a2 axs| and B= by by bas
as1 as Gs3 b3 b3y b33

The closed-loop system (3.1) by a homogeneous feedback of degree zero v(z) is
& = Az +v(z)Bx = X(x).

The vector field X can be written as

Xy (z) Ay(z) + v(z)Bi(z)
X(z) = | Xao(2) | = | A2(z) +v(x)Ba() |,
X3(x) As(x) + v(x)Bs(x)

where
AZ(JZ) = a;121 + a;922 + a;3x3 and BZ(J?) = bj1x1 + bisxs + bizxz for i =1,2,3.

Since X is homogeneous of degree one, we can associate with it a vector field Y defined on the
unit sphere S2 by
Y(y) = X(y) = (X(¥),v)y.

If yo is an equilibrium point of Y, then Y (yo) = 0, so X(yo) = (X (y0),¥o)y0. The following lemma
gives a localization of the equilibrium points of the system

y=Y(y). (3.2)
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Lemma 3.1. The equilibrium points of Y are contained in the surface
M= {:c €R?: det(Az, Bz, z) = O}.

Proof. Tt is clear that if y is an equilibrium point of Y, then Y (y) = 0. So,

Taking into account the form of X, we get
Ay +v(y)By = (X(y), v)y-
Finally, the vectors { Ay, By, y} are linearly dependant and det(Ay, By,y) = 0. O
Next, we introduce the following homogeneous functions: for x € R?, for i = 1,2,3, j = 1,2,3 and
i # 7,

Bi(z) x;

e e B T B e )]

It is clear that

Bylo) = det (310 ) = iy o) + 03015

Remark 3.1. Without loss of generality, for ¢ = 1, j = 2 we get the functions G, H, F and ® defined
as follows:

ooy =aet () 1) woman (30 7). Fwmam (30 J):

It is clear that
®(x) = det (%Eg 2) = H(z) +v(z)G ().

The functions G, H, ® and F play an important role in determining the invariant lines of system
(3.1), hence, the equilibrium points of system (3.2) and the construction of the feedback v.

Lemma 3.2. Let a € R?\ {0} be a point such that F(a) # 0 and (ay,az2) # (0,0). y = Tar fs an
equilibrium point of Y if and only if
y e MNS* and ®(a) = 0.

Proof. If y is an equilibrium point of Y, then by Lemma 3.1, the point y is in the set M N S2, and
we have X (y) = vy, v € R ((y) is an invariant straight line associate with the system & = X(z) =
Az + v(x)Bx),

Xi(y) vy
Xy)=vy= | Xa(y) | = [ v12
X3(y) vys

It is clear that

B(y) = det (?:EZ; z;> = 0= ¥(a) = 0.

Inversely, if a satisfies
y e MNS? and ®(a) =0,

then there exists (a1, as) # (0,0) such that
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From the assumption (a1, az2) # (0,0), we can deduce that o # 0. The point a satisfies the condition

Fla) := det (ZEZ; EEZD £0,

() ()
As(a)) "\ Bz(a)
is a basis of R2.

If we suppose that ay = 0, we obtain

o () = Caion) @ (i) = )
which is absurd, thus ag # 0.

Using the fact that a« € M, we can deduce that there exists (51, 52,83) # (0,0,0) such that
B1Aa + faBa + fza = 0. It is clear that

o (i) # () + (2) = G)
Aq (a)) <31 (a)
As(a) )\ Ba(a)

then the family

Using the argument that { (
that B3 # 0 and we have

(o) + e (o)) +oa () = (6)-

517041 527 aq
—=—a u(

>} is a basis of R? and (ay, as) # (0,0), we can deduce

We deduce that

= nd — =v(a) —,
B3 a2 B3 Qs
and o
Aa +v(a)Ba + Za=0.
aq
Finally, one has Y (y) = — &2y and y is an equilibrium point of Y. O

Proposition 3.1. Suppose that the equilibrium points of Y satisfy F(y) # 0. The vector field Y
satisfies the first condition of Coleman’s theorem if and only if

_ 7(y)
O(y) =0 and Gly) > 0.

Proof. Let a € R3\ {0} and y = ﬁ Notice that if y is an equilibrium point of Y, then X (z) = vz
(v ={(X(x),x)) and

(anten) @ () = (0n):

(ate) ) (o) =7 ()

and by the fact that F(y) # 0, one has

Therefore,
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Thus 1 = —v % . Finally,

The vector field Y satisfies the first condition of Coleman’s theorem, then v = (X (a),a) < 0, which is
equivalent to

F(a)
G(a)

The main contribution of the paper is the following statement.

> 0. O

Theorem 3.1. We suppose that P = {x € R® : (x,Bz) = 0} is not invariant by the trajectories
of Y(x) and the surface M is not invariant by the trajectories of Bx. If there exists a homogeneous
feedback of degree zero v which stabilizes the system @ = Az +v(x)Bx = X (z) in all invariant straight
lines, then for n > 0 large enough, the homogeneous feedback u(x) = v(x) + w(x) with

det(Az, Bz, x)?(x, Bx)
(& + 23 + 23)*

w(z) =—n

makes system (3.1) globally asymptotically stable at the origin.

Proof. We denote
1 1
Xp(x)=—X — Bz.
(r) = - X(@) + o) Ba

The feedback v is chosen such that Y is asymptotically stable in all invariant straight lines. Since
w(z) =0 for all x € M, X, satisfies the first condition of Coleman’s theorem.

Suppose that the second condition of Coleman’s theorem is not satisfied, then there exists Ny > 0
such that for all n > Npy, there exists a periodic solution ¢, (t) of the equation

Y= Xn(y) - <Xn(y)»y>y = Xn(y)a Y€ 527 (33)
satisfying
/ (Xon(en(s))s cn(s)) ds > 0. (3.4)

The periodic orbit is defined by T,, = {c,(t),t € [0, 0,]} With ¢,(t). So, there exists a function g(n)
increasing on the set of integers N such that

lim ¢y (t) = c(s)

n—-+oo

(¢n(s) is defined in the united sphere S2). Thus

Qg(n) 0
ngrfoo / (X g(n) (Cq(n) (8)), Cqny(5)) ds = f/det (Ac(s), Be(s), c(s))2<c(s), Bc(s)>2 ds >0,
0 0
where

lim oy = 0 € Ry U {400}

n—-+4o0o
Since o > 0 and
det(Ac(s), Be(s), e(s))*(c(s), Be(s))? > 0,
we can deduce that ¢ =0, or ¢(s) € MU P.
First, if liIJIrl 04(n) = 0 = 0, then these periodic orbits T,, are around an equilibrium point yo of
n—-+0oo

equation (3.3). The straight line D = (yo) is invariant by the trajectories of X,, and X. The length
of T, is defined by

£t = [ leato)l at
0
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It is clear that _
L(Yy) < on sup [ Xn(w)].
weYp
We deduce that
ngrfoo L(Yym)) =0 and c(t) =yo YVt €R.

The feedback v is chosen to satisfy (X (vo), yo) < 0. The vector field X is continuous, then for £ small
enough, one has (Xy(,)(2),z) < 0 for all € B(yg,¢) = {& € R? such that ||z — yo|| < ¢}. Using the
fact that c(t) = yo YVt € R, we get that for n large enough, cy(,)(t) € B(yo,e) Vi € R. So, we can

write
Qg(n)

(Xg(m) (cg(m) (5)): om) (5)) ds < 0.
0
This contradicts hypothesis (3.4).
In the case ¢ > 0 and ¢(s) € MUP, we can say that the trajectories of X, are the same trajectories

of the vector field Z,, = an and the periodic orbits of )~(n are the same orbits of

It is clear that

1 1 det(Az, B 2(z,B
lim X,(z)= lim — X(z)+ —v(x)Bx =— et ;E’ 332,50) <2:c, z) Bz,
n—r+o00 n—+oo n n (x4 25+ 23)4
So,
—B
ﬁ if (z,Bx) > 0,
Z(x)= lim Z,(z)=
e Br ¢ e, Ba) < 0
if (z, )
| Bz
It follows that B B
. > — DY Y
y=2Wy) =51+ <7y>y
Byl \IByll

is a tangent to the trajectory ¢(s) when ¢(s) & P, where ¢(s) is the solution of § = Z(y). Under the
hypothesis that M is not invariant by the constant vector field Bz, we can write Bx ¢ T, M (with
the exception of some points). It follows that ¢(s) € P. But this is impossible because of the equality

lim nX,(c(s)) = X(c(s)).

n—-+oo

We deduce that X (¢(s)) is a tangent to the trajectory {¢(t),t € R} and P is invariant by the trajectories
of X. O

Remark 3.2. If there exists a feedback v stabilizing system (3.1) in all invariant straight lines, then
for any homogeneous function of degree zero v such that ||v — 7| < €, the vector field X = A+ vB
satisfies condition 1 of Coleman’s theorem. The assumption that P is invariant by the trajectories of
X is equivalent to that P is invariant by the trajectories of both vector fields Az and Bz.

4 Construction of the feedback function v

The homogeneous feedback v stabilizes system (3.1) in all invariant straight lines if the conditions of
Proposition 3.1 are satisfied. Next, we try to construct the homogeneous function v such that all zeros
of the equation

O(z) = H(x) +v(x)G(z), ©e M,



Feedback Stabilization of Bilinear Systems in R3 149

are contained in the set K = {z € R® : F(x)G(z) > 0}. Our ability to solve this problem depends
on the choice of the form of the surface M. The candidate is the submanifold with the following
algebraic equation:

det(Ax, Bx,z) = R(x1,x2) — x3q(21, T2), (4.1)

where ¢ is a definite quadratic form and R is a polynomial function of degree three. Under this
assumption, it is clear that
R(w1,22)

x € M if and only if z3 = .
q(th?)

We define the homogeneous function of degree 4 in dimension two as follows:

R(xl,zg))

g’(xl,xz) = q(xl,xz)g(ilvx% q(.%‘17332)

For x5 # 0, we can write
G'(x1,12) = Q’(xz(%, 1)) = 239/ (s, 1),

where s = {1 . It is clear that if G'(s,1) is a polynomial of degree 4, then G’ takes one of the following
forms:

G'(x1,x2) = (121 — Cra2)(Cowy — Cowa)qr (1, T2),
g/(xlva) = (01301 - 51$2)(02$1 - 52@)@3961 - 53$2)(C4$4 - 54352),
G'(x1,22) = qu (21, 22)q2(21, 22),

where ¢; are definite positive quadratic forms. Since H is a homogeneous polynomial of degree 2, we
have that

R(x1,22)
q(z1,72) )

is an homogeneous function of degree 4 in dimension two. Next, we define the following polynomial
functions:

H' (w1, 22) = q(21, 22)H (1?1’3027

- o B R(s,1)
9()i=G'(s: 1), h(s)i=H'(s,1) and f(s) = F(s1,7 5

Under these notation, we can easily prove that the conditions of Proposition 3.1 are equivalent to the
following: the roots of the equation

é(s) = h(s) + v(s, 1, )g(s) =0, (4.2)

are contained in the set {s € R: f(s)g(s) > 0}.

Theorem 4.1. Let there exist a polynomial function ¢ of even degree 2n > 4 and a definite polynomial
P of degree 2n — 2 satisfying the conditions:

(A1) a real root of the polynomial function g(s) is also a root of ¢ — Ph with the same multiplicity,
(A2) if s is a real Toot of ¢, then f(s)g(s) > 0.

Then the feedback law
zy' Pi(3L)

wy' Po(52) + (23 — 2 (21, 22))™

v(z) =

is C>° on R3\ {(0,0,0)}, homogeneous of degree 0 and stabilizes system (3.1) in all invariant straight

lines (with 28 = ¢(83;(£§2};(s) is a polynomial fraction smooth on R, Py(s) > 0 and ny is the degree
of P2).
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Proof. Suppose that there exist two polynomial functions P and ¢ of even degree such that the real

roots of the polynomial function g(s) are also the roots of ¢(s) — P(s)h(s) with the same multiplicity,
thep $)-P(S)h(s)

P(5)9(s) is a smoothly fraction in R. We can write

with P, having no real roots and the degree of P; being equal to the degree of Ps.
Using the fact that the function

T R n1
xQ“Pg (71) + <$3 - — (1‘175(}2))
T2 q
is definite positive, we obtain that the feedback

23 PL(E))

ay' Po(2L) + (w3 — 2 (1, 22))™

/U(x17a:27 .733) =

is C>on R3\ {(0, 0, 0)}, homogeneous of degree 0. The function v is constructed to satisfy the following
equalities:

Rlo)y _ Fi(s) _ 9(5)~ P
q(s; 1)/ Pa(s) P(s)g(s)

Since ¢ satisfies condition (Asz), according to condition (4.2), the closed-loop system (3.1) is G.A.S.
in all straight-lines. O

v(s,l,

Remark 4.1. Suppose that h(s) = [](s — s;)h(s) with s; being the real common roots of h and
il

g. The existence of two polynomial functions satisfying condition (As) is equivalent to the following

assumption:

(2) If h(s1)h(s2) < 0 (s1, sy are some real roots of g(s) and not in {s;,i € I}), then there exists
m €]s1, s2[ such that f(m)g(m) > 0.

If condition (X) holds, we can find the construction of P and ¢ in [8].

5 Example
We consider the bilinear system
& = Az + uBx, (5.1)
where x = (21,22, 23)7 € R3, v € R and
67 71
- — 6
2 2 2 -1 3
A=1T79 67 6l B=|1 2 =3
2 2 11 3 1
1 2 2

The class under consideration satisfies condition (4.1):
1
det(Azx, Bx,x) = ~5 (86723 + 23323y — 783z 05 — 21725) 4 623(2327 + 23),

and the submanifold M is defined by

86713 + 233x3wy — T83w123 — 21735%}

= R? such that z3 =
M {xe Such that 3 12(2322 + x3)
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It is easy to see that for z € M, one has
75(31xt + 44a3xe — 262222 — 40232, — 923)
12(23z% + 23) ’
—150(38x7 — 4423wy — 372222 + 40232, + 323)
12(2323 + 23) ’

g(ajla T2, 333) =

H(xla T2, .133) =

25
F(x1,22,23) = > (=921 + 62122 + 3333) .

It follows that g(s) = 75(31s* + 44s® — 26s% — 40s — 9) is a polynomial function of degree 4. The
roots of g are s; = —1,4885, so = —0,6124, s3 = —0,3185 and s4, = 1. We consider the polynomial
function h(s) = —150(38s% — 443 — 3752 4+ 40s + 3). We show that h(s;) = —1200, h(ss) = 2988.3,
h(s1) = 1752.1 and h(s4) = 0. We are in the case where s4 is a real common root of both g and h, it
follows that s4 is also a real root of ¢. Due to the fact that h(s1)h(s2) < 0, condition (A;) is equivalent
to the existence of such m satisfying f(m)g(m) > 0. We choose m = —1, because g(—1) = —600 and
f(=1) = —=150. Since —1 is a common root of both g and h, we can write:

g(s) = 75(s — 1)(31s> + 755 + 495 + 9) = 75(s — 1)g1(s),
h(s) = 75(s — 1)(=76s> + 125% + 865 + 6) = 75(s — 1)h1(s).

We can define the following constants:

0y — (1 + s)hi(s1)
(s1—52)%(s1 —83)%(1 +s1)

0y — (1 + 53)h1(s2)
(51— 52)%(s2 — 83)%(1 + s2)

e — (14 5%)hi(s3)
57 (52— 53)2(s1 — 53)2(1 + 53)

These constants a; are chosen such that
$1(5) = a1(s — s2)%(s — 53)% + as(s — 51)%(s — s3)2 + az(s — s2)%(s — 51)°
is a definite polynomial function and
(14 s:)0(s;) = (1 + s;)h1(s;) for ¢ € {2,3,4}.
One has
¢(s) = T5(1 + s)(s — )¢ (s),
= —75(s? — 1)(2537.2s% 4 76070.85> 4 8304.95% + 35465 + 355.5)

and P(s) = s? + 1 satisfies condition (A;). It is clear that

o(s) — P(s)h(s) B —79.39455% — 135.5620s + 60.1675
P(s)g(s) o s2+1
and the feedback
w1 (2) —179.39452% — 135.5620x1 22 + 60.167523
1 pu—

af +af + (23 — 7 (21,22))?

is homogeneous of degree 0. Since u; (NT) = —137.562 with N7 = (1,1,1/3) and AN +u; (NT)BN =
—(271,271,1968), the feedback u;(z) stabilizes system (5.1) in the unique invariant straight line
Dy = (z,(—1,1,—17/75)) = 0. Finally, the feedback

2 222 + 14wy 23 + 223 + 22
x? + 23 + a3

u(z) = uy (x) — 103 (xg - % (21, x2)>

stabilizes system (5.1).
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