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Abstract. In this paper, we investigate the existence and decay properties of solutions to the initial
boundary value problem for the nonlinear Bresse beam system reading as in (P).
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1 Introduction
The original Bresse system is given by the following equations (see [6]):

p1ou = Qo +IN + Fi,
P2y = My — Q + Iy,
prwy = Ny — 1Q + F3,

where we use N, @ and M to denote the axial force, the shear force and the bending moment,
respectively. These forces are stress-strain relations for elastic behavior and given by

N:Eh(ww_l@)a QZGh(%+¢+lw)7 and M = El,,

where G, E, I and h are positive constants. Finally, by the terms F; we denote external forces.

The Bresse system without delay (i.e., y2 = fia = fiy, = 0) is more general than the well-known
Timoshenko’s system, where the longitudinal displacement w is not considered, I = 0. There are a
number of publications concerning the stabilization of Timoshenko’s system with different kinds of
damping (see [14,21,22,28]). Raposo et al. [29] proved the exponential decay of the solution for the
following linear system of Timoshenko-type beam equations with linear frictional dissipative terms:

p1ei — Gh(py + ¢ + lw), — IEh(w, — 1) + p1pe = 0,
ptht - EIq/]mm + Gh(@z + 7/} + lw) + ﬁlwt = 0.

Messaoudi and Mustafa [22] (see also [28]) considered the stabilization for the following Timo-
shenko’s system with nonlinear internal feedbacks:

prou — Gh(pe + U + lw)y — IEM(w, — 1) 4+ g1(¢r) = 0,
p2¢tt - Elwacz + Gh(‘;@m + w + lOJ) + 92("/)15) =0.

Recently, Park and Kang [28] considered the stabilization of Timoshenko’s system with weakly non-
linear internal feedbacks.

In [20], Liu and Rao considered a thermoelastic Bresse system that consists of three wave equations
and two heat equations coupled in a certain way.

The two wave equations for the longitudinal displacement and the shear angle displacement are
effectively globally damped by the dissipation from the two heat equations. The wave equation about
the vertical displacement is subject to a weak thermal damping and indirectly damped through the
coupling. They establish exponential energy decay rate when the vertical and the longitudinal waves
have the same speed of propagation. Otherwise, a polynomial-type decay is established.

Time delay is the property of a physical system by which the response to an applied force is delayed
in its effect (see [32]). Whenever material, information or energy is physically transmitted from one
place to another, there is a delay associated with the transmission. In recent years, the PDEs with
time delay effects have become an active area of research and arise in many practical problems (see,
e.g., [1,31]). The presence of delay may be a source of instability. For example, it was proved in [9]
for an arbitrarily small delay. For instance, in [26], the authors studied the wave equation with a
linear internal damping term with constant delay and determined suitable relations between p; and
e for which the stability or, alternatively, instability takes place. More precisely, they showed that
the energy is exponentially stable if us < p1 and found a sequence of delays for which the solution
will be instable if us > puy.

Very recently, in [4], the authors studied the Bresse system with linear internal damping terms
with delays (g1, g2, 91, g2, 51, 52 are linear in problem (P)). They proved that the decay of the energy
is exponential ifus < p1, e < 1 and gy < fiy.

Our purpose in this paper is to give a global solvability in Sobolev spaces and energy decay
estimates of the solutions to problem (P) for nonlinear damping and delay terms. To obtain global
solutions to problem (P), we use an argument combining the Galerkin approximation scheme (see [18])
with the energy estimate method. The techniques based on the theory of semigroups used in [4] do
not seem to be applicable in the nonlinear case with the presence of delay terms. To prove decay
estimates, we use a multiplier method and some properties of convex functions (see [7,12,13,21]).
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2 Preliminaries and main results

In this paper, we consider the Bresse system
prow — Gh(ps + 1 + lw)y — IER(we — o) + p1g1(pe(2, 1)) + p2ge(pr(z,t —71)) =0
n ]0,1[x]0,4o0[,

p2thie — Eltpyy + Gh(py + 0 + lw) + 191 (Y (2, ) + fi2g2 (e (2, t — 72))
¢

+/h@—@¢mmﬁﬁh201nmﬂbqa+mh

0
prww — Bh(we —19)y +1Gh(py + 1 + 1) + Fngi(wi(2, 1)) + fiaGs (wi(@,t — 73)) = 0 (P)
n ]0,1[ x]0,4o0[,
p(0,1) = p(1,t) = 9(0,8) = P(1,4) = 0, t >0,
Y(x,0) = tho(x), t(x,0) =4r(z), = €]0,1],
0) =wo(z), @i(z,0) =pa1(z), =€]0,1],
Ye(x,t — 1) = folx,t —7) in ]0,1[ x ]0, 7.

For the relaxation function, the damping and the delay functions, we make the following hypothe-

o(z,

ses:
(H1)
(*) h:Ry — R, is a C? function satisfying
+o0
h(0) =ho >0, (= / h(s)ds <b.
0

(**) There exists a nonincreasing differentiable function ¢ : Ry — R4 such that
h'(s) < —C(s)h(s) Vs >0

and
—+00

/ ¢(s)ds < 4o0.

0

(H2) g1 : R = R (resp. g1 : R > R, El( ) :R—>R)isa non—decreasing function of the class C'(R) such

the class C’l(R+) N C?(]0, 00|) satisfying H(0) = 0, and H linear on [0, e] r (H'(0) = 0 and H” >0
on ]0, €']) such that

eilsl < [g1(9)] < cals| i [s| > e, ls| < [Ga(s)] < Gals] i |s] > @,
alsl < [g:()] < Gals] if |s] 2 €
4 9i(s) S H N(sg1(s)) if [sl S e, 8” +97(s) < H '(squ(s)) if |s| <@,
s+ G1(s) < H ' sgu(9) 1 [s] <@

g2 R R (resp o : R+ R, gy : R — R) is an odd non-decreasing function of the class Cl(R)

such that there exist c3, oy, s, ¢3, a1, Qa, €3, 1, g > 0,
195(5)] < ea, [ga(s)| <@, [Ga(s )< E (2.1)
o1 592(s) < Ga(s) < azsgi(s), a1 sga(s) < Ga(s ) a2 $g1(s),

= 2 - (2.2)
a1 594(5) < Gals) < a2 59,(5),



Global Existence and Energy Decay of Solutions 125

where
Ga(s) = / go(r)dr,  Gir(s) = / Go(r)dr, Go(s) = / 5ar) dr.
0 0 0
Qopip < aiply, Qofly < Qifi, Qafly < Qpfly.
(H3)
PL_ P2
K b

We first state some Lemmas which will be needed later.

Lemma 2.1 (Sobolev—Poincaré’s inequality). Let ¢ be a number with 2 < q < 400 (n = 1,2) or
2<qg<2n/(n—2) (n>3). Then there is a constant c. = c.((0,1),q) such that

[Ully < el Vell2 for ¢ € H((0,1)).
We introduce as in [26] the new variable
z(x, p,t) = Ye(x, t —7p), € (0,1), pe(0,1), t>0.

Then we have

Tizit(z, p,t) + zip(x, p,t) =0 in (0,1) x (0,1) x (0,+00) for i=1,2,3.
Therefore, problem (P) is equivalent to:
p1ete — Gh(pz + ¢ + lw)e — IER(we — lp) + p1191(pe(2, 1)) + p2ga(21(z, 1,1)) = 0

n ]0,1[x]0,4o0[,

p2ther — EIyy + Gh(py + 9 + lw) + p1g1 (Ye(z, 1))

—|—/h(t—s)1/1m(m,s) ds + TiaGa(2a(2,1,8)) = 0 in 10,1] x]0, 00,

0 ~ o~ ~ o~
prwie — Eh(we —19)e +1Gh(pr + 1 + lw) + 1191 (wi (2, 1)) + [iaga(22(2,1,1)) =0

n ]0,1[ x ]0, 4o0[,

2 (x, p,t) + zp(x,p,t) = 0 in ]0,1[ x]0, 1[ x ]0, 4o00[, (2.3)
©(0,1) = ¢(1,8) = ¥(0,) = P(1,1) =0, t >0,
2(2,0,t) = ¢4 (z,t) on ]0,1[ x ]0,+o0],

¥(2,0) = Yo(x), ¥i(z,0) =¢1(x), = €]0,1],

o(x,0) = ¢o(x), @i(x,0) =p1(x), z€]0,1],

w(z,0) = wo(x), wi(x,0)=wi(z), =€]0,1[,
Ye(x,t —7) = folz,t —7) in ]0,1[x]0, 7],
z(x,p,0) = fo(z,—p7) onl; ]0,1[x]0,1[.

Let & be a positive constant such that

11—« -«
" fi2( 1) _ € <y LT O2M2 (2.4)
o1 (5]
Let & be a positive constant such that
p2(1 — aq) f — 042M2
Ty ———> _

= <& < Ty
(€3] Qo
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Let &3 be a positive constant such that

= 1_: = _: =
- fia( _ ap) <Ey <y H1 :0‘2N2 '
(e%1 (€5)

We define the energy associated to the solution of problem (2.3) by the following formula:

El Gh h
E(t) = H%II2+ ||1/JtH2+ llae 13 + me”§+7H‘Pa:+¢+lw||§+7||wx*l90“§
. t 3 11
+§ (b / ds> /1/)2 dx—i— (hoy)(t +£Z//Gl z(x,p,t)) dpdx. (2.5)
0 =19 0

We have the following

Theorem 2.1. Let (¢o,¢1), (Yo,%1) € (H?(0,1) N HE(0,1)) x H(0,1), fo € HL((0,1); H'(0,1))
satisfy the compatibility condition

fO( ) O) = 1.
Assume that the hypotheses (H1), (H2) and (H3) hold. Then problem (P) admits a unique weak
solution

p.w € Lis. (=700 H*(0,1) N Hy(0,1)), @r,w; € Lise(—7,00; Hy (0, 1)),
D, Wit € LIOOCC(*T,OO;LQ(O, 1)),
Y € H?(—7,0; H}(0,1)) N LS. (—T,00; H*(0,1) N Hy(0,1)),
¢y € H'(=7,0; Hy(0,1)) N L5, (=7, 00; H'(0,1)), ¢ € L*(=7,0; Hg(0,1)) N Li5.((0, 005 L?(0,1))

and for some constants wi, we and ws, €y, we obtain the following decay property:

E(t) < wiHy Hwat +w3) Vit >0, (2.6)
where
1
Hy(t) = / ! ds
1 - J HQ(S) )
Ha(t) = t if H is linear on [0, €],
2 tH'(eot) if H'(0) =0 and H” >0 on ]0,¢€].
Remark 2.1.

(1) o By the mean value Theorem, for the integrals and monotonicity of g2, we find that

S

Ga(s) = /gg(r)dr < sg2(s).
0
Then a7 < ay < 1.

o We need condition (2.1) only to prove the global existence, so if we study the energy decay,
we can replace the linear growth order of the function gs(s) for large |s| by nonlinear
polynomial growth.

(2) The conditions of (H2) (with ¢; = 1) were introduced and employed by Lasiecka et al. [3,18]
in their study of the asymptotic behavior of solutions of nonlinear wave equations where they
obtained decay estimates which depend on the solution S(¢) of an explicit the nonlinear ordinary
differential equation

Se+7(5) =0, S(0) = E(0) = So,

where r(s) is a continuous, monotone increasing function which behaves as H(s) at the origin.
We mention here that Alabau—Boussouira [20] was the first who gave an explicit expression to
the function r at the origin.
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(3) We need condition (H3) only to establish a general decay estimate for the solutions of systems.
Note that, in general, the condition of equality of the speeds of wave propagation does not have
a physical sense, but from the mathematics point of view it is very important because the system
is weakly hyperbolic of constant multiplicity of order 2. We think that the interaction of the

hyperbolicity (order of multiplicity) and the number of dissipative terms affect the result.

Example. Let g be given by ¢1(s) = s?(—1Ins)?, where p > 1 and ¢ € R on (0,€1]. Then ¢/ (s)

P71 (=1Ins)? Y (p(—1Ins) — q) which is an increasing function in a right neighborhood of 0 (if ¢ = 0,

we can take e = 1). The function H is defined in the neighborhood of 0 by

s (—Ins)"F f 0<p<1, qeR,
H(s) = cs(—lnsl)fq if p=1, ¢>0,
cy/se if p=0, ¢<0,

and we have

—p pTaq 1
05127(71115)_7 (]i(flns)Jrg) if 0<p<1, g€R, when s is near 0,
/ _ 2p p
H(s)=4 11\ A
67<177827‘1>675q if p=0, ¢<0.
§ q
Thus
ptl _pta (p+1 q . .
csze (—lns)  » (T(—lns)—i—f) if 0<p<1, ¢g€R, when sisnear0,
p p
P =9 1 a1\ &
c—(l—fsﬁ)e_sq if p=0, ¢<0,
8 q

2p
1
T 1—3p
z 2
:c/ Ey Ty dz when t is near 0.
/ (Inz)" 7% (g7 (Inz) + 2)
and
1
i 1 [ e(é)flq
P(t)=c —ds=c | —————~—dz, p=0, qg<0, when t is near 0.
1 (] _1g37)p—s2 23(1—1 ()
t ﬁ( —q° 7)e 1 q\z

In a neighborhood of 0, we obtain
ct77 (—Int)r if 0<p<l, geR,
P(t) = c(=Int)t* if p=1, ¢>0,
=2
ct 'z ™ if p=0, ¢<0,
and then in a neighborhood of +oo,
cr-1(Int)"71 if 0<p<1, q€R,

P(t) = ce~t™? if p=1, ¢>0,
c(Int)%4 if p=0, ¢<O0.
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Using the fact that h(t) =t as ¢ tends to infinity, we can estimate

() T T(EE) 7T i 0<p<1, qER,

E(t) < ceEOT if p=1, ¢<1,
" | e(né(t))x if p=0, ¢<0,
30

if p>1or p=1and ¢<0,

where

Proof of Theorem 2.1. We finish this section by giving an explicit upper bound for the derivative of
the energy.

Lemma 2.2. Let (p,1),2) be a solution of problem (2.3). Then the energy functional defined by (2.5)
satisfies

—

1
E'(t) < —(m - fl—a — f20xs /%91 ) — % 1— p2(l— 041)) z1(w, 1,t)g2(2(, 1,t)) dx

zo(x,1,t)g2(2(x, 1,t)) dx

O\H ©

0
_ o - _ _
(,Ul - 72 2 — Jiaiy /wtgl Vi) — 7 oy — (1 —al))

1

~ 1
- (fﬁ - EP;_OQ _ﬁ20¢2 /%&91 (wt) dw — (53041 Hg (1 _041 )/753 z,1,1)g. 92 (malyt)) dz
3 T3
0 0

(W oz ) (t)

N |

1
— 5 M@, 1)lI3 +
<0.

Proof. Multiplying the first equation in (2.3) by ¢, the second equation by ¢, the third equation by
w and integrating over (0,1) and using integration by parts, we get

1

1 EI Gh Eh
5 (5 Iul3 + 22 el + 2 w3 + S allf + = llpa + 0 + Wllf + = o — I3

1

1 1 1
= / g1 (00) dz — iz /mx, B)ga(=(x, 1,)) do — Fi /Ml (¥r) do — Ty /w, B (x(x,1,1)) da
0 0 0 0
t

-5 / i (wn) do — i / (.05 2. 1.0) o+ [ [ bt = )bt 9l ) dsde. (27)

Q0

The term in the right-hand side of (2.7) can be rewritten as follows:

[ [ 10— 50511 dsda 5 ) )
Q 0

N =

— 5t | [ 1) dsllato 8 — (how)(0)| + 5 (Wown )0
0
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Consequently, identity (2.7) becomes

1

L EI Gh Eh
5 (B lletll3 + 22 lwell3 + nw%—wm+—wﬁwmm+fwrm@
1

1

m/sotgl © dm—uz/%(x t)g2(z (x,l,t))dx—m/wtgl (Y¢) dz

0 0
1 1

—%/%@ﬁ%@%wﬁw—E/wiwmh—@/w@ﬁ@M%me
0

0 0

S MO0l + 5 Wov) )~ 5 (b= [n6s)as) [oan
0 0

Multiplying the third equation in (2.3) by &1 g2(2(x, p,t)) and integrating the result over (0,1) x
(0,1), we obtain

11
51//292 z(z,p,t)) dpdx
0 0

11 1
& 0 &
7'10/0/3;7(;2 T, p,t)) dpdac——o/ 2(z,1,1)) — Ga(2(x,0,1))) d.
Then
51dt//G”“‘”Pv)df’d%——*/Gzzwclt d:c+—/stot (2.8)
0
11
525750/6/62(22(967&75)) dpdx = —f_zO/G 2(z2(z, 1,t)) do + = &2 /G2 (¢y)d (2.9)
p 11 . L .
~ & [z & [ =
€3CﬁO/O/G2(Z3(x,P,t))dpda:— o O/Gz(zg(a:,Lt))dac—k - O/Gg(wt)d.’l,‘. (2.10)

From (2.7), (2.8), (2.9), (2.10), and using Young’s inequality, we get
1

w191 (o) do — —/Gg z1(x, 1 t))dxfug/got( )go(z1(x, 1,t)) dx
0

51042

E't)=

O\H

1
~ 52012 ~
i 2 'l/}tgl d)t dl'_ - G2 22 xvlat))dx_/ja d}t(t)gQ(ZZ(xalat))dx
Ty p—y /

- (- £2)

73

o—__ °

1
wegs (wy) da — 20/62(23(95, 1,4)) dz — [iy O/Wt(t)§2(z3(x, 1,t)) d

— 5 hO e ) + 5 (o)) (211)

Let us denote G% to be the conjugate function of the convex function Gq, i.e., G5(s) = sup (st—G2(t)).
teER+
Then G35 is the Legendre transform of Go, which is given (see Arnold [3, pp. 61-62], and Lasiecka [8]) by

G3(s) = 5(G) 7 (s) = G2[(G5) "' (s)] Vs 20
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and satisfies the following inequality:

st < G5(s)+ Ga(t) Vs, t>0.
Next, from the definition of Gs, we get

G3(s) = 595 (s) — G2(g3 ' (5))-

Hence

G3(g2(2(x,1,1))) = z(x,1,8)g2(2(x, 1,t)) — Ga(2(z, 1,1)) < (1 — a1)z(x, 1,t)g2(2(x, 1,1)).

Making use of (2.11), (2.12) and (2.13), we have

1
E'(t) < — 1—5172 /<Pt91 1oH dx—*/Gz (z1(z,1,t)) dz
0

1
+H2/ (Galpr) + G5(g2(21 (2,1, 1)))) da — (171 2a2 /%91 Yr) dx
0

1

-& / G, 1,8)) i + s / (Ga (i) + G5 (Go(2a (2,1, 1)))) da

0
1

1
: £3Oé2 /wtgl wt di)ﬁ* - G2(23(x315t))d
0

73
0

+ 7 / 2(@r) + G5 (s 1, 1)) da
0

1
Q9
< — (ul—fl——uQag /aptglwt x——/nglxlt))d
0

1
s [ Glaaeato10) de = (i - 222 — / Vi) d
0

1

_ 53/6 (zg(a:,l,t))dm—i-ﬁg/é; (G (2a(x, 1,1))) da

0

~ 1
~ a
_(Nl—fg 2—M2042 /wtgl we) x—f/Gg zz(z,1,t)) dz
0

4y [ GGateaen 1,80) do = 5 @)l )13 + 5 (Wov )0
0

Using (2.2) and (2.4), we obtain

1
§1an

T1

E(t) < ~(m -
0

1
_ Qo .
—<N1—£272—N2042 /1/th1¢t dx_<£al f2(1 —ay) /22$1t9222581t
T2 T2
0

(2.12)

(2.13)

1
—M2042) 0191 (p¢) do — (% ap — pz(l — o) /21 x,1,t)g2(21(x, 1,1)) dx
1
0

) d
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1 1
—(ﬁ1—£iﬂ—ﬁ2a2 /w (we) dw—(gjal fho 1—01 /23$1t92 z3(z, 1,t)) dv
? o E 0
1
O3+ L Wov) )
<0. 0

3 Global existence

We are now ready to prove Theorem 2.1 in the next two sections. Throughout this section, we
assume that ¢g,v0 € H? N HE(0,1), ¢1,¢1 € HF(0,1) and fo € HF((0,1); H'(0,1)). We employ
the Galerkin method to construct a global solution. Let T" > 0 be fixed and denote by V}, the space
generated by {wi,ws, ..., wg}, where the set {wy, k € N} is a basis of H? N H}. Now, we define for
1 < j < k the sequence ¢;(z, p) as follows: ¢;(x,0) = w;. Then we may extend ¢;(z,0) by ¢,(x, p)
over L?((0,1) x (0,1)) and denote by Z the space generated by {¢1,¢o,...,¢r}. We construct
approximate solutions (g, Yk, Wk, 21k, 22k, 23k), £ = 1,2,3, ..., in the form

k k
t) = Zgjkwja 21k(t) = Z hjk®;,
i=1 o
k
=D Giwj,  z2k(t) Z hik®;,
j=1
k ~
t) = Zgjkwjv 23k(t) Z hjko;,
j=1

where gk, Gjk, Ejk, hjk, Ejk and Ejk, j = 1,2,...,k, are determined by the following ordinary
differential equations:

p1 (@i (t), w;) + Gh(pra(t), wiz) + Gh(tg + lwg) (t), wiz) — IER(wke — Log) (), w;)
+ ,ufl(gl((p;c)ij) + NZ(QQ(Zlk('v 1))awj) = Oa 1< ] < ka (31)
216(2,0,t) = ) (z,t),

k
0r(0) = por, = Z(gﬁo,wj)wj — o in H2 N H{ as k — 400, (3.2)
j=1
k
0. (0) = o1 = Z(cpl,wj)wj — 1 in H} as k — 400; (3.3)
j=1

pQ( ;c/(t)ij) + El(wkib(t)awjm) + Gh((@kz + 1/J + IW)(t),’LUj) + ﬁl@l(ﬂ)k)va)

+i2(g2 (226 (-, 1)), wy) + /h('f — 8) (Y (2, 8),w;)ds =0, 1 <7<k, (3.4)
zok(,0,t) = ¢y (z, 1), ’
1(0) = o = 3 Wou wy )y - o i HE 1 H] as k — +o0, (3.5)
- K
V(0) = u = D (1 wy)wy = ¢ in Hy as k — +oo; (3.6)

j=1
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pr(wi (8), w;) + Bh(wka (), wjz) + 1ER (k) (t), w)) + IGh(Pra + P + lwr) ()w;

+ iy (3, (wh), w5) + A2 (Ga (23 (-, 1)), w) = 0,1, < j <k, 3.7
!
z3k(,0,t) = wy(z,t),

w(0) = wor, = Ek:(wo,wj)u)j — wo in H*N Hy as k — o0, (3.8)
i=1 k
wi,(0) = wyy = Z(wl,wj)wj — wy in HY as k — +oo; (3.9)
=1
(Tzlkjt +21kp,¢;) =0, 1<j <k, (3.10)
k
Zlk‘(p, 0) = 201k — Z(fl, ¢j)¢j — flin Hol((O, 1); Hl(O, 1)) as ki — +OO; (3.11)
=1
j(TZth + 20kp, ¢;) =0, 1<j <k, (3.12)
k
z91:(p, 0) = zo2k Z fa, ;)0 — fo in Hg((0,1); H'(0,1)) as k — +oc; (3.13)
ETdet +23kp, ;) =0, 1<j <k, (3.14)
k
ng(p, O) = 203k = Z(fg, ¢j)¢j — f3 in H&((O, 1); Hl(O, 1)) as k — +oo. (315)
j=1

By virtue of the theory of ordinary differential equations, system (3.1)—(3.15) has a unique local
solution which is extended to a maximal interval [0, T;[ (with 0 < T} < +00) by Zorn lemma, since
the nonlinear terms in (3.1), (3.4), (3.7) are locally Lipschitz continuous. Note that (¢ (t), ¥k (t), wi(t))
is from the class C2.

As the next step, we obtain a priori estimates for the solution such that it can be extended outside
[0, T%[ to obtain one solution defined for all £ > 0.

We can use a standard compactness argument for the limiting procedure, and it suffices to derive
some a priori estimates for (¢, Vi, Wk, 21k, 22k, 23k )-

The first estimate

Since the sequences @or, Y1k, Yok, Y1k, Wok, Wik and zgr converge, the standard calculations, using
(3.1)=(3.15), similar to those used to derive (3.16), yield C independent of k such that

t t

1 1
t)+a1//<p 91(or) dwds—i—ag//zlk (z,1,t)g2(215(x, 1,t)) dsdx
0 0 0

0
t o1 t 1 t o1
+b1//w g1 wk dxds—l—bg//sz x,1,t)g2(z2k (2, 1,1)) dxds—i—cl//w;gl wk ) dxds
0 0 0 0 0
1

0
/ 1 , 1,
+ C2//z3k v, 1,0z, 1,) dds 5 B0 (o )3 — 5 (Wov) () < Bx(0) <O, (3.16)
0

where

h
Ew(t) = s — Ll13)

P1
(2 108+ 22 I3 + 22 o + 2L Il + 5 N 36+ Bl + 2

1
2

+§1//G2(z1k(x,p,t))dpdx+§2//62(z%(x,p,t))dpdx

0 0 0 0
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11

st [ [ Galeonto i) dpdn + 5 (b— / h(s) ds) / v2da + L (Wou,)(0),
0 0 0

0

_ §1az (&
a1—(u1———u2az , ar= a1 —pu(l—aq)),
T1 T1

by = (ﬁl - 527_32 - ,172&2), by = (% ay — (1 — &1)),

(= &30 ~ = _ &3 ~ = 1_z
1= M1—T73—M2042, C2 = %061—,“2< —ai) ),

for some C' independent of k. These estimates imply that the solution (g, ¥k, Wk, 21k, 22k, 23k ) €xists
globally in [0, 4oc0[. Estimate (3.16) yields:

Ok, Yr, wi are bounded in L5, (0, 00; Ha(0,1)), (3.17)
@), Uk, wi are bounded in L52.(0,00; L*(0, 1)), (3.18)
©rg1(k), Ura1(Wh), wids(wh) are bounded in L'((0,1) x (0,00)), (3.19)
Gra(z1k(, p,t)), Gaz(z2k(, p,t)), Gsa(zsk(z, p,t))
are bounded in L{2.(0,00; L'((0,1) x (0,1))), (3.20)
Zlk(xa ]-,t)QQ(Zk(xa 1; t))a ZQk(xv ]-7 t)§2(z2k(x7 13 t))v Z3k(xa 1’ t)§2(23k(.’£, ]-’ t))
are bounded in L*((0,1) x (0,T)). (3.21)

The second estimate
First, we estimate ¢}/ (0), ¢;/(0) and wy/(0). Testing (3.1) by g}, (t), (3.4) by g7, (t), (3.7) by 5;-/1@(15) and
choosing ¢t = 0, we obtain
pillei (0)|l2 < Gh(llvorzllz + lltokll2 + Ulworll2)
+ IEh([|worll2 + Ulworll2) + pallgr(@r)ll2 + p2llg2(z10k) |2,
p2llv (0)ll2 < Ell[tokazll2 + Gh(llpokllz + llvokllz + Ulwokll2) + Fallgr (Yi)ll2 + Fzllg2(2208) |2,
pillwr (0)]l2 < Eh(llwokezll2 + LER]@okl2)
+1Gh(|lponll2 + 1oz + Ulworl2) + 7y 131 (@ir)ll2 + fia 72 (20s8) 1 2-

Since g1(01%)s g2(210k), 91 (Y1), G2(220k), 1 (wik), Jo(2s0k) are bounded in L2(0,1) by (H1)

(3.2), (3:3) and (3.11) yield ()] < C,
(3.5), (3.6) and (3.13) yield ||¢}/(0)]|2 < C,
(3.8), (3.9) and (3.15) yield |lw}/(0)]]2 < C.

Differentiating (3.1), (3.4) and (3.7) with respect to ¢, we get

1o} (t) + Ghl,, () + Gha), () + IGhw) (t) + IEhw),(t) 4 > Ehyl, ()
+ 1193 (91 (0k) + pazip (2,1, ) (9o (21k (2, 1,8)) = 0, (3.22)
P2ty (t) + Blthly (t) + Ghl, (1) + Ghapy (t) + 1Ghwy,(t)

t

d
+ ﬁl%?’l (w;c) + ﬁQzék(xa 1vt)512(22k(x’ 1vt)) + % (/h(t - S)Q/kaz dS) =0, (3'23)

prwp (t) + Ehw)y, (t) + IEh@), (t) + IGhg), + IGh(t) + PGhwi,(t) (3.24)
+ g wp (D (wh) + o 2 (2, 1, 1) g5 (2sk (2, 1,1)) = 0. (3.25)
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Multiplying (3.22) by g}k(t) , (3.23) by §9k(t), and (3.25) by Egk(t), summing over j from 1 to k, it
follows that

1d

5 3 (PILLOIB + Chllgia0)13)

1
Gh / o (8) + 1y (1) (8) d + LER / (Wh(6) + Ly (1) (t) da
0

1 1
b [ P00 (63 do 4 g / P02, LD (gh(ra(a, 1,0) dr =0, (3.26)
0
1
]. d / "
3 31 (P2 IEIE + BUGH 1) + Gh [ (phalt) + vi0) + () 65u(0) do
’ 1
+ i / UPOT (04 do + i [ 070250 LT, Gan(, 1, 0)) d =0, (320)
0
1d ,
5 =5 (Mt O3 + Brllwt, (1)) + 150 / ((E)eh (0 da
0

1 1
+Gh/wg(t) (Iha + Wk (1) + L (1)) +ﬁ1/ WP ()] (w}) da
0

0
1
+ fia / Wil (8) 2 (2, 1, 8) G (231 (x, 1,1)) dz = 0. (3.28)
0

0
(72/1/1@(’5) + 87,02/”“’ <Z5j> =0, (3.29)
" a / . i
(TZZk(t) + op 72 ¢’J) =0, (3.30)
" a / . i
(r2tult) + 9, 6;) = 0. (3.31)

Multiplying (3.29), (3.30) and (3.31) by h;k(t), summing over j from 1 to k, we find that

1 d 1d

37 I OB + 5 L0l = 332
1 d 1 d
57—%“2;k(t)”3 2dp [ENGIEE (3.33)
1 d 1d
37 1B+ 3 2 40l = (334

Taking the sum of (3.26), (3.27), (3.28), (3.32), (3.33) and (3.34), we obtain

1d

S d@ (mlls@%(t)llg + ple”(t)II% + pullwi (O3 + Ghllgha (D13 + Bl ()13 + Ehllwkz(t)llg)

d
- 5 o th(|\w;(t) 1 (O3 + Ghllhe (1) + ¥r(t) + lwz(t)H%)

1 d
3T (||Zik($apv O172(0,1)x 0.1)) F 1208 (@ 2 DT 20,1y x 0,1)) T 1238 (25 5 t)H%Z((O,l)x(O,l)))
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1 1
+m / S (1)) (L) da + in / GROF (L) de + Ty / W2 (07 (W) do
0 0
1

5 [ (1 0P + (o 1O + (o 1O do -+ hO) g (O
0

N | =

1

,MQ/()ON Zlk xalat)QZ(Zlk(ert)) d$—M2/¢k Z2k(x717t)92(z2k(x717t))d
0

T [0 105 e 1)) o+ 3 (O3 + 913 + e 0)13)

o _

t

Hh(0) G (0. 65 (0) + 5 [ Wt = 9)a(0) 01 (1) s

0

— h,(O) (wkr (t)7 w;cx (t)) -

|~

Using (2.1), Cauchy—Schwarz and Young’s inequalities, we obtain

2
|1 (0) (Vna (1), Yo (1)) | < ellona(t)II3 + % 19k ()13,

t t

\ / WY (t— ) (e (£), o () ds| < [0 (8)]2 / Wt — )] e (5)]]2 s

0 0

t
1
< ZeH%m(t)llg+6||h”||L1/|h”(t*5)\ ks (5113 ds,
0

(mllw%(t)H% + p2 [ W ()3 + pullwi )3 + Ghllors (0113 + Blllvia (£)]3 + Ehllwér(t)llﬁ)

1. .dy, ,
+5 1Bh (I (8) + Lok (1) I3 + Ghllioha (8) + ¥4 (1) + L (D113

N | —
SR

1 d
37T <||Zik($7/), 172 (0.1 (0.1)) + 1255 (@5 0, ) 172((0.1)x (0.1)) + 11288 (2, 0, t)||2L2((o,1)x(o,1)))

1 1
i / S2(0)g) () dz + i / WROFWL) de+ Ty / 12 ()7, (o)) da
0 0
1

b [ (1ae LOP + (o 1OP + |z, L OF) + b0 (0] d
0

h'? 1
< Ik )13 + 15 )13 + 1wk (D113) + ella (DI + = ko DI + - Ik ()13
i

d

/ B (t — 8) (ke (£), Do (1)) ds
0

el [ (¢ = 5)| na () ds + h0) G (a(®) 05 0) + 5 [ 1= 9) (o (01,0500 s
0

0

Integrating the last inequality over (0,t¢) and using Gronwall’s Lemma, we obtain

prll e (8)13 + pallf ()13 + prlli ()13 + GRllehe (DI + EUlvh (3 + Ehllwi, (8)13
HER(wh(t) + ek ()13 + Ghlgha (8) + Ui (1) + L (D1
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+T<||Zik($»P» t)”%?((o,l)x(o,l)) + |25, (2, p, t)”%?((o,l)x(o,l)) + |25, (2, p, t)||2L2((o,1)x(o,1)))
<eT (Pl||90§c/(0)|\§ + 2|V (0115 + pllwi (0I5 + GRllh, ()13 + Bl ¢4, (0)]I5 + Eh||w2r(0)||§)
+e TR (||} (0) + Lk (0) I3 + GRllhs (0) + 01, (0) + L (0) 3)

+€CT7(||Z/1k(9C7P7 O 172 0,1y (0,1y) F 1258 (5 2, O T2 0.1y (0,1y) + 125% (2 0, 0)||%2((0,1)><(0,1)))
t

0’/Hw"(t)||§ ds + h(0) (e (1), Yo () — 1(0) (V1 (0), P, (0)) + /h'(t = ) (Vra (1), i (1)) ds
0

0

+ t
1
) / [ ()13 ds + (e + €llA”] 1) / e ()13 ds,
0 0

h(O)2

h(0) (ki (0), ¥ (0)) < el (8)13 + [na (113,

t

[ G e, w10 s < el 015 + SOl / ke ()12 ds

0

for all t € Ry, therefore, we conclude that

o, Y, Wi is bounded in L2, (0, 00; L?), (3.35)
O}y Wh, w), is bounded in L52,(0, 00; HY), (3.36)
211, Zhk, 24p is bounded in L§2,(0, 00; L?((0,1) x (0,1))) (3.37)

The third estimate

Replacing w; by —wjz, in (3.1), (3.4) and (3.7), multiplying the result by g% (t), ¢} (¢) and E}k(t),
summing over j from 1 to k, we obtain

1d
5 77 (Plea 13 + Ghngom(t)n%)

e / G (8) + 16(t)) oo (1) i + LR / )+ lp(t) gl (1) da

1 1
i / 219 (k) do + s / oo () 2100 (2, 1, £) (g (21 (2, 1, £)) d = 0, (3.38)
0 0

1d
5 7 (pellha (13 + Elleas (D13)

1

1
L Gh / (o + 0+ 1) (1) do + T / SR OF, (L) da
0 0

t

+ /72 / 'g/};m,(t)Zka(x, lvt)gé('z?k(xa lvt)) dx — /h(t - S)(wkzm(t)» %m(t)) ds =0, (3'39)
0 0

/ (t = ) (Wb 0), (1)) ds - 5 PO 1)

0
t

=5 5 | 1O sl 01 - (hovan)(0)] + 5 0ove )

0

l\DM—l
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1

1
 (P1 ke (13 + Ebllnea (O13) + 1D [ e (Oprna(t) o+ Gh [ (214 00+ L) 6) da
0 0

DN =
&.‘Q‘

1 1
+i / W2 (OF (W) d + iy / W (8) 2k (2, 1, )5 (230 (, 1, 8)) d = 0. (3.40)
0 0

Replacing ¢; by —¢;z, in (3.10), (3.12) and (3.14), multiplying the resulting equation by h;x(¢),
summing over j from 1 to k, we find that

1 d , 1d ,
o - — 41
57 77 ke (Dll2 + 5 0 |21k (t)[|3 = 0, (3.41)
1 d 1 d

37 g 72 (t I3 + 3 dp 228 (8) 13 = 0, (3.42)
1 d 1 d

3T |23k (8)[13 + 3 dp |23k (£) 13 = 0. (3.43)

From (3.38), (3.39), (3.40), (3.41), (3.42) and (3.43), we have

1d
5 o (P11 (D13 + p2ll s O3 + p1 e (D13 + Glloraa (O3 + Bl (013 + Bhlnas (t)3)

1 d
+ 3 lEh pr (Hwkx(t) + l‘ﬁkﬂc(ﬂ”% + Gh”@kmx(t) + d)kac(t) + lwkx(t)”§>

1

d
+§r%(wm4amwﬁgonﬂm”+n@mum¢mé«nwmm+w%m@wJW§<mwme

+m/wm\%wkM+m/wm|Ww%M+m/wm|2<>x

DO =

1
+ / 21ke (2, 1, 0)2 + 2000 (2, 1, 1) + | 2380 (@, 1, 1)] )dm
0

t

(5= [ 1061 d5) a1 + O (1 = 5 (o)1

0

DO =

L
dt
1

= —Mz/%z(t)zlkm(%Lt)g'z(zw(a?,l,t))daf—ﬁz/iﬁéz(t)zzkm(%1at)§/2(22k($71,t))d33
0

1
~ ~ 1 1
o [ 0L, 071 S (I O + L O1E + I OIB) + 5 1 3,

Using (2.1), Cauchy—Schwartz and Young’s inequalities, we obtain

&‘Q‘

1
5 = (P11 a O + 210 (O3 + Pt (DI + GhllPras (O3 + Bl (013 + Bl (9)]13)
d
4 1 (e (6) + Lpre ()13 + Glpran(t) + e (1) + lora0)13)
1

d
T57 pn (”Zlkm(x,/’a t)HLz ©0.1)x(0,1)) T 12262 (2, p, t)H2L2 (0,1)x(0,1)) 1 [z382 (2, p, t)||%2((0 1)><(0,1)))

+N1/|<sz NRACS) d$+ﬂl/|¢kx ()17 (1) dm+ﬂ1/|wkm |2 1 (wy,) dae
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1
b [ (Joinalas L OP +aaa (o, L OP +aara (2,1 ) do< (I O+ 65 018+ [ O
0

Integrating the last inequality over (0,¢) and using Gronwall’s Lemma, we have

pill ko (I + P2V (DI + prllhs (O3 + GAlloraa ()3 + Bl (t) I3 + Ehllas (D13
o+ 1B o () + 1ora (8) I3 + Ghllpraa (8) + e (8) + Lo (D13

+ T<||21kz($7pa 72 (0.1y% 0.1y + 12282 (2, 0, 17201y x 0.1)) + 12882 (2 p, t)||%2((0,1)><(0,1))>
< 1l (0)13 + P2l (0113 + p1 |k (013 + Ghll@raa (0)]3 + Ell[ ke 0)[13 + Ehllwraz (0)]3
+ LB (w12 (0) + pra (O)]3 + GAlraz (0) + s (0) + s (0) )
+ T(Ilzlkx(w,m 017201 % 0.1y + 2282 (@5 2, 0)172(0,1) % (0,1y) + 128k (2 p, 0)”%2((0,1)><(0,1))>‘

for all t € Ry. Therefore, we conclude that

Ok, Uk, wg are bounded in L72,(0, 00; H? N HE(0,1)), (3.44)
21k, %ok, 23 are bounded in L72.(0,00; H}(0,1; L%(0,1))). (3.45)

Applying Dunford—Petti’s theorem, from (3.17)—(3.21), (3.35)—(3.37), (3.44) and (3.45), after replacing
the sequences ¢y, ¥, and z; with a subsequence if needed, we conclude that
£ (0,00; H2 N H(0,1)
r — ¢ weak-star in L9 (0,00; H2 N H(0,1)), (3.46)
wy — w weak-star in L$° (0, 00; H2 N Hg(0,1)

wr — ¢ weak-star in L

o). — ¢ weak-star in LS. (0, oo; HO(
yyby, — ¢’ weak-star in LS. (0, oo; HO( ,

wy — W' weak-star in L5, (0, oo; H} (0,

¢ — ¢ weak-star in L2 (0,00; L%(0,1)),
" — " weak-star in LjS (0, oo; L2(0 1)), (3.47)
W’y = w” weak-star in L7,

g1(¢})) — x weak-star in Lg((O 1)
G1(¥,) — X weak-star in L?((0,1) x
:(;1 (W) — Y weak-star in L?((0,1) x (0,
21 — 21 weak-star in L72 (0, 00; Hy (
Zo1, — 2z weak-star in L72. (0, 00; Hp(
23 — 23 weak-star in L72 (0, 00; Hy (
(0,00; L2((0,1) x (
(0, 00; L2((0,1) x (
x(
)
)
)

!/ / e 9]
21 — %1 weak-star in LS.

zbhy — 25 weak-star in LS ), (3.48)

(0, 00; L%((0,1)

go(z(x,1,1)) = ¢ weak-star in L*((0,1

Go(zx(z,1,1)) — 1 weak-star in L*((0,1
1

/ oo
zh), — 25 weak-star in LS

EQ(Zk(x, 1,t)) = w weak-star in L*((0,

for suitable functions ¢, ¢,w € L>(0,T;H* N Hy(0,1)),21, 22,25 € L¥(0,73L*((0,1) x (0,1))),
X %7)? € L2((0a1) X (OvT))’ Sﬁﬂﬁ’w € LQ((O7 1) X (OvT)) for all T > 0. We have to show that
(p, ¥, w, 21, 22, z3) is a solution of (8).
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From (3.17) and (3.18), we have that ¢}, ¢} and wj, are bounded in L°°(0,T; H}(0,1)). Then
©h, 1y, and w), are bounded in L?(0,7T; Hy). Since ¢, ¥ and w} are bounded in L>(0,7T; L?(0,1)),
we have that ¢}, 1} and w} are bounded in L?(0,7;L?*(0,1)). Consequently, ¢}, 9} and w) are
bounded in H(Q), where Q = (0,1) x (0, 7).

Since the embedding H'(Q) < L?(Q) is compact, using Aubin-Lions theorem [13], we can extract
a subsequence (¢,) of (¢r), (¢,) of (¢x) and (w,) of (wg) such that

@ — ¢ strongly in L*(Q),
¥, — ' strongly in L*(Q),
w! — W' strongly in L*(Q).
Therefore,
¢, — 1’ strongly and a.e. on Q,

P!, — ' strongly and a.e. on @, (3.49)
w!, — 1’ strongly and a.e. on Q.

Similarly, we obtain
2}, — z1 strongly and a.e. on Q,
2, — zb strongly and a.e. on Q,

24, — 24 strongly and a.e. on Q.

Lemma 3.1. For each T > 0,

91(¢"), 92(21(2,1,1)) € LYQ),  q1(¢"), G2(22(x, 1,1)) € LY(Q),
51(&), o (zs(2, 1,1)) € L1(Q)

and

g1 (@)1 @)s Nlg2(z1 (2, 1,0) L1 () < K,
191 (W)L @) 192(z2(@, 1L, )@y < Koy |91 (W)llLr@)s 192(23(2, 1,8)) || L1(q) < Ks,

where K1, Ko and K3 are the constants independent of t.

Proof. By (H1) and (3.49), we have

) a.e. in Q,
(

g1 (W) (2, t) z,t) = §,(w'(z,1)) ae. inQ,
)¢ (x,t) ae. in Q,

' (x,t) ae. in Q,

W'(

x,t) a.e. in Q.

o' (x,t)g1(¢ (z,t)) dzdt < K for T >0, (3.50)

W (2, t)g1 (W' (2, t)) dedt < K" for T > 0.

T 1
[
T 1
O/O/zb'(x,t)gl(w/(x,t)) drdt < K' for T >0,
T 1
I
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By the Cauchy—Schwarz inequality and using (3.50), we get

N|=

|m<so’<x¢)>|dzdt§c|@|é( go’glw')dxdt) < QI K = K,

§1<w'<x,t>>|dzdtsq@|%( wﬁl(w')dzdt) < QI K" = Ko,

19, (w' (2, 1))] dz dt < Q|2 (

N

Sty T O
S O O _

w’gl(w’) dx dt) < C\Q|%K”% = Kj.

T T T
S O o

Lemma 3.2.

g1(ek) = 91(¢),  GiWh) = (W) and gy (wh) = g, (W) in L'((0,1

g2(z11) = g2(21),  Golzar) — Go(22) and Go(zsx) — go(2s) in LY((0,1) x (0,T)).

Proof. Let E C (0,1) x [0,T], E' € (0,1) x [0,T] and E” C (0,1) x [0,7] and set

Elz{(x,t)eE: 91(¢k(z,1))

ﬁ} E,=E\ By,
1

B={@oer: ati@n s =) B-F\B

Iy
1

Bl ={(z.t) € B" s Gilwile,t) <

"o "
\/W}v E2 =F \Elﬂ

where

|E| is the measure of E. If M(r) :=inf{|s|: s € R and |gi(s)| > r},

|E’| is the measure of E'. If M'(r) :=inf{|s|: s € R and |g1(s)| > r},

|E”| is the measure of E”. If M"(r) :=inf{|s| : s € R and |§1(s)| >},

[t dwe < iE+ (v (<=

1
dx dt,
\/f /|(i0kgl @k)‘

|E’ /Wkgl ¢k | dz dt,

[ ara s VBT (0 (o

~ 1
[ il dodt < VBT + (317 (s / (k1 ()] drdi.

El/ \/W

Applying (3.19), we deduce that

E//

Sup/|gl(gp;€)| dedt— 0 as |E| =0,
F E

sup/@l(wfcﬂ drdt —0 as |E'| =0,
k

sup/ |§1(w§c)| drdt —0 as |E"| = 0.
k
E//
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From Vitali’s convergence theorem, we deduce that g1(¢},) — 91(¢’), 1(¥},) = g1(¥") and g, (w},) —

1(w') in L'((0,1) x (0,T)), hence

91(#%) = a1(¢")
() = q1(¥'
§1( )_>g1( b

Similarly, we have

and this implies that

1
//91 o )v dx dt —

(=)

0

o\’ﬂ o\’ﬂ O\’ﬂ O\q O\»ﬂ
O\H O\H O\»—t O\»—A

as k — +4oo. It follows at once from (3.46), (3.47), (3.51)—

91 (Y )v dx dt —

Gy (Wi do dt —

92(z1k)v dz dt —

Ot~
o _

92(zok)v dx dt —

St~
o _

Ot~
o—__

1
/92 z3k)v da dt —
0

weak star in L*(Q),
weak star in L*(Q),
weak star in L?(Q).

weak star in L*(Q),
weak star in L*(Q),

weak star in L*(Q),

¢ drdt for all v € L*(0,T; HY),

G (Y )v dzdt for all ve L*(0,T; Hy),

g1 (W)v dzdt for all v € L*(0,T; Hy),

g2(z1)v dx dt for all v € L*(0,T; Hy),

Go(z0)v dx dt for all v e L*(0,T; Hy),

52(23)1) dzdt for all v € L*(0,T; HY)

(
w,v,w € L*(0,T; HE(0,1)) and wy, we, w3 € L2(0,T; H}((0,1) x (0,1))),

1
// p1p) + Gh gokm + Gh(¢y, + lwg) + IER(wk + lpg) + p1g1(9)) + uggz(zlk))>u dx dt
0

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

3.56) and (3.48) that for each fixed

T 1
- // P190” + Gh SOM + Gh(¢ +lw) + IERh(w + 1) + p1g1(¢") + M292(Z1)))U dz dt,
00

1

—

T
_>/
0

0

T
//(pzl//g + Elprgy + Gh (@kx + i+ lwk, + g1 (V) + ﬁ2§2(zzk)))v dzdt
00

(pzw” + Elpyg + Gh(% 4+ lw + g (&) + /7252(22)))1) de dt,
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T 1
//(plwg + Ehwies + IERs + IGh(0rs + g + lwr) + 110, (wh) + 5252(2319))10 dw dt
00
T 1
o [ [ (9 + Bhisa 4 1Bhps +1Gh(os + 4 1) + o1 + Fon(aa))u s
00

<Tzi + ga)wl dx dp dt,
dp

N
o _
o _

T 1
(Tzik + %zlk)wl dx dpdt — //
0 0
T 1
, 0
(Tzzk + a—ngk)wg dx dpdt —
0 0

T 1
7'Z3k + 23k)w3 dx dpdt — //
00

(Tzé + 9 zg)wg dx dpdt,

St~
o _
o _

St~
O\H

1
0
as k — +o0o. Hence

1
// (p1<,0” +Gh (g&m + Gh( + 1) + LER(w + 19) + tgr (@) + Hzgg(zl)))u dz dt = 0,
0 0
T 1
// (PzW' + Elpgy + Gh (S% + 4 lw+ g (¥) + /7252(22)))0 drdt =0,
0 0
T 1
[ [ (o1 Bl + 1B, + 16k -+ 10) + s )+ Fia(z2) ) v dt =0,
0 0
T 1
[1]¢

Thus problem (P) admits a global weak solution (p, 1, w).

T + —z)w drdpdt =0, wi,ws,wz € L*(0,T; Hi((0,1) x (0,1))).

O\H

Uniqueness. Let (¢1,%1,w1, 21, 22, 23) and (@1,@1,G1751,52,53) be two solutions of problem (2.3).
Then

(@ﬂd)aa}azlaszg(?o) = (<P1,7/11,w1,21,22723) - (&137/)13‘;1351’22723)
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verifies

1B — Gh(B, + 0 + 13), — LEW(B, — 1) + mgl@’(x 1)
—p191(¢'(x, 1)) + poga(Zi(x, 1,t)) — paga(21(x,1,t)) =0 in 0, 1[ x ]0, +-o00],

T1Z1(x, p, ) + Z1p(w, p,t) = 0 in 0, 1] ]0,1[ x J0, o0,

potlyy — EIY,, + Gh(@, + 9 +10) + g1 (¥ (2, 1)) — fngr (V' (2, 1)) + fiago(Za(z, 1,1))

—ﬁgﬁg(zg(x,l,t))+/h(t—s)qzm(x,s) ds =0 in 10, 1] x ]0, +o0[,

. - 0
TQth(‘Tapat) + zQﬂ(zvpvt) =0 in ]07 ]-[ X ]Oa 1[ x ]Oa +OO[7
pr@se — EMGy — 10)s + IGMG, + 9 +10) + 1,01 (@ (2, 1) — 110, (o (1))
+ﬁ2’§2(53(x7 Lt)) - /7252(23(‘%" 1vt>) =0 in ]07 1[ X ]0, +OO[7
T3z (z, p,t) + 23, (2, p, t ):o in ]0,1[ %10, 1] x ]0, +0c],

(3.57)

5(0,6) = B(1,1) = $(0,8) = w(L,t) = 0, >0,
zb(x,O,t):N(x,t)fW(z,t), z €]0,1[x ]0, 400,
P(x,0,t) = F(z,t) — ¢/ (2, 1), x €]0,1[x]0, 400,

@(2,0,t) =& (z,t) — ' (x,1), x€]0,1[x]0,+00],

3(2,0) = 3'(x,0) = b(x,0) = ¥/ (2,0) = 3(2,0) = & (x,0) = 0, «€]0,1],

zl(x,p, 0) = 22(a:,p, 0) :gg(l‘,p,O) =0, z€]0,1[x]0, 1[.

Multiplying the first equation (3.57) by " the third equation by 1/1’ and the fifth equation by ',
integrating over (0,1) x (0, 1), we get

1 1
S (0 IER) + Gh / (Po + ¥ +15),)F dv + LER / (Gr ~1§)7' da
0
+ 11 (913 (@, 6) = 91(¢ (2,1)), &) + iz (92(Z1 (2, 1,8) = g2z (,1,1))), &) =0, (3.58)

1d
3 35 (Pal0u13 + EING,IE) + Gh [ B, 40+ 1B)3 do
0
+ ﬁl (ﬁl(wl(x,t)) - 51(¢I(x7t))a¢/) + ﬁ? (52(’52(1‘, 17t)) - 52(22(%‘, 17t))7'$/) =0, (359)
1 1
3 55 (rIG3) + Bb [ (@ 1300 do+ 16 [ (G, + 0+ 1) do
0 0

+ 0y (1@ (1) = 91 (&' (2,6)), &) + iz (B3 (2, 1,2)) — Go(z3(,1,2)),&) = 0. (3.60)

Multiplying the second equation in (3.57) by %1, the fourth equation by %2 and the sixth equation
by Zs, integrating over (0,1) x (0,1), we get

1
1d =72 1= 2 =712
ny a [IERd+ 5 (Fute 1018 - 131) =0, (3.1
0
1
1d 1 ~/ 2
B ||22H2 dp+ - (||Z2($ Lo)lls = lW'[I3) =0, (3.62)
0
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1
1d ~,
ry g [ IEsBde+ 5 (e 1018 - I518) =o. (3.63)
0

From (3.58)—(3.63) and using the Cauchy—Schwarz inequality, we get

&‘Q‘

- (01133 + 03 + pr B + GRIG, + 0+ 13 + BRIS, — 132 + BI16,1B)

1d =~ = =
+§£ (Tl/||Z1||§dP+T2/||Z2||§d/’+73/||Zi/3|§dp>
0 0 0

@ (13 101 + 1B, LI + s 1,013) + (01 (3 (1) — 019/, 3)

7 (G (1) = G (,0),8) + 7y (32 @ (1)) = 5 (), )
= —H2 (92(51 (.’E, L, t)) - 92('21 (.’L’, L, t))7 é,) - ﬁ2 (52(52(557 17 t)) - §2(z2(x, L, t))7 7;/)
~ T Ga(3(, 1,0) — Balese, 10,5 + 3 % (IBI3+ 1915 + 15713

< 5 (IB13+ 1913 + 113) + [l92(Zi (2, 1,) = gaea e, 1, ), Z

DN | =

+

N =

l\JM—\

+ ||§2(g2(x7 ]-at) - 52(22(I7 17t))|‘2||w/||2 + ||§2(z3(f£, 17t)) - @(23(553 1,t))||2||&/||2
Using condition (2.2) and Young’s inequality, we obtain

1d

5 55 (PUIBIE+ pall 3 + pullGell3 + GhIZ, + b + I3 + BRIS, - 15 + ETI9,3)

1 1 1
1d ~ x ~ i~ = o~
55 (0 [ dp+ [ Esdo+ 7o [151B a0) < c(1B1) + 1913) + 1513),
0 0 0

where c is a positive constant. Then integrating over (0,t¢) and using Gronwall’s lemma, we conclude
that

pullPell3 + pallv, |3 + prllel3 + Ghllg, + ¢ + 10]3

+ BRE: 15+ B0+ 1 [ 1510 do+ 72 [ 15303 dp+ 7 [ IZ5dp=0. ©
0 0 0

4 Asymptotic behavior

First, we state and prove a lemma that will be needed to establish the asymptotic behavior.

Lemma 4.1. There exists a positive constant C such that for every (¢,v,w) € (HE(0,1))3, the
following inequality holds:

1 1
J a4 10l + el do < € [ (B0l + Ghlga 6+ tof? + Bhlos — 16) d. (41)
0 0

Proof. We will argue by contradiction. Indeed, let us suppose that (4.1) is not true. So, we can find
a sequence {(p,,%,,w,)}ven in (HE(0,L))3 satisfying

R

1
/ (EI|¢”|2 + Ghlpys + 3 + lwv]? + Ehlwye — l<pV|2> da < (4.2)
0
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and

1
/ (Isml2 + el + IwWIQ) dx = 1. (4.3)
0

From (4.3), the sequence {(¢,, ., w, ) }ven is bounded in (Hg(0,1))3. Since the embedding H}(0,1) <
L?(0,1) is compact, the sequence {(¢,,%,,w,)}en converges strongly in (L?(0,1))3.
From (4.2),
¢uz — 0 strongly in L?(0,1).

Using Poincaré’s inequality, we can conclude that
@, — 0 strongly in L%(0,1).
Now, setting ¢, — ¢ and w, — w strongly in L?(0,1), from (4.2), we have
Ouz + 1Py + lw, — 0 strongly in L(0,1).

Then
Oue + Uy + 1w, = 0ue + U, +1(w, —w) +lw — 0 strongly in L?(0, 1),

which implies that
©ue — —lw strongly in L*(0,1). (4.4)

Then {¢,}, is a Cauchy sequence in H'(0,L). Therefore, {¢,}, converges to a function ¢; in
HY0,L). Consequently, {¢,}, converges to ¢; in L?(0,L). Thus by the uniqueness of the limit
1 = . Moreover, ¢ € Hj(0, L).

From (4.4), we deduce that

0r +lw=0 ae. z€(0,1). (4.5)

Similarly, we have
wy —lp =0 ae z€(0,1) (4.6)

and w € H}(0,1).
(4.5) and (4.6) provide us ¢ = w = 0, contradicting (4.3). O

From now on, we denote by c¢ various positive constants which may be different at different occur-
rences.
Multiplying the first equation in (2.3) by @gp, the third equation by @w and the fifth equation

by @ w, we obtain

T 1
0= /LSE ) /<P<91<ptt = Gh(ps + 1+ w)s — IBM(ws — lp) + p1¢p +u221(x,17t)) da dt,
S 0
() | T By | [ 9(E)
¥ 14 ¥
OZ[ E 1)1/<P<Ptd$]s—/l)1< B ) /<Ps0t dardt—m/TllthI%dt
0 S 0 S
T > 1 T > 1
—/%)/cpmGh(sOw—Fw-i-lw) dxdt—/%/gp(lEh)(wx—lgo) dx dt
S 0 S 0
T 1 T > 1
s [ B [opavarsps [ B2 [ ooenn) avar,
S 0 S 0

T 1
0= /7/7/}(/)21/%15 —Ehbm +Gh(@w+¢+lw) +/711/)t+/7222(3371’t)) du dt
S 0
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TE
¥
+/E

t

go/ t— 8)paa(z,s) dsdxdt,

\H

0

o

1 T
E T E)N’ E
S ECy o / (25 / wpcdedt—ps [ 22
0 S
T 1
E)
*/L;’ EI||¢m||2dt+/$/wwGh (po + ¥ + lw)) du dt
S 0

m\
‘6

1 1
/ Wiy da;dt+u2/90 / o(2,1,) da dt
0 0

1t
+/%E)/<p/ 8) e, 8) ds dx dt;
0
T 1
_ [#B) Eh(w, — 1 IGh lw) + fiywr + Ji 1,t)) dvd
= E w lett— Pz + (Pz + 1 + lw) + flywe + fo2s(z, 1,t) | dxdt,
5 0
B) 1 T T .
= [“0( pl/wwtdm] /p1< ) /wwt dajdt—pl/mﬂwtﬂgdt
E E
0 5 0 5
T B) 1 T . 1
—i—/%/Ehww wy — 1) da dt + /%/w(zah)(saﬁwﬂw) d dt
5 0 5 0
T 1 . 1
+;§1/%/wtwdxdt—I—ﬁg/%)/wzg(a:,l,t) dz dt.
5 0 5 0

Taking their sum, we obtain

_ V(g)plo/lwtdx}:jL {wg)mo/lwtdxiju V%E)plo/lwwtdx]
_/Tpl(cpgm)f
S

T T
E E E
o [ B ol =20 [ O il =20 [ S
S

S S

(prows + pabips + prwwy) du dt

o _

T
(B
+ [ D (ol + palll + ol + Gl + 6+ tol + Xl + Bhlw — 1013)
S

T 1 T 1 1
E E) E
+ul/M/¢¢dmt+M2/L/Wl x,l,t)dxdt+u1/M/wwtdxdt
E E E
s 0 0

0

1 1
(E) E
—i—ug/@ / 2(x,1,1) dmdt—i—ul/%/wtwdaﬁdt
0 0
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r E)
~ @
+“2/T
S

Similarly, we multiply the equation of (2.3) by “’(E) &ie 2P (x, p,t) and get

t

L
E)
wzs(z,1,t) dxdt—l—/SD(E /(p/ t— 8)pgz(x,s) dsdxdt. (4.7)
0

o _

s
1 B 11 T > 1 1
LC. !
= {2 &Ti QO(E ) //672“”212 dpdz] - 722& / (%) //672”’)2142 dpdx dt
0 0 o s 0 0

1 (E) [ T e r (E)\/ ol
¥ —27ip 2 iSi ¥ _or,
OZ{ &iTi //6 2 dpdﬂi] - / — //e Pz dpdz dt
25T g 5 (%)
00 5 00
T 5) 11 J
+%/%// df (e72TP22) + 2707 2TiP 27 } dpdzx dt,
5 00
L) | T ong [elE)Y [
= ¥ —27ip 2 Tk P(E)\ Comip
0 {2@73 B / e z; dpdw]s 5 /( 7 )//e 27 dpdx dt
0 5 00

From (4.7) and (4.8), we get

T 1 1
E E T
A/<p Ydt < — SO( /gpgpt dac — | p2 ol de| — |p1 ol )/wwt dx
E E ;
S 0 0
T 1 (E)
+ [ (B2 [ oo+ pa+ prusa) dxdt+2/LE (prllgell3 + pellall3 + prlleel3)
S 0 S

—~

Yy dr dt

m\
O\H
O\H

1
E) E)
—m/w /ws@dwdt— /@(
E
0
1
E ~ E
—/72/M Yzo(x,1,t) dmdt—ﬁl/m/wtw dx dt — /
E E
5 ] 0
31 B) 11 5 T ()
_2[25"” (pE //6_%132"2 dpdx} +Z / wE )
= 0 0 i=1 s

=1 )
_Z%/‘P
S

i=1

E
wz1(x,1,t) dedt — /QOT
S

‘G

(E)
E

o _

1
/wz;;xlt dz dt
0

e 2P 22 dp da dt

O\H
O\H

o[£

1 3
) e_zﬂ/zf(x 1,t al:vdt-l-z:gz |zl(x 0,)[13 dt,
2 i=1
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where A = 2min{1,2m e 2™ 2mpe~2™ 273¢72™}. Since E is non-increasing, we find that

1 T 1
|25 [oets] =EZZED [ os)es)as - 2
0 0

N

1
))) O/L‘O(T)(pl(T> dr < CQD(E(S)),

S

’S/T(E)//l(msﬁso’ + p2p)’ + prww’) dz dt' < cS/T(—E’)‘PSEE) dt < cp(E(S)),

1 1
lgiTi <P(E) //e—ZTipZiQ d.%'dp’ < C@(E(S)) Vi> 8,
0 0

T 1 T
[E8e [ ara<e [ 22 m) i < o)
5 0 5
T 1 T 1
E/LE),S}/ZQ(;C Ot))dxdt—l/LE)s/ 2 dxdt < cp(E(S
2 E k3 03 I _2 E (3 @ €T —C@( ( ))7
s 0 s 0
T 11 T
7i&i (‘P(E))’ 627022 dr d ‘ ne(E)
22 dvdpdt| < c [ (—E')=5=dt < cp(E(S)),
G ] [%
T 1
E
‘/¢E)/“”¢/d$dt’
5 0
T E) 1 T E) 1 1 T (B) 1
© 2 ¥ 2 ¥ /2
SES/EO/(p dxdt—&—c(a)s/E!go dwdt<50/<p(E)dt+c(€)S/EO/<P dx dt
1 T 1
< EC/(p(E) dt—&—c(a)/LEE) (—E’)dt<sc/cp(E) dt + c(e)E(S)1T! (4.9)
0 s 0
and
T 1 T 1 T 1
'/@g)/sﬂzl(%l?t) da:dt’ SEI/W(E]?) /@2 dxdt+c(€1)/<'0(TE/z1(x,1,t)2 dx dt
s 0 s 0 s 0

1 T 1
<erc / P(E) dt + cle1) S/ AL Byt < e / G(E)dt + c=1)p(E(S)), (4.10)

Y’ dx dt’ <éc | o(E)dt+c(e)p(E(S)), (4.11)

—
S
SIS

O\H

p(E) dt + c(e1)p(E(9)), (4.12)

/
/

s
T
‘/géj()/wzg(x,l,t) dmdt’ <¢le
S 0
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T 1
‘/QO(EE‘)/ww’ dxdt’ <e"c | p(E)dt+ c(e")p(E(S9)), (4.13)
S 0

T 1
E
‘/so(la)/w23(m,1,t) dxdt’ <ele
5 0

Choosing ¢, €1, €, ], €’ and €] small enough, we deduce from (4.8), (4.9)—(4.14) that

BT dt + () p(E(S)). (4.14)

/
/

/ﬂ@ﬁgw@@»
S

where c¢ is a positive constant independent of F(0). Hence we deduce from Lemma 4.1 that

E(t) < cE(0)e ", t>0.

This ends the proof of Theorem 2.1. O
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