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Abstract. In this paper, we consider a one-dimensional system of piezoelectric beams with distributed
delay in the mechanical equation. We first prove the well-posedness of the system by using the
semigroup theory. Next, we find the energy expression related to this system, and by using the
technique of Lyapunov functional, we demonstrate that this system is exponentially stable and is
independent of any coefficient of the system.
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1 Introduction

Piezoelectric materials have the property of converting from mechanical energy to electro-magnetic
energy, or of generating an internal electrical charge from applied mechanical pressure (see [19]).
The brothers, Pierre and Jacques Curie, first demonstrated the direct piezoelectric effect in 1880 [18],
where a single crystal quartz was the first material used in early experiments with piezoelectricity. The
brothers expanded their working knowledge of crystal fittings and thermoelectric materials (materials
that generate an electric charge in response to temperature changes), by measuring the surface charges,
where some materials as quartz, Rochelle salt and barium titanate are shown the highest piezoelectric
effects, these same materials when exposed to electricity produce a relative tension, this phenomenon
is known as the reverse piezoelectric effect, was discovered by Gabriel Lippmann in 1881 [18, 19].
These piezoelectric materials are used in various industries, including manufacturing, medical device
industry, telecommunications and information technology.

In [8], Morris and Ozer used a variational approach to derive the differential equations and bound-
ary conditions that model a single piezoelectric beam with magnetic effects. Applying a Legendre
transformation, they obtained

T
L= / —(P+E)+B+W]dt,
0

where K, P+ E, B and W denote the (mechanical) kinetic energy, total stored energy, magnetic
energy (electrical kinetic energy) of the beam and the work done by the external forces, respectively.
For a beam of length L and thickness h, they found

L
h h?
P+ E = 5/ [a(vQ + D wfm) — 27fvpz + ,Bpi} dz,
L L L 2
:%/ %/(U?+12w“+wt)dx
0

L
W = / —p V(1)
0

where V (t) denotes the voltage applied to the electrodes. Application of Hamilton’s principle and
setting the variation of admissible displacements {v,w,p} of L to zero yields two sets of equations,
one for stretching and one for bending with the associated boundary conditions.

As the applied voltage V (t) affects only the stretching motion, they neglected the equation of
bending and studied the stretching equations

PVt — OVgz + YBPgz = 0,
uptt — BPaz + VBVzz = 0,
with the boundary and initial conditions

v(0) = p(0) = av, (L) — ¥Bpa(L) = 0, Bps(L) — vBvs(L) = i@

(U7p7 Utapt) = (Uovpovvlypl)'

)

Finally, by using only an electrical feedback controller (the current flowing through the electrodes),
they showed that the closed-loop system is strongly stable in the energy space.
Ramos et al. [16] studied the well-posedness of a solution for piezoelectric beams with magnetic
effect
{pvtt — gy +YBPes =0 in (0,L) x (0,7T), an

UDPtt — 527” + ’75Ux93 =0 in (Oa L) X (07 T)a
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with the following conditions:

v(0,t) = avy(L,t) —vBpa(L,t) + & @ =0, 0<t<T,

p(0.6) = Bpa(L,1) ~90e(L1) + &P o, 0 <<, (12)
v(x,0) = vo(z), ve(z,0)=v1(x) Va e (0,L),

p(I,O) ZPO(I)a pt(ﬁC,O) :pl('r) Vo e (OvL)

In the case & = & = 0 in system (1.1), (1.2), they obtained the following one-dimensional conservative
system:

PULE — Qg + ’Yﬂzzz =0 in (OvL) X (Oa OO),
Kzt — Bzmc + ’Yﬂuxz =0 in (07 L) X (07 OO),

with the boundary and initial conditions

(0,t) = auz(L,t) — vBz. (L, t) =0 Vit >0,

(0,t) = 25 (L,t) — yuz(L,t) =0 vt > 0,
u(z,0) = uo(z), u(z,0) = ui(x) Va e (0,L),

(x,0) = 20(z), zi(z,0) = 2z1(x) Vz e (0,L),

and using multiplicative techniques, they obtained an observability inequality of a conservative system.
Also,using the auxiliary problem given by

p¢tt - a(bww + V/waw =0 in (07 L) X (Oa T)7
M¢tt - /Bd)xx + 7/8(252836 = O in (07L) X (OaT)7

where p =9 + 2z, v = ¢ + v and (u, z) is a solution of conservative problem, with the boundary and
initial conditions

5(0.0) = 0. (L,0) v (L) + & D —o v
¥(0,t) = Bibe (L, t) — vBba (L, t) + & pt(];’t) =0 Vt>0,
¢(x,0) = do(x) = ¢¢(x,0) = ¢1(2) =0 Ve (0,L),
1/1(11770):1/)0(33):1/%:(3370):7//1(50):0 vxe (O7L)7

and by using some lemmas, they proved the equivalence between stabilization and observability.
In [15], Ramos et al. proved exponential stability for piezoelectric beams with magnetic effect

{pvtt — QUgy + YBPza + 0v: =0 in (0,L) x (0,7, (1.3)

HUptt — ﬁp;w + V/BUQEJC =0 in (Oa L) X (O7T)a

with the following conditions:

U(Ovt) = Osz(L,t) - '762%( ) =0, 0<t<T,
p(0,t) = pa(L,t) —qve(L, 1) =0,  0<t<T,
v(z,0) = vo(x), vi(x,0)=v1(x), 0<xz<L,
p(z,0) =po(x), pe(z,0)=pi(z), 0<z<L,
where
a=ai + 8.

Using the finite differences method, they found numerical energy related to system (1.3), where specific
values L, p, u, 7y, B, 6 were used for the numerical simulations.
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Recently, Ramos et al. [17] proved the exponential stability for the system of piezoelectric beams

with delays

PVt — Wz + YBPza + E1v + Eavi(x,t —7) =0 in (0, L) x (0, +00),

Upte — BPzz + YBVze =0 in (0, L) x (0, 4+00),
where &yui(x,t — 7) is the time of delay on vertical displacement, 7 > 0 is the respective retardation
time. They proved this stability under the conditions &; > &s.

We refer the reader to [5,9,10,13,20] and the references therein for more results related to piezo-
electric systems.

In [4], Foughali et al. studied the well-posedness by using the semigroup theory for a porous-
thermoelastic system with second sound and a distributed delay term and heat flux given by Cattaneo’s
law, they also proved the exponential stability.

For more results related to distributed delay term in different dimensions see [1-3,6,7,11,12] and

the references therein.
Motivated by the above works, in the present paper, we consider the following problem:

T2

PV — QUgy + Vﬂpzm + p1ve + /‘LL2 (s)vt(‘T,t - 5) ds=0 in (Ov L) 2 (07 OO),

T1

(et — PPz + VBVzz = 0 in (0, L) x (0,00),

v(0,t) = avg (L, t) — vPp.(L,t) =0, t >0, (1.4)
p(0,t) = pa(L,t) — yva (L, 1) = 0, t>0,
v(2,0) =vo(z), vi(z,0) =vi(x), z € (0,L),
( ) ((E) pt( ) pl(x)v € (OaL)v

ve(x, —t) = folx,t), (x,t) € (0,L) x (0,72),

where the parameters p, a, 7, 4, 8 and L represent, respectively, the mass density, elastic stiffness,
piezoelectric coefficient, magnetic permeability, water resistance coeflicient of the beam and the length
of the beam; 7y, 72, uy are positive numbers, 79 > 7y, and pg : [11,72] — R is a bounded function
verifying the following assumption:

/ ia(s) | ds < . (15)

In addition, we consider the following condition:
a; =a—~26>0. (1.6)
The paper is organized as follows. In Section 2, using the Hille-Yosida theorem (see [14,21]) we
prove the well-posedness of system (1.4). In Section 3, we construct the Lyapunov functionals and
exploiting conditions (1.6), (1.5), we establish an exponential stability of system (1.4).

2 Well-posedness

In this section, we prove the existence and uniqueness of solutions for (1.4) by using semigroup theory.
We introduce as in [12] the new variable

z(x,p,t,8) = ve(x,t — ps), € (0,L), pe(0,1), s€(m,m), t>0,
then we obtain

szi(x, p,t,s) + zp(x, p,t,8) =0, x€(0,L), pe(0,1), s€ (m,m), t>0.
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Problem (1.4) takes the form

T2
POt — Qzg + YBPuax + Ve + /Uz (S)Z(.T, 1,t, 3) ds =0 in (O7L) x (Oa OO),
™ (2.1)
HDtt — ﬁpzm + ’Yﬂvzm =0 in (07 L) X (07 OO),
szi(x,p,t, ) + 2p(x, p,t,8) =0, € (0,L), pe(0,1), s€ (ri,m), t>0,

with the following initial and boundary conditions:

v(0,t) = aw, (L, t) — vBps(L,t) =0, t>0,

p(0,t) = pu(L,t) — yvu (L, t) = 0, t>0,

v(x,0) = vo(z), ve(x,0)=v1(z) Va e (0,L),

p(x,0) =po(x), pi(x,0)=p1(x) Va € (0,L),

z(z,p,0,s) = fo(z, p, s), z € (0,L), pe(0,1), se€ (0,72).

Using the notation
Ut = U, pt = (¢ and U = (vvuapquz)Tv
atU = (/Utu U, Pty Gt Zt)Tu
problem (2.1) can be rewritten as

{atU — AU, 22)

U(0) = Uy = (vo,v1,p0,P1, f0)s

where the operator A : D(A) C H — H is defined by

AU :

We consider the following spaces:
HY0,L) = {ve H'(0,L): v»(0)=0}, H*(0,L)=H?(0,L)nH0,L),
and define the previous Hilbert space H as
H :=H"(0,L) x L*(0,L) x H'(0,L) x L*(0,L) x L*((0,L) x (0,1) x (1, 72)).
The inner product on H is

L L L L
(U,U) g —p/vtvtderu/ptptdx+a1/vmvw dw+5/ Ve — Pz )(V0e — Dz) d

L T2 1
/ slua(s \/zxp,ts Z(x, p,t,s) dpds dx,
T 0

1
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L L L L L
:p/v{ﬁtdx—i—u/ptﬁtdx—'yﬁ/vzﬁzd:r—’yﬁ/ﬁszdx—ka/vxﬂxdx
0 0

L‘f'2

+ﬁ/pzpzdx+/

Now, we define the previous domain of operator A as

1
s|pa(s |/z (z,p,t,5)z(z, p,t,s) dpdsdzx.
0

1

D(A) := {U = (v,v,p, P, %) €
H?(0,L) x H'(0,L) x H*>(0,L) x H'(0,L) x L*((0,L) x (0,1) x (71, 72)) :

2(x,0,t,8) = u; vy(L) =py(L) = 0}.

Clearly, D(A) is dense in H.

Theorem 2.1. Let Uy € H, then problem (2.2) possesses a unique solution U € C(R™, H). Moreover,

if Uy € D(A), then U € C(R+, D(A)) N C*(RT, H).

Proof. First, we prove that the operator A is dissipative.

Let U = (v, vy, p, pt, 2)T € D(A). Using the previous inner product, we obtain

Ut
T2
avxm_&vt_WBpxz_l/Mz()(xlts)d v
) "
<AU,U>H—< Dt 3 P > .
_ﬁvwm'*'épwa: pZt "
1
s P

Integrating by parts together with the boundary conditions, we have

T2

L
1
(AU, U) g p/( - &vt ﬁppm - ;/uQ(s)z(az,l,t,s) ds)vtdx
0

T1
L

L L
+u/ fvm + ipm)pt dfc—vﬁ/vmpx dx—vﬁ/pmvm dx

0
LTQ

1
+ /vmvmdx—&-ﬁ/pmpxdx—//mg \/zp (z,p,t,s)z(z, p,t,s) dpds dx
0

0 T1

T2

Ut/u2(s)z(x,1,t,s) ds dx

I
|
=
[
o —
<
Rl V)
U
8
|
o —

zp(x,p,t,8)2(x, p,t,s) dpdsdx,

|
—
—
T
-
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also, by integration with respect to p, we obtain

T2

1
/|u2 |/zp x,p,t,8)z(x, p,t,s) dpdsdx
T1 0

L

T2 T2
1 1
= 5//\,uz(s)|,22(ac,1,t,s) dsd;v—§/|/¢2(s)|ds/vt2 dx, (2.3)

0 71 T1 0

and using Young’s inequality, we get

/vt/,u2 z(x,1,t,8) dsdx < = /vt da:/|u2 ) ds+ = //|u2 V2% (2, 1,t,8) dsdx.  (2.4)

By virtue of (2.3), (2.4) and condition (1.5), we obtain

T2

(AU U)y < —<M1 —/|N2(8)|ds> /Lvtzdx,
0

T1

we find that A is a dissipative operator.

Next, we prove that the operator (I — A) is surjective.

Given M = (g1, 92,93,94,95)" € H, we show that there exists a unique U = (v, u,p,q,2)" € D(A)
such that

(I— AU =M,
ie.,
U
17
v gvm—&u—ﬁpmf7/%() (z,1,t,8)ds g1
u P p p p g2
T1
q 8 B 94
z —— Uz + — Pzx gs
1
——z
P
Then by (2.5), we get
v—u=gi,
T2
PU — QUgp + 1 + YPPre + /,u2 (8)z(z,1,t,8) ds = pga,
1 (2.6)
pP—q=gs,
pq + vBvzz — BPrx = 194,
1
z+ 5% = 95

also, using (2.6), we have

q=Dp—gs,

{“:”_m’ (2.7)

as
2(2,0,t,8) = ve(x,t) = u(z,t) for z € (0,L), s€ (r1,72), t>0,
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and by (2.6)5, we get
1
Z(xap7tﬂ8) + gzp(x7pat78) = g5(xapa 8)7 T e (OaL)a pE (Ovl)a s € (7-177-2)7 (28)
that implies

z(z,p,t,s) = se % [ gs(x,7,8)e’" dr + ue™°F, (2.9)

O\fb

in particular,

1
z2(x,1,t,8) = se™* /95(1',7', s)e*T dr + ue”®. (2.10)
0
Now, using (2.7)—(2.10) in the other equations for (2.6), we obtain

p(U - gl) — QUgy + ,U/I(U - gl) + Vﬁpa:w

T2 1 T2

4 [mse st e drds+ w-0) [m(s)e ds = o

T1 0 Pl
w(p — g3) + VBVze — BPaz = 1G4,

and we get

(2.11)

—QUgg + Vﬁpzz + v = Ql S L2(07 L)7
VBVzw — Bpae + up = Q2 € L*(0, L),

where
T2

= () + [ (s)e s

T1

T2 1
Q17w191+p92*/ /g5sz ST dr ds,
T1 0

Q2 = p(gs + g3)-

Multiplying (2.11)4, (2.11)9, respectively, by v,p € 1371(07 L), and integrating by parts together with
the boundary conditions, we have

L L

a/vxvxdas—’yﬁ/vaxdz+w1/vvdx—/ledx

0 (2.12)

—ﬁ@/%@dx+@/m@ﬂx+u/ /men
0 0

Consequently, problem (2.12) is equivalent to the problem

al(v,p), (5,5)) = b(7, ), (2.13)
where a : (H*(0,L) x H'(0,L))? — R is the bilinear form given by

L
a((v,p), 0,p)) = a [ vyU.dr+ B | pupsdx
e

L

L
fyﬂ/pmvmdxf’yﬁ/vmpxdxthl/vvder,u/ppdx
0

0



94 Sami Loucif, Rafik Guefaifia, Salah Zitouni, Abdelouaheb Ardjouni

b: H(0, L) x H(0, L) — R is the linear form given by
L L
b(ﬁ,ﬁ) = /Q15d$+/@25d$
0 0

Now, define H := H'(0,L) x H'(0, L) equipped by the norm

I = (| (20 - 2)

We can easily prove that the bilinear and linear forms a and b continue, and we also have

1
2 2
[+ 1018 + 1013 + I3

where )
m = min (a, (5 - %),wl,p).

For all oy > 0, thus a is coercive, consequently, by the Lax—Milgram theorem, system (2.13) has a
unique solution R R
(v,p) € H(0,L) x H*(0,L).

Substituting v, p into (2.7), we obtain
(u,q) € H'(0,L) x H'(0,L),
also, substituting v into (2.9) and (2.6)s5, we get
2,25 € L*((0,L) x (0,1) x (11,72)),
and by (2.11), we have

1
Vpe = @erypfa—Qlf alQQ € L2(0,L) = v € H2(0,L) = p € H2(0, L) (2.14)
1 1

a aq
Also, (2.12); implies
—Qyy + VBPsrr + @1v = @1, in the distribution sense. (2.15)
Multiplying (2.15) by v € f[l(O, L) and using integration by parts and (2.12); again, we get
—awg(L)(L) 4+ vB8p(L)O(L) =0 V& € H'(0,L).

We choose

then we obtain
Vﬁpz(L) = aUI(L)' (216)
Also, (2.12)5 implies

YBVzzr — BPzx + up = @2, in the distribution sense. (2.17)
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Multiplying (2.17) by p € fIl(O, L) and using integration by parts and (2.12), again, we get

¥Bv(L)B(L) — Bpa(L)B(L) =0 Vi€ H'(0, L),

We choose N .
p(z) = 7
then we obtain
vBve (L) — Bpx(L) = 0. (2.18)
Using (2.16) in (2.18), we get
vz(L) = pz(L) = 0, (2.19)

then, by (2.14) and (2.19), we obtain
v,p € H*(0,L) : po(L) = v4(L) = 0.
Thus the operator (I — A) is surjective.

Therefore, A is a maximal dissipative operator, then by Hille-Yousida theorem [14,21], we get the
well-posedness of solution for problem (2.2). O

3 Exponential stability

In this section, we state and prove technical lemmas needed for proving our stability result.

Lemma 3.1. Let (v,p,z) be a solution of (2.1), then the expression of energy E(t) is defined as
follows:

L 1 T2
/ (pv? + upi + v + B(yvs — pa)? +//8lu2(8)lz2(w7p7t78) dsdp) da,
0

0 71

T2 L

d

G20 <~(m [nelas) [dan
T1 0

Proof. Multiplying (2.1); by v, (2.1)2 by p; and integrating over (0, L) with respect to x, we obtain

l\DM—l

and satisfies

L

d
prdr 4oy — [ vide+~p /(’va — Do) Uyt dx

d
vide g 2dt

2dt
0

L L

,8/(7% p»L)thdx—&—,ul/vt da:—l—/vt/uz 2(x,1,t,8) dsdr =0, (3.1)
0 0

T1

d
2dt

and by (3.1), we get

L

L
1d
2 —_ —
/ tdm+u2dt ptdm th/ﬁ’)’vx z
0 0
L T2

L
+a1 / dm—I—,ul/ dx—i—/vt/uz(s)z(x,l,t,s) dsdx = 0.
0

0 1
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Next, multiplying (2.1)3 by |u2(s)|z(x, p, t, s) and integrating over (0, L) x (0, 1) X (1, 72) with respect
to z, p and s, we obtain

1 T2 1 T2
///S“Lg )z(z, p, t, 8)ze(x, p,t,s) dsdpdx +///|u2 z(z, p,t,8)z,(x, p,t,s) dsdpdx = 0.
0 7m 07

Thus we have

T2

1 T2 L 1
1 d
///s|,u2 )|22(x, p,t, 5) dsdpdx—&—i//d—/mg )|22(x, p, t,5) dsdpdx = 0,
p
00 m 00

T1
as

T2

L1 p
//d—p/ s)|2%(x, p, t,s) dsdpdx
00

T1

DN =

T2 T2

. L L
:5//“@ X(x,1,t,8) dsdx — = //\,ug V|v2ds de,
0 0

T1 T1
then we obtain

1 7

/(mﬁ++w?+QW§+ﬂerﬁ%V+://QWA®V%%mtSMEWOdm

0
+M1/ / / z(z,1,t,8) dsdx

0

N | =
&‘g‘

T2 T2

L L
//mg V22(x,1,t,5) dsdax — = //|u2 )|v? dsdx = 0.
0 0

T1 T1

Using condition (1.6), we get

L L T2
d
pn E(t) ——ul/vfdx—/vt/uz(s)z(x,l,t,s) ds dx
0 0 T1
L T2 L
—*//‘,UQ )22 (x,1,t,5) dsdx + = /|u2 |ds/vtd:lc (3.2)
0 71 T1 0

and using Young’s inequality, we obtain

T2 L 1

j%/%U@ﬂJ$®M<//MW2NWKHMLM@me
0

_Z/Utdx/\uz, ) ds+ = //|u2 )22 (x,1,t,5) dsdz. (3.3)

Then using (3.2), (3.3), we have

CZE( t) < —<m—fu2(s)|ds)/Lu§dx,

0
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also, using (1.5), we obtain

Lemma 3.2. Let (v,p, z) be a solution of system (2.1), then the functional

L L L

Il(t):p/vtvdx+7u/ptvda:+%/02dx vt >0,
0 0 0

for some positive constant 1, satisfies

L L 1o

L L
ay 2 (N)2 /2 /2 Coﬂl// 2
)< —— d d d 1,t,8) dsdx. (3.4
<5 0/% e+ (p+ e )0 v} w+510 pide+ 5 10, (5)|2% (2, 1,2, 5) ds dz. (3.4)

0 71

Proof. Multiplying equation (2.1); by v and integrating with respect to x in (0, L), we get the following
equation:

p L L L
%p/vtvdx—p/vfdx—i—al/vidx
0 0 0
L T2

L L
d
v/(ﬁpm VBVez)vd + — 7 v* da + /v/uz (s)z(z,1,t,8)ds = 0,
0 0

0

T1

also, using equation (2.1)q, we get

p L L L
%p/vtvdx—p/vfdx—i—al/vidx
0 0 0
L L To

L
d p
+7,u/pttvdx+$? v? daz—l—/v/uQ(s)z(x,l,t,s) ds=0. (3.5)

0 0 T1

Hence

L L
(p/vtvdx+’yu/ptvdx %/1)2 dm)
0 0
L L
:p/ fdx—al/v dm+w/ptvtdx—/ /u2 2(z,1,t,5) dsdx. (3.6)
0 0 0

T1

By using Young’s, Poincaré’s and Cauchy—Schwartz inequalities, for any €1 > 0, we get

L L
2
v/i/ptvt dr < e /pf dx + /D)
0 0

L
/ /Mz z(x,1,t,s) dsdx %/vgdm—l—%
0

and using (3.7), (3.8) in (3.6), we get (3.4). O

IN

/|ﬂ2 (8)|22(x,1,t, 8) ds da, (3.8)
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Lemma 3.3. Let (v,p, z) be a solution of system (2.1), then the functional

L
u/ptpderp/vtvdx
0

satisfies

L 7o

L L
copd 2 U
_|_(p_|_ 5 )/Utdg;+u/ptdx+7//|,u2 V22(x,1,t, 5) dsda.
aq
0

0 0 7

Proof. Differentiating I»(t) and using (2.1)1, (2.1)2, we have

L L L L
Ié(t):,u/pfda:—&—u/pttpdx—l—p/vfdx—l—,o/vttvdx
0 0 0 0

L L L L

= /p?dl‘—ﬁ/’}/’UI—pw)Qd.’L‘—F,O/U?d.’L‘—Oq/’UidZ‘

0 0 0

—,ul/vtvdx—/ /,uz z(z,1,t,8) dsdz.

Using Young’s, Poincaré’s and Cauchy—Schwartz inequalities, we get

L L , L
—Ml/vtvdacg ﬂ/vidsc—i— 2ol /vtzdm
2 2041
0 0 0
and
L To L L T
/U//Lz 2(z,1,t,8) dsdx < % v2 dx + cort //|u2(8)|z2(x,1,t7s) dsdz.
aq

0 T1 0 0 71

Using (3.11), (3.12) in (3.10), we get (3.9).
Lemma 3.4. Let (v,p, z) be a solution of system (2.1), then the functional

L L

p/vt v —p dw+w/pt(w—p)dw,
0 0

satisfies

L L

1)< = [ p2dp + (eq + e300 +

S 9 yn 2 3Co 5460 ’va m
0 0

L L T2
2 2 2
[ % af i1
() /”fd“4?2/%‘1“@//'“*5)'22@’1”*5) dade
0 0 0 m

for any eo,e3,64 > 0.

(3.10)

(3.11)

(3.12)

(3.13)
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Proof. Differentiating I5(t) and using (2.1)1, (2.1)2, we have

L L L
w/p dw—al/vzww D) dw—ul/vwv—
0 0 0
L T L
/ (yv = / 2(8)z(w,1,t,5) dsdx + m/vt da + (v*p = p) /Utpt d, (3.14)
0 0 0

and using Young’s, Poincaré’s and Cauchy—Schwartz inequalities, we obtain

L

L L
2
—on /vg; Vp — pg) dx < &9 /('va — pe)? dx + f—l/vi dr Ves >0, (3.15)
£
0 0 0
and
L L
u1/ (yo—p)dx < 5300/ YUz — pg)? da + fl v?dr Ves >0, (3.16)
€3
0 0 0

T2

L
0/ YU — / ,(8)z(z,1,t,8) dsdx

T1

L L T2
0/ Vg — Da) dx—|— i //\uz )22 (x,1,t,8) dsdx Veqy >0, (3.17)
0 0
and
L L L
o7 22
d — — 3.18
< [t <3 [ ha T / (3:15)
0 0 0
Using (3.15), (3.16), (3.17), (3.18) in (3.14), we get (3.13). O

Lemma 3.5. Let (v,p, z) be a solution of system (2.1), then the functional

T2

L 1
Z///Se lua(s)|2%(x, p, t, s) ds dpdx
0 0

T1

satisfies
L T2 L L 1 T2
TAQ) //|u2 )|22(z,1,t, 5) dsdx+u1/vt2 dx—6772///5|u2(5)|22(r,p,t,5) dsdp dx.
0 T1 0 00 T1

Proof. Differentiating I,(t) and using (2.1)3, we have

T2 L1T2

0
L
—// |2 (s (e7%P2%(x, p,t,5)) dsdpdx—///se‘sﬂ|u2(s)|22(x,p,t,s) dsdpdx
0

T1 0 07‘1
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L7—2

—//e_s|u2(s)|z2(x,1,t,s) dsdx
0 7m
T2

T2 L L 1
+ [ma@lds [opdo= [ [ [se (o) pit,s) dsdpda,
T1 0 0 0

T1
Using the relation e < e ™ < 1,0 < p <1, we get

L T2
It < —//efs|u2(s)|22(x,17t,s) ds dx
0 7

L1T2

/|,u2 |ds/vt dx—///se Sz (s)|2%(x, p, t, s) ds dp de.

Since (—e™*%) = e7* > 0, we conclude that —e™* < —e™™ Vs € (71, 72), and we get

L T2
Ii(t) < —e ™ //|u2(s)|zg(x, 1,t,8) dsdx
0 71

T2

L1
—&—,ul/ dr —e” ///smg )22 (x, p,t, s) dsdpdr. O
00

0 1
Now, for N sufficiently large, we define the Lyapunov functional as follows:
L(t) = NE(t) + N111(t) + Naols(t) + N3I3(t) + Naly(t),
where Ny, Ny, N3, N, are the positive constants, to be chosen later.

Theorem 3.1. Let (v,p,z) be a solution of system (2.1), then there exist two positive constants
c1,c2 > 0 satisfying

1 B(t) < L(t) < 2 B(t) Vit > 0. (3.19)

Proof. Let
S(t) = L(t) — NE(t) = N1 11 (t) + Nalao(t) + N3Is(t) + Nuly(t),

L L L
IS@)] = |L(t) = NE(t)| < Ny <P/ lvev| d +w/ pev|dr + % v? dﬂ«")
0

+N2( /|ptp|d:v+p/|vtvdx) +N3( /|vt YU —p )\dm+’yu/|pt YU —p )dm)

L 1 7

+N4///se P\ pa(s)|2%(x, p, t, 8) ds dp da. (3.20)
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Using Young’s and Poincaré’s inequalities in (3.20), for any € > 0, we obtain

L
- N 2
a1 < (M 4 Nagte + ) [ o da
4e
01
) L L
+(N1 (74'1? +NQZ—€ /p dx—i— N1 2500+OTM)+N2(257 co+ /v dzr
0 0
92 63
L L 1 72
+ (2Nzecy + 2N3ecy) /sz Da) dx+N4///s|u2 |z (z,p,t,s) dsdpdz,
04 0 0 0 m
thus
IS(t)| < CE(1),
where 5 ) 5 5
C = max (f 01, > 0y, = 03,2 04, 2N4).
pp Tar T8
Then we obtain
(—-C+N)E(t) < L(t) < (C+ N)E(t). O
~—_——— ———
c1 c2

Theorem 3.2. Let (v,p,z) be a solution of system (2.1), then there exist two positive constants k
and A\ such that
E(t) < ke ™ Vt>0. (3.21)

Proof. Using the previous lemmas, we get
L'(t) = NE'(t) + N1I;(t) + NaoIy(t) + NslIs(t) + NyIy(t).

This leads to

L'(t) < —(N(m —/qu(S)d8> - M <ﬂ+ M) _N2<p+ M)

451 2041
T1
) ) L N L
[ad) z 2 YHIN3 2
—N(— —)—N / d—( ~ Nie1 - N )/ d
3 Aes +py+ 2 4M1) Vi AT 5 1€1 2/ by ax
0 0
N N , L L
a a a
- ( 12 ! 24 ! —N3ﬁ>/ dz — (N2 — (N3eg 4+ Nsesco + Naeaco)) /(’)’Ux —pa)’dx
0 0
L 1 T2
N [ [ [ slualo)wp.tes) dsdpds
0 0 7
N L T2
(N 3M1—NCOM1—NCOM1)// 200 1.4 8) dsdr.
(Nae™™ = T = "2 = ) [ [ faa(s)| 22 (2,11, 5) disda
We choose the values ) .
51:E7 52:€3Z€4zﬁ3

and get
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L'(t) < —<N(u1 - 7%(8) d8> -M <P+ W) N2<P+ Ol?)

L L
Ny 2 32 N-
_N3( 3u1+p7+7>—N4,u1 /U?dm—(M—I—NQ,u)/pfdx
4 291 2
0 0
) L L
N« o
_( 121_11]\[32)/’0 dz — (N2 — (14 2¢p) /vvx Pa)?
0 0
L 1 T2

—N46772///s|u2(s)|z2(x,p,t,s) dsdp dx
0 0 T1
L 7o

N2
N L / / a(9)| 222, 1,1, ) dsd. (3.22)
4 2041
0 ™

ai
First, in (3.22), we choose Na until it becomes

Nof — (14 2¢9) > 0.

We also choose N3 until it becomes

Y3

—1—Nop > 0.
5 24
Now, we choose N; large enough so that
Niay 2
— —N. 0
2 187

We also choose Ny large enough so that

N2
Nye ™ — 3H1 _N Cop1 _ N, Sk Col1

> 0.
4 270 20

Finally, we choose a very large N so that

<NQH1?M@WQ—N40(W)M)

copt? N5 u? »n
—NQ(erO—“l)—Ng( 3“1+m+)—N4u1>>0.

201 4 2vu
Since
N2 L T2
,<N4e—m _Nsm o coﬂl) //|u2(s)|z2(:z,1,t,s) dsdz <0,
4 fo%1 2011
0 7
we get

L(t) < —mE(2),
and, by (3.19), we obtain
L'(t) < -2 L),
C2

which implies that

m ¢

L(t) < L(0)e  =2".
Using (3.19) again, we have (3.21). O
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