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Abstract. In this paper, we propose a uniform convexity assumption that will lead to a direct proof
of the decay of correlations. We also discuss its consequence on the log-Sobolev inequality along with
a direct method for calculating the derivatives of the free energy in certain classical unbounded lattice
models.
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1 Background introduction on the Witten—Laplacians

In 1982, Edward Witten published the paper [32] on supersymmetry and Morse theory; to relate
some invariants of a Riemannian manifold M with some indices of a Morse function ® € C*°(M), he
introduced the Witten derivative de and the Witten coderivative d3 by simply setting

|

dp —e %de? and d —e?d'e 7
o P )

where d and d* are the exterior derivative and exterior coderivative, respectively. The Witten Lapla-
cian is then defined to be the associated second order operator

Ws = (d@ + d?'{;)2 = dq>d>&> + d:;,d(p

acting on the exterior algebra bundle of the cotangent bundle of M as the standard Laplacian does.
Choosing a local orthonormal frame field ey,...,e; and denoting by e',...,e? its dual coframe
field, d and d* could be easily represented in terms of the Riemannian connection V as

d=e" AV, and d* = —i(e;) V.,

where i denotes the interior product. Here and in the rest of this section, we use the Einstein sum-
mation convention, namely, an index occurring twice in a product is to be summed from 1 up to the
space dimension. Consequently, we have

.,
2 b

; ; Py . .
de =e" AV, +¢ 2 and dg = —i(e;) V., +i(e;)

where ®. ;,;,... denote the components of multiple covariant differentiation relative to the local frame
field eq,...,eq
P, ij = Ve, Ve @—Vy, ¢, P.

Since e* A V., and i(e;)V.; do not depend on the choice of the local orthonormal frame and coframe
field, we may assume that eq,...,e4 come from a normal coordinate centered at an arbitrary point
and, consequently, have

Ve,e'A=V,i(e;) =0.
Now, using the fact that

ei A i(e]‘) —+ i(ej)ez/\ = 51']'7

we have o @ o
= 5 (e A(ey) —(eg)eA).

In the case of R™, where covariant differentiation becomes a standard differentiation, the Witten
Laplacian on 0-forms acting on a smooth function f gives

wP =A -

D, P,
4

Po,a,
2

Ve Avy,

WY f=-Af -
Wr=-af -5

fommp=(-as

The Witten Laplacian on one-forms acting on a one form
u = u”(z)dz®
gives

W((;)u = Ay — (bmf“ u— (bw; u—I—Q%d:ﬁ /\i%u.

Identifying one-forms with vector fields in R™, we obtain

o2 AP
‘V4 | —7> ® u + Hess du.

Wg)u:<—A+
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2
The tensor notation simply means that the operator —A + % — % acts diagonally on each

component of the vector field u. Let us also point out that the identification between the forms and
vectors fields is a common practice in Riemaniann geometry and is done via themetric tensor.

As first observed by Bernard Helffer and Johannes Sjétrand [16,30], these Laplacians provide new
methods for solving problems coming from Statistical Mechanics. The methods are generally based
on the analysis of the differential operators

AY = —A4+ VOV

and
AY = AV © Id + Hess .

These two elliptic differential operators for which a Fredholm theory can be developed [18] are equiv-
alent to Witten’s Laplacians Wéo) and Wél), respectively, where

© _ |V<I>|2_A<I>
Wi =—-A+ 1 -
and IVO]2  Ad
L _ [ _ _
W, 7( A+ 1 5 )®I+Hess<I>.

Indeed, it only suffices to observe that
Wé) :e*q’/QoAg) 0 /2
and the map
Up : L*(RY) — L*(R™, e~ %dx),
U e?u.

These operators are used to get direct methods for integrals of the type that appear in Statistical
Mechanics and Euclidean Field Theory [1-4,7]. As a simple illustration, suppose one is interested in
the study of the mean value (g),, where

(9)a = /gduA

and
e ®dz

dp = =2
- Je®dx

For a suitable smooth function g, one can first solve the equation
Vg=(—A+ V. V)v+ Hess Dv,

where the solution v is a suitable C*°-vector field and the operator (—A + V® - V) acts diagonally
on each component of v. Under certain assumptions on the Hamiltonian ®, one can see that v is also
a solution of the system

g={(g)an +v- VP —divv.

It turns out that if g(0) = 0 and 0 is a critical point of ®, then
(g)a = divv(0).

The study of the thermodynamic properties of the mean value is then reduced to estimating the
derivatives of the solution v.

Numerous techniques have been developed for the study of integrals associated to the equilibrium
Gibbs state for certain unbounded spins systems [1-4, 15,16, 24,25, 30, 34]. One of the most striking
result is the Helffer—Sj6trand formula which is an exact formula for the covariance of two functions
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in terms of the Witten Laplacian on one-forms leading to sophisticated methods for estimating the
two-point correlation functions. This formula is in some sense a stronger and more flexible version of
the Brascamp-Lieb inequality [5]. The formula can be written as

cov(f,g) = 71 / (A‘(i,l)ﬂVf . Vg)eicb(x) dx,

where Z is a normalization constant.
To understand the idea behind the formula mentioned above, let us denote by (f) the mean value
of f with respect to the measure
Z7 e @ dg,

the covariance of two functions f and g is defined by

cov (£.9) = ((/ = (1) (g = (9)a) )-
If one wants to have an expression of the covariance in the form
cov (f,9) =(Vyg- W>L2(]R”,R";e*‘1’ dx)
(as in the case of the Brascamp-Lieb inequality) for a suitable vector field w, after observing that

Vg =V(g—(g) we get

cov (f,g)=2"" / (g — (g)A) (V& -V) cwe @) g,
This leads to the question of solving the equation
f={a=(Ve-V). w

Now, trying to solve this equation with w = Vu, we obtain the equation

F=(fa=Ag"u

(u)A =0.
Assuming for now the existence of a smooth solution, by differentiation of this above equation we get
vi=4aPwu

and the formula is now easily seen.

2 Relevant unbounded models

We shall consider systems, where each component is located at a site i of a crystal lattice Z¢ and is
described by a continuous real parameter x; € R. A particular configuration of the total system will
be characterized by an element X = (2;);ea of the product space = R™. This set is called the
configuration space or phase space.

We denote by ® = ®* the Hamiltonian which assigns to each configuration X € R* a potential
energy ®(X). The probability measure that describes the equilibrium of the system is then given by
the Gibbs measure

dpM(X) = Z e X gx,

Z > 0 is a normalization constant,
Z =17y = /e*‘l’m dX.
RA

For any finite domain A of Z%, we consider a Hamiltonian of the phase space = R satisfying the
following assumprions:
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1) lim |[VO(X)| = .

| X |—o0
(2) For some M, any 9“® with |a| = M is bounded on R*.

(3) For |a| > 1,
0°®(X)] < Ca(1+ |V(I>(X)|2)1/2 for some C, > 0.

(4) There exist w > 0, C > 0 such that

1
X -V = CIX[ forall |X| > .

m
Here and in what follows, o = (@;)i=1,...m € Z‘fl denotes a multiindex. We set |a] = > oy,
i=1

al=aq! - ap!. B8 =(8)i=1,..m € ZLA‘ and B; < o for all j =1,...,m, then we write 8 < «. For
a, B e Zlﬁl such that 8 < «, we put (g) = ﬁlﬁ), If o = (a)i=1,..m € Z'ﬁ‘ and X € R?, we write

m
xe = [
i=1

and
go 9% o
oz ! Oxp
The Hessian of the Hamiltonian ® is denoted by Hess ®. If 7 and j are two nearest neighbor sites
in Z?, we write i ~ j. Finally, d(i, j) denotes the Manhattan distance of two lattice sites i, j € Z9.

Throughout this paper, we assume that the source function g satisfies

|0°Vg| < Co, Vo e NAL (2.1)

3 Decay of correlations without using 1-dimensional
Witten Laplacians

In [4,15], the authors studied the existence of uniform logarithmic Sobolev inequalities by using
Zegarlinski criterion. Because of the difficulty in having a uniform lower bound for the spectrum of
the Witten Laplacian, they considered the models whose Hamiltonians are of the form

J
‘I’A(X)ZZM%')WL; > |25 — 22,
JEA ({z‘}u{l_c})kmA;éz,

]N

under the condition of strict convexity at oo on ¢. The authors first discussed uniform estimates for a
family of 1-dimensional Witten Laplacians and then explained how the result may be generalized to
higher dimensions. In [4], Helffer and Bodineau gave a proof of the log—Sobolev inequality for similar
models but under weaker assumptions on ¢.

We consider classical continuous models whose Hamiltonians satisfy the assumptions (1)—(4) above.
This is a generalized version of the type of Hamiltonians used in [4] and [15].

We discuss a direct method for proving uniform decay of correlations without using the one-
dimensional cases as discussed in [4] and [15]. As a consequence, we give a proof of the logarithmic
Sobolev inequality that does not use the one-dimensional Witten Laplacians. Our method is based
on a weak uniform strict convexity on the Hamiltonian.
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3.1 The decay of correlations

Definition. The lattice support, S, of a function g on RA, is defined here to be the smallest subset
I of A C Z® for which g can be written as a function of z; alone with j € I'. For instance, if g = z;,

Sg = {i}-
Lemma 3.1. Suppose that there exist py > 1 and g > 0 such that
M Hess ®M > pp, where M is the diagonal matriz M = (e_6°d(i’59))ieA.

Then
MAPM > pp > 1.

Proof. Tt follows from Theorem 1.6 — [18] (see also [30]) that the operator
A((I)l) =—A+V®.V 4 Hess® > Hess ®
in the sense of the operator inequalities, i.e.,
Ag) — Hess ® > 0.

Now, using classical results on the operator inequality (see [28]), we have

MAY M > M Hess ®M > py. m

Proposition 3.1. Suppose that the Hamiltonian ® satisfies the assumptions (1)—(4) above and there
exist pn > 1 and 6y > 0 such that

M Hess®M > pp, where M is the diagonal matrix M = (e*‘sod(i"gg))ie,\.

Let gand h be smooth functions on RY, and RY, where T' and T" & A with ' NI = @ denote,
respectively, the support of g and h, and assume that g and h satisfy (2.1). Then

|cov (g, h)| < Ce_‘sﬂd(Sh,Sg)’

where C' is a positive constant that does not depend on A, but possibly depends on the size of the
supports of g and h.

Proof. There exists ¢; > 0 such that
A((bl) Z Cq.

Moreover, we have the Helffer-Sjétrand formula

cov (g,h) = 2 / AV Vg Vh)e @) dg, (3.1)
RA
where
Z = /e*‘b(z) dz.
RA
Multiplying the equation
APV =vy

by M, we obtain
MAPVf =MVg e MAVMM 'V f=MVy.

Taking the inner product with M =1V f on both sides of this last equality and integrating with respect
to Z7le~® dx, we obtain

(MAY MMM~V f), = (MVg, MV ),
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Note that this inner product is well defined under the assumptions (1)—(4) above on the Hamiltonian.
Now, using the fact that M Hess®M > pp > 1, we have

(MAQMM 'V, M7V ), > pa| MV 3.
Thus using the Cauchy—Schwartz inequality on the right-hand side, we get
pAll M7V fl[G < [MVglla|| M7V fla,

par > 1 and ||ul|e = <Z1/|u26¢(“") dz>
RA

If | M1V f||s = 0, then AL Wg = 0 and the result follows. If || M~V f||s # 0, then we have
M~V fllo < [[MVg]la.

where
1/2

Equivalently,
/Ze2§0d 1,Sg) @(I) dr < /Ze—2ﬁod(z Sy )g —<I’(:r) dr. (32)
RA i€EA RA iEN
Now, using the fact that g,, =0if i ¢ Sy, d(¢,55) =01if i € S, and (2.1), we obtain
Ze%"d(ls )f2 *) dx < ZCy,
RA HISHN

where Cj is a positive constant that depends only on the size of the support of g. Thus we finally get
25 2 =) gy < €,
ga €A

Now, we use formula (3.1) to get

/Vf Vhe @) dy

|cov (g,h)| = < Z- /Z ‘f ‘sod (4:89) g=d0dl(3,5 )h e *@) gy
pA GEA
1 / (foz( )e200d(6:5,) ) (Z h2 7260d(i,3g))1/267<1>(z) do
RA €A i€Sh
1/2 1/2
<z [S @ @] | [ @) giw)
RA €A RA i€SH
1/2
< \/679[21/ S 12 () d’uA(I)} e=00d(5,8y) <\ [O /T e 00d(5n:55)

RA i€SH

Here, Cy and C}, are independent of A. They depend only on the size of the support of g and h,
respectively. O

One can see that our method in the proof given above allows us to avoid having pa to be involved
in the constant in the right-hand side. Thus we obtain the following mixing condition.

Corollary 3.1. Suppose that the Hamiltonian ® satisfies the assumptions (1)—(4) above and there
exist pp > 1 and 6o > 0 such that

M Hess®M > pp, where M is the diagonal matrix M = (6750‘1(1—’59))2-6,\.

Let g and h be smooth functions on RY and RY, where I' and T” & A with T NT" = @ denote,
respectively, the support of g and h, and assume that g and h satisfy (2.1). Then

lcov (g, h)| < e U550V g9 Vil (3.3)
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Corollary 3.2. Suppose that the Hamiltonian ® satisfies the assumptions (1)—(4) above and there
exist pp > 1 and 6y > 0 such that

M Hess ®M > pa, where M is the diagonal matriz M = (e %0%H5)y,

Then .
cov (2, ;)| < Ce™ %040
where C' is a positive constants that does not depend on A.

Proof. Take g = x; and h = ;. O

3.2 Example of models satisfying the assumptions

Consider the cases, where the Hamiltonian is given by

= olx;) +g(x)

JEA

|0°Vg| < Co, Va e NAL

o If Cy > 0is such that [g,,.,| < Cy and Ky = Cy(1 + |F|) we make the following assumption:
there exists p > 1 such that the function ¢(t) := ¢(t) — 79 satisfies

d?5(t)
dt?

Ma) = dlx;) + g(x)

jeA

> p.

Let us now verify that

satisfies our main assumption, i.e., there exists pp > 1 such that
M Hess ®M > py, where M = (e~%4:99)), 1 for some &y > 0.
The first and second derivatives of ®* give
o) (2) = ¢ (2:) + ga, (@),
A ) — {¢“<xi>+gw,.x,.<x>,

Tity Juiz, (z) if i #j.

Let P = diag(e ¢4(5%)),cn, € > 0. We have

(P Hess Pz, x) Z[ (20) + Gare, (2))e 2005022 1§ g () SHS)HAGS] g o
eA

JEA, jF#i
= Z ¢" (i)e 20080 o2 it Z Jzia; (x)xf + Z Z i, (T) T2
ieA €S, i€Sy jES,, ji
> Z ¢”($i)€_2£d(i’sg)x? - Cy Z 2 + Z Z Gziz; (T) T2
ieA =ch i€Sy jESy, jFi

> @) M5 —Cy Y At Y Y e, (@)zims (Sg G A)

ieA i€A i€S, jES,, j#i
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There is Schur’s Lemma (see [31]) stating that for each pair of sequence (z;)i1<i<m and (y;)1<j<n, We

have the bound o
‘ Z Z Cij il

i=1j=1

1/2

<vae () ()"

where R and C' are the row sum and the column sum maxima defined by

n m
R= maXZ|cij| and C' = maxz |cij].-
i j

j=1 i=1

Using this result, we have

Y Y g o] < VG Yt

i€Sy JES,, j#i ieA
where
Ry = max D 19000, @) < Gyl and Oy = max 3 |gs,a, (@)] < Gyl
JESy i€S,
Thus
(PHess PPz, z) > Z ¢ (;)e 2640522 ¢, fo — G, Zx?
i€A i€A i€A
= [qs"(xi)e*%d(iﬂg) — 0,1+ |r\)}x§, VE>0, YoeRM
€A
Hence

lim (P Hess ®Pz,z) > ") — Kgla?, Yo e RY (uniform limit
E_1>I(I)1+( ess P, ) > zeZA [¢" () gzl Va (uniform limit)

>p> .

i€A
Hence 309 > 0 such that
& <6y = (PHess ®Px,x) > prf
ieA
In particular, when & = &y with M = (e=%4(5)),; . we have
(M Hess®PMz, z) > prf
ieA

The result follows.

4 What about higher correlations?

Recall that
de = e 2/2de®/? and df = e®/?d* e /2,

where d and d* are the exterior derivative and exterior coderivative, respectively. The Witten Lapla-
cian is then defined to be the associated second order operator

W = (dg + d5)? = ded}y + dipds.

acting on k-forms.

We now consider the operators A((I,k) given by

Ag@) — %2, Wé,k) 0e /2
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acting on the weighted spaces L?(R*,e~® dz, A*R?) [18], the space of k-smooth forms with coefficients
in L2(R*,e~® dx). The norm on this space is defined by

H Z firoi dxn...wwe@ ( / Z 2 (I)dx>1/2'

1< <dp RA i< <ip

If di, denotes the differential k-form operator and dj, is its adjoint, we have
dp AP =AY g, (4.1)

0 _

This equality is a higher order version of VAg A(1 V which is obtained when identifying 0-forms

with functions and 1-forms with vector fields.
Recall that under the assumption (1)—(4), the operators Agbk) are positive on L2(R*, e~ ®dz, AFRM)
(k> 1) (see [18, Section 4.1]).

Proposition 4.1. Let M* be the multiplication operators on L?>(R*, e~® dx, AFR™):

ST fiipdattedatt = " S(in, i) fiyy da™ - da™,

i< <ip 1< <ip
where §(iy, ..., ig) = (e~%0diinkSa)), o\ for some 6o > 0 and g € O (RY) satisfying
|0°Vg| < Co, Ve NAL

Suppose that the Hamiltonian ® satisfies the assumptions (1)—(4) above and there exist pr, > 1 and
do > 0 such that

MkAg)Mk > pr > 1 (k > 1),

then
Z fle xi' 260d({21 513589) = <Oy, (4.2)

RA 1< <ip
where Cy s a positive constant independent of A.

Proof. The multiplication operator My defined on L?(R* e~ dx, A*RA) by

Z fiyeevin dzh - dg' = Z 6_60d({i1’W’ik})sg)fil-uik dzh - d'

1< <dg i< <lig
is self-adjoint and invertible. Let f be a smooth solution of
0 .
Afp)f =g—(g)a in R

Using dkAEI)k) = Agﬂ)dk, we have
AGVEf = Vhg,

where V¥4 denotes the k-order Hessian of v [18]. Multiplying both sides by M} and taking the inner
product with Ml;lka, we obtain

(M AP M MR £ MR Y = (M g, MR F).
It then follows from the assumption MkA((I)k)M;€ > pr > 1 and Cauchy—Schwartz inequality that

1MVl < el M IVRFIG < MRV Eglla MV  fls. (4.3)
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If || M, 'V* f||s = 0, then there is nothing to prove. However, if || M, 'V* f|s # 0, we have

Z fil...xik (z)e20dlin i} S9) o=@ gy
k

BA 10
S Z gill g;”c (x)e—25od({i1,...,ik},sg)e—é dx
BA i1k
[ F e S g < G
RA i1iKE€Sy
where C, 4 is a positive constant that depends only on the support of g. O

The higher order correlation is defined as

(g1, gk) = {(g1 = (91)) -~ (g — (g&)))- (4.3)

Using the estimate above for the higher order Hessians of the solution f and following the same
argument as in the proof of Proposition 3.1, we obtain

Proposition 4.2. Let g1, g2, g3 be smooth functions satisfying (2.1) with Sy, NSy, = @ (i,j = 1,2,3;
i # j), where Sy, denotes the support of g;. Suppose that the Hamiltonian ® satisfies the assumptions
(1)—(4) above and there exist po > 1 and §g > 0 such that

MyAP My > py > 1.
Then we have the following higher order correlations:
(91,92, 9o} < C[emS0m 5) 1 =60

If g1 = xi, g2 = x; and g3 = x, we obtain

‘<(ml — (@) (25 — (z;)) (zr — <$k>)>‘ < Oem%0d0d) 4 g=S0d(ER)]

Remark. Note that in the one-dimensional case, we obtain a stronger exponential decay in the sense
that
d(i,j) = oo = d(i, k) — .

Indeed, we have
i <j<k=d(i,k) =d(i,j) + d(j, k) = d(i, j).

However, this is not the case in higher dimensions. Thus if d > 1, this exponential decay of the
correlations is weaker in the sense that the decay occurs as you simultaneously pull the spins away
from a fixed one.

5 Calculating the derivatives of the free energy

Phase transitions and critical points correspond to mathematical singularities in the thermodynamic
potentials and other thermodynamic quantities which are related to appropriate derivatives of the free
energy. For example, at the critical point of a ferromagnetic system, the spontaneous magnetization
vanishes and the susceptibility diverges. It is therefore central to develop the methods for calculating
derivatives of the free energy as a function of the thermodynamic parameter. The most famous result
on the analyticity of the free energy is the circle theorem by Lee and Yang [33]. The Lee—Yang theorem
and its variants depend on the ferromagnetic character of the interaction. There are various other
ways of proving the infinite differentiability or the analyticity of the free energy for (ferromagnetic
and non ferromagnetic) systems at high or low temperatures, or at large external fields. Most of
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them take advantage of a sufficiently rapid decay of correlations and/or cluster expansion methods.
Here is a small sample of relevant references: Bricmont, Lebowitz and Pfister [6], Dobroshin [7],
Dobroshin and Sholsman [8,9], Duneau et al [10-12], Glimm and Jaffe [13,14], Israel [17], Kotecky
and Preiss [20], Kunz [21], Lebowitz [22,23], Malyshev [26], Malychev and Milnos [27] and Prakash [29].
To our knowledge, the only available exact formula of the free energy was obtained by M. Kac and
J. M. Luttinger [19]. Kac-Luttinger formula has a limit of validity and is a representation of the
free energy in terms of irreducible distribution functions. In this section of the paper, we derive a
more explicit formula of the higher derivatives of the free energy that is suitable for applications. Our
method is again based on the Witten-Laplacian formalism framework.
We consider the Hamiltonian given by

o7 (z) = da(z) - By(x),
where f is a thermodynamic parameter (temperature or magnetic field) and g satisfies
|0°Vg| < Co, Vo e NAL

We assume that there exist positive 8y and 31 such that ®°(x) satisfies the assumptions (1)—(4)
for all 8 € (5o, B1) (see [24] for more details).
The finite volume pressure or the free energy of the system is defined by

Py(B) = \T1| In [/e“bﬂ(m) dx].
RA

We are interested in the k-times differentiability of the free energy in the thermodynamic limit
given by
P(B)= lim Py(B).

|A|—o0

We use the following notations:
Znp = /eiq)ﬁ(X) X,
RA

(o =23l [ ¥ O ax.
RA

Observe that for an arbitrary suitable function f(3),

0
%8 (f(B))sa = (f"(B)sa +eov(f,g).
Now, using the Helffer—Sj6trand formula (3.1), we have

0 ) L
95 S (BNan = (F (Baa+ (A5 (V) Va), ,
Denote by A, the operator Aé}g*l(-) -Vy, i.e.,

Agf =AD" (v - vy

55 s = {35+ 4) f>ﬂ R

)

Thus

The linear operator % + A,y will be denoted by H,g:

Hy = (% + Ag> f.
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Observe that each 8 € (5o, (1) is associated with a unique C°°-solution f(/3) of the equation

s
(B2 =0.

Hence
AV =g,
where v# = V f(j3). Notice that the map
B vP
is well defined and
{V B € (Bo, 51)}

is a family of smooth solutions on R*.
Under the notation above, we have the following

Proposition 5.1. Let g be a smooth function satisfying (2.1), and By > 0 such that ®(z) =
@y (z) — Byg(x) satisfies the assumptions (1)—(4) for all B € [0, Bo) (see [24, Section 7]). Then for all
n > 1, the nth derivative of the finite volume pressure is given by
Anfl
P() = (-

where Ag_lg is the n — 1 times composition of the operator Agg(-).

Here, we give only an outline of the proof of this proposition without discussing the dependency
and control of the solution on the parameter 3. This issue has been discussed rigorously in [16] and [24]
using a sophisticated bootstrap argument.

Proof. First, put
Oa(B) = |A|PA(B),

we have

0(8) = ahos = (55 + ) ), , = PS9)an.

op
6R(8) = 55 9han = (48] (V) D), = (55 + As)a),
() = 55 (A0) (V) Vg,
(5 A0 (9)-9g) 4 (40 V(4 () 99)) - ) |
= (55 +4) 9),

By induction, it is easy to see that

9/(\11)(5) = <<% +Ag)n_1g>ﬂ’A = <’H;L_1g>5,1\, Vn>1.

Next, observe that
_ (1)_1 _
Heg = A (Vg)-Vg=Ayg,

Heg = 5591 -9g+ (40 V(4L (99) - ¥g)) - V.
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because f satisfies the equation
V=45 (V).
With v2 = V f, we have

0 ovP 1
Bl Vf= Y = AEI}/Z [(Hessg)vﬂ —Vg- VV’B]7

Hig = fbg {(Hess gIvP — Vg Vv + V(Af;g Vg - Vg)} -Vg.
Now, observe that
V(Ap) Vg-Vg)=V(Vf-Vg) = V(" Vg)
= (Hess g)v’ — Vg - Vv? (after expanding the gradient).
Thus

H2g = AL [V(A$[2_1Vg~v9)+v(,4g}g Vg-Vg)]Vg

— AN 2v(4Y) Vg V)] - Vg = 24%) (A9 - Vg = 242

We will now prove by induction that
’Hgflg =(n— 1)!Agflg for n > 1.
We have already checked that the result is true for n = 1,2, 3. For induction, assume that
H;’_lg =(n—1)! Ag_lg.
If n is replaced by n < n, then

Ha o= <% +A) (0= 01AG ) = (0= 1)1 (%Ag’lg +ALg).

Now,
Aty =[AY) V(AR 2g)] - Vg = Vg, Vg,
where -
Vn = [A5) V(43729)].

We obtain 5

v _ n—2 .

PR Vo, = Ags (86 VA; g + (Hessg)Vyp, — Vg V(Vgon)).
Hence

9 A lg= —Vp, -V
[Afplg (aﬁ VA 29+ (Hess g) Vi, — Vg - V(V%))] Vg

= [Agpltr ( 5 VA 29+ V(Vo,- Vg))} Vg

=4, [ A2 .Ag(AZ_Qg)]

B
=A/H, (./4"_2 ).
=AH (( %) ’H(" 2)9) (from the induction hypothesis)
1
_ (n— 1
o2 AgHy
— ﬁ Ag((n— 1)1 A7 'g) (still by the induction hypothesis)

= (n—1)Ayg.
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Thus
Hyg=(n—1l(n—-1+1)A7g =n! Alg.
The result follows. O

Next, we propose to find a formula of P{gn) (B) that involves only ®°(z) and g(z)/

Proposition 5.2. Let g be a smooth function satisfying (2.1) and assume that there exist By and (1
such that ®°(x) = ®(x) — Bg(x) satisfies the assumptions (1)—(4) for all B € (Bo,B1). Then for
all n > 1, we have the following recursion formula to compute the nth derivative P/gn) (B) of the free
energy:
Z s PP (B) _ 1 {9
K (n—k—-1)! (n-=1! |[A] ~

n > 1. (5.1)
Proof.

(Artgyp =77 / (A VA" 25 Vg)e @) de = cov (A7 29, 9) = (gAT 2g)a — (g)a (A 2g) 4.
]RA

Now, denote by (!, the components of A( " VAZ_Sg. We have

<gAn 1 A _ / Zgz Je —d(x) dr = /nglgglz ‘I>(I

RA i€eA RA i€A
— 71 /ZGI : 33 ng*q)(x) do — 5 71 /A$)71VA2739 . V(g?)ef‘b(z) dx
RA i€EA RA
1 - 1 o o
= 5 eov (4577, 6%) = 5 [<92A9 2g)a — (g°)AAD 2 g)a
We obtain
- 1 n— 1 n— 1 n—
(974G g)n = g eov (A7 719, 9%) = 2 (° A7 9)a — 5 (g7)a (47 "g)-
Hence
<An—1 > _ 1 . 1 3An—4 _ 1 1 3 An—4 _ - AP 3 _ An—2
o 9 =530 AgT A — 5 3 (97)alAgT gha — 5 {97l A — (9)alAy"g)a
1 171 4 An—>5 1 4 n—>5
33 1<9 Ag 9>A—Z<9 >A<Ag g
11 L 1 o e
33 (g°) A (Ay g)a — 3 () A (A7 %) a — (9)a(AT )
1Ll ames L L L s
=573 79 AT 5 5 7(0)a(Ag g
1 1 . 1 " e
~5'3 (g°)a (AT g)n — 3 (G°)A (A7 2 g)a — (9)a(A] 2 g)a
1 1 1
_ (n—1) (n-1) =2y (4 o) s —
CEm] (9" Vg)a CE (0" ) alg)a ) (0" )a(Ag9)a
1 _ 1 n—
T (g°) A (A7 g)a — o0 (g*) (A7 g)a
Thus
L (g D) alg)a e (g D) Al + o + = (D) (AT )
(n—1) (n—2)! g 31
1 2 n— 3 n— 2 n—1 _ 1 n
+ 3 AL 0+ g A2+ AT ) = o ),
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ie.,

(g (ATTR L g) 1

k! = oy W H

k=0

Acknowledgement

The authors wish to thank Professors Thomas Kennedy and Haru Pinson at the University of Arizona
for accepting to discuss some of the ideas developed in this paper. The support of the University of
Wollongong in Dubai is greatly acknowledged.

References

[1] V. Bach, T. Jecko and J. Sjostrand, Correlation asymptotics of classical lattice spin systems with
nonconvex Hamilton function at low temperature. Ann. Henri Poincaré 1 (2000), no. 1, 59-100.

[2] V. Bach and J. S. Mgller, Correlation at low temperature. I. Exponential decay. J. Funct. Anal.
203 (2003), no. 1, 93-148.

[3] V. Bach and J. S. Mgller, Correlation at low temperature. II. Asymptotics. J. Statist. Phys. 116
(2004), no. 1-4, 591-628.

[4] T. Bodineau and B. Helffer, The log-Sobolev inequality for unbounded spin systems. J. Funct.
Anal. 166 (1999), no. 1, 168-178.

[5] H. J. Brascamp and E. H. Lieb, On extensions of the Brunn—-Minkowski and Prékopa-Leindler
theorems, including inequalities for log concave functions, and with an application to the diffusion
equation. J. Functional Analysis 22 (1976), no. 4, 366-389.

[6] J. Bricmont, J. L. Lebowitz and C. E. Pfister, Low temperature expansion for continuous-spin
Ising models. Comm. Math. Phys. 78 (1980/81), no. 1, 117-135.

[7] R. L. Dobrushin, Induction on volume and no cluster expansion. VIIIth international congress
on mathematical physics (Marseille, 1986), 73-91, World Sci. Publishing, Singapore, 1987.

[8] R. L. Dobrushin and S. B. Shlosman, Completely analytical Gibbs fields. Statistical physics and
dynamical systems (Koszeg, 1984), 371-403, Progr. Phys., 10, Birkhduser Boston, Boston, MA,
1985.

[9] R.L. Dobrushin and S. B. Shlosman, Completely analytical interactions: constructive description.
J. Statist. Phys. 46 (1987), no. 5-6, 983-1014.

[10] M. Duneau, D. Iagolnitzer and B. Souillard, Decrease properties of truncated correlation functions
and analyticity properties for classical lattices and continuous systems. Comm. Math. Phys. 31
(1973), 191-208.

[11] M. Duneau, D. Tagolnitzer and B. Souillard, Strong cluster properties for classical systems with
finite range interaction. Comm. Math. Phys. 35 (1974), 307-320.

[12] M. Duneau, B. Souillard and D. Iagolnitzer, Decay of correlations for infinite-range interactions.
J. Mathematical Phys. 16 (1975), 1662-1666.

[13] J. Glimm and A. Jaffe, Quantum Physics. A Functional Integral Point of View. Springer-Verlag,
New York—Berlin, 1981.

[14] J. Glimm and A. Jaffe, Expansions in statistical physics. Comm. Pure Appl. Math. 38 (1985),
no. 5, 613-630.

[15] B. Helffer, Remarks on decay of correlations and Witten Laplacians. III. Application to logarith-
mic Sobolev inequalities. Ann. Inst. H. Poincaré Probab. Statist. 35 (1999), no. 4, 483-508.

[16] B. Helffer and J. Sjéstrand, On the correlation for Kac-like models in the convex case. J. Statist.
Phys. 74 (1994), no. 1-2, 349-409.

[17] R. B. Israel, High-temperature analyticity in classical lattice systems. Comm. Math. Phys. 50
(1976), no. 3, 245-257.



84

Assane Lo, Ziad Choucair

[18]
[19]
[20]
[21]
[22]

23]

[24]
[25]

[26]

J. Johnsen, On the spectral properties of Witten-Laplacians, their range projections and
Brascamp-Lieb’s inequality. Integral Equations Operator Theory 36 (2000), no. 3, 288-324.

M. Kac and J. M. Luttinger, A formula for the pressure in statistical mechanics. J. Mathematical
Phys. 14 (1973), 583-585.

R. Kotecky and D. Preiss, Cluster expansion for abstract polymer models. Comm. Math. Phys.
103 (1986), no. 3, 491-498.

H. Kunz, Analyticity and clustering properties of unbounded spin systems. Comm. Math. Phys.
59 (1978), no. 1, 53-69.

J. L. Lebowitz, Bounds on the correlations and analyticity properties of ferromagnetic Ising spin
systems. Comm. Math. Phys. 28 (1972), 313-321.

J. L. Lebowitz, Number of phases in one component ferromagnets. Mathematical problems in
theoretical physics (Proc. Internat. Conf., Univ. Rome, Rome, 1977), pp. 68-80, Lecture Notes
in Phys., 80, Springer, Berlin—-New York, 1978.

A. Lo, On the exponential decay of the n-point correlation functions and the analyticity of the
pressure. J. Math. Phys. 48 (2007), no. 12, 123506, 21 pp.

A. Lo, Witten Laplacian method for the decay of correlations. J. Stat. Phys. 132 (2008), no. 2,
355-396.

V. A. Malyshev, Cluster expansions in lattice models of statistical physics and quantum field
theory. (Russian) Uspekhi Mat. Nauk 35 (1980), no. 2(212), 3-53, 279.

V. A. Malyshev and R. A. Minlos, Gibbs Random Fields. The Method of Cluster Expansions.
(Russian) “Nauka”, Moscow, 1985.

M. H. Mortad, On some product of two unbounded self-adjoint operators. Integral Equations
Operator Theory 64 (2009), no. 3, 399-407.

C. Prakash, High-temperature differentiability of lattice Gibbs states by Dobrushin uniqueness
techniques. J. Statist. Phys. 31 (1983), no. 1, 169-228.

J. Sjostrand, Correlation asymptotics and Witten Laplacians. Algebra i Analiz 8 (1996), no. 1,
160-191; translation in St. Petersburg Math. J. 8 (1997), no. 1, 123-147.

J. M. Steele, The Cauchy—Schwarz Master Class. An Introduction to the Art of Mathematical In-
equalities. AMS/MAA Problem Books Series. Mathematical Association of America, Washington,
DC; Cambridge University Press, Cambridge, 2004.

E. Witten, Supersymmetry and Morse theory. J. Differential Geometry 17 (1982), no. 4, 661-692
(1983).

C. N. Yang and T. D. Lee, Statistical theory of equations of state and phase transitions. I. Theory
of condensation. Phys. Rev. (2) 87 (1952), 404-409.

B. Zegarlinski, The strong decay to equilibrium for the stochastic dynamics of unbounded spin
systems on a lattice. Comm. Math. Phys. 175 (1996), no. 2, 401-432.

(Received 07.06.2021; revised 18.06.2022; accepted 20.02.2023)

Authors’ addresses:

Assane Lo

University of Wollongong in Dubai, UOWD Building, Dubai Knowledge Park Dubai, United Arab

Emirates, P.O. Box 20183.

F-mail: assanelo@uowdubai.ac.ae

Ziad Choucair

University of Wollongong in Dubai, UOWD Building, Dubai Knowledge Park Dubai, United Arab

Emirates, P.O. Box 20183.

F-mail: ZiadChoucair@uowdubai.ac.ae



	Background introduction on the Witten–Laplacians
	Relevant unbounded models
	Decay of correlations without using 1-dimensional  Witten Laplacians
	The decay of correlations
	Example of models satisfying the assumptions

	What about higher correlations?
	Calculating the derivatives of the free energy

