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1 Introduction

Consider the elliptic problem

{— div (a(z,w)a(z,u, Vu)) + B |m‘lp =f inQ, (11)

u =0 on 0f,

where Q is an open bounded set of RN (N > 3), B > 0, f is a positive function belonging to L™ ()
with m > 1, and

0<0<1, (1.2)
2<p<N.

Here, we suppose that a : 2 x R — R, is a Carathéodory function such that for a.e. = € €, for
every s € R, we have

W <a(z,s) < B, (1.4)

where «, 8 are strictly positive real numbers and v > 0.
We suppose that @ : Q x R x RV — R is a Carathéodory function satisfying a.e. z € Q, Vs € R
and &,¢ € RV, the following inequalities:

e, 5,6) - € > |¢lP, (1.5)
[z, 5,6)] < Culs|“F + ol
(a(ma 875) - 6(:10, 376/))(5 - 5/) > C3|§ - fl‘pv

where C1, Cy and C3 are positive real numbers.
As prototype examples, we consider the following models:

0(p—1)
A (1 + |Du|)~tDu + |DulP~2Du |VulP .
le( A+ ) + = f in €,
u=20 in 092,
and 1
a(z,s) = ———, b(x) € L>(Q), and b(z) > ¢ >0,
(b(x) + |s])

a(z,s,€) = [E[P2(1+1€]79)¢ e € (0,p—1).

The main difficulty in dealing with problem (1.1) is the fact that the lower order term has a quadratic
growth with respect to the gradient and is singular in the variable u, and the differential operator

Au = div (a(z, v)a(z, u, Vu))

is well defined between WO1 P(Q) and its dual, but it fails to be coercive if u is large. The corresponding

results in the case Au = div(a(z,u)Vu) and p = 2 are developed in [6]. In the case where v = B =0,
f € L'(), the solution u of problem (1.1) belongs only to Wy*(Q) for every s < lefp:ll) (see
[3,4]). Once again, the lower order term improves the regularity of solutions of problem (1.1), since
% < w (due to the fact that 0 < 6 < 1). In [1], under the assumptions B =0, v =6(p — 1)

and a(z, s,£) = [£|P~2¢, the authors proved only the existence of entropy solutions u of problem (1.1)
)

belonging only to the Marcinkiewicz space M7 () for every 7 = N(p;\,li_)(pl*a), with |Vu| € M%(Q

for g = %@%M . The existence and regularity results for problem (1.1) have been obtained in [8]

provided v > 0,1 <0 <2and f € L™(Q) with m > 1.

To prove our main results, we approximate problem (1.1) by a sequence of non-degenerate and
non-singular problems. Then we prove both a priori estimates and convergence results on the sequence
of approximating solutions. Next, by the strong maximum principle [7], we prove that the weak limit
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of the approximate solutions is strictly positive in 2. Finally, we pass to the limit in the approximate
problems.

The paper is organized as follows. In Section 2, we introduce the main results. The approximate
problem is presented in Section 3. Estimate uniforms are proved in Section 4. Theorems 2.1-2.4 are
proved in Section 5.

2 Statement of main results
Definition. Let f € L™(Q2), m > 1. A measurable function u is said to be a solution in the sense

of distributions to problem (1.1) if u € Wy'' (), @(z, u, Vu) € (L1 (Q)V, Wuiﬁ‘p € LYQ), u>01in Q,
and

[Vul?
u

/a(%u)a(x,u,Vu)Vgodx—l—B/ ) apdac:/fcpdx, V€ Ci(Q). (2.1)
Q Q

Q

Our main results are the following theorems.

Theorem 2.1. Let f € LY(Q) be a positive function and assume that (1.2)—(1.7) hold true. Then
problem (1.1) has at least one distributional solution u € W' () with

_ N(p-90)

"="N—g (22)

Remark 2.1. Hypothesis (1.3) implies that n < p. Since p > 2 > 2 — % , we can deduce that n > 1.

Theorem 2.2. If hypotheses (1.2)~(1.7) hold and f € L™(QY) is a positive function such that

pN
l<m<—>2" 2.3
pN —0(N —p) (23)
then problem (1.1) has at least one distributional solution u € W% (Q) with
_ mN(p—10)

Remark 2.2. Notice that condition (2.3) guarantees that o < p.

Theorem 2.3. Suppose that assumptions (1.2)—(1.7) hold and f € L™(Q) is a positive function such
that
pN <m< N
————<m< —.
pN —0(N —p) ~ p
Then problem (1.1) has at least one distributional solution u € Wol’p(Q).

Theorem 2.4. Let 0 < v < p— 1. Suppose that assumptions (1.2)-(1.7) hold and f € L™(Q) is a
positive function such that

N
m> —. 2.5
) (2.5)

Then problem (1.1) has at least one distributional solution u € Wy P (Q)L> ().

3 The approximated problem
Hereafter, we denote by T} the truncation function at the level k£ > 0 defined by

Ti(s) = max { — k,min{s, k}} for every s € R.
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Let (fn) (fn > 0) be a sequence of bounded functions defined in Q that converges to f > 0 in
LY(Q), and verifies the inequalities f, < n and f, < f for every n > 1 (for example, f, = T,,(f)).
Consider the following non-degenerate and non-singular problem:

unIVun\p .
— = f, inQ,
(lun] + )01 (3.1)
Up =0 on 0f).

—div (a(z, T, (un))a(z, un, Vuy)) + B

Problem (3.1) admits at least one solution u,, € Wy (Q) N L®(Q) (see [5]).
Proposition 3.1. We have u,, > 0 almost everywhere in Q.

Proof. Taking u,, = min(u,,0) as a test function in (3.1), using (1.4) and (1.5), we find that

Ty [ Ve < [ g e <o,
Q Q

S0, U, > 0 almost everywhere in (2. O
Therefore, Proposition 3.1 implies that u,, satisfies
Up, |V, [P
n|Vitn| = f, in Q,

(un, + )9+1 (3.2)
=0 on 0f).

—dlv( Ya(z, un,Vun)) + B

In the remainder of this paper, we denote by C' various positive constants depending only on the
data of the problem, but not on n.

4 A priori estimates

We are now going to prove some a priori estimates. The next lemma gives a control of the lower order
term.

Lemma 4.1. Let u, be the solutions to problem (3.2). Then

Up |V, |P
BQ/( e o </fd:c (4.1)

Th (un)
h

Proof. For any fixed h > 0, let us consider
nonnegative first term, we obtain

un‘vun| Th Th Uy,
[ B B,
Q

as a test function in (3.2), and dropping the

So,
Up |V, [P Th
B/ (an + 1)o7 dx < fdaj (4.2)
Q n
Letting h tend to 0 in (4.2), we deduce (4.1) by Fatou’s lemma. O

Lemma 4.2. Let f € LY(Q) be a positive function. Then the sequence u,, is bounded in Wy (Q),
where 1 is given by (2.2), and Ty (uy) is bounded in Wy (Q) for every k > 0.
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Proof. Estimate (4.1) and the fact that 29T u,uf > (u, + %)9“ in {u, > 1} give

{un>1} " {un>1}

Let n < p and G1(t) =t — T1(t). Using the Holder inequality, we have

n  6n
/|VG1(un)|’7 dr = / Mu dx
Q

{un>1} un
n p—n
G )P > o -
<< / de>p< / uﬁdm) o (4.4)
un
{unzl} {unzl}
By (4.3), (4.4) and due to u,, < G1(uy) + 1, we obtain
n on % 0 p;”
/|VG1(un)|n dx < ||f|£1(9)< / uh " dx) < C’( / (G (uy)) -7 dx) +C. (4.5)
Q {unzl} {%21}
Inequality (2.2) implies that n* By Sobolev embedding, we get

( / (G (un))™ dx) " <C / VG (un)|" < 0(/(G1(un))"* da:) - +C. (4.6)
{un>1} {un>1} Q

Since 6 < 1 < ), inequality (4.6) implies that G1(uy,) is bounded in L" (Q). From (4.5) follows the
boundedness of G (uy) in Wy"(Q). Using Ty(uy) as a test function in (3.2), one has

VT (up)|P dz < CE(k + 1) (4.7)

{“ngk}

for every n > 1. Taking k = 1 in (4.7), we deduce that T} (u,) is bounded in W**(€2) and hence in
Wy"(Q). Since u, = G (un) + T1(up), we deduce that u,, is bounded in W, "(£2). Moreover, (4.7)
implies that

Tkt gy < Ol +1) (48)
for all n > 1. O

Lemma 4.3. Suppose that the hypotheses of Theorem 2.2 are satisfied. Then the sequence u, is
bounded in W, (Q), where o is given by (2.3).

Proof. Take ¢ = (u, +1)%+P% — 1 with

Pt — Om/

as a test function in problem (3.2) (note that s < 0 and 6 + ps > 0). We get

C/a (2, Ty (1)) A(2, Uy Vi) - Vg (up, + 1)7P57 1 dg

+B/ Un|vunl+1 1) dp = B/%dw+/fn((un+1)9+m—1)dx~
Q

Using (1.4), (1.5), (4.1), fn < f, and dropping the nonnegative first term, we find that

nv np S S
B/(lﬂu £y dx</f I do 4 .
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Using the fact that

1y 0+1
Rty (un + 1)° > (un + ) (4.10)
n

on the set {z € Q,u, > 1}, we write

B ) ) B S
2(s+ 1) / V(o + 17 =27 de = 5 / IVt P (w, + 1) de
{fun21} {un>1}

1
e

< / fun + 1) P de 4+ C < C( / (U + 1) s+ d;v) +C. (4.11)

{“7721} {unzl}

Using (4.11) and the Sobolev’s inequality on the left-hand side, we have

B s+1 _ os+1 p* pl*
52(8+1)p< / |(un +1) 25" dx
{un>1}
B

= 2(s+ 1P / |V ((un + 1)+ = 274" da < C< / (uy, + 1)@+ dx> " ie

{un>1} {un>1}
We remark that (4.9) is equivalent to require (s + 1)p* = (ps + 6)m’, moreover, 1% > # , due to the
hypotheses on m and 6. Hence

1

[ sz T co( [ o) e

{un>1} {un>1}
S0,
(un +1)TIP" gz < C. (4.12)
{unZI}
Now, by Holder’s inequality, (2.4), (4.9) and the fact that —s p{:—’; = (s+ 1)p*, we obtain
|Vu,|” -
" o dr = Lt (u, 1)7%9 d
/ |Vun|? dz / (1) (un +1) T
{unzl} {unzl}
o p—o
|V |? v _s 2 v
< ( / (un + 1)_p5 dx (un + 1) p—o dx
{unzl} {unzl}
< ( / |Vt [P (1, + 1) PO dx) ’ ( / (y, + 1)(+0P" dm) T (413)
{un>1} {un>1}
Using (4.12) and (4.13), we deduce
/ [Vu,|” de < C. (4.14)

{un>1}

It remains to analyse the behaviour of Vu,, on {u, < 1}. Taking T (u,) as a test function in (3.2),
using (1.4), (1.5), fn < f and dropping the non-negative lower order term, we get

/ VT ()P da < C. (4.15)

{ungl}

As a consequence of estimates (4.14) and (4.15), the sequence {uy}, is bounded in Wol’U(Q). O
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Lemma 4.4. Suppose that the hypotheses of Theorem 2.3 are satisfied. Then the sequence u, is
bounded in WP (£2).

Proof. Testing (3.2) with ¢ = (u, +1)? — 1, we get

H/a(a:,Tn(un))Zi(x,un, Vi) - Vit (i + 1)~ da

|Vun| 0 . un\Vun|

Using (1.4), (1.5), (4.1), fn < f and dropping the non-negative first term, we obtain

9+1
Q {un,>1}

B/ wnlVanl® gy dx<C/fu de+C<C / Flun =1)"dz + C. (4.16)

By (4.16) and (4.10), we deduce

B
= / |V, |P de < C / flu, —1)0 dz + C.

2
{unZI} {uHZI}

Using Sobolev’s inequality (with exponent % on the left-hand side) and Holder’s inequality (on the
right-hand side), we obtain

)
B «\ PT B x pr
S 2( / (uy, — 1)P ) dx < 5 [V, |P de < C( / (uy, — 1)P dx) +C.  (4.17)

{un>1} {un>1} {un>1}

Since 6 < p, we have
(up, —1)P dx < C. (4.18)
{unzl}

Inequalities (4.17) and (4.18) imply
|Vup|P dz < C. (4.19)
{unzl}

Let us search for the same kind of estimate in {u, < 1}. Taking T7(u,) as a test function in problem
(3.2), using hypothesis (1.4) and dropping the non-negative lower order term, we get

VT (un)|P de < C. (4.20)
{un,<1}
As a consequence of (4.19) and (4.20), the sequence {uy,}, is bounded in W, (). O

To prove the L* a priori estimate, we will need the following result.
Lemma 4.5 ([2, Lemma 2.1)). Let w be a function in W"* (Q) such that for k greater than some ko,
[ 19l do < orF A E
Ak

where e1 > 0,0 <y <p—1, 6 = 2% and Ay = {z € Q: w(x) > k}. Then the norm of w in
L>(Q) is bounded by a constant which depends on C, v, §, N, e1, ko and |Q)].
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Lemma 4.6. Let 0 < v < p— 1. Suppose that the hypotheses of Theorem 2.4 are satisfied. Then the
sequence {uy }n, is bounded in Wy (Q) N L®(Q).

Proof. Let us start with the estimate in L*°(€2). For « in R and for k& > 0, define
Gr(z) = (|| — k)4sign(z) = z — Ti(x).
For k > 0, if we take Gy (uy,) as a test function in (3.2), we get

Up |V, |P

/ (@, T (1) )8 (@, 1, Vi) - Viin Gy () der + B / o T il de = / Gt da.
Q Q

By (1.4), (1.5), dropping the non-negative lower order term and using Hélder’s inequality, we obtain

|V, [P / N\
- " < .
a/ L) dr < C |G (un)|™ dx , (4.21)
A

k Ak

where we have set Ay = {z € Q: |u,(x)] > k}. Let 6 < p, using Holder’s inequality and (4.21), we

have
5
/|Vun\5dx:/M(l+ n) P ¥ dx

1+ un)%
5 p—5
, pm 45 P
< C(/ |G (un)|™ dz) (/(1 + up)P-3 dx) (4.22)
Ak k
Choosing ¢ such that
« _ ON _ Nm
v e e (4.23)
it is easy to check that the hypotheses on m imply
N
0< ——— . 4.24
SN i1 <P (4.24)
From (4.22), (4.23) and Sobolev’s inequality, we obtain
p—34
. =
/|vun|5dx < C(/(l +up) 7T dx) . (4.25)
A Ag
By (4.25) and die to 1 4+ u,, < 2(k 4+ Gg(uy)) on Ay if k > 1, we have
5 7 R 8 =
[Vu,|®de < C|kp=T|Ag|>=T + G (u,)P=3 dx . (4.26)
k Ak
Since 7 < p — 1 and (2.5) holds, with our choice of § we have
IR
< 0. 4.27
s (4.27)

By (4.26), (4.27), Holder’s, Sobolev’s and Young’s inequalities, one obtains

[ _ = 1>6*
/|Vun|5d:1c§0 k%|Ak|£:1s (/Gk un)?” dx) |Ak|p . 1)5*]
Ak -

< C|kr»-1 |Ak|P*1 (/|Vun| dm) |Ak|p T 1)6*}

5)6* —~
0| IR 1+€/|Vun|‘5dx+€(p, )| A | T wf} (4.28)
Ay
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If we choose € = 5, then we can take on the right hand side in (4.28) the term containing the
gradient, obtaining

p— (p—8)8* —
/|vun\5dx < ClRFT| A5 + 4y é’wii—%‘s]. (4.29)
Ak

Now, (4.24) implies
(p—90) (p—06)0"—~d

< . 4.30
p—1 ~&(p—-1-7) (£30)
Using (4.29), (4.30) and the fact that |Ax| < |Q], we get
/|Vun|‘5dx < Conk 7T | Ay 1.
Ag
Let now g1 = p%‘ls — 5% > 0. Therefore, by Lemma 4.5, we find that w = u,, is bounded in L*>(Q).

The estimate in VVO1 P(Q) is now very easy. Taking u,, as a test function in (3.2), using hypotheses
(1.4), (1.5), dropping the non-negative lower order term and using ||u,||z~q) < ¢, we get

cx
\V/ p < _
/' un? d < (1+c)v/fdx
Q Q

and the right-hand side is trivially bounded, since f belongs to L(). O

5 Proof of main results

5.1 Proof of Theorem 2.1

By Lemma 4.2, the sequence {u,}, is bounded in WO1 "(Q). Therefore, there exists a function u €
Wy () such that (up to a subsequence)

U, —u in Wy"(Q), 5.1)

U, — U a.e. in . ’
Now, we have to prove

Vu, = Vu ae. in Q. (5.2)

Let h,k > 0. We use T, (un, — T (u)) as a test function in (3.2), by hypothesis (1.4) and estimate (4.1),
we get
/ %6(:& s Vitn )V Ty (tn — Tio(w)) dz < Ch, (5.3)

2 1+ Tn(un))’y

whence by virtue of (1+11M)w < (1+Tn1(u"))m (1.7) and (5.3), it follows that

|V (up = Ti(u))[”

d
1+ uy ) v

{lun =Tk (W) |<h; |lu|<k}
(a(z, un, Vuy) — a(z, tn, VI (w)) VT (un — Ti(w))

L+ Tolun)) e

< / Cp
{lun =Tk (u)|<h,|u|<k}
Ch a(z, un, VI (w) VT (uy — u)
< "
= Cp a Cp (1 +Tn(un))’y
{lun =Tk (u)|<h, |u|<k}
a(x, Thyk(un), VI (w)) VT (uy — uw)

(1 + T (un))?

dx

= _Cp

{lun =Tk (u)|<h,|u|<k}

dx + Cp % . (5.4)
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Combining (1.6), (4.8) and (5.1), we obtain

VTh(ty —u) =0 in LP(Q), (5.5)
@(x, Tran(un), VTi(w) = a(x,u, VTi(u)) in L (Q). .
According to (5.4) and (5.5), we have
-7 P
lim sup |V (un k(w))] dz < Ch.
n—-4o00 (]- + Un)w
{un =T (w)| <h,Ju|<k}
This implies
lim sup / |V (tn, — Tio(u |pdx < Ch(l+k+h)". (5.6)
n—-+o0o

{lun =Tk (u)|<h,|u|<k}

Let now 7 be such that 1 <7 <n < p. It is clear that

/|V(un —u)|"dr < / IV (up —u)|" dz
{lun—u|<h,|u|<k}
+ / IV (up, —w)|" dz + / IV (uy — u)|" de.

{|lun—u|<h,|u|>k} {|wn—u|>h}

By Holder’s inequality and the fact that u,, is uniformly bounded in WO1 (), we obtain

Q/Iv(u" —ulides C( / |V (ty, — ) |P da:) ’

{lun —ul<h,|u|<k}
+C((ulul > kD)7 + (u({fun = ul > B})' 7). (5.7)

Thus we deduce from (5.6) and (5.7) that

hmsuphmsup/|V w)|"dx < C(p({|ul >I€}))17%, VEk>0.

n— 00

At the limit as k — +oo, p({|u| > k}) converges to 0. Therefore (up to subsequences), Vu, — Vu
a.e. in .

Remark 5.1. The technique used for the proof of (5.2) under the hypotheses of Theorem 2.1 is the
same as compared to Theorem 2.2 and Theorem 2.3.

Now, we are going to prove the strict positivity of the weak limit u of the sequence of approximated
solutions u,,.

Lemma 5.1. Let 0 < § < 1. Let u,, and u be as in (5.2). Then u > 0.
Proof. For s > 0, define
[ 1+ To(t)) 1—|—t

alt+ %)9 )

Observe that H is well-defined, since 6 < 1. Let ¢ € Wy (Q2) N L°(Q) be a positive function. We
choose e~ BHn(un) ¢ as a test function in (3.1). Using hypotheses (1.4), (1.5) and f, > Ti(f),¥n > 1,
we get

5/ a(x, un, Vu,) - Ve BHn ) gz > /Tl(f) ~BHu(un) ¢ g, (5.8)

Q
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Now, let us define for A > 0, the function

1 if0<t<l,
1
Al = -3 (E-1-2) i 1<t<A+1,
0 if \+1<t,

and fix a function ¢ in WOLP(Q) N L (Q) with ¢ > 0. Taking ¢ = 95 (un)e in (5.8), using (1.5) and
P4 (t) <0, we obtain

/ Ty (F)pun(un)e By

Q

/a (@, tin, Vi) vwwk(un)e_BHn(un)X{ogungz\H} dx. (5.9)
Q

Then, letting A — 0, Lebesgue’s theorem yields

wA(un)X{ogun§A+1} — X{ogungl} in Ll(Q) (510)
Equations (5.9) and (5.10) imply that
B / a(z, Ty (uy), VT (uy)) - Ve BHn(T1(un) gg > / Ty (f e BHn(T1(un)) gy (5.11)
{Ogungl} {Oﬁunil}
According to (1.6), (4.8), (5.1) and (5.2), we have
a(z, Ty (uy), VT (un)) — @(z, T1(v), VIi(u)) in L¥ (Q). (5.12)
Now, we pass to the limit as n — +o0 in (5.11) and deduce from (5.12) that
1
/E(m,Tl(u), VT (u)) - Ve BH=(T1(wW) gy > — / T (f )pe™ BH=(T1(w) gy (5.13)
Q

{0<u<1}

sy

for all o in W, *(Q) N L>=(Q) with ¢ > 0, and then, by density, for every non-negative ¢ in Wy* ().
Now, we define the function

t
P(t) = /e_BH”(S) ds,
0
inequality (5.13) is equivalent to

/M(x,v,Vv) -Vopdz > %/g(x)godx,
Q Q

where
T (u) 1
M(z,s,§) = e_BHO"(Tl(“))a<x,sT1(u)( / e BH=(s) ds) S T BH T §(T1( ))>,
e o u
0
1 _
g(l‘) = *T]_(f)@ BHOO(l)X{QSU(z)Slw v = P(T]_(U))

B

The comparison principle in W, *(2) says that v(z) > z(z) (see [7]), where z is the bounded weak
solution of
—div(M(z, 2, Vz2)) = g(z), z€ WP (Q).
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Indeed, using (1.5)-(1.7), for almost every x €  and for every &, & in RN, M satisfies
M(z,5,6)- &> [EP, M (x,s,6)] < Chls|P~! + Cal¢[P~" + Cs,
(a(xa Sag) - a(ﬂ’], Safl))(f - E/) > 0.
To check this, from (1.5), p > 2 and that u > 0 a.e. in €, we have

T1(u
e 2BH=(Ti(w) i () ) £
M(z,s,8)- €= e—fBPL>o(T1(7»))a<x’5T1(u)< / € = ds) 7e—BHoc(T1(u))> €
0
> e(p—2)BHoo(T1(u))|§|p > [€P.
In view of (1.6) and 6 < p, we get

T1 (u)

-1
a(x,sTl(u)( / e—BHoo(S)d5> ,e_BHf(Tl(u)))‘
0

Ty (u) —0(p—1)

<CeBHm<T1<u>>|T1(u)|9<2”( / ¢~ BHoo(5) ds) T s L e BH (T () g

(M (2,5, = e~

o0(p—1)
Ti(u)| " ®
< Ce-BHx(Ti(w) mu)' 1(u)] (P 1) TP e (514)
e—BHx(3) dg P
(] )
Since H is increasing, we obtain
T !
T S -1
( lj(ﬁ)e—BH ) ds) pen (e BHa (M)

0
By this inequality and (5.14), we obtain
[M (2,5, < Cils|"~! + Col]P~ + Cs.
Finally, thanks to (1.7), we can write
(M(z,5,6) = M(z,5,€)) - (€ = &) = Cpe?DEH=TDe — '] > 0.

Since g is non-negative and not identically zero, the weak Harnack inequality (see [7]) yields z > 0 in
Q and so, v > 0. Since T} (u) > v, we conclude that T} (u) > 0 in Q, which then implies that u > 0
in €. 0

Corollary 5.1. Let 0 < 0 < 1. We have 'Vu—lg"’ € LY(Q).

In fact, by passing to the limit in (4.1), we deduce from (5.1), Lemma 5.1 and Fatou’s lemma that

p
B/M;' dxg/fdx. (5.15)
u
Q Q
5.2 Passage to the limit
Let us define
[ B(L+s) [ B(1+s)
+ s + s

0 " 0
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For k € N, we use

1 if s <k,
Rp(s)=qk+1—5s if k<s<k+1,
0 if s>k+1.

Consider
— uy) Hi(Tj(u
v =e Hvlz( )e ;( ( ))Rk(un)ap,

where j € N and ¢ is a positive C¢(£2) function, as a test function in (3.2). Then

~ —H i (un) H1(Tj(w))
/a(man(un))a(maTk-i—l(un)aVTk+1(un))‘V<P€ %( )6 7 Rk(un)dm
Q
(1+T;(u)”

+ g/a(x,Tn(un))Zi(x,TkH(un),VTk+1(un))VTj(u) T+ 1)

—H1 (uy) H1i(Tj(u

xe wimel s Rk(un)gpdx
B —~ (1 + un) un|vun|p
= E/ [a(x,Tn(un))a(x,Tk+1(un),VTk+1(un)) -V, 1P Tt T
Q n
x ¢ a0 T (u))Rk(un)%@ dx
“H 1 (un) Hi(T
+ [ T.(f Hylun), 3Tl ))Rk(un)gpdm

—Hj (un)eH% (T (w))

a(z Ya(x, upn, Vuy,) - Vuye R} (un)p d. (5.16)

Q/
Q/
Using (1.4), (1.5) and R} (s) < 0, we have
H
/ (22 T (1) )G (s, Vi) - Ve 13 T 0 > 0, (5.17)

Q

Combining (1.4) and (1.5), we get

_ (14 un)” unIVun\p
{a(z,Tn(un))a(x,un,Vun) -V, (un + 17 -« (an + 1o
P
> o Vlnl (1- ") >0 (5.18)
(un + ﬁ)& Up, + n
Letting n — +o00, using (4.8), (5.16)—(5.18) and Fatou’s lemma, we have
H .
/a(x, wya(x, u, Vu) - Ve To@e %(T](u))Rk(u) dx
Q
B ]. jlu
+ f/a(x w)a(z, u, Vu)VTj(u )L(z)@ *HO(“)GH%(T( ))Rk(u)gpdx
(T, () + 1)
B 1 v Hi (T
> E/a a(z,u, Vu) - VuHTu)e_HO(“)e %(TJ(U))Rk(u)gpda:

—B/7|vu1;| e_HO(“)eH%(Tj(u))Rk(u)godx—|—/fe_HO(“)eH%(Tj(u))Rk(u)godx. (5.19)
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Let j > k + 1. Using (1.4), (1.6), (5.15) and Rg(u) =0 on {u > k + 1}, we get

% o~ Ho(u) 11 (T3 ()
(Tj(u) + 3)

J
<8(

a(z,u)a(z,u, Vu)VTj(u) Rk(u)w‘

G Rl

L By

L OVl ) |Vl

< B(Clul’ + C'|Vul~")|Vul
[Vul?
0

< B(C|Vu| +C )(1 ) Ry (u)p € LHS). (5.20)

H1 Tj u
Passing first to the limit as j — oo in (5.19), using that e~ Ho(We 3T < 1 (since H1 (T;(w)) <

Hi(u) < Ho(u)), (5.20) and Lebesgue’s theorem, and then to the limit as k — 400, we obtain

/a(:v w)a(z,u Vu)V(pdx—FB/

Q

/f@dm (5.21)

To prove the opposite inequality, we choose ¢ € C(Q) with ¢ > 0 as a test function in (3.2), to
obtain

/ (2, Ty (up))a(z, un,Vun)Vgde—FB/unwu;(l_ngdm = /fngodz. (5.22)
Q Q
From (1.6), (5.1), (5.2) and Lemma 4.3, we have
~ —~ . 5 n
a(x, un, Vu,) = a(z,u, Vu) in L°(), Vo € (1, Zﬁ) (5.23)
Therefore, (5.22), (5.23) and Fatou’s lemma imply
/a(x,u) (x,u, Vu)Vodx + B / pdr < /fgodm. (5.24)
Q Q Q
Combining (5.21) and (5.24), we deduce that
/a(x,u) (z,u, Vu)Vodr + /fgodx (5.25)
Q Q

for every ¢ in C3(Q) with ¢ > 0. Now, let ¢ be any function from C(Q2) and ¢ > 0. We define
©5 = p° * o4 as the convolution of a modifier p° with 1. Then ¢S is a positive C}(£2) function for
¢ sufficiently small. By (5.25), we have

/a(x7 w)a(z,u, Vu)V(pS — ) dx +
o)

)
)

Since 9= — ¢S — ¢ uniformly in © and in WOI’"(Q) for every n > 1, as ¢ — 0, the results follow.

5.3 Proof of Theorem 2.2

By virtue of Lemma 4.2 and Lemma 4.3, there exists a function u belonging to W, 7 () such that,
up to the subsequences,

(5.26)

Up — U in Wy7(Q), and a.e. in 2,
T (un) — Ti(u) in Wy P(Q), and a.e. in Q.



66 Hichem Khelifi

Moreover, by repeating the same technique used in the proof of Lemma 5.1, it follows that v > 0 in Q.
Corollary 5.1 ensures that % belongs to L' (Q). From Remark 5.1, using (5.26) and

uf

(2, Un, V) — a(z,u, Vu) in LO(Q), V6 € (1, Ll)’ (5.27)

we can pass to the limit in (2.1) exactly as in the proof of Theorem 2.1 to conclude that w is a
distributional solution of problem (1.1).

5.4 Proof of Theorems 2.3 and 2.4

In order to prove these theorems, we modify the proof of Theorem 2.1. We replace (5.26) by

Up — U in Wy*(Q2), and a.e. in Q,
T (up) — T(u) in WyP(Q), and a.e. in Q,

and (5.27) by
a(z, un, V) — a(z,u, Vu) in L2(Q), Vi e (1, Ll)
p—
Using the last convergence and (5.2), we can pass to the limit in (5.22) to obtain (2.1). Thus Theo-
rem 2.3 and Theorem 2.4 are proved.
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