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1 Introduction

We consider singular solutions of the the following ordinary differential equation:

N -1
u’ + ( + h(r))u’ +A(r)u+u? =0 for >0, (1.1)

r
where N > 3, h, A € C[0,00) and p > 1. By a singular solution u(r) of (1.1), we mean that u(r) is a
classical solution of (1.1) for » > 0 and it satisfies u(r) — oo as r — 0. This problem comes from the
study of radial singular solutions of the semilinear elliptic equation

p(lz)) ™t div (p(|2]) V) + A(jzl)u +u? =0 in RV \ {0}, (1.2)

where p € C'0,00) satisfies p(r) > 0 for » > 0. Define h(r) = p/(r)/p(r). Then the equation is
reduced to (1.1). Eq. (1.2) was studied in [3,10,11]. Typical examples of the equation of form (1.1)

are
N-1

u” 4+ <7—|—f)u’+ u+uP =0 for r>0 (1.3)
r 2 p—1
and N_1
u’ + (;—C)u’— u+uP =0 for r > 0. (1.4)
r 2 p—1

Equations (1.3) and (1.4) appear in the study of self-similar solutions to the nonlinear heat equation
wy = Aw + wP (1.5)

for z € RY and ¢t > 0. Let u(r) be a solution of (1.3) and put

w(z, t) = t_l/(p_l)u(m).
(2,1) N
Then w solves (1.5) for ¢ > 0, and w is called a forward self-similar solution. Now, let u(r) be a
solution of (1.4) and put
wiz,t) = t—l/(p—nu(ﬂ)
T-t
with some T' > 0. Then w solves (1.5) for ¢t < T, and w is called a backward self-similar solution. It is
well known that self-similar solutions play an important role in the study of the behavior of solutions to
(1.5), and equations (1.3) and (1.4) have been widely studied by many authors (see, e.g., [1,2,4-9,11]
and the references therein).
Let us mention that, in the case p > N /(N —2), both (1.3) and (1.4) possess the singular solution
2 2 1/(p—1)
UA(T) = AT_2/(:D_1), where A= {]fl (N —2— pj)} . (16)
It was shown by Quittner [7] that if u is a singular solution of (1.3) or (1.4) for r > 0, then u(r) = Ua(r)
provided p > (N +2)/(N — 2). See also the previous result in [4] for (1.4). It was also shown by [7]
that, in the case p = (N 4 2)/(N — 2), if u is a positive singular solution of (1.3) or (1.4) such that
the number of sign changes of u(r) — Ua(r) is finite, then u(r) = Ua(r). On the other hand, in the
case N/(N —2) < p < (N +2)/(N — 2), the non-uniqueness of singular solutions was shown in [8,9].
In this paper, we consider the multiplicity of singular solutions to the generalized equation (1.1)
in the case p > N /(N — 2). First, we show the uniqueness of the singular solution to (1.1) in the case
p> (N +2)/(N —2). We note that Uy (r) in (1.6) solves

"

N -1
u'+ ——u' +uP =0 for r > 0.
T
Then (1.1) has the singular solution Ux(r) provided

h(r) = ’%1 A(r)r for r >0, (1.7)

since U4 (r) satisfies h(r)U/(r) + A(r)Ua(r) = 0 if (1.7) holds.
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Theorem 1.1. Letp > (N+2)/(N —2) and let ro > 0. Then (1.1) has at most one singular solution
for 0 <r <wro. In particular, if (1.7) holds, (1.1) has a unique singular solution Ua(r) for r > 0.

In the case p = (N +2)/(N —2), we obtain the following Liouville type result for singular solutions.

Theorem 1.2. Let p = (N +2)/(N —2) and let ro > 0. Assume that h and X satisfy (1.7). If u is a
singular solution of (1.1) for 0 < r <1y such that the number of sign changes of u(r) —Ua(r) is finite
for 0 <r <y, then u(r) = Ua(r).

Finally, we consider the case where N/(N —2) <p < (N +2)/(N — 2).

Theorem 1.3. Let N/(N—2) <p < (N+2)/(N —2) and let ro > 0. Then (1.1) has infinitely many
singular solutions of (1.1) for 0 < r < rg. Furthermore, any singular solution u satisfies

u(r) = Ar~?®P=D(1 4+ 0(1)) as r — 0, (1.8)
where A is the constant in (1.6).

The paper is organized as follows. In Section 2, we give some preliminary results, and in Section 3,
we investigate the asymptotic behavior of singular solutions. Finally, in Sction4, we give the proof of
Theorems 1.1, 1.2 and 1.3.

2 Preliminaries

2.1 Asymptotic estimates of singular solutions
In this subsection, we show the asymptotic estimates of singular solutions. Define f(r,u) by
flr,u)=A(r)u+u? for r >0, u>0. (2.1)

Take any o > 0 and fix it. Since A(r) is bounded on [0,7¢], there exist the constants ug > 0,
Cy > ¢y > 0 such that

0 <cpuP < f(r,u) < CpuP for 0 <r <ry and u > uy. (2.2)
Define ,
H(r) :/h(s)ds for r > 0.
0
Since h(r) is bounded on [0, 7], there exist the constants Cy > ¢y > 0 such that

cg < H(r) <Cqg for 0 <r<r. (2.3)
We note here that (1.1) can be written as
(erleH(T)u')/ + N7 HO £ u) =0 for r > 0. (2.4)
First, we show the following results.
Lemma 2.1. Let p > N/(N — 2) and let u be a singular solution of (1.1). Assume that
u(r) >wug for 0 <r <rg, (2.5)
where ug and ro are the constants in (2.2). Then
u(r) < Crr= P71 and 0 < =/ (r) < Cor@FV/E=D for 0 < r < g, (2.6)

where theconstants Cy and Cy are independent of w. Furthermore, u satisfies

—rN L My () = /sN_leH(s)f(s,u(s)) ds for 0 <r <. (2.7)
0
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Proof. First, we show that u/(r) < 0 for 0 < r < rg. From (2.2), (2.4) and (2.5), we have
(rN_leH(T)u’(r))l = —TN_leH(T)f(r,u(T)) <0 for 0 <r <.

Then rV~=1eH(y/(r) is decreasing in 7 € (0,79]. Assume by a contradiction that there exists r, €
(0,70] such that u/(r;) > 0. Then we have rN~=1ef("y/(r) > 0 for 0 < r < r1, and hence u/(r) > 0
for 0 < r < ry. This implies that u(r) < u(ry) for 0 < r < ry, which contradicts u(r) — oo as r — 0.
Thus we obtain «/(r) < 0 for 0 < r < r.

Take r1 € (0, r9) arbitrarily. Integrating (2.4) on (r1,7) with r < rg, we obtain

—rNTL My () = —p N1y () 4 / sNTLeHG) (s, u(s)) ds > /sN_leH(s)f(s,u(s)) ds.
Since ry > 0 is arbitrary, we obtain

—rN LMy (1) > /sNﬁleH(s)f(s,u(s)) ds.
0

From (2.2) and (2.3) it follows that

T T
cH
—eCHpN =Ly (1) > e ey / sN7lu(s)P ds > eCHcfu(r)p/stl ds = < ch u(r)PrV
0 0
This implies that
u'(r
- ( ) > Cllr'a

u(r)?

where C; = efcy/(NeCH) > 0. Integrating the above on [p,r] and letting p — 0, we obtain
u(r)t=P > @ C1r?, and hence
u(r) < Cor=2/@=D), (2.8)

where Cy = ((p — 1)C1/2)~"/ =1 Next, we show that

lim inf(—r "1/ (r)) = 0. (2.9)

r—0

Assume to the contrary that lim iglf(—erlu’(T)) = ¢ > 0. Then there exists 7, > 0 such that
T—r

—rN =N/ (r) > g for 0 <7 <ry.
Integrating the above on [r,r1], we obtain
u(r) > u(ry) + ﬁ (r2=N — 27N, (2.10)

Since p > N/(N — 2), we have 2/(p — 1) < N — 2. Hence (2.10) contradicts (2.8). Thus we obtain

(2.9).
By (2.9), there exists 7, — 0 such that 7 'u/(r) — 0 as k — oo, Integrating (2.4) on [ry, 7] and
letting k — oo, we obtain (2.7). From (2.2), (2.3) and (2.8), we obtain

—ecpN=ly/ (1) < 1y /SN_lu(s)p ds < e“1CrCh / sN=1=20/(=1) g — CypN =20/ (P=1)
0 0

with C3 = e“#C;CL /(N —2p/(p — 1)). Thus we obtain (2.6). O
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2.2 Change of variables

Let u be a positive solution of (1.1) for 0 < r < ro with some r¢ > 0. Define

w(t) = r?/ P Vy(r) with t = —logr. (2.11)
Then w satisfies
w” —a(t)w’ —b(t)w +wP =0 for t > t, (2.12)
where tyg = — log o,
4
at)=N —2— —— —h(e ")e* (2.13)
p—1
and 5 5 5
=—(N-2— —| — —— et “He 2, 2.14
b(t) p71( p71> S b A e (2.14)

3 Asymptotic behavior of the singular solution

In this section, we show the following result.
Proposition 3.1. Letp > N /(N —2) and let u be a singular solution of (1.1). Define w(t) by (2.11).
(i) If p#£ (N +2)/(N — 2), then w(t) satisfies

lim w(t) = A and lim w'(t) =0, (3.1)

t—o00 t—o00
where A is the constant in (1.6).
(ii) Letp=(N+2)/(N —2). If w(t) — A has a finite number of zeros on [ty,00), then (3.1) holds.

In the remaining part of this section we assume that p > N /(N — 2). To prove Proposition 3.1,
we need a series of lemmas.

Lemma 3.1. Let u be a singular solution of (1.1). Then

lim sup %/ P~V (1) > 0. (3.2)
r—0
Proof. Assume to the contrary that
lim r2/ =Yy (r) = 0. (3.3)

Define f(r,u) by (2.1) and take any ro > 0. Then there exists ug > 0 such that (2.2) holds. Since
u(r) — oo as r — 0, there exists 11 < rg such that u(r) > ug for 0 < r <r;. Then we obtain

0 < cpu(r)? < f(r,u(r)) < Cpu(r)? for 0 <r <.

First, we show that
(T2/(P—1)u(7«))’ >0 for 0<r<nry (34)

with some 73 € (0,71]. Define w(t) by (2.11). Then w satisfies (2.12), where a(t) and b(t) are defined
by (2.13) and (2.14), respectively. From (3.3) we have w(t) — 0 as t — oco. Since h(r) and A\(r) are
bounded, we have b(t) — AP~! > 0 as t — oo, where A is the constant in (1.6). Then there exists
t1 > tg such that

—b(t) +w(t)Pt <0 for t >t.
From (2.12) we obtain w” (¢) — a(t)w’(¢) > 0 for ¢ > ¢;. This implies that

— [a(s)ds ’
(e 0 w’(t)) >0 for t>t;.
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t
— [a(s)ds
Hence e © w'(t) is increasing for ¢ > t;. Thus we see that either w'(¢) < 0 for all ¢ > ¢; or

w'(t) > 0 for t > t5 with some to > ¢1. Since w(t) > 0 and w(t) — 0 as ¢ — oo, the former case has
to hold. Then w'(t) < 0 for ¢ > t;, which implies that (3.4) holds.
From (2.2) and (3.3) we have

2 f(r,u(r))
u(r)

Then, for € > 0 to be determined later, there exists r; € (0, 7] such that

< Cyriu(r)P~t = Cf (TQ/(p_l)u(r))p_l —0 as r— 0.

r2f(r,u(r)) < eu(r) for 0 <r <ry.

From (2.2), (2.3) and (3.4) we have

T T

/SN_leH(S)f(s,u(s))ds < eCHs/sN_?’u(s) ds
0 0
Ch ..2/(p—1 r N-3-2/(p—1 eCrie N—2
< Crgp?/ (v )u(r)/s —3-2/(r=1) g5 < N —5 u(r)
p—1
0
for 0 <7 <ry. From (2.3) and (2.7) it follows that
N-1 ey, 7 f N—1_H(s) e“re N-2
—r e’u (7') S S e f(S,u(S)) ds S m T ’U/('r) (35)
0 p-l
for 0 <r <ry. Put
eCre

Cen(N-2--29)
and take £ > 0 so small that ¢ < 1/p. From (3.5) it follows that
—ru'(r) < ou(r) for 0 <7 <ry.
This implies that (r“u(r))’ > 0 for 0 < r < rq, and hence r7u(r) < rfu(ry) for 0 < r < r;. Then we
obtain u(r) = O(r~7) as r — 0. From (2.2), (2.3) and (2.7) we obtain
fecHerlu’(T) < eCHCf/stlu(s)p ds < ecHC’f /sNﬁl*p“ ds = CrN—r°
0 0

with some constants C' > 0. Thus u/(r) = O(r'7P?) as r — 0. Since o < 1/p, we have u/(r) — 0 as

r — 0, and hence lin%J u(r) < oo. This is a contradiction. Thus we obtain (3.2). O
r—s

Define

1 n(t) = h(e e and pu(t) = e e 2.

Then a(t) and b(¢) in (2.13) and (2.14) can be written as

4
ag=N-2———
p

a(t) = ap — n(t) and b(t) = AP — ]% (1) + u(t),

where A is the constant in (1.6).
For a solution w of (2.12), define

E(w)(t) = %w'(t)2 + ®(w(t)) for ¢ > to, (3.6)
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where Ap1
p= 1
— _ 2 p+1
D (v) 5 Ut P v (3.7)
for v > 0. We note that
1 1
> = (= - —_)art! > 0. .
B(v) > B(A) (2 pH)A for v >0 (3.8)

Observe that E(w)'(t) = (w”(t) — AP~ w + wP)w'(t) for t > t5. We note here that (2.12) can be
written in the form

w” —a(t)w — (Ap_l — Z% (t) + u(t))w +wP = 0.

Then we have
B(w)'(t) = a(t)w' (t)* + ( — I% n(t) + u(t))w(t)w'(t) for t > tg. (3.9)

We obtain the following results.

Lemma 3.2. The function w defined in Proposition 3.1 satisfies the following statements:
(i) w(t), w'(t) and w"(t) are bounded on [tg, o).
(ii) One has

o0

/a(s)u/(s)2 ds < o00. (3.10)

to

In particular, w' € L%[tg,00) if p # (N +2)/(N —2).
(iii) tlim E(w)(t) = ¢ for some ¢ > ®(A).
Proof. From (2.11) we have

oot = ——2_ 2101 +1)/(p-1) &

o w(t) = p— r u(r) —r = u(r).

Then by Lemma 2.1 w(t) and w’(t) are bounded on [tg,o0). Note that a(t) and b(t) are bounded on
[to, 00), since n, A € C[0,7¢]. From (2.12), w”(t) is also bounded on [tg, 00). Thus (i) holds. Integrating
(3.9) on [to, t], we have

E(w)(t) — E(w)(ty) = / a(s)w'(sms—p%l n(s)w(s)w'(s) ds + / j(s)w (s)w(s)ds.  (3.11)

to to to

Since w(t) and w’'(t) are bounded on [tg, 00), E(w)(t) is bounded for ¢ > ty. By the definitions of 7
and u, we have 0, u € L![tg,o0). Then

/n(s)w(s)w'(s) ds < oo and /u(s)w’(s)w(s) ds < oo. (3.12)

Letting t — oo in (3.11), we obtain (3.10). In the case p # (N + 2)/(IN — 2), since a(t) — ag # 0 as
t — 00, we obtain w’ € L%[tg,00). Thus (ii) holds.

Letting ¢ — oo in (3.11) again, from (3.10) and (3.12) we see that the limit of F(w)(t) as t — oo
exists and is finite. Put { = tlgglo E(w)(t). From (3.6) and (3.8) we have

E(w)(t) > ®(w(t)) > ®(A) for t > to.

Letting ¢t — oo, we obtain ¢ > ®(A). Thus (iii) holds. O
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Lemma 3.3. Let w be the function defined in Proposition 3.1. If w satisfies

tli}rolo w(t) =7 (3.13)
for some v > 0, then (3.1) holds.
Proof. First, we show that

Jim w'(t) = 0. (3.14)

From (3.13) and Lemma 3.2 (iii) it follows that

i Oy (BE(w)(t) — d(w(t)) = ¢ — @ 3.15
Jim = lim (E(w)(t) - 2(w(t))) = ¢ - 2(v). (3.15)
Then it suffices to show that { = ®(v). Since F(w) > ®(w), we have ¢ > ®(). Assume that ¢ > &(vy).
Then from (3.15) we obtain

2(C=2(v))

2
with some ¢; > tp, which implies that tlim |w(t)] = oco. This is a contradiction. Thus we obtain
—00

¢ = ®(v), and hence (3.14) holds.
Next we show that v = A. Assume to the contrary that v # A. Letting ¢ — oo in (2.12), from
(3.13) and (3.14) we obtain

|w'(t)] > for t >t

lim w”(t) = —AP "1y 4 4P #£0.

t—o00
Thus we obtain 1
W (1)) > 5| = AP Ly 47| for £ 21

with some to > tg, which implies that |w’(t)| — oo as t — oco. This is a contradiction. Thus we obtain
v = Ain (3.13). O

Lemma 3.4. Let w be the function defined in Proposition 3.1. Assume that the limit of w(t) as
t — oo does not exist. Then the following statements hold:

(i) One has ¢ > ®(A), where ¢ is the constant in Lemma 3.2 (iii).
(ii) There exists an infinite sequence T, — 0o such that w(r,) = A forn=1,2,... .

Proof. Since w(t) is positive and bounded for ¢ > ¢y, there exist 0 < v < 75 such that

liminfw(t) = and limsupw(t) = 2.
t—o0 t—o00

Then there exist the sequences t,, — oo and s,, — oo such that

’ o _ : _ : _
w'(ty) = w'(sp) =0, nh%rrgo w(t,) =y and nhHH;O w(sp) = Y-

Thus we obtain
E(w)(ty) = ®(w(ty)) = (1) and E(w)(s,) = ®(w(s,)) = ®(712) as n — oo.

By Lemma 3.2 (iii), we have ®(y;) = ®(y2) = ¢ = lim E(w)(t). Since ® is given by (3.7) and

t—o00

0 <71 < 72, we conclude that
7 <A<y and ®(A) < (= P(y1) = P(72).

Hence there exists an infinite sequence 7, — 0o such that w(r,) = A for n = 1,2,... . Thus (i) and
(ii) hold. O

We are now in a position to prove Proposition 3.1.
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Proof of Proposition 3.1.
(i) By Lemma 3.1, we have limsup w(t) > 0. We show that (3.13) holds with some v > 0. Assume

t—o00
to the contrary that the limit of w(t) as ¢ — oo does not exist. Then by Lemma 3.4, { > ®(A4) and
there exists a sequence 7, — oo such that w(r,) = A for n =1,2,... . Observe that

lim E(w)(ry) = lim (%T”)Q + <I>(A)) =

n—oo n—oQ

Then it follows that
) w/(Tn)2
lim ——~

n—oo

=(—®(A4) > 0.
Hence there exists an integer ng such that
[ (1,)]> > ¢ — ®(A) for n > ny.
Since w” (t) is bounded for ¢ > ¢y by Lemma 3.2 (i), there exists p > 0 such that

—®(A
|w'(t)\22CT() for 7, —p <t <7, +p with n > ng.

This implies that

oo

/u/(t)2 dt = oo,
to

which contradicts Lemma 3.2(ii). Thus (3.13) holds with some v > 0. By Lemma 3.3, we obtain (3.1).
(ii) By Lemma 3.1, we have limsup w(t) > 0. We show that (3.13) holds for some 7y > 0. Assume

t—o00
to the contrary that the limit of w(t) as ¢ — oo does not exist. Then by Lemma 3.4 (ii) there exists
an infinite sequence 7, — oo such that w(r,) = A for n = 1,2,... . This is a contradiction. Thus
(3.13) holds for some v > 0. By Lemma 3.3, we obtain (3.1). O

4 Proof of Theorems 1.1, 1.2 and 1.3

4.1 Uniqueness of the singular solution
First, we show the following

Lemma 4.1. Let z(t) be a solution of

2" —pt)2 +q(t)z =0 for t > to, (4.1)
where p,q € C[tg, 00) satisfy
tlim p(t) =P and tlim q(t) =Q (4.2)

with the positive constants P and Q. If z(t) is bounded for t > to, then z(t) = 0.
Proof. Assume by contradiction that z(t) # 0. Define

G(t) = %z’(t)Q + %

Then, by the uniqueness of the initial value problem to (4.1), we have 2'(t)? + z(t)? # 0 for t > ty,
and hence G(t) > 0 for all t > ¢y. From (4.1) we see that

G'(t) = (2"(t) + Qz(t)2" = p(t)2'(1)* — (q(t) — Q)=(t)2'(t) for ¢ > to. (4.3)
Then, by (4.2), there exists ¢; > to such that

2(t)? for t > to.

p(t) > g and |q(t) — Q| < g for t > t;.
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From (4.3) it follows that

G'(t) >

Sl

(2/(t)* — |2(t)| |2’ (t)]) for t>t.

By the Hoélder inequality, we obtain

P 1 1 P P(Q+1)
"> (2 (2 - 2 2y _ 1 _ 2 > 4.
OEE (22(15) 0 ) 5 G() A1) for t2h
Since z(t) is bounded, there exists Cp > 0 such that
, P

vy

Multiplying both sides by e~ %¢, we get (e~ 2!G(t)) > —e~ 2'Cy for t > t;. Integrating both sides on
[t1,t], we obtain

eith(t) Z Cl — 0267§t for ¢ Z tl,
where C; = efgth(tl) >0and Cy = % > 0. Thus we obtain G(t) > Cre%t — Cy — 00 as t — o0.
Since z(t) is bounded, we have |2/(t)] — oo as ¢ — oo, and hence |z(¢)] — oo as t — co. This is a
contradiction. Thus we obtain z(t) = 0. O

Proof of Theorem 1.1. Let wui(r) and wua(r) be singular solutions of (1.1) for 0 < r < rg. Define
w;(t) = r/®P=Dy,(r) with t = —logr for i = 1,2. Then w = w;(t) satisfies (2.12) with to = — log so
for ¢ = 1,2. By Proposition 3.1, we obtain
lim w4 (t) = tlim we(t) = A. (4.4)
— 00

t—o0

Put z(t) = w1(t) — wa(t). Then z satisfies tlim z(t) =0 and
— 00

2" —a(t)z’ + B(t)z =0 for t > tg,

where a(t) is given by (2.13) and

P S S 01 U
BlO) =~ om0 el O )

From (4.4) we have

P _ p
i 1O w20
t=oo wy(t) — wa(t)

Then we obtain
lim B(t) = (p— 1)AP~' > 0.

t—o0

Lemma 4.1 implies that z(¢) = 0, and hence the singular solution of (1.1) is unique. O

4.2 Liouville property

Proof of Theorem 1.2. Let p = (N +2)/(N —2) and let h(r) and A(r) satisfy (1.7). In this case, (2.12)
can be written as
w” +n(t)yw — AP w +wP =0 for t > tg.

Define E(w) by (3.6). Then we have
E(w)'(t) = —nt)w'(t)? for t > t. (4.5)

Assume that w(t) — A has a finite number of zeros on [tg,00). Then, by Proposition 3.1, we obtain
w(t) — A and w'(t) — 0 as t — co. Integrating (4.5) on [t, 7] and letting 7 — oo, we obtain
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Put

Then U'(t) = —n(t)w'(t)? > —2n(t)U(t) for t > 0. This implies that

d 2}17(s)ds
%(e fo U(t)) >0 for t > ty.

Integrating the above on [t, 7] and letting 7 — oo, we obtain U(t) < 0 for ¢ > 0. This implies that
U(t) =0, and hence w'(t) = 0. It follows that w(t) = A. Thus we obtain u = Uy. O
4.3 Infinitely many existences of singular solutions
In order to prove Theorem 1.3, we consider the initial value problem
{ w” —a(t)w' —b(t)w +wP =0 for t >ty, t>to, (46)
w(to) = a, w'(to) =B,

where a, f € R and a(t) and b(t) are defined by (2.13) and (2.14), respectively.
Define ® by (3.7), and define a constant B by

B = (%)1/@71).

Then we see that ®(v) < 0 if and only if 0 < v < B. Recall that ®(A4) < 0 and ®(v) > ®(A) for v > 0.
For any § € (0, —®(A)), there exist the constants I's > 5 > 0 such that 75 < v < Iy if &(v) < —4.

Lemma 4.2. Define E(w) by (3.6). Let w be a solution of (4.6) for tg <t <ty such that
E(w)(t) <0 for to <t <t.

Then w(t) < B and |w'(t)| < /—2P(A) forty <t < t.
Proof. Since

1
Bw)() = 2w (1) + @(w(®)) <0 for g <1<,
we have ®(w(t)) <0 for to <t < t;. This implies that w(t) < B for g <t < ¢;. We also have

%w’(t)Q +B(A) < Bw)(t) <0 for to <t < .

Then w'(t)? < —2®(A) for ty <t < t1, which implies that |w’(t)] < \/—2®(A) for to <t < ty, O

Lemma 4.3. Take any § > 0 such that 26 < —®(A). Then there exists to > 0 such that if E(w)(to) <
—20, then the solution w(t) of (4.6) exists for all t >ty and satisfies E(w)(t) < =6 for all t > tg.

Proof. We note that if p < (N +2)/(N —2), then N —2—-4/(p—1) < 0 and tlim a(t) < 0. Take
— 00
to > 0 such that a(t) < 0 for t > ¢y and

BV=20(A) [ (= ) + )] ) ds < 5

Assume by contradiction that there exists ¢; > ¢y such that

E(w)(t) < =6 for to <t <t; and E(w)(t1) = —0.
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Then, by Lemma 4.2, we have w(t) < B and |w'(t)] < y/—2®(A) for tg <t < t;. From (3.9) we have

B (w)(t) < BY/=28(A) (== In(0)] + (1)

for tg <t < t;. Integrating the above on [tg, t1], we get

B(w)(tr) ~ Bw)(t) < BY=200A) [ (-2 1n(s)| + lus)]) ds < 5

This implies that —§ = E(w)(t1) < E(w)(tg) +d < —4. This is a contradiction. Thus we obtain
E(w)(t) < —¢ for all t > tg. Lemma 4.2 implies that w(t) and w’(t) are bounded for ¢ > ¢y, and hence
the solution w(t) of (4.6) exists for all ¢ > ¢,. O

Proof of Theorem 1.3. Take any 6 > 0 such that 20 < —®(A). Since ®(A) < —2§, we can take
a, € R in (4.6) such that

% 8%+ ®(a) < —26. (4.7)

Then, by Lemma 4.3, the solution w(t) of (4.6) exists for all ¢ > ¢y and satisfies F(w)(t) < —¢
for t > to. This implies that ®(w(t)) < —J for all t > tg. Note here that there exists a constant
vs > 0 such that v > 5 if ®(v) < —d. Then we obtain w(t) > s for all ¢ > ¢y. This implies that
u(r) > vsr~2/P=1) for 0 < r < g, and hence u is a singular solution of (1.1). By Proposition 3.1,
u(r) satisfies (1.8). Since there are infinitely many «, 8 € R satisfying (4.7), we have infinitely many
singular solutions of (1.1). O
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