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Abstract. In this paper, we consider the following wave equation:

t
up — Au — Auy + t — 8)Au(s) ds + |ug|"® 2y, = blu[P®) 2y,
g
0

First, we prove that the equation has a unique local solution for a suitable conditions by using Faedo—
Galerkin methods, and we also prove that the local solution is global in time. Finally, we demonstrate
that the solution with positive initial energy decays exponentially.
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1 Introduction

We consider the following boundary value problem:

¢
ugy — Au — Augy + /g(t — 8)Au(s) ds + [uy ™2, = [uPP 2y in Q,

) (1.1)
u(z,t) =0, z€09Q, te(0,T),

u(z,0) = uo(x), ue(z,0) =uq(x) in Q,

where @ = Q x (0,T) and Q is a bounded domain in R”,n > 2, with a smooth boundary 9Q. p(-)
and m(-) are the given measurable functions on 2 satisfying

2<07 <0(z) <OF <07, (1.2)
0~ :=essinfd(x), 0 :=esssupf(z)
€N z€Q
and

0, if n=2,
0* = 2 1.3
" it >3 (13)

n—2

We also assume that p(-) and m(-) satisfy the log-Holder continuity condition

A

<————— forae z,y€Q, with [z —y|<d, A>0, 0<i<L. (1.4)
log [ — y|

Equation (1.1) can be viewed as a generalization of the evolutional equation

¢
Uy — Au — Augy + /g(t — 8)Au(s) ds + wlu ™ 2uy = blu|""2u in Q x (0,T)
0

with the constant exponent of nonlinearity, m,r € (2, 00), which appears in various physical contexts.

In the case p(z) = p and m(x) = m, equation (1.1) proved the existence and blow up of solutions.
The results have been established by many authors (see [1-3,5,11,12,18,23]).

Recently, many authors have been treated the problem with variable exponents (see [2,10, 14,16,
19]). The study of these equations is based on the use of the Lebesgue and Sobolev spaces with
variable exponents (see, e.g., [6-9,13]).

Messaoudi et al. [17] studied the solution of the equation

wgr — Au A+ |ug [P 20, = bu|?® 2y in Q x (0,T)

and used the Faedo—Galerkin method to establish the existence of a unique weak solution. They
also proved that the solutions with negative initial energy blow up in a finite time. Messaoudi and
Talahmeh [16] studied the blow-up in solutions of a quasilinear wave equation with variable exponent
nonlinearities:

wy — div(|Vu" D72V + alu [P 20, = blu|"® "2 in Q x (0,T).

They obtained the blow-up result for the solutions with negative initial energy and for certain solutions
with positive energy.

The outline of this paper is as follows. In Section 2, we state some results about the variable
exponent, Lebesgue and Sobolev spaces LP() () and W1P(-)(Q). In Section 3, we prove the local
existence. In Section 4, we show that the local solution is global in time, and the exponential decay
results are proved.
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2 Preliminaries and assumptions

In this section, we present some Lemmas about the Lebesgue and Sobolev space with variable com-
ponents (see [6-9,13]). Let p: Q — [1, +0o0] be a measurable function, where  is a domain of R™.
We define the Lebesgue space with a variale exponent p(-) by

P (Q) = {v:Q—R: measurable in Q, g,.)(Av) < +oo for some A > 0},
where

2o () = / [o(@)P@ d.
Q

The set LP()(Q) is equipped with the norm (Luxemburg’s norm)
p(w)
oy =it {as 0 [ 100" <1},
Q

LP()(Q) is a Banach space [6].
Next, we define the variable-exponent Sobolev space W?(*)(Q) as follows:

whr)(Q) .= {v e LP1)(Q) such that Vo exists and |Vo| € Lp(')(Q)}.

This is a Banach space with respect to the norm [[v[|y 1.0 () = [[vllec) + [[VO[[oc) -

Furthermore, we set Wol’p(')(Q) to be the closure of C§°(Q) in the space W1P(*)(Q). Note that
the space W1P(*)(Q) has a different definition in the case of variable exponents.

However, under condition (1.4) both definitions are equivalent (see [6]). The space W=7 (*)(Q),
dual of Wol’p( ’ )(Q), is defined in the same way as the classical Sobolev spaces, where ﬁ + ﬁ =1.
Lemma 2.1 (Poincaré’s Inequality). Let Q C R™ be a bounded domain and suppose that p(-) satisfies
(1.4), then

0lloc) < e[Vl for all ve WePH) (@),

where ¢ > 0 is a constant which depends on p~, p*, and Q only. In particular, |Vv||sc.) define an
: Lp(+)
equivalent norm on W, (Q).

Lemma 2.2 (Holder’s Inequality). Suppose that p, q, s > 1 are measurable functions defined on £

such that ) . )
= + or a.e. y € Q.
s(y)  ply)  aly) 4 Y

Ifue LPC)(Q) and v € LIC)(Q), then uwv € L) (Q) with

luvllsc.y < 2lullpe)llvllge)-

Lemma 2.3 (Lars et al. [6]). If p is a measurable function on Q satisfying (1.2), then we have
i { ull2 )l } < gy (u) < Iy el
min q[lullye s lullpc) p < opc () < maxlulye), lullp )

for any u € LP()(Q).

Lemma 2.4 (Lars et al. [6]). If p is a measurable function on Q satisfying (1.2) and (1.3), then the
embedding H3(Q) — LPC)(Q) is continuous and compact.

From Lemma 2.4, there exists the positive constant B satisfying

lully(.) < Bl|Vulls for ue HL(Q).
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We denote the total energy related to problem (1.1) as

t
1 1 1 1
E(t) = = 2 1— — glP@®
(0= 3l + 5 19wl + 5 (1= [ aas )19l + 5 (00 V00 = [ 5 P
0 Q
where
(goVu)(t // (t — 5)|Vu(t) — Vu(s)|* dz ds.

We also introduce the following funCthnalb.

t
~o 1 1 1 i
Bt) = 5l + 5 19wl + 5 (1= [ ato)as )19l + 5 (00 F0)0) = = [ P
0 Q
= 1 1 /
Be) = 5l + 5 19wl + 5 (1= [ alo)as ) 19l + 5 (90 Fu)(0) - / P do
0

I(t) = (1—/g(s)ds)Vu|§ + (g o Vu)(t /|u|p(r
0

(1 [ ats)as ) iwul + 1<gow><>p19/|u|p<w dz.

0

and

J(t) =

M\H

We show that
E(t) < E(t) < Et).

Let us introduce the assumptions:

(A1) g:RT — R} is a bounded C! function satisfying
1— /g(s) ds=1>0 and ¢'(t) < —g(t).
0
(A2) Assume that
1(0) >0

and
+

Max <B;_ (1(1)2—]'%2) E(O))¥, BTP (l(;_p%mE(O)) +> —A< 1.

Theorem 2.1. Suppose that m(-), p(-) € C(Q) and (1. ) holds with

2<p <ple) <pt <2272 ifn>3,
n—2
p(x) >2 if n=2,
and
_ + n—1
2<m” <mz)<m" <2 5 if n>3,
n—

m(x) >2 if n=2.
Then for any (ug,u1) € Hg(2) x HY(Q), problem (1.
u € L([0,7); Hy (),
u € L*([0,T); HO(Q)) NL™)(Q x [0,T)),
uy € L2([0,T); Hy ().

1) has a unique weak local solution

(2.1)
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3 Existence of weak solutions

In this section, we are going to obtain the existence of weak solutions to problem (1.1). We will
use Faedo-Galerkin’s method of approximation. Let {v;}7°, be a basis of H{(£2) which constructs a
complete orthonormal system in L?(£2). Denote by Vj = span {v1,va,...,vs} the subspace generated
by the first k vectors of the basis {v;}7°,. By the normalization, we have |lv;|| = 1, and for any given
integer k, we consider the approximation solution

k
= Z wk (),
=1

where uy are the solutions to the following Cauchy problem:
¢
(Wl (), 1) — (Dug(8), 1) — (Al (2) /g (t — ) (Aug(s), o) ds
0
+ (Jur (™D 2ug (1), v) = (lue @)D Pur(t),0), 1=1,2,...k (3.1)

k

’U,k(O) = Uok = Z(uk(O),vi)vi — ug in H& (9)7 (32)
i=1
k

ul,(0) = uyy, = Z(uﬁc(O),vl)vl —uy in HY (). (3.3)

=1

Note that, system (3.1)—(3.3) can be solved by the Picard iteration method in ordinary differential
equations. Hence there exists a solution in [0,7}) for some T, > 0, and we can extend this solution
to the whole interval [0, T for any given T' > 0 by making use of a priori estimates below.

Step 1. Multiplying equation (3.1) by uj, () and summing over [ from 1 to k, we get

t
a(ly e 1 /217/ ! /L p(z)
(31l + 5 1vasiz+ 5 (1 o) 19+ 00 T - [ oo b

1
— [l o+ 5 (0 V) 0) = 5 9O Tul. (3.)
Q

[u—y

Then, by virtue of (2.1), assumption (A;) and definition of the expression (g’ o Vuy)(t), we have

1 1
Eun() = = [ 1" do -+ 5 (o o Vur)(t) - 5 9(6) [Vl <.

Integrating (3.4) over (0,t), we obtain the estimate

¢

1., 1 1 1

z 1— p(z)

5 llullz + ||Vuk||2 ( U/g )dS)VUkHz 5 (g0 Vu)(t) - !p(z) Jur |7 da

t

t t
. 1 1
+//|u;€\m(“) drds — 5/(g’oVuk)(s) ds + i/g(s)HVukH%ds < E(0). (3.5)
00 0

0

Since I(0) > 0, by the continuity there exists T, < T such that I(¢) > 0 for all ¢ € [0,7]. From
(2.3) and (2.4) we get
t

sune) =222 (1 [ oto)ds) IVl + g0 Tun)0)) + 100
0

2p
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Then
t

He) = =2 (1= [ ote)ds) IVl + (90 Tu)0)

0

Hence we have

V- [ o)) 9l < 2 Jun(t))-
( 0/ ) pT—2

From (2.1), (2.2) and (2.4), we obviously have Yt € [0, Ty], J(ux(t)) < E(ug(t)) < E(ug(t)) < E(0).

Thus we obtain ,

(1= [otoras)Ivuslt < -2 £@) (3:6)
0

Before continuing the proof, we need the following

Lemma 3.1. Suppose that (1.2) and assumptions (A1), (A2) hold, then
0p() (ur) < U Vg3, (3.7)
where [ is defined in (2.6).
Proof. By Lemmas 2.3 and 2.4, we have
- + - - + +
09 (i) < max { sl 2, Junll? )} < max { B | Varlg B[ Vunl§},

and from assumptions (4;), (Az2) and (3.6), we get

_ - +_

oo (ux) < i { B [V ug 3 [Vl 2, B [V 3 x Vi)

Br 2p~ 22 Br' 2~ AR
< 22 (= X — (————
< max <z|vu,€||2 x = (l(p_ - 2)E(0)> AV x = (l(p_ - 2)E(O))

<[V 3.

Due to (3.7), inequality (3.5) becomes

N | =

i
1 1 1 1
il + 51918 + (5 - =) (1= [ o)) IVl + 5 0 Tun)0

0
t

t
1 1
+//|u§€|m(m) da:ds—§ /(g’oVuk)(s) ds—l—i
0 Q

0

9(s)IVull3 ds < E(0).

o _

1 /12 1 /12
5 Sup Jugllz + 5  Sup Vg2
te(0,T.) t€(0,T+)
t t
+ (* - i) 1— [ g(s)ds) sup |[[Vug|z + = (g0 Vug)(t) + |ug dx ds
2 p ) te(0,T.) )

t

/ o()[Vupl3ds < E(0). (3.8)

0

l\?\»—t
M| —

t
/ g o Vuy)(s)ds +
0

From (3.8), we conclude that

{uk is uniformly bounded in L>([0,T), H}(2)), (3.9)

uj, is uniformly bounded in L*°([0,T), H}(Q)) N L™ )(Q x [0,7)).
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Furthermore, from Lemma 2.4 and (3.9) we have

{|uk|p("”)*2uk} is uniformly bounded in L>°([0,T'), L*(9)), (3.10)
3.10

m()
{|u},|™ =2y} } is uniformly bounded in L7 (Q x [0,7)).
By (3.9) and (3.10), we infer that there exist a subsequence u,of uj and a function u such that

ur, — u weakly star in L>=([0,T), H}(Q)),
uy, — o/ weakly star in L>([0,7), H} (), (3.11)

| @) 20, 4 weakly in L#CTT(Q x [0,T)).
By the Aubin—Lions compactness Lemma [15], from (3.11) we conclude that
uy — u strongly in C([0,T), H3 (Q))

which implies
up — u everywhere in [0,7] x Q. (3.12)

It follows from (3.11) and (3.12) that

[ug [P =20, — |u[P®) 2y weakly in L>([0,T), L?(Q)),
m(-) (3.13)
g, | @) =20, — |u! M) =2y weakly in L= (Q x [0,T)).

Next, multiplying equation (3.1) by uj; (¢) and summing over ! from 1 to k, we get

d 1 il
ol + 1918 + 5 ([ o okl o)
Q
/VukVu da:—|—/g(t—7')/Vuk(7')Vu%(t) dxdr+/|uk|p(m)72ukug dz. (3.14)
Q Q

From Young’s inequality, we have

1
< OIVuils + 5 IVuls, (3.15)

2
< §||Vu; H2 45/(/ (t = 7)Vur(r)d ) dx
S5||Vu%|\§—|—4—16/9(3)613/g(t—T)/|Vuk(T)|2 dx dt
0 0 Q

t
1—-10)g(0
<ol + L2 [ v par (3.16)

’ / VukVu dxr

t

’/g(t—T)/VUk(T)Vu%(t) dx dr
o)

0

and
‘ / g |P®) =2l da
)

1
< Sl + 55 [ lusPr 72 o (317
Q



Global Existence and General Decay of Solution for a Nonlinear Wave Equation 69

From (3.14)—(3.17), inequality (3.14) becomes

d 1
1— 12 1-9 12 el / 1 ym(z)
(1= o)l + ( 6>||Vuk|2+dt( ey A da
Q

We have uy, € L>=([0,7T), H} (2)), then

/\uk|2”(’”)_2 d:v§/|uk\2p7_2 dw+/|uk|2p+_2dx< +00,
Q Q Q

since

2n

2(p” —1) <2p(x) =) <207 —1) < —.

We chose § small enough to find a positive constant A such that
t t )
[ uiigas < [1vuiias+ [ s ar < c.
0 0 Q

Then
uj is bounded in L?([0,T), Hy(S2)).

Similarly, we have
ufl — u” weakly star in L*([0,T), H3(Q2)). (3.18)

Setting up kK — oo and passing to the limit in (3.1), we obtain

t

(u”(t), 1) = (Au(t), vr) — (Au"(t),v1) — /g(t — s)(Au(s),vr) ds
0
+ (|’ O™ D720 (1), v) = (Ju®) P 2u(t),v), 1=1,2,...,k

Since {v;}2, is a basis of H}(2), we deduce that u satisfies the equation of (1.1). From (3.11),
(3.13), (3.18) and Lemma 3.1.7 in [22] with B = H}(Q2) in the both cases, we infer that

{uk(O) — u(0) weakly in Hg (%), (3.19)

uy(0) — u/(0) weakly in H} ().

We get from (3.2) and (3.19) that u(0) = ug, v'(0) = u;.

Thus the proof of the existence is complete.

Now, it remains to prove the uniqueness. Let u!, u? be two solutions in the class described in the
statement of this theorem, and w = u' — u?.

Then w satisfies
t
Wy — Aw — Awyy + /g(t — s)Aw(s)ds
0

_’_w(|ut1|m(m)—2u% _ |u§|m(z)—2ut2) — |u1 |p(m)—2u1 _ |u2|p(m)—2u2 (3.20)

and
w(z,0) = wo(x), w(z,0) = w (x).
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Multiplying (3.20) by w;, then integrating with respect to x, we get

t
/|wt|2dx+ /\th|2dx+ (1/ (s)ds)HVw%

¢ t

1
/g o Vw)/( ds—l—i/g(s)HVwH%ds
0

t
—|—w//<|u%|m 2)=2y, h \uz\mx ) da:ds-// |ut |p(m —|u2|p(m)72u2)wt dx ds.
0 Q

By using the inequality

1
+2(gOVw

l\J\»—t

(Ja|™®)=2q — |p|™(®)=2p) (a — b) > 0
for all a,b € R and a.e. z € 2, this implies that

¢ t

1 1

§/|wt|2dx+ 3 (1 - /g(s) ds) Vw3 < C'// <|ul|p(””)_2u1 - |u2|p(l)_2u2>wt dx ds.
Q 0 0 Q

Repeating the estimate as in [17], we arive at

t
[l ar+ivuig<c [ (/|wt|2dx+ anz) s
Q 0 Q

Gronwall’s inequality yields

/|wt|2d:c + V|2 =0,

Thus w = 0. The shows the uniqueness. O

4 Global existence and energy decay

Theorem 4.1. Suppose that the assumptions of Theorem 2.1 and (A1) and (As) hold. If (ug,u1) €
HY(Q) x HE(Q), then the solution of (1.1) is bounded and global in time.

Proof. Tt suffices to show that || Vu(t)||3 + ||u.(¢)]|3 is bounded independently of ¢. To obtain this, we
observe that

E(0) = E(t) = E(t)

t
1 1 pm—2 1
= gl + 5 17wl + 222 (1= [a)as)I9uli + go Vo) + - 10
0

1 p- —2
> 5 well3 + IIVutH§+ — (UIVull3 + (g0 Vu)(1), (4.1)

since I(t) > 0, (g o Vu)(t) are positives. Therefore,
[Vull3 + [lull3 < CE(0),

where C' is a positive constant, depends only on p~ and [ and is independent of ¢. This infer that the
solution of (1.1) is bounded and global in time. O
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Lemma 4.1. Under the assumptions of Theorem 2.1, we have

/ P2 g < | Va2, / e P72 d < ][ Vg |2
Q Q

Proof. By Lemma 2.3, we have

z 20p—1 2(pt—1
/ P d < mase {207 2250, ).

On the other hand, by Lemma 2.4, we have

J 1 do < ma {5200 TuSe Y, B0 T )

< max {32(1)’—1)”Vu”g(zf—@’B2(p+—1)||Vu||§(p+—2)}”qu%7

since

2p~ —1) <2p(x) — 1) < 2p" —1) <

Using (4.1), we obtain

- 2~ pT—2 2p~ P2
2(p(@)—1) 1, < B2~ -1 p E BT -1) P E 2
Q/ [u da _max{ (- =57®)" (- =g ®)"  Ivels

< ¢ Vulf3-
Similarly, we get
/|ut|2m<w>*2dz < ||V I3 O
Q
Now, we define
G(t) = ME(t) + e®(t) + ¥(t), (4.2)
where M and € are positive constants which specified later and
O(t) = /utu dzr + /Vut(t)Vu(t) dz, (4.3)
Q Q
t
() = / (A — ) / ot — ) (u(t) — uls)) ds dz. (4.4)
Q 0

Before we prove our result, we need the following lemmas.

Lemma 4.2. Let u € L>([0,T); H} (2)), then we have

/ </t9(t_3)(“(t) —U(S))dS)Qd:c < (1 =10c*(go Vu)(t),
o o

where ¢ is Sobolev—Poincaré constant.

Proof. By the Holder inequality, we get

/(O/tg (t —s)( U(S))d8)2dx§9/(jg(t—s)ds)(jg(t—s)|u(t)—u(s)|2ds> dx

0
t

< (1- 1) / ot — ) Vu(t) — Vu(s)|2ds < (1 - (g o Vu)(t). O

0
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Lemma 4.3. Let u be a solution of (1.1), then there exist two positive constants By and Be such that
B1E(t) < G(t) < B.E(t).

Proof. By Young’s inequality, we have

‘ / ugu dx
Q

’ / Vu;Vudx
Q

1 c
SéIIWH%gIIUII% SéHUtH%JrEHWH% (4.5)

and )
< 6|V + o [Vul)3. (4.6)

It follows from (4.4) that
U(t) = f/Vut /g(t —8)(Vu(t) — Vu(s)) dsdx — /ut /g(t — s)(u(t) — u(s)) dsdx. (4.7)
Q 0 Q 0

By Young’s inequality and Holder’s inequality, the first term on the right-hand side of (4.7) can be
estimated as
¢

' — /Vut /g(t —8)(Vu(t) — Vu(s)) dsdx
Q 0

t

2
< % Vg ||3 + %/ </g(t —5)(Vu(t) — Vu(s))ds) dz
Q 0
< S IVuld+ 13 (g0 Vu)(e). (18)

Applying similar arguments as in deriving (4.8) and then using Lemma 4.2, we have

’_/“to/g(t—S)(U(t) — u(s)) ds da

Q
< hdi+s [ (jg<t—s><u<t> —u(s))ds)de

Q 0

;lc%govuxm. (4.9)

Hence, by using (4.5)—(4.9), from (4.2) we have the following inequalities:
G(t) < ME(t) + e®(t) + ¥(t)
< ME(t) + Mlluel3 + Xal Vuel|3 + As||Vull3 + (g 0 V) (2)
< ME() + s (el + [ Vudll3 + 1 Vul + (g0 Tu)(1)),

IN

1 1
5 lel3 +

where ) ) - L
= — = — = ¢ = 7_ 2
)\1—2+6(5, )\2—2+65, A3 0 V! 5 (1+¢).

On the other hand, we have

G(t) = ME(t) = Xs (luel3 + Vw3 + [Vul3 + (g0 Vu)(t)),

where A5 = max(A1, A2, A3, A4). Thus from the definition of E(¢) and (4.1), choosing M sufficiently
large and e small enough, there exist two positive constants By and Bs such that

B1E(t) < G(t) < BoE(t). O
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Theorem 4.2. Given (ug,u;) € H}(Q) x HE (), suppose that (A1) and (As) hold. Then for t > to
the energy of the solution of (1.1) satisfies

E(t) < ke=¢tt0) ¢ > ¢,
where ( is a positive constant.

Proof. In order to obtain the decay result of E(t), we need to estimate the derivative of G(¢). From
(4.3) and the first equation of (1.1) it follows that

®'(t) = fuell3 + [ Vuell3 — [[Vull3
/|u |m(@)— 2utud:c+/|u|p(x der/Vu/ (t —s)Vu(s) dsdzx. (4.10)

The last term on the right-hand side of (4.10) can be estimated as

‘/Vu/g (t — 8)Vuls) ds da| < / (jg(t—s)Wu(s) —Vu(t)|ds> dx+/tg(s)ds||Vu||§
Q 0 0

t
1
< (14n) /g dSIIWIIwa77 (goVu)(t) < (1+n)(1—l)IIVUI|§+%(gOVU)(t> for n>0. (4.11)
0

Also, by Hélder’s and Young’s inequalities, we get

‘ / g | 20 d
o

1 m(x)—
<ol + 3 fum 2 da. (4.12)
Q

Substitution of (4.11) and (4.12) into (4.10) yields
O (t) < Juell3 + [Vuell3 = [IVull3 + (1 +n)(1 =D Vul3

1 1 mi\x)— xT
+%(goVu)(t)+77||U||§+E /|ut|2 (=) 2+/|u|p( )dx. (4.13)
Q Q

Next, we would like to estimate W'(¢). Taking the derivative of U(t) in (4.4) and using the first
equation of (1.1), we get

t

’t):!Vu O/Qt—s — Vu(s)) dsdz
—Q/ <O/g(t — $)Vu(s) ds) (O/g(t = 8)(Vu(t) — Vu(s)) ds) dz

+ / g | ™) =2 /g(t — 8)(u(t) — u(s)) dsdz — / |u|p(x)_2u/g(t = 8)(u(t) — u(s)) dsdzx
Q 0 Q 0

t

t

—/ut/tg'(t—s)(u(t) — u(s)) dsdx — (/g(s) ds)IIVutH%
0

Q
(/ (s) ds) l|ue||3 — /Vut/ (t — s)(Vu(t) — Vu(s)) dsdzx. (4.14)
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Similar to (4.13), in what follows, we estimate the right-hand side of (4.14),

‘ /Vu/tg(t — 8)(Vu(t) — Vu(s)) dsdx
Q 0

< 5| Vul2+ 4—15/ </g(t—3)(Vu(t) —Vu(s))ds) de < 5||Vull2 + %(govu)(t). (4.15)
Q 0

‘/(/tg(t— s)Vu(s) ds) (/tg(t— $)(Vu(t) — Vu(s))d5> du
o o J
where
I :/</t9(t—s)Vu(s)|ds>2dx7

Q 0

Iy —/(/tg(t—s)Vu(t) —Vu(s)ds)zdx.

Q 0

and

1
< §I — I 4.16
< 1+45 2, ( )

By Holder’s and Young’s inequalities, for n > 0, we obtain

n< | ( / g(t = )(|Vu(s) — Vu(t)] + |w<t>|>ds)2dw
Q 0

t 2 t
§Q/<O/g(t—s)|Vu(s)—Vu(t)|ds> dx—i—g/(o/g(t—s)Wu(t)ds) do
+2/ </g(t—s)|Vu(s)—Vu(t)|ds) / (/g(t—s)|Vu(t)|d8> dx

0

Q 0

<m0 = DAul+ (14 5)1 =Dl o Va0 (4.17)

and ,
I = / (/g(t — 9)|Vu(t) — Vu(s)] ds> de < (1 —=1)(g o Vu)(t). (4.18)

Q 0

Taking 7 = 14 in (4.17) and using (4.18), from (4.16) we get

' - / ( / ott = 9y9uts)as ) ( / ot = 9)(Vult) = Tu(s)) ds ) da

<(1- z>(5uvu\|§ + (? + 4%)(1 “)(go Vu)(t)). (4.19)
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By Holder’s inequality, Young’s inequality and Poincaré’s inequality, we have

t

’ Q/ IRLICE 0/ ot — ) (u(t) — u(s)) ds dz =

< 5/|ut|2"“t<ﬂﬂ>*2 dz + a-be (goVu)(t) (4.20)
Q

and

‘ /|u|p(“')_2u/g(t = 8)(u(t) —u(s)) dsdz| < 5/ |u|?P@) =2 g 4 (1;75[)0 (goVu)(t).  (4.21)
Q 0 Q

Using Young’s inequality and (A;) to deal with the last term of (4.14), we have

t

— Uy "t — 8)(Vu(t) — Vu(s)) dsdz 9(0)
] Q/v O/g(t )(Vu(t) - Vu(s) dsd

< oIVurly - L2 (o 0 Tu)(@). (4.22)

Exploiting again Young’s inequality and (A;) to estimate the fiveth term, we get

t

' = [ [ 9= 9)ut) - ulo)) ds s

Q 0

t C2
< Sl + 55 [ [ 9= 9lut) — uo) dsdr < sl - LD (¢ o Vae). (.29
Q0

Further, combining estimates (4.15)—(4.23), (4.14) becomes

W(0) < Ous} + 8 Ful + (L= D8IVl +3 [ a2 do
Q

45 [ =2 a5 val + 2 o v + (5 + 45) @ - D2(go V)
Q
+ (14_51) (g o Vu)(t) + (14_5l) *(go Vu)(t) — %(5)) (g' o Vu)(t)
I8 ove) - ([ otas)ivul - ([ ote)as)lulg (a2
0 0
By (4.24) and Lemma 4.1, we obtain
V(1) < erlluel3 + 2l Vuel3 + esl Vull3 + calg o Vu)(t) — es(g” o V) (2), (4.25)
where
aa=(0—[g(s)ds), ca=[0+cd— [ g(s)ds|,
o fore). (s frra)
c3=(1-004+54+¢c), cs= ((% + %)(1 —1)%+ (1421) + 2(146_ ) 02)
and

c2
o= (1)
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Since g(t) is positive and continuous, for any ¢y > 0, there exist g1, go such that

t

to
g(t) > g1 and /g(s) ds > /g(s) ds = go, Vt>to. (4.26)
0 0

Hence we conclude from (4.2), (4.13), (4.25) and (4.26) that for any ¢ > ¢y > 0,
G'(t) = ME'(t) + e®'(t) + U'(t)

M €C
< (G o) o VO + (e el + (e+ ot )V

M _ (1 — 2 € p(2)
(=G o+ cren+ (=m0 =)Vl + (ci+ 1 )(go Vo)) +e [ [ do
Q

However, ¢'(t) < —g(t) by (A1), thus we can see that
G'(t) < —(—e—c)luel3
€c M
~ (e g IV~ (Gon— s e cen— (L=m)(1 =) Vull

2

M €

(e —e — — p(z)

< 5 ~ 1 477)(g o Vu)(t) + e/ |u|P®) dex.
Q

At this point, we take § = ¢, n = /6 and choose € small enough such that gy > (¢ + 2)e + c/e. Once
€ is fixed, we pick M sufficiently large so that

M M

(? — ¢4 —C5 — ﬁ) > (0 and (791 —03+6—ecn—(1—n)(1—l)) > 0.

Therefore, for any t > tg, we have

6'() < = (cullull + exl VB + sVl + calg o V) (0) ¢ [ 1) ).
Q

where

cg = (—€—c1), 072(—6—62—E), ng(%gl—C3+€—€C77—(1—’I7)(1—l)),

4n 2
and
_ (% e — e — i)
Cg = B Cq4 Cs 477 .

Combining Lemma 4.3 with (4.1) and (2.5), we get

G'(t) < —cr0E(t) < f%;’ G(t), (4.27)

for some positive constant ¢jg > 0. The integration of (4.27) over (to,t) gives
G(t) < Glto)e B2 710 ¢ > ¢,

Again, by virtue of Lemma 4.3,

This completes the proof. O
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