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Abstract. This paper discusses and theoretically studies the existence and uniqueness of radially sym-
metric solutions for a multidimensional nonlinear time and space-fractional reaction-diffusion/wave
equation that enables treating vibration and control, signal and image processing, and modeling earth-
quakes, among other physical phenomena. Additionally, application of Schauder’s and Banach’s fixed
point theorems facilitates identifying the existence and uniqueness of solutions for the selected equa-
tion. The applicability of our main results is demonstrated through examples and explicit solutions.
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1 Introduction and statement of results

Partial differential equations (PDEs) with fractional order have recently become a valuable tool for
modeling numerous tangible incidents that science attempts to explain and have approached more
frequently in recent years. Their application spans studies of vibration and control, signal and image
processing, and modeling earthquakes, among others (Samko et al. 1993 [36], Podlubny 1999 [34],
Kilbas et al. 2006 [23], Diethelm 2010 [17]).

Exact solutions of fractional-order PDEs are crucial for rendering many qualitative features of nat-
ural science processes and phenomena fathomable, that become obtainable by using various methods
including the residual power series, symmetry, spectral, Fourier transform, similarity, etc. (for more
details, see [1-13,16, 18,19, 22,25-29, 31, 33, 35, 37-40]).

In this work, we give an example of a class of fractional-order PDEs, which helps to describe
various complex phenomena; it is a multidimensional nonlinear time and space-fractional reaction-
diffusion/wave equation which is written as follows:

Otu — K*Au = F(t,x,uﬁfu, (=A)*u) for 0<s<1<pB<a<2, (1.1)

where u = u(t, z) is a scalar function of the time ¢ > 0 and space variables € R™, with m € N. Also,
F :[0,00) x R™ x C x C x C — C is a nonlinear function, x € R* is a real constant and
o™u

—_—, a=n€N,
otn .

8?’&(15,58) = (t _ T)nfafl o
IO+ atu/MWU(T,z)dT, n—1<a<n.

The symbol (—A)® defines the fractional Laplacian operator [24]

t —u(t
(—A)Y’u=C,p, s PV. / W dy for 0 <s <1,

RmM

where P.V. stands for the Cauchy principal value, and the constant C,, , is given by

22SSF( m-i2-23 )

Cmes = b (1 — )

We take the fractional power of (—A) to obtain a positive operator. As a result, our definition
of the fractional Laplacian (—A)® is the negative generator of the standard isotropic s-stable Lévy
process [24], which is reduced to —A = —9%/8%x, — 9% /0%xy — - - - — 8% /0%x,, when s = 1.

1.1 The significance of the equation

Equation (1.1) is a representation of a large class of linear and nonlinear equations. Note that for
F=0and a =1 (resp. « =2), the PDE (1.1) represents the standard heat equation (resp. the wave
equation). In addition, it becomes the Klein—-Gordon equation when we choose F' = ku, |k| = 1 and
a = 2. All these equations fall under the name of the fractional reaction-diffusion/wave equation (see
Table 1).

Obviously, the development of accurate mathematical models for the description of complex anoma-
lous systems depends on swapping the fractional Laplacian with integer-order Laplacian.

Fractional equation (1.1) is an equation that arises in relativistic quantum mechanics and quantum
field theory, which is also crucial for high energy particle physics and is used to model many types
of phenomena, including the propagation of dislocations in crystals and the behavior of elementary
particles.

In [32], the authors investigated the first-order derivatives in space and half-order derivative in
time contained in a time-fractional derivative in relation to a diffusion equation. The relationship
that lays between the fractional diffusion equation proposed in their work and the classical diffusion
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Table 1: Significant equations involving fractional Laplacian

Fractional equation Formula
Reaction-diffusion/wave O%u + kK2 (= A)u+ c(t,z)u =0
[8,9,11,18,19, 22, 28,31, 33, 40]

Quasi-geostrophic [13] Ov+0-vo+k(—A)v=Ff

Cahn-Hilliard [1-3] Ow + (—A)* (=2 Aw + f(w)) =0

Porous medium [1-3,16] Ou+ (—A)*(Ju|™ Lsignu) =0

Schrodinger [25] ihdph = O (—h*A)*p + c(t, x )t
1

Ultrasound [12, 37] = 970 = v20 — {10,(—A)* + n(—A)5ts 16
0

equation is also considered. Nigmatullin [30] noticed the possibility of the accurate modeling of several
universal electromagnetic, acoustic, and mechanical responses; according to him, such modeling can
be achieved by using diffusion-wave equations with time-fractional derivatives.

Additionally, usages of (1.1) include denoising and edge stabilizing in image processing. This
has been approached to examine diffusion processes and variational principles (heat equation and
energy method, respectively). Authors of [15] proposed the first approach to image processing (see
also [14,20]) by means of a simple two-dimensional fractional integrodifferential equation given by the
linear equation

t
Owu(t,z,y) = /t—TO“QAu(Ta:y)dT for 1<a<2,
0

U(O7$,y) - Uo(-T,y),

or, equivalently, 2 dta L(t,x,y) = Au(t,z,y), with ug being the initial data representing the original
image. This linear integrodifferential equation preserves object boundaries and enhances the interior
regions in a stable and reliable way, even for grey-level images [14,15, 20].

1.2 Problem statement and main results

Let 0<s<1,1<B<a<2¢(>0, and T. = le= be such that Q = [0,T¢] x [e/+/m, +00)™. We
consider

OPu — K2 Au = F(t,a:,u,@fu, (—A)su), (t,z) € Q, keR*
(1.2)

)
8%‘(0,:5) =0, 8,uo € C,

where F': Q) x C x C x C — C is a nonlinear function.

This paper’s contribution regards determining the existence, uniqueness, and main properties of
the general solution of stability problems obtained through replacing classical rules with fractional
quadrature rules of the radially symmetric solution (see [8,9,11,18,19,22,26,31,35,38,39])

u(0,) = |z|°uo,

u(t,x) = |z’ f(jz|~=t) for |z|=+/22+ -+ 22, and 6 € C, (1.3)

the basic profile f is not known in advance and is to be identified.

Taking into consideration the regularization processes, our major aim is employing of the solutions’
intermediate properties for the fractional order PDEs problem (1.2). We consider the intermediacy of
the multidimensional nonlinear reaction-diffusion equation and the wave equation.

We illustrate that using analytical techniques to obtain the existence and uniqueness of weak
solutions via the use of form (1.3) is promising and can also bring new results for other applications



Multidimensional Nonlinear Time and Space-Fractional Reaction-Diffusion/Wave Equation 5

in fractional-order PDEs. It permits us to reduce the fractional-order PDE (1.1) to a fractional
differential equation; the idea is well illustrated in this paper through selected examples and explicit
solutions.

For the forthcoming analysis, we impose the following hypotheses:

(Hyp. 1) F: Q@ xCx C x C — C is a continuous function that is invariant by the change of scale
(1.3). It gives us

:‘€2
F(t,z,u,8)u, (—A)*u) = Ix\5’2(J(77, F), f'(n),°DE f()) — 407 n2f”(77)>, (1.4)

where n = |z|~%t and J : [0,] x C x C x C — C is a continuous function.

(Hyp. 2) There exist three positive constants wi,ws, w3 > 0 such that the continuous function J given
by (1.4) satisfies

[T, f,9.h) = T (0. £.G.h)| < wilf — f| +walg — §] + ws|h — A
for any f,g, h,f,ﬁ,ﬁ e C.

(Hyp. 3) There exist four positive functions a, b, ¢,d € C([0, ], Ry ) such that the continuous function
J given by (1.4) satisfies

[, f,9,h)| < a(n) + b(m)[f] + c(n)lgl + d(n)|h]|
for any f,g,h € C and n € [0, ).

A denotes the positive constant defined by

A = su alf (gl +c*) +d* alf(|g] +wa) + w3
TP T (a—B+1) " FaT(a-F+1) [

where
2k2
¢=-—3 ((26 + m+2) +2)

and

a* = sup a(n), b* = sup b(n), c" = sup c(n), d*= sup d(n).
n€elo,4] n€efo,4] n€lo0,f] n€eo,4]

Now, we present the main theorems of this work.
Theorem 1.1. Assume the hypotheses (Hyp. 1)~(Hyp. 3) hold. If we put X € (0,1) and

To(|6k2(6 +m — 2)| + b*) 9
TatD(I-N % (15)

then there is at least one solution to problem (1.2) on Q in the radially symmetric form (1.3).

Theorem 1.2. Assume the hypotheses (Hyp. 1) and (Hyp. 2) hold. We give A € (0,1) and

L Tla4 DN \*
= (GG im-oiia)

If we put
T. <eak, (1.6)

then problem (1.2) admits a unique solution in the radially symmetric form (1.3) on Q.



6 Bilal Basti, Rabah Djemiat, Noureddine Benhamidouche

2 Preliminaries and necessary definitions

In this section, we present the necessary definitions from the fractional calculus theory. By C([0,¢],C)
we denote the Banach space of continuous functions from [0, ¢] into C with the norm

[fllec = sup [f(n)].

ne(0,4]
We start with the definitions introduced in [23] with a slight modification in the notation.

Definition 2.1 ([23]). The left-sided (arbitrary) fractional integral of order v > 0 of a continuous
function f : [0, 4] — C is given by

78, f(n) = %a) / (n— €)1 f(€) de. 7€ 0.4,
0

()= [ 9 Lexp(—¢) d€ is the Euler gamma function.
0

Definition 2.2 (Caputo’s fractional derivative [23]). The left-sided Caputo’s fractional derivative of
order o > 0 of a function f : [0,¢] — C is given by

n
ddfin) for a =n € Ny,
n
C o . n
D0+f(77)— n na 1 gn
Ig+adf /77 9 df(f)df forn-l<a<neN
I'(n—a) dgn

0

Lemma 2.1 ([23]). Assume that DS, f € C([0,4],C) for all o > 0, then

n—1 (k)
“Dg. f(n) = f(n) - Zf ()777 n—1l<a<neNl.

k=0 k!

3 Basic-profile’s existence and uniqueness results

Our initial aim is to infer that the function f in (1.3) satisfies an equation that is employed in the
definition of radially symmetric solutions.

Theorem 3.1. Let §,up € C, o, € R be such that 1 < 8 < a <2 and p = 5x%(5 + m — 2) with
Kk € R*. If the hypothesis (Hyp. 1) holds, the problem of time and space-fractional order (1.2) is
reduced by transformation (1.3) to the fractional differential equation of the form

()+f( ) ( )’ ne [076]’ (31)

where
w(n) =pfm) +anf' () + I (n, f(), f'(n), “Dj, f(n)).

with the conditions
f(0) =wug and f'(0)=0. (3.2)

Proof. Substituting expression (1.3) into the original PDE of fractional order (1.1) results in a frac-
tional equation that needs to be narrowed down to the standard bilinear functional equation (check
[8,9,11,18,19,22,26,31,35,38,39]). First, for n = |&| "¢, we get 5 € [0,/] and

2

Au(t,z) = \x|5_2 (5((5 +m—=2)f(n) - — [a(% +m+2)+ 2] nf'(n) + % n2f"(77)). (3.3)
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On the other hand, for £ = |x\_%r, we get

t t
0“u 1 o 0u(r, x) B |x\‘S —a d? 2
5taF(2—a)/(tT) or2 dTr(z—a)/(tT) gz feler)dr

0 0

I RN a0
“Te—o / (0 — €)' S5 F(€) dé = 272D, f(n). (3.4)

If we replace (1.4), (3.3) and (3.4) in the first equation of (1.2), we obtain
“Di f (1) = (),
From the conditions in (1.2), we find
0
u(t,@) = e £(0) and 2 (0.2) = [« % 1/(0),

which implies that
f(0) =wuo and f'(0) = 0.
The proof is complete. O

Lemma 3.1. Assume that J : [0,{] x CxCxC — C is a continuous function, then problem (3.1), (3.2)
is equivalent to the integral equation

Fn) = up + ﬁ / (n— &) 1p(€) de Y € (0.4,

where ¢ € C([0,¢],C) satisfies the functional equation

e(n) = p(uo + g () + (1, 9(n)),
where 1 : [0,£] x C — C is a function satisfying

W(n,e(n)) =I5 o(n) + J(n, m +Iéiw(n)l&”w(n%Ig‘fﬁso(n))~

Proof. Using Theorem 3.1, and applying Z§, to equation (3 1), we obtain I, CD“ f(n) =I5, 0(n).
From Lemma 2.1, we simply find Z§, CD8‘+f( )= f(n) — £(0) —nf'(0). Substltutlng (3.2) gives us

fm) = uo + Igvo(n). (3.5)
As

/ d « a—1
' =g, [uo + Zg+o(n)] = Z5i e(n)
and
Dy, f(n) = Dy [uo + Igho(m)] = To o),

then

o) =pfm) +anf' () + J(n, fn), (), ° DL, f(n))
= p(uo + I¢ (n)) + anZy o(n) + J(m uo + I p(n), o Yo(n), Ios w(n))
= p(uo + Zg+(n)) + ¥ (0, 0(n)).

Otherwise, starting by applying C’D& on both sides of equation (3.5) and using the linearity of
Caputo’s derivative and the fact that “Dg, up = 0, we easily find (3.1). Furthermore,

f(0) = (uo + I #)(0) = uo,
7(0) =757 16(0) = 0.
The proof is complete. O
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Theorem 3.2. Assume the hypotheses (Hyp. 2), (Hyp. 3) hold. If we put A € (0,1) and

¢ (|p[ +b*)

Mot i-n b (3.6)

then problem (3.1), (3.2) has at least one solution on [0, /).

Proof. To begin the proof, we will transform problem (3.1),(3.2) into a fixed point problem. Let us
define

Ag(a) = w0+ s [ (0= 9" ele) e (37)
0

where
©(n) =pgn) + v, 0Mm), nel0,4,
with
W(n, o) = eIy e(n) + J(n,uo + IS (), Io o), Io P o(n ))

Since the hypotheses (Hyp. 2), (Hyp. 3) hold, we notice that if ¢ € C([0,],C), then Ag is indeed
continuous (see the step 1 in this proof); therefore, it is an element of C([0, ¢],C) and is equipped with
the standard norm

| Agllc = sup |Ag(n)|.

n€(0,4]

Clearly, the fixed points of A are solutions of problem (3.1), (3.2).
We demonstrate that A satisfies the assumption of Schauder’s fixed point theorem (see [21]). This
could be proved through three steps.

Step 1: A is a continuous operator. Let (gn)nen, be a real sequence such that lim g, = g in
n—oo
C([0,4],C). Then Vn € [0, 4],

| Agn(n) — Ag(n)] < Féa)g/Oi—é)“‘1W%(§)—¢%€)d&

where
en () = pgn(n) + (0, 0n(n),  (n) = pg(n) + (0,0 ())-
Consequently,
[pn () = ()] = ‘p(gn(n) = 9() + (¥, en(m) = ¢(n, w(n)))‘
< (Ipl +w1) lgn(m) — g()] + (lal + w2) |Z5" (0n (1) — ()]
+ws| T (en(n) — ().
We have B
755 () = )] < e = Pl

AsT(a+1)>T(a—B+1) forany 1 < § < a <2, then

aﬁa—l

m llen — @lloo-

Zos (e (n) — ()] <

In another way, we have
(e=h

’I[?fﬁ(%(ﬁ)— )| < m||@n—<ﬁ||oo-
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Then we get

alP=(|q| + w2) + w3
B=T(a—p+1)
< (Ipl + w1) l1gn = glloo + Allpn — @lloo-

lon — ¢lloo < (Il +w1) [lgn — glloo + lon — @lloo

As X\ € (0,1), thus we have

Ip| + w1
L g, — gl

lon = @lloe <

Since g, — g, we get ¢, — ¢ when n — oo.
Now, let © > 0 be such that for each n € [0, ], we get |¢n(n)| < p, |¢(n)] < p. Then, we have

(T]F(i);l len(n) — ()] < (nr(i);l L] + )] ] < % (n— &)L,

The function £ — %(n — €)1 is integrable on [0,7], Vn € [0,¢]; thus, what the dominated

convergence theorem of Lebesgue implies is
|Agn (1) — Ag(n)| = 0 as n — oo,

and hence
lim || Ag, — Ag|leo = 0.
n— oo

This indicates the continuity of A.

Step 2: Using (3.6), we put the positive real

a*® 1I-=MNl(a+1)
(1—- X (a+ 1)) (1= (a+1)—L2(|p| + %)’

r> (|uo| +

and define the subset H as follows: H = {g € C([0,4],C) : |glloc <7}. It is clear that H is bounded,
closed and convex subset of C([0, ¢],C).

Let A: H — C([0,/],C) be the integral operator defined by (3.7), then A(H) C H.

Indeed, for each 7 € [0, 4] we have

o)l = |pg(n) + v, e(m)| < a* + (Ip| + %) [9(n)] + Al oo-

Then we get
a” + (Ip| +b")r

<
lelloo < =2

Thus

Ag(m)| < Juo| + ﬁ / (n— £ |p(€)| de
0

wee (1N il
< (ol + =) GonrGr - | (el + b))

T.
- (1-X\)I(a+1) — <
TN (at D) — = (p[15%) (1= (a+1)

Then A(H) C H.

Step 3: A(H) is equicontinuous.
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Let n1,m2 € [0,£], ;1 < 12, and g € H. Then

| Ag(n2) — Aglm)| = ﬁ

<y ] I / (=" = (m = ")l s+ 5 [ (= "ot de
0 m
< St | / 00 =97 = (n — 9 de+ [ -9 ae] 39
We have L d
(=)' —(m—9* "= TodE [(n2 — &) = (m — )],
then .
J16m =€ = = e < % [t —n)® + (a8 — )],

0

we also have
n2

1 s 1
/(772 &) hde = - [(n2 = €)°] " < - (2 =m)®.
m
Thus (3.8) gives

2(n2 —m)™ + (ns —nf) (

T(a+1)(1—\) a” + (Il +67%)r).

|Ag(n2) — Ag(m)| <

The right-hand side of the latter inequality tends to zero when 1, — 5.

As a consequence of steps 1 to 3, and through the Ascoli-Arzela theorem, we infer the continuity
of A: H — H, its compact nature and its satisfaction of the assumption of Schauder’s fixed point
theorem [21]. Therefore, A has a fixed point which solves problem (3.1),(3.2) on [0, ¢]. O

Theorem 3.3. Assume the hypothesis (Hyp. 2) holds. If we put A € (0,1) and

/< (F(a—i—l)(l —)\))i

3.9
Ip| + w1 (39)

)

then problem (3.1),(3.2) admits a unique solution on [0, /).

Proof. Theorem 3.2 states that (3.1), (3.2) can be rendered a problem of a fixed point (3.7).
Let g1, g2 € C(]0,4],C), then we get

Agr (o) = Aga(n) = 55 [ (1= 0" (a(€) = a(6)) .
0

where ¢; € C([0,/],C) are such that
vi(n) = plco + Zgpi(n) + ¥ (n, wi(n)) for i=1,2,
b(n,i(n) = anZs pi(n) + J(n,CO +I&wi(n)iﬁflw(n),Ig‘f%i(n))~
Also,

g1 (n) — Aga(n)]| < ﬁ / (n— € Vo1 (€) — palE)] de. (3.10)
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We have
+w
lor — @alloo < PEL gy — g,
From (3.10) we find
(pl +w1)
- < M TEU g ,
[Ag1 — Agallos < Tla+1)(1—\) 91 — g2l

Thus, according to (3.9), A is considered as a contraction operator.

The Banach contraction principle (see [21]) helps us to infer that .4 has only one fixed point which
is the unique solution of problem (3.1), (3.2) on [0, ¢]. O
4 Proofs of main theorems and illustrative examples

This section demonstrates the proof of the existence and uniqueness of solutions of the given problem
for a multidimensional nonlinear time and space-fractional reaction-diffusion/wave equation, which is

Oty — K2 Au = F(t,x,u,@fu, (=A)*u), (t,z)€Q, keR",

5 (4.1)
w(0,z) = |z|°uo, 8—1:(0,:5) =0, 8,uo € C,
under the radially symmetric form
u(t,x) = |z|° f(n), with n=|z| at. (4.2)

Proof of Theorem 1.1. Assume that the hypotheses (Hyp. 1)—(Hyp. 3) hold. Given Theorem 3.1, us-
ing transformation (4.2), problem (4.1) is reduced to the fractional order ordinary differential equation
of the form

D f(n) = o(n), (4.3)

where
w(n) =pf() +anf' )+ J(n, F), F'(n), “ Dy, f(m))

with
2

2
p =026 +m—2) and q:—%(a(25+m+2)+2), (4.4)

along with the conditions
f(0) =ug and f'(0) =0. (4.5)

By using (4.4), condition (1.5) is equivalent to (3.6), which is

t*(lp[ +b*) :
———— < 1 with A € (0,1).
NCE R (0.1)
Therefore, after proving that problem (4.3), (4.5) has a solution as in Theorem 3.2 when (3.6) holds, we
can similarly prove the existence of at least a solution of the problem for the multidimensional nonlinear
time and space-fractional reaction-diffusion/wave equation (4.1) under the radially symmetric form

(4.2). This can be achieved if (1.5) holds. O
Example 4.1. Ifwechooses:Lﬁ:%az%,ézl,mzlazl,mz,/% andeQ%,we
obtain 2 = [0, 2%] X [%, +00)2. Consequently, the considered problem will be stated as follows:
i 7 3
Ofu— — Au= F(t,z,u,02u,Au), (x,y) € Q,
96 (4.6)

0
u(0,2,y) = Va2 2, S (0.2,y) =0,
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where

8

3
oL exp(—|z|Fo)[2]] + [u] + [2|02ul] 7
3
(ol =¥t + 21l ~F ¢+ e)[l2] + [ul + af2l0ul]

= ol [I (0. 1.7 D F) — )]

F(t,z,u, 3t%u, Au) =

with n € [0, ] and

exp(=n) 2+ |f| + ] 25

0800 = G S s %6 B

Clearly, the function J is jointly continuous. For any f, g, h, f g, h e C and n € [0, 25] we get

Therefore, the hypothesis (Hyp. 2) is satisfied with

w —§ w —1 and w3 = =
1= 560 W27 7 3= 5
Also, we have
exp(—n 25
T fa ) <SPI0 ) 4 111+ .

n+2In(n +e)
Thus, the hypothesis (Hyp. 3) is satisfied with

2exp(=n) exp(—1) 7 25 exp(—1)
aln) n+2In(n+e)’ () n+ 2In(n + e) 96 ¢(n) 2 () n+ 2In(n + e)
Then . 1 )
*_q * _ 99 *_ = *
a , b %’ © = d 5
and

al’~ gl + ") +d* ol (|g] + wa) +ws
= ~ (0.87474 < 1.
° {fﬁ—arm—ml) T (a— 1) } 8T <
Condition (1.5) gives
T (|6K2(6 + m — 2) + b¥)
D(a+1)(1 - )

It follows from Theorem 1.1 that problem (4.6) has at least one solution on €.

~ (.26381 < % = 1.

Proof of Theorem 1.2. Similarly to the steps that we followed during the proof of Theorem 1.1, the
existence and uniqueness of a radically symmetric solution to problem (4.1) is demonstrated by using
Theorem 3.3, provided that condition (1.6) holds true. The proof is complete. O

Example 4.2. Ifweputs:l,ﬁ:2704:%,6:2,771:475: %/;,n:—,/%andﬁzg,we

get Q=1[0,1] x [3 %/g ,00)%. Thus, the studied problem will be written as follows:

8t2uf—Au F(t, x,u,aﬁu,Au), (t,x1,...,24) € Q,
272 ’
ou (4.7)
w(0, 21, ... 24) = 2(x3 + -+ 27), Fn (0,21,...,24) =0,
where
2 _4
5 t
F(t,z,u,0fu, Au) = mlz|” cos(|z[75¢) _ 9 Au

(4n2 + tan(jz|~38))[|2]2 + Ju] + [2]2]0 u]
1
*J(nmf,f/,ClD f( ))7177772]0”(77)5
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with 7 € [0, §] and

7 cos(n) f L1 1
(4 +tan() L+ [f]+ [~ 347 72"
As tan(n), cos(n) are positive continuous functions for n € [0, Z], the function f is jointly continuous.

For any f,g,h, f,§,h € C and n € [0, 5], we have %(\@—1—2)% < cos(n) < 1,and 0 < tan(n) < V2 -1,
also

J(777fagah) =

9 . 1 ~
G0, f,9:0) = T, F5 )| < (5 + 3o )1 = Fl+ o lg =31+ 4 | = T
Hence the hypothesis (Hyp. 2) is satisfied with
9 1 _ 1

and
alP =1 (|q| + wa) + ws

B=aT(a—p+1)
It remains to show that condition (1.6) is satisfied. Indeed,
1 < o2 ( Fla+1)(1-X)
8 [0k2(6 +m — 2)| + wy

A= ~ (0.79165 < 1.

T, =

)é ~ 0.18825.

It follows from Theorem 1.2 that problem (4.7) has a unique solution on .

5 Explicit solutions

Now, we present some explicit solutions of the radially symmetric form of problem (4.1).

Solution 5.1. Let p,¢q,y € Cfor s=1and 1 < f < a <2, we get that
f(m)=n" with Re(y) >1
is a solution of (4.3),4.5, where

n’ Ty - B+1)
I'y—a+1)

Then the radially symmetric solution of problem (4.1) is presented as follows:

J(n, f), f'(n),“ Dy, f(m)) = DL f(n) —pfn) — anf'(n).

u(t,z) = |z~ ¢,

where

R I'(v—8+Du(t,x 2y _
F(t,:c,u,atﬁu, (=A)%u) = t“(—ﬁ‘*"YF(fy—)a(—i— 1)) |z \ 09Pu(t, z) — k2 Aul(t, z).

Solution 5.2. Let p,qg,y € Cfors=1and 1 < < a <2, we have

f(n) = exp(yn) — ¥,

which is a solution of (4.3), (4.5), where

B—a
J(n, f(n). f'(n),“ DL, f(n)) = MEL?,_B(W)CDgJ(n)—pf(n)—qnf’(n)-

Here, E, 3(n) is the Mittag-Leffler function. Then the solution of problem (4.1) is presented as follows:

_2
u(t,x) = |22 (17172 — yjz|~%0),
where
|| =By 5o (y]2| " A ) ult, x)

F(t,x,u,@fu,(—A)su) = _2 2 2
(erlel™ =t — |z~ t) By 3-p(7]z]~=1)

Ol u(t,x) — K2 Au(t, z).
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Solution 5.3. Let p,q,y € Cfor s=1and 1 < § < a < 2, we get that

f(n) = sin(yn) + cos(yn) — 1
is a solution of problem (4.3), (4.5), where
T (n, f(n), f'(n), “ Dy, f(m))

_ 0?2 (i = 1)Ey 3_a(ivn) — (1 +4)E1 3_o(—iyn)] cph
(i = 1) By 5-(ivn) — (1 +4)Er3-p(—iyn) or

fm) = pfn) = anf'(n).
Then the solution of problem (4.1) is presented as follows:
5( . _2 _2 _z2
u(t, ) = |af (sin(ylz] =) + cos(ylal “#1) | ~%1),

where

2| 0tPu(t, )0 u(t, x)
(sin(y|z|=3¢) 4 cos(y|z| "5 ) — y]z| == t)
(i = 1)Bis a(iylz|5t) = (1+8)Erg_o(—iy|z|=t)
(i = D) By 3_p(iyla|~5t) — (14 i) By 3_p(—iyle|~5t)

F(t,z,u,0 u, (—A)*u) = —x*Au(t, z) +

X

6 Conclusion

Using Schauder’s fixed point theorem and Banach contraction principle, this paper explored the main
properties and the existence of at least a radially symmetric solution and its uniqueness for a class
of multidimensional nonlinear time and space-fractional reaction-diffusion/wave equation with mixed
conditions, while Caputo’s fractional derivative was used as the differential operator. The behavior of
radially symmetric solutions for the mentioned equation enables treating several physical phenomena.
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