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Abstract. A regularized periodic three-dimensional Boussinesq system is studied. The existence,
uniqueness and continuous dependance with respect to the initial data of weak and strong solutions
are proved under the minimum regularity requirements. The main novelty is that these solutions are
global in time. Also, convergence results of the unique weak solution and the unique strong solution of
the three-dimensional regularized Boussinesq system to solutions of the three-dimensional Boussinesq
system are established as the regularizing parameter o vanishes. We overcome the main difficulty
caused by the singular dependance of the energy estimates on the regularizing parameter; as if it
vanishes, the energy estimates blow up. The proofs use energy methods and compactness arguments.
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1 Introduction
We consider the regularized Boussinesq system (Bg,) given by

O —vAv + (v-V)u=—Vp+0es, (t,x)cRy xT?,
00 — KA + (u- V)0 =0, (t,r) € Ry x T?,
v=u—a?Au, (t,r) € Ry x T3,
divu =dive =0, (t,z) € Ry x T?,
(u,0)]i=0 = (u°,0°), x € T3,

where the unknown velocity, the unknown pressure and the unknown temperature are, respectively, the
three-dimensional vector u, the scalar p and the scalar §. The parameters v, k > 0 denote, respectively,
the viscosity and the thermal conductivity of the fluid, T? = (R/27Z)? is the three-dimensional torus
and u°, §° are the given initial data. The vector ez = (0,0,1)7.

In [6], we dealt with the weak solution of (Bg,) in the inhomogeneous sobolev spaces. Mainly, we
proved that there exists a weak solution to (Bga), @ > 0. This solution depends continuously on the
initial data and converges to a weak solution of (Bg,—o) as the regularizing parameter « vanishes.
Such solution is given by the following

Theorem 1.1. Let ° € L3(T?) and let u® € HY(T3) be a divergence-free vector field. Then there
exists a unique weak solution (uq,0.) of system (Bq.) such that u, belongs to C(Ry, H(T?)) N
L3Ry, H?(T?)) and 6, belongs to C(Ry, L*(T?))N L*(Ry, HY(T®)). Moreover, this solution satisfies
the energy estimate

t t
160132 + a2+ 0% Va1 + 2 [ 1960l dr +2 [ (190l + 02l Aual) dr
0 0

< [10°172 + [u’lZ2 + a®[ V|72 + oa(t), (1.1)

where
oalt) = (e = 1)(16°7 + [u’l72 + | Vu°||72).

If the initial velocity is mean free, then the solution is continuously dependent on the initial data on
any bounded interval [0,T]. In particular, it is unique.

In the above theorem, it is clear that the right-hand side of (1.1) depends on time and therefore
the solution belongs to LS (Ry, H'(T?)) and it will blow up if T — oco. Also, we studied strong
solutions to the Bardina alpha model in [2], the Lagrangian alpha model in [5] and our solutions were
defined only on a time interval [0, 7], where T is a finite time.

Here, we investigate weak and strong solutions to (Bg,) in the homogeneous Sobolev spaces, as
they are more flexible when closing the estimates, especially when dealing with the buoyancy force
ez = (0,0,6)T. Moreover, we consider a mean free initial data to obtain a global in time weak
and strong solution. Such solutions belong to Sobolev spaces which are energy spaces and hence
physically meaningful. Moreover, we prove that these solutions depend continuously on the initial
data and they are thus unique. Such dependance is very interesting in computational mathematics, as
it ensures the stability of numerical scheme, for example. Finally, we prove that the weak and strong
solutions converge, respectively, to a global in time Leray type weak solution of the three-dimensional
Boussinesq system and to a local in time strong solution of the three-dimensional Boussinesq system
as the regularizing parameter o« — 0. This convergence result is one of the main targets of the
regularisation. In fact, on one hand, it allows in practical situations to consider systems with o > 0 as
small as needed and fully profit from the uniqueness and continuous dependance, while keeping very
closed to a weak solution (respectively, strong solution) of the three-dimensional Boussinesq system
for which uniqueness of a weak solution is still an open problem and the existence of a strong unique
solution is only local in time. On the other hand, it is, in fact, another different method to prove the
existence of a weak solution and a strong solution to the three-dimensional Bousssinesq system.
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Let us recall that the homogeneous Sobolev spaces are given by
i) = {aesm), [ <o
T3

and endowed with the natural norm

el e gy = ( / |528|a<§>|2da)2,
T3

where s is a real number and S’(T?) is the Schwartz space. Also, we recall that a function ¢ is mean
free if )
T3

or, equivalently.
873 d(x1, T2, x3) day drg drs = 0.
[0,27]3

If ¢ is expended in Fourier series, that is,

¢(9U) — Z C«keik-z7

kez?
where the complex Fourier coefficient is
" 1 —ik-x
CLO) =30 = g [ ola)e e,
[0,27]3

then the mean free condition reads as Cy(¢) = 0. A three-dimensional vector field is mean free if all
its components are mean free.

2 Existence of a weak solution

For n € N, let P, denote the projection into the Fourier modes of order up to n, that is,

Pn( Z a(k)ezkx) _ Z a(k>ezkx

kezZ3 |k|<n

Let u, = P,u, 6, = P,0 and p, = P,p. One approximates the continuous problem (Bg,) by the
following ordinary differential system denoted by (Bgq )n:
Opvy, — Avy, + P, div(vauy) = —Vpy, + Ope3,
00, — A0, + P, div(0puy) =0,
Up = Up — 2 Auy,
divu,, = dive,, =0,

(tn, O )i—0 = (u,0%) = (Pu’, P,6°).

n»’n

~~ o~~~ —~
QU = W N =
—_ — Y Y —

The ordinary differential equation theory implies that there exists some maximal 7,7 > 0 and a unique
local solution u,, € C°([0,7) x T3) to (Bga)n. Taking the inner product in L?(T?) of equations (2.2)
with 6, and (2.1) with u,,, we obtain

1d
S ||‘9n||%2(1r3) + H||V9n||2L2(T3) =0, (2.6)
(lunllZ2 + 02 VunlZ) + (I Vunlz + 02 AunlEz ) = Bnes,un)ss.

=

1
2
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Integrating (2.2) with respect to x, we deduce that the first Fourier coefficient of 6 is conserved during
time, that is, Co(0(t)) = Co(0°), Vt > 0. Since 6° is mean free, we have C,,(8°) = 0. So,

(Ones tn)pe = > (k)3 (K). (2.7)
k+#£(0,0,0)

Applying respectively the Cauchy—Schwarz inequality and the Young inequality for products to (2.7),
we obtain

| =

1 v
(lunllZz + 2 Vunll72) + v ([ Vualz + 0| Aun|72) < % 16|72 + 3 [V 7s. (2.8)

[N
QU

t

Summing up (2.6) and (2.8) and integrating with respect to time, we obtain
t t
16wOI3: + (O3 + 02 [Vun s + 26 [ 198, dr 0 [ [Vunlr) 2 dr
0 0

t t
1
+200? [ |8 dr < (0915 + bl + @29l + 5 [ 163 dr
0 0

Using respectively the Poincaré inequality and (2.6), we deduce that

t t
/ 16,2 dr < / V0,2 dr < [|6°]%.
0 0

Thus, we reach our target in closing the estimates by a constant which is independent of time:
105 ()72 + lun(®)Z2 + 2| Vun 22

¢ t ¢
+2f<a/||V9n(7)||%2(1r3)d7+u/HVun(T)H%Q dT+2ua2/||Aun||%2 dr < C(a, v, k,u’,0°),
0 0 0

where C(a, v, k,u°,0%) = ||[u®||22 4+ 2| Vul||22 + (14 7-)[|6°]|2.. A standard compactness argument
(see. e.g., [4]) allows to prove that there exists a weak continuous and global in time solution such that
g belongs to C(Ry, HY(T?)) N L2(R,, H?(T?)) and 6, belongs to C(R, L*(T?)) N L*(R,, H(T?)).
As a conclusion, we have the following

Theorem 2.1. Let 6° € L*(T?) be mean free and let u® € H'(T?) be a divergence-free vector field.
Then there exists a global in time weak solution (ue,0q) of system (Bgqs) such that u, belongs to
C(Ry, HY(T?) N L2(Ry, H2(T?)) and 0, belongs to C(Ry, L2(T3)) N L2(R,y, H'(T?)). Moreover, this
solution satisfies the energy estimate

t
160 ®lZ2 + lua (®)lI72 + o[ VualZ + 2%/ V0 (7[5 sy d7
0

¢ t
+1//||Vua(7')||%2 dT+2ua2/HAua||2Lz dr < C(a, V,H,u0,00)7 (2.9)
0 0

where

1
Cla vy, u®,6%) = w3 + a2 [Vullfa + (14 =) 16°22.
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3 Continuous dependence with respect to initial data and
uniqueness of the weak solution
We turn to the continuous dependence of solutions with respect to the initial data. Conmder two

solutions (u,6) and (,0) of (Bqa) corresponding, respectively, to (u°,6°) and (z°,0 ) Denote
ou=u—u,év=v—71,00 =0 —0 and ép = p —p. Then

0100 — AdO + (du - V)0 + (- V)db =0,
O0v — Adv + (dv - V)u+ (V- V)ou = —Vip + dbes,

v = 0u — o*Adu, divou=divév =0, (Ju,80)—0 = (u*—7°,6°—8").
Using (2.9), we deduce that 4 60 € L%([0,T], H~'), 66 € L*([0,T7, HY), 4 50 e L*([0,T], H~2) and
du € L?([0,T), H?) . The duahty action gives
<i 50 5e> +[IV0)2 + (5u-V6,60), , =0
dt ) H*l L 9 H-1 9

<% 50,5u>H72 + (1 V6ul22 + 02| Adul|2:) + (6v - Vu,6u) , , = (60, 6u) ;-

H 2

for almost every time t in R. Applying the Lions-Magenes lemma concerning the derivatives of a
function with value in Banach spaces (see, e.g., [7, Chaper 3, p. 169]), one has

<£50 50>H71(1r3) -3

1d
2d
1d 2 2 2
<dt o0, 0u >H72(']1‘3) = 5 7t I8ullZeqrs) + @®[IVoullZa rs))-
Summing up, we obtain

= 13813 ),

d
7 (10elZ2 sy + @[ V8ullZa oy + 100117275 ) + (IVOulZ2(rs) + @*[| AUz (7)) + [[VOOIIZz o)
<50 5U> 1(T3) <5U VU 5u> Q(T';) <5u N V9,59>H,1(T3) .

N =

I I3

Since the temperature and the velocity are both mean free, we use, respectively, the Cauchy—Schwarz
inequality, the Poincaré inequality, and then the Young inequality for the products to obtain

156, 61+ | < 5 (195l + [V56]22). (3.1)
To deal with Iy, we first use the Holder inequality to obtain
(60 - Vi, ) | < |16 oo [ Vul] 2 |60 2
For every 9 € H2(T?), the Agmon inequality [1] reads as
1/2 1/2
191120 sy < ellFl g1 ooy 19132 -

It follows that L L
|| < C[6v] 2|V 2 |6ull 2| 6ull 2

The velocity is mean free, the Poincaré inequality applies, which leads to
60|22 < (¢ + o2)||Adul| 2. (3.2)

Using (3.2) and the Young inequality for products with the pair (4,4/3), we obtain

C
o] < Cle+ 0 Vul e [3ul {21602 < 5 (e-+ 02 IVullfa | Vouls + & AsulL. (33
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To investigate I3, we use the Holder inequality to obtain
(6w - V6,66) 1| < 15l V01| 2156 .

We recall the following inequalities: for every ¥ € H'(T3),

19| o ray < el g s (3.4)
(T#)
and
1/2 1/2
1911519y < el o) 1915 g (35)

Using inequalities (3.4) and (3.5), we obtain
1/2 1/2 1/2 1/2
(5= 50,60 4+ gy | < 602160l 2190 218611 < 160l 21960l 21961 2] V6] 1.

Using twice the Young inequality for products, we obtain
1 2 2 2 2 1 2
1] < 5 (I6ull3s + 02| Voull3:) IV6I. + 5 V60l (36)

Summing up estimates (3.1), (3.3) and (3.6), we infer that

d
= (I6ule + a2 V6ul3e + 1661132 ) + (IVoull2: + 0| Adul3.)
< g(t) (100l 2rs) + 01Vl s, + 10003 rs))-

where g(t) = C1()||Vul|72 + Ca(a)||VO]|,. Omitting the dissipative positive term on the left-hand
side, we obtain

d

= (19ulle 0y + 21Vl ray + 106032y ) < 9(8) (ISule ey + 02UV SUlE ey + 106132 ) -

Since § € L>(Ry, H') and u € L>®°(Ry, H'), Grénwall’s lemma leads to
(16wl 2(ra) + a2V 0ulF2ra) + 1060)32(rs))

+o00
< (180010 + 0219000 sy + 160 ) oo ([ 001 )
0

Hence, we obtain the continuous dependence of the weak solution with respect to the initial data
on [0,T], VT > 0. In particular, the solution is unique. Since the solution is continuous in time,
uniqueness over R follows. As a conclusion, we have the following

Theorem 3.1. If the initial velocity is mean free, then the global in time weak solution dealt with in
Theorem 2.1 is continuously dependent on the initial data (u°,0°), on R,. In particular, it is unique.

4 Existence and uniqueness of the strong solution

Taking L?-inner product of (2.1) with —Aw,, and (2.2) with —A#,, and summing up, we obtain

d
= (19012 o) + [Vl ra) + 02l A |32

N | =

+“||A9n||%2(1r3) +1/(||Aun||%2(T3) Jr042||VAUnH%2(1r3))
< ‘((un . V)GH,AH,LH + |((vn . V)un,Aun)‘ + ’(Hneg, Aun)‘ (4.1)
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Note that time derivatives of [[V6y|72psy and [|Vun||72gs) require initial data (6%, u°) € H' x H?,
Using in this order the Holder inequality, inequalities (3.4) and (3.5), and the Young inequality for
products with the pair (4/3,4), we obtain

|((tn - V)83 80| < et 9) V809 | A8 )

K
< cllun 2 IO IV 0321 A0 22 < CUVOI3 o liml s gy + 5 1800 2.

(T3)
By the Cauchy—Schwarz inequality, we have

|(Bnes, —Aup)| < VO, 72 + | Vun |72
First we use symmetry, then the classical properties of the bilinear term (see, for example, the first

statement of assertion (iii) of Lemma 1 in [3]), after that the Poincaré inequality, and finally the Young
inequality for products with the pair (4/3,4). We obtain

1/2 1/2
| (0 - V)t D) | = [{(0n - V) Aty ) 2| < [0y lonll 17 gy | A%t 2 73) 1t 1
1/2 3/2
< (C+ o) At | o 1A% 200 |57 et | g1 sy

_ 1
<(C+a?)'a b Au, 13- 11‘3)||UnHH1(T3) +5 V042||A3/2un||L2(T3)
Integrating with respect to time, we get

t
IVOI 72 + [IVulZs + ol Aull? +/ (K201 + v (| AulZ> + o[V Aul|Z)] dr
0

t
<C [ Jully (1€ + a®)'a~® ults + VO] dr
0

+/(||V9||%2 + | VullZ:) dr + VO 172 ms) + [ Vup 72 sy + 0 [ Aupllzps).-
0

Since the data (0°,u°) € H' x H? satisfy the hypothesis of Theorem 2.1, the energy estimate (2.9) is
applicable, which leads to

||V9n||2L2(1r3) + ||Vun||%2(1r3) + OZQHAUnH%z(TS)
t
b [ [0y + (1l + 027 At By i < O, 62)
0

(C + a?)?

. (42)

A standard compactness argument (see, e.g., [4]) completes the proof. As a conclusion, we have the
following existence and uniqueness theorem.

Theorem 4.1. Let 8° € H'(T?) be mean free and let u® € H?(T?) be a divergence-free and mean free
vector field. Then there exists a global in time unique strong solution (uq, 04) of system (Bq,,) such that
g belongs to C(Ry, H?(T?)) N LR, H3(T?)) and 0, belongs to C(R,, H'(T3)) N L?*(R,, H>(T?)).
Moreover, this solution satisfies the energy estimate (4.2).

Remark. As a strong solution is also weak, the uniqueness of the weak solution in Theorem 3.1
implies that of the strong solution in Theorem 4.1.
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5 Convergence results

To address the convergence problem, as the regularizing parameter « goes to zero, the first step is to
perform uniform estimates with respect to «. It is clear that neither the energy estimates satisfied by
the weak solution nor the one satisfied by the strong solution fulfill this condition. However, as for
the weak solution, the dependence of the right-hand side on « is of polynomial type, it is sufficient
to suppose that there exists a fixed value of o denoted by ag such that 0 < a < ag and to replace
« = qg in the energy estimates, in order to obtain a uniform bound with respect to . This can be
done because « is destined to vanishe.

In contrast to the weak solution, the strong solution is problematic. In fact, the right-hand side
of estimates (4.2) depends in a singular way on the parameter o and it blows up as « goes to zero.
In the following, we overcome this difficulty.

Above we proved that

(00 Ve, —20,)| < clluall g V815 0175

Using twice the Young inequality for products, respectively, with the pairs (4,4/3) and (3/2,3), we
infer that

K
[(uaVba, =A0a)| < clluallfy [VOal72 + 5 IIAG 72 < e(luallf + 1V8allG2) + 3 1884122
Also, we proved that

1/2 3/2
|(a Ve, —Ata)| < (C+ 0) | A | i 1A% 2t |3t [0 1 o).

Using twice the Young inequality for products, respectively, with the pairs (4,4/3) and (3/2,3), we
infer that
|(va Vta, =Auq)| < a”(C + a®)*|un| 11 po) | An |22 oy + 5 a2\\A3/2un||Lz (T9)
< Nunllf sy + (@7(C +a?)h)? ||Aun||L2('JI‘3) + 50[2 1A% 2 |22 pay -

Regarding the buoyancy force, we use the Cauchy—Schwarz inequality and the Poincaré inequality,
respectively, to get
[(Baes, —Aua)| < [[VOalZ: + CllAuqllZ-.

Proceeding as in the existence part, we obtain

DN | =
&.‘Q‘

(||V9 HL2(T3) + HVUQHL?(W) + 0‘2||AUaHL2(1r3))
||A0 ||L2(T3) Y (”Auanm 3 t o[ VAu,| 72 (T3) )
< c(nveanm + [ Vuall$e + aﬁnAuaan + IV0allz + [ Vuallfe + a2 Auallf:), (5.1)
where c is a constant independent of the parameter a. Denote
f(t) = ||V‘9a||%2(1r3) + ||Vua\|%2(1r3) + 042||Aua||%2(1r3)~
Since

cfP+f< e+ P+ ) <C(fF+1)°

one considers h defined by h(t) = f(t) + 1. The function f is a non-negative function, so h(0) # 0.

The estimation above implies that
dh

dt

Integrating the above ordinary differential inequality with respect to time, we deduce that for all
0<t<

< Ch3.

1
ICh2(0) ’

h(t) < V2h(0).
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Finally, we infer that for all 0 < ¢ < T* = min (T, W),
V0172 (psy + [ VuallZzersy + o[ AuallT sy

< V2([IVO 72015y + VU0 |72y + @21 AW | T (psy) + V2 1. (5.2)
Integrating (5.1) over (0,7*) and taking into account (5.2), we obtain

-
/ [l AOalF2(psy + v ([ AualZa(psy + @2 |V Au[T2(ps)) ] dt
0

< (14+4CV2) (14 V32 gsy + IVl 3213y + * [ AU |72 gs)) . (5.3)

Since the parameter « is destined to go to zero, then there exists some fixed value of o denoted by
agp such that 0 < a < ap. We take oo = o in (5.2) and (5.3) to obtain a uniform bound with respect
to a. This allows to run a classical compactness argument (see, e.g., [2]) and to obtain the following
convergence theorem.

Theorem 5.1. Let (uy,0,) be the unique strong solution subject of Theorem 4.1. Then there exist a
time T* > 0, subsequences Uq, , Vay, 0o, and u, 0 in L®([0,7*], H*(T?)) N L2([0,T*], H*(T?)) such
that

(1) Ua, converges to u and O, converges to 0 weakly in L*([0,T*],H*(T?%)) and strongly in
L*([0, 7], H(T?)).

(2) va, converges to u weakly in L*([0,T*], H'(T?)) and strongly in L*([0,T*], L?(T?3)).
(3) uq, converges to u and 0, converges to 6 weakly in Hl(T?’) and uniformly over [0,T*].

Moreover, (u,0) is the unique strong solution of the Boussinesq system (Bq) on [0,T*] associated to
the initial data (u®,0°) and satisfies for all t € [0, T*] the energy inequality
t
()22 ray + 10172 7o) +2/V”vu(t)”2L2(’]I‘3) + K[| VOT) 72 gy d < (6] T2gpsy + 10°]F2(ps)-
0
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