Memoirs on Differential Equations and Mathematical Physics

VOLUME 86, 2022, 1-14

Davit Baramidze, Zura Dvalashvili, Giorgi Tutberidze

CONVERGENCE OF NORLUND MEANS
WITH RESPECT TO VILENKIN SYSTEMS
OF INTEGRABLE FUNCTIONS



Abstract. In this paper, we derive the convergence of Norlund means of Vilenkin—Fourier series with
monotone coefficients of integrable functions at Lebesgue and Vilinkin—Lebesgue points. Moreover,
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1 Introduction

It is well-known (see, e.g., the books [38] and [42]) that there exists an absolute constant ¢, depending
only on p such that
[Snfllp < cpll fllp, when p>1.

On the other hand (see [12,37,48-51,57] for details), the boundedness does not hold for p = 1. The
analogue of Carleson’s theorem for the Walsh system was proved by Billard [3] for p = 2 and by
Sjlin [44] for 1 < p < oo, while for the bounded Vilenkin systems by Gosselin [20]. For the Walsh—
Fourier series, Schipp [42] gave a proof by using the methods of martingale theory. A similar proof
for th Vilenkin-Fourier series can be found in Schipp and Weisz [43, 58] (see also [31] and [38]). In
each proof they show that the maximal operator of partial sums is bounded in L,, i.e., there exists
an absolute constant ¢, such that

15 fllp < cpll fllp, when f €L, p>1.

Hence, if f € L,(G,,), where p > 1, then S,,f — f a.e. on G,,. Stein [45] constructed an integrable

function whose Vilenkin—Fourier (Walsh—Fourier) series diverges almost everywhere. In [42], it was

proved that there exists an integrable function whose Walsh—Fourier series diverges everywhere. The

a.e convergence of subsequences of Vilenkin-Fourier series of integrable functions was considered

in [10], where the methods of martingale Hardy spaces was used. Considering the following restricted

maximal operator §;;f :=sup ||Su, fll, we get a weak (1, 1) type inequality for f € L1(G,,). That is,
neN

M{Syf > A} <clfll, f€Li(Gm), A>0.

Hence, if f € L1(Gy,), then Sy, f — f a.e. on G,,. Moreover, for any integrable function, it is known
that a.e. point is Lebesgue point and for any such point x of integrable function f we have

Sw, f(z) = f(z) as n — oo for any such point z of f € L1(Gy,). (1.1)
In the one-dimensional case, Yano [61] proved that
lonf = fllp =0 as n—o00 (f€Ly(Gn), 1<p<o0).
If we consider the maximal operator of Féjer means

o" f = suplo,fl,
neN
then
Mi{of > A} <l flli, f€Li(Gm), A>0.

This result can be found in Zygmund [62] for the trigonometric series, in Schipp [41] (see also [39,40]
and [4,17,32-34,46,52-55]) for Walsh series and in P4l, Simon [30] for bounded Vilenkin series. The
boundedness does not hold from the Lebesgue space Li(G,,) to the space Li(G,,). From the weak
(1,1) type inequality it follows that for any f € L1(Gyn), onf(xz) — f(z), a.e. as n — co. Moreover
(for details see [16]), for any integrable function, it is known that a.e. point is the Vilenkin—Lebesgue
point and for any such point z of integrable function f we have o, f(z) — f(z), as n — oc.

It is also well-known (see [42] for details) that the maximal operator o®* of Cesfo means is bounded
from the Lebesgue space L; to the weak-L; space. It follows that o2 f(x) — f(z) a.e. as n — oo for
any f € L1(Gy,). The maximal operator c®* (0 < o < 1) with respect to Vilenkin systems was also
investigated by Weisz [58] (see also [5,7] and [59,60]).

In [14], Gt and Goginava proved some convergence and divergence properties of the Norlund
logarithmic means of functions in the Lebesgue space L;. In particular (see also [11, 36,47, 56]),
they proved that there exists a function in the space L; such that sup, cy || L, f|1 = co. However,
Goginava [15] proved that ||Lon f|1 < ¢||f|l1, f € L1, n € N. Moreover, considering a restricted
maximal operator

Z;‘&f :=sup | L, f]
neN
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of Norlund means, Goginava [15] proved that
ML > A <cllfl, f€Li(Gm), A>0.

It follows that for any f € L1(Gn), Ly, f(z) — f(z), a.e. as n — oo.

Méricz and Siddiqi [23] investigated properties of approximation by norm of some special Nérlund
means of Walsh-Fourier series of L, functions Similar results for the two-dimensional case can be
found in Nagy [24,25], Nagy and Tephnadze [26-29]. Approximation properties of some general
summability methods can be found in [2,6,8,9,18,19,22]. Fridli, Manchanda and Siddiqi [13] improved
and extended the results of Méricz and Siddiqi [23] to the Martingale Hardy spaces. The almost
everywhere convergence of Norlund means of Vilenkin—Fourier series with monotone coefficients of
integrable functions was proved in [35].

In this paper, we derive the convergence of Nérlund means of Vilenkin—Fourier series with monotone
coefficients of integrable functions at the Lebesgue and Vilinkin—Lebesgue points.

The paper is organized as follows. In Section 3, we present and prove some auxiliary lemmas. In
Section 4, we present and prove our main results. Moreover, in order not to disturb our discussions
in these sections, some preliminaries are given in Section 2.

2 Preliminaries

Denote by N, the set of positive integers, N := N U {0}. Let m := (mg, m1,...) be a sequence of
positive integers not less than 2. Denote by Z,,, := {0,1,...,my — 1} the additive group of integers
modulo my,.

Define the group G,, as the complete direct product of the groups Z,,, with the product of the
discrete topologies of Z,,;‘s. In this paper, we discuss the bounded Vilenkin groups, i.e., the case

supm, < co. The direct product p of the measures
n

(D) = o G € Zm,)

is the Haar measure on G,, with u(G,,) = 1.
The elements of G, are represented by the sequences x := (zo,Z1,...,%j,...), Tj € Zpy,).
It is easy to give a base for the neighborhood of G,,:

Io(z) == G, In(z):={y€Gn| yo=20,--,Yn-1=2Tn-1},

where x € G,,, n € N. Denote I, := I,,(0) for n € Ny, and I, := G, \ I,
If we define the so-called generalized number system based on m in the following way M, := 1,
oo
M1 == mpMy, (k € N), then every n € N can be uniquely expressed as n = > n;M;, where
§=0
nj € Zm; (j € Ny), and only a finite number of n;‘s differs from zero.
Next, we introduce on G, an orthonormal system which is called the Vilenkin system. First, we
define the complex-valued functions ri(x) : G, — C, the generalized Rademacher functions, by

2mixTy

ri(z) == exp( ) (i*=-1, z€ Gy, keN).

mg

Now, define the Vilenkin system ¢ := (¢, : n € N) on G, as follows:
Y (x) = H rp*(z) (neN).
k=0

Specifically, we call this system the Walsh—Paley system when m = 2.
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The norms (or quasi-norms) of the spaces L,(G,,) and weak-L,(G,,) (0 < p < 00) are defined,
respectively, by

nﬂw—l/vwmtmdnmm%L = SN (f > ) < oc.
G’YI

The Vilenkin system is orthonormal and complete in Ly(Gp,) (see [1]).
If f € L1(Gy), we can define the Fourier coefficients, partial sums of the Fourier series and the
Dirichlet kernels in the usual manner:

- n—1

— [ o suf = S e D=3 ey,

k=0 k=0

respectively. Recall that

/ D, (z)dz =1, (2.1)
Gm

Dy, —j(z) = D, (x) — ar, —1(2)Dj(z), § < My, (2.2)

The convolution of two functions f,g € L1(G,,) is defined by

)::/f@*ﬂmwﬁ(zGGM-

It is easy to see that if f € L,(Gp), g € L1(G,,) and 1 < p < oo, then f x g € L,(G,,) and

1 glly < 1 Fllnllgllr- (2:3)

Let {qx : kK > 0} be a sequence of non-negative numbers. The Norlund and 7" means for a Fourier
series of f are defined, respectively, by

n n—1

n—1
1
an Sef and T, f := Q—quSkf, where Q,, := qu.
k=0

=g,

It is obvious that

m:/fwaufww@amvw@ri/ﬂmwwkwww,

Gm

where F,, and F, ! are, respectively, the Norlund kernels and 7" kernels:

F, = Qn an Dy and F = é ;quk.

We always assume that {qr : k& > 0} is a sequence of non-negative numbers and gg > 0. Then
Nérlund means generated by {gx : k > 0} are regular if and only if q" L — 0 as n — co. Analogical

regularity condition for 7" means is the condition lim @, = oco.
n—oo

If we invoke Abel’s transformation, we get the following identities, which are very important for
the investigations of Nérlund summability:

n—1 n—1
=3 g;=3 ngn_j-1= (Gn-j — Gn—j—1)j + qon, (2.4)
=0 j=1 j=1
1 n—1
Ey Qﬁ (Z Gn—j — qn—j—1)JK; + (JonKn) (2.5)
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and

n—1
1 .
ln = N (Z(Qn—j — Qn—j—1)joj + QOan)- (2.6)

Let us consider some class of Norlund means with monotone and bounded sequence {gi : k € N}
such that ¢ := lim ¢, > ¢ > 0. It easy to check that
n—oo

An—
Qn
The well-known example of Néorlund summability are the (C,«) -means (Cesiro means), where
0 < a < 1, which are defined by

O( ) as n — o0.

(a+1)---(a+n)
n! '

— ZA Skf, where Af :=0, A :=

A5 k=1
Let V. denote the Nérlund mean, where {go = 1, qx = k%' : k € N, }, that is,

1
Vefi=—->"(n—k)*'Sef, 0<a<l

It is easy to show that

an O(n>—>0 as nm — oo.
The n-th Riesz logarithmic mean R,, and the Norlund logarithmic mean L,, are defined by
n—1 n—1
1= Sif 1 Sk.f 1
R,f:=— —, L,f:=— , wh L, = -,
f b &=k f znkz::ln—k where kz::lk

Up to now we have considered T' mean in the case where the sequence {qx : k € N} is bounded,
but now we consider 7' summabilities with an unbounded sequence {q : k € N}.
Let us define the class of Norlund means with non-decreasing coefficients:

Bef = Qi D log®(n—k—1)Skf.
" k=1

It is obvious that n

n

-1 “(—>< n < nlog®n.

> og > < @Qn <nlog®n
It follows that

an O( )%Oasn%ooand %:O(%)%Oasn%m.

A point z € G,, is called a Lebesgue point of integrable function f if

i s [ 166 = (@) dute) =

I"(L)

It is known that a.e. point x € G, is a Lebesgue point of the function f, and the Fejér means o, f
of trigonometric Fourier series of f € L1(G,,) converge to f at each Lebesgue point. It is also known
that if x € G,,, is a point of continuity of the function f, then it is Lebesgue point.

Let us introduced the operator

A point z € G, is a Vilenkin—Lebesgue point of f € L1(G,,) if
lim W, f(z) =
n—oo
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3 Auxiliary lemmas

The next two lemmas can be found in [1].

Lemma 3.1. Let n € N. Then for some constant ¢, we have

In| In|
n|Kn| < ¢y MKy <ed MKyl (3.1)
l=(n) 1=0

Lemma 3.2. Let n € N. Then for any n,N € Ny,

/K ) dp(x

sup / Ko () dp() < (3.9)

neN
/ Kn(2)] dpa(z) — 0 as n — oo. (3.3)
Gm\IN
First, we consider the Norlund kernels with non-decreasing sequences.
Lemma 3.3. Let {q; : k € N} be a sequence of non-decreasing numbers satisfying the condition

dn—1
Q@n

= O(%) as n — oo. (3.4)

Then for some constant ¢, we have

In|

Bl < S {30 My 1K |-

j=0
Proof. Let the sequence {qi : k € N} be non-decreasing. Then, by using (3.4), we get

n—1

é(zm —j — qn—j— 1|+(Io) <é(2(‘]n i~ Gn—j- 1)+(I0) Qn %

j=1 =1

Hence, in view of (3.4), if we apply Lemma 3.1 and use equalities (2.4) and (2.5), we obtain

B < (5 (Zmn i =l +a)

= i=0

The proof is complete. O

Corollary 3.1. Let {q : k € N} be a sequence of non-decreasing numbers. Then for any n, N € N,

/ Fo(@) du(z) = 1, (3.5)
Gm

sup / |Fp ()] du(z) < oo
nENG

/ |Fn(z)| dp(z) — 0 as n— co.
G.m\IN
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Proof. According to (2.1), we readily obtain (3.5). By using (3.2) in Lemma 3.2, combined with (2.4)
and (2.5), we get

n—1
1
/‘F |d,LL az qn—j — qn—j— 1 /|K‘du+ /lK |d,u

Gm

n—1
C
Siz(%zj %zjl)]‘" <C<OO
Q. 2 a.

By using (3.3) in Lemma 3.2 and inequalities (2.4) and (2.5), we can conclude that

1 n—1 . qon
[ 1Blans 5= s —ai [ e B[ 1K
Gm\IN " =0 Gm\IN " G \IN
n—1
1 n
< Q— E (Gn—j — Gn—j—1)jo; + ngOé :=I1+1I, where a,, -+ 0 as n — co.

Since the sequence is non-decreasing, we can conclude that II < «,, — 0 as n — co.

On the other hand, since «,, converges to 0, we find that there exists an absolute constant A such
that a,, < A for any n € N, and for any € > 0, there exists Ny € N such that «,, < ¢ when n > Nj.
Hence

No n—1
1 . .
I= O > (n—j = dn-j-1)ja; + . Y (@n-j = tn-j-1)jey =1+ Lo,
=1 " j=No+1
Since |gn—j — gn—j—1| < 2¢n—1 and o, < A, we obtain
No
1 2ANyqn—
I = — Z(Qn—j — Qn—j—1)jo; < 220l ) as n— 00,
Qn = Q@n
1 n—1
12:Q7 Z (Qn 7~ 4n—j 1)](1]
™ j=No+1
c n—1 c n—1
< Q. Z (Gn—j — Gn—j—1)J < =0, Z(anj —n—j-1)] <€
" j=No+1 j=0
We conclude that I — 0 as well, so the proof is complete. O

Lemma 3.4. Let {q; : k € N} be a sequence of non-increasing numbers satisfying the condition
1

@ = O(ﬁ) as n — oo. (3.6)

Then for some constant ¢, we have

In|

Bl < S {30 Myl |-
§=0

Proof. Let the sequence {qi : k € N} be non-increasing satisfying condition (3.6). Then

n—1

1 2q07Qn—1 2q0 c
‘QT q 1|+q0)<7( —(q_‘—q_-_1)+q0>§7§7§f_
Qn@” os- g (2~ —ay & S <n

If we apply Lemma 3.1 and invoke equalities (2.4) and (2.5), we immediately get

In| In\

The proof is complete. O

=0
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Corollary 3.2. Let {qi : k € N} be a sequence of non-increasing numbers satisfying condition (3.6).
Then for any n, N € N,

/F( )dp(z) =1, ilég/'F )| dp(x

Gm
/ |Fo(x)| du(z) = 0 as n— oo for any N € Ny.
Gm\IN

Proof. If we compare the estimation of F), in Corollary 3.4 with the estimation of F), in Lemma 3.3,
we find that they are quite the same. Hence the proof is analogous to that of Corollary 3.1, so, we
leave out the details. O

Finally, we study special subsequences of Norlund kernels and 7" means.

Lemma 3.5. Letn € N. Then

Fu, () = Dar,, (x) = P, -1 (2) F~ g, (7).

Proof. By using (2.2), we get

Mn Mn_l
P, (z) = ZQM —&Dr(z Z qx D, —1(
Q 'L k 1 Q 7L
M, —1
1 — —
= 0ur > ae(Dag (@) = ¥ar, 1 (2)Dj(2)) = Dag, (2) = a1 (@) FTag, (). O
0
Lemma 3.6. Let {q; : k € N} be a sequence of non-increasing numbers. Then for any n, N € N,
/Fn_l(x)d,u 1, sup/|F x)| dp(x) < oo,
nEN
Gm
/ | (x)| du(z) — 0 as n — oo.
Gm\IN

Proof. 1f we follow analogous steps of Corollaries 3.1 and 3.2, we immediately get the proof. So, we
leave out the details. O

Corollary 3.3. Let {q; : k € N} be a sequence of non-increasing numbers. Then for any n, N € N,

[ P @) =1 sup [ [P, @) due) < ¢ < .

neN
Gm Gm
/ |Fag, ()] dp(x) = 0 as n — oo.
GnL\IN
Proof. The proof immediately follows from Lemmas 3.5 and 3.6. O

4 Proofs of the theorems

Theorem 4.1.

(a) Let 1 < p < oo and {qr : k € N} be a sequence of non-decreasing numbers. Then for all

f€Ly(Gn), ltnf — fllp = 0 as n — oo. Let the function f € L1(Gy,) be continuous at a point

x. Then t, f(x) = f(x) as n — co. Moreover, for all Vilenkin—Lebesque points of f € Ly(Gp),
lim ¢, f(z) = f(z).

n—roo
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(b) Let 1 < p < oo and {qr : k € N} be a sequence of non-increasing numbers satisfying condition
(3.6). Then for all f € L,(Gw), |ltnf — fllp = 0 as n — oo. Let the function f € L1(Gp,) be
continuous at a point x. Then t, f(x) = f(x) as n — oco. Moreover, for all Vilenkin—Lebesgue

points of f € L,(Gp),
lim t,f(z) = f(z).

n—oo

Proof. Let {qi : k € N} be a non-decreasing sequence. Corollary 3.1 immediately implies the stated
norm and pointwise convergence. Suppose that x is either a point of continuity or a Vilenkin—Lebesgue
point of the function f € L,(Gp,). Then

lim |0, f(z) — f(x)] = 0.

n—oo
Hence, by combining (2.4) and (2.6), we can conclude that

n—2

t01(2) = £@)] £ 5= (X0 = tamgo1)ilosf (@) = £ + qonlonfa) = 1 (2)])
n N4
n—2
< é (Gn—j — n—j—1)jo; + qocgjn :=I1+1I, where a,, =+ 0 as n — co.

o

Jj=

To prove I — 0 as n — oo and I — 0 as n — oo, we just have to use analogous steps of Corollary 3.1.
It follows that part (a) is proved.

Let the sequence be non-increasing satisfying condition (3.6). According to Corollary 3.2, we get
the norm convergence and the pointwise convergence. To prove the convergence at Vilenkin-Lebesgue
points, we use estimations (2.4) and (2.6) to obtain

n—2

1 n
[tnf — f(2)] < 0. Z(qn,j,l — Qn—j)joy + qua =114+ 1V, where o, — 0 as n — oco.

It is evident that IV < MZ‘" < Cay,, — 0 as n — oco. Moreover, for any € > 0, there exists Ny € N
such that a,, < e when n > Ny. It follows that

n—2
1 .
Qf Z(Qn—j—l — qn—j)jo
n j=1
1 NO 1 n—2
T Qn Z(q"—j‘l ~n-s)jey + Qn Z (@n—j—1 = gn—j)joy =TIy + ITTp.
=1 " j=Ny+1

Since the sequence is non-increasing, we can conclude that |g,—; — ¢gn—j—1| < 2go. Hence

2q0 N,
III; < do-Yo —0 as n— o©
Qn
and
1 n—2
e = 5~ Y (Gn—jo1 = dn-y)icy
™ j=No+1
n—2
en—1 en—1 2qpe(n — 1
< g Z (@n—j — @n—j—1) < g (90 — gn-n,) < Q0 ) < Ce.
Qn j=No+1 Q” Qn

The proof of part (b) is also complete. O
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Corollary 4.1. Let f € L1(G,,). Then

onf = f ae. as n—o00, opnf—f ae as n— oo,

Viof = f a.e. as n — oo, BfL"Bf—>f a.e. as n — Q.

Theorem 4.2. Let 1 <p < oo and {q; : k € N} be a sequence of non-increasing numbers. Then for
all f € Lp(Gm),
ltar, f = fllp = 0 as n— o0

Moreover, for all Lebesgue points of f € L,(Gy,),

lim tar, f(z) = f(z).

n—oo

Proof. From Corollary 3.6 we immediately get the norm convergence. To prove a.e. convergence, we
use Lemma 3.5 to write that

t]\/[n /f I—t d,u()
/f YD, (z —t) dp(t) /f Yar, —1 JJ—t) M, (x—t)=1-1L

Applying (1.1), we get that I = Sy, f(x) — f(z) for all Lebesgue points of f € L,(G)-
According to ¥, —1(x —t) = ¥nr, —1(x)¥py, 1 (t), we can conclude that

I = s, 1 (1) / FOF T ar, (& — )Tpg, 1 () d(t).

By combining (2.3) and Lemma 3.6, we find that
f@)F~'p, (x—t) € L,, where p>1 forany z € Gy,

and II are Fourier coefficients of integrable function. According to the Riemann—Lebesgue Lemma,
we get that I — 0 for any = € G,,,. The proof is complete. O

Corollary 4.2. Let f € L1(G,,) be continuous at a point x. Then t, f(x) — f(x) as n — oco.
Corollary 4.3. Let f € L1(G,,). Then for all Lebesgue points of f,
Ly, f(z) = f(z) as n — oo,

Corollary 4.4. Let f € L1(G,,) be continuous at a point x. Then Ly, f(x) = f(x) as n — oo.
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