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Abstract. In this paper, we derive the convergence of Nörlund means of Vilenkin–Fourier series with
monotone coefficients of integrable functions at Lebesgue and Vilinkin–Lebesgue points. Moreover,
we discuss pointwise convergence and convergence in Lp norms of such N�rlund means.
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ÒÄÆÉÖÌÄ. ÓÔÀÔÉÀÛÉ ÅÙÄÁÖËÏÁÈ ÉÍÔÄÂÒÄÁÀÃÉ ×ÖÍØÝÉÉÄÁÉÓÈÅÉÓ ÌÏÍÏÔÏÍÖÒÉ ÌÉÌÃÄÅÒÏÁÉÈ
ßÀÒÌÏØÌÍÉËÉ ÅÉËÄÍÊÉÍ-×ÖÒÉÄÓ ÌßÊÒÉÅÉÓ ÍÏÒËÖÍÃÉÓ ÓÀÛÖÀËÏÄÁÉÓ ÅÉËÄÍÊÉÍ-ËÄÁÄÂÉÓ ßÄÒ-
ÔÉËÄÁÛÉ ÊÒÄÁÀÃÏÁÀÓ. Ö×ÒÏ ÌÄÔÉÝ, ÂÀÍÅÉáÉËÀÅÈ ÀÓÄÈÉÅÄ ÍÏÒËÖÍÃÉÓ ÓÀÛÖÀËÏÄÁÉÓ ßÄÒ-
ÔÉËÏÅÀÍ ÊÒÄÁÀÃÏÁÀÓ ÃÀ ÊÒÄÁÀÃÏÁÀÓ Lp ÍÏÒÌÉÈ.
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1 Introduction
It is well-known (see, e.g., the books [38] and [42]) that there exists an absolute constant cp depending
only on p such that

∥Snf∥p ≤ cp∥f∥p, when p > 1.

On the other hand (see [12, 37, 48–51, 57] for details), the boundedness does not hold for p = 1. The
analogue of Carleson’s theorem for the Walsh system was proved by Billard [3] for p = 2 and by
Sj�lin [44] for 1 < p < ∞, while for the bounded Vilenkin systems by Gosselin [20]. For the Walsh–
Fourier series, Schipp [42] gave a proof by using the methods of martingale theory. A similar proof
for th Vilenkin–Fourier series can be found in Schipp and Weisz [43, 58] (see also [31] and [38]). In
each proof they show that the maximal operator of partial sums is bounded in Lp, i.e., there exists
an absolute constant cp such that

∥S∗f∥p ≤ cp∥f∥p, when f ∈ Lp, p > 1.

Hence, if f ∈ Lp(Gm), where p > 1, then Snf → f a.e. on Gm. Stein [45] constructed an integrable
function whose Vilenkin–Fourier (Walsh–Fourier) series diverges almost everywhere. In [42], it was
proved that there exists an integrable function whose Walsh–Fourier series diverges everywhere. The
a.e convergence of subsequences of Vilenkin–Fourier series of integrable functions was considered
in [10], where the methods of martingale Hardy spaces was used. Considering the following restricted
maximal operator S̃∗

#f := sup
n∈N

∥SMn
f∥, we get a weak (1, 1) type inequality for f ∈ L1(Gm). That is,

λµ
{
S̃∗

#f > λ
}
≤ c∥f∥1, f ∈ L1(Gm), λ > 0.

Hence, if f ∈ L1(Gm), then SMn
f → f a.e. on Gm. Moreover, for any integrable function, it is known

that a.e. point is Lebesgue point and for any such point x of integrable function f we have

SMn
f(x) → f(x) as n→ ∞ for any such point x of f ∈ L1(Gm). (1.1)

In the one-dimensional case, Yano [61] proved that

∥σnf − f∥p → 0 as n→ ∞
(
f ∈ Lp(Gm), 1 ≤ p ≤ ∞

)
.

If we consider the maximal operator of Féjer means

σ∗f := sup
n∈N

|σnf |,

then
λµ

{
σ∗f > λ

}
≤ c∥f∥1, f ∈ L1(Gm), λ > 0.

This result can be found in Zygmund [62] for the trigonometric series, in Schipp [41] (see also [39,40]
and [4, 17,32–34,46,52–55]) for Walsh series and in Pál, Simon [30] for bounded Vilenkin series. The
boundedness does not hold from the Lebesgue space L1(Gm) to the space L1(Gm). From the weak
(1, 1) type inequality it follows that for any f ∈ L1(Gm), σnf(x) → f(x), a.e. as n → ∞. Moreover
(for details see [16]), for any integrable function, it is known that a.e. point is the Vilenkin–Lebesgue
point and for any such point x of integrable function f we have σnf(x) → f(x), as n→ ∞.

It is also well-known (see [42] for details) that the maximal operator σα,∗ of Cesŕo means is bounded
from the Lebesgue space L1 to the weak-L1 space. It follows that σα

nf(x) → f(x) a.e. as n → ∞ for
any f ∈ L1(Gm). The maximal operator σα,∗ (0 < α < 1) with respect to Vilenkin systems was also
investigated by Weisz [58] (see also [5, 7] and [59,60]).

In [14], Gt́ and Goginava proved some convergence and divergence properties of the Nörlund
logarithmic means of functions in the Lebesgue space L1. In particular (see also [11, 36, 47, 56]),
they proved that there exists a function in the space L1 such that supn∈N ∥Lnf∥1 = ∞. However,
Goginava [15] proved that ∥L2nf∥1 ≤ c∥f∥1, f ∈ L1, n ∈ N. Moreover, considering a restricted
maximal operator

L̃∗
#f := sup

n∈N
|LMnf |
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of Nörlund means, Goginava [15] proved that

λµ
{
L̃∗

#f > λ
}
≤ c∥f∥1, f ∈ L1(Gm), λ > 0.

It follows that for any f ∈ L1(Gm), LMnf(x) → f(x), a.e. as n→ ∞.
Móricz and Siddiqi [23] investigated properties of approximation by norm of some special Nörlund

means of Walsh–Fourier series of Lp functions Similar results for the two-dimensional case can be
found in Nagy [24, 25], Nagy and Tephnadze [26–29]. Approximation properties of some general
summability methods can be found in [2,6,8,9,18,19,22]. Fridli, Manchanda and Siddiqi [13] improved
and extended the results of Móricz and Siddiqi [23] to the Martingale Hardy spaces. The almost
everywhere convergence of Nörlund means of Vilenkin–Fourier series with monotone coefficients of
integrable functions was proved in [35].

In this paper, we derive the convergence of Nörlund means of Vilenkin–Fourier series with monotone
coefficients of integrable functions at the Lebesgue and Vilinkin–Lebesgue points.

The paper is organized as follows. In Section 3, we present and prove some auxiliary lemmas. In
Section 4, we present and prove our main results. Moreover, in order not to disturb our discussions
in these sections, some preliminaries are given in Section 2.

2 Preliminaries
Denote by N+ the set of positive integers, N := N+ ∪ {0}. Let m := (m0,m1, . . . ) be a sequence of
positive integers not less than 2. Denote by Zmk

:= {0, 1, . . . ,mk − 1} the additive group of integers
modulo mk.

Define the group Gm as the complete direct product of the groups Zmi with the product of the
discrete topologies of Zmj ‘s. In this paper, we discuss the bounded Vilenkin groups, i.e., the case
sup
n
mn <∞. The direct product µ of the measures

µk({j}) :=
1

mk
(j ∈ Zmk

)

is the Haar measure on Gm with µ(Gm) = 1.
The elements of Gm are represented by the sequences x := (x0, x1, . . . , xj , . . . ), xj ∈ Zmj

).
It is easy to give a base for the neighborhood of Gm:

I0(x) := Gm, In(x) :=
{
y ∈ Gm | y0 = x0, . . . , yn−1 = xn−1

}
,

where x ∈ Gm, n ∈ N. Denote In := In(0) for n ∈ N+, and In := Gm \ In.
If we define the so-called generalized number system based on m in the following way M0 := 1,

Mk+1 := mkMk (k ∈ N), then every n ∈ N can be uniquely expressed as n =
∞∑
j=0

njMj , where

nj ∈ Zmj (j ∈ N+), and only a finite number of nj ‘s differs from zero.
Next, we introduce on Gm an orthonormal system which is called the Vilenkin system. First, we

define the complex-valued functions rk(x) : Gm → C, the generalized Rademacher functions, by

rk(x) := exp
(2πixk
mk

)
(i2 = −1, x ∈ Gm, k ∈ N).

Now, define the Vilenkin system ψ := (ψn : n ∈ N) on Gm as follows:

ψn(x) :=

∞∏
k=0

rnk

k (x) (n ∈ N).

Specifically, we call this system the Walsh–Paley system when m ≡ 2.
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The norms (or quasi-norms) of the spaces Lp(Gm) and weak-Lp(Gm) (0 < p < ∞) are defined,
respectively, by

∥f∥pp :=

∫
Gm

|f |p dµ and ∥f∥pweak-Lp
:= sup

λ>0
λpµ(f > λ) < +∞.

The Vilenkin system is orthonormal and complete in L2(Gm) (see [1]).
If f ∈ L1(Gm), we can define the Fourier coefficients, partial sums of the Fourier series and the

Dirichlet kernels in the usual manner:

f̂(n) :=

∫
Gm

fψn dµ, Snf :=

n−1∑
k=0

f̂(k)ψk, Dn :=

n−1∑
k=0

ψk (n ∈ N+),

respectively. Recall that ∫
Gm

Dn(x) dx = 1, (2.1)

DMn−j(x) = DMn
(x)− ψMn−1(x)Dj(x), j < Mn. (2.2)

The convolution of two functions f, g ∈ L1(Gm) is defined by

(f ∗ g)(x) :=
∫

Gm

f(x− t)g(t) dt (x ∈ Gm).

It is easy to see that if f ∈ Lp(Gm), g ∈ L1(Gm) and 1 ≤ p <∞, then f ∗ g ∈ Lp(Gm) and

∥f ∗ g∥p ≤ ∥f∥p∥g∥1. (2.3)

Let {qk : k ≥ 0} be a sequence of non-negative numbers. The Nörlund and T means for a Fourier
series of f are defined, respectively, by

tnf =
1

Qn

n∑
k=1

qn−kSkf and Tnf :=
1

Qn

n−1∑
k=0

qkSkf, where Qn :=

n−1∑
k=0

qk.

It is obvious that

tnf(x) =

∫
Gm

f(t)Fn(x− t) dµ(t) and Tnf(x) =

∫
Gm

f(t)F−1
n (x− t) dµ(t),

where Fn and F−1
n are, respectively, the Nörlund kernels and T kernels:

Fn :=
1

Qn

n∑
k=1

qn−kDk and F−1
n :=

1

Qn

n∑
k=1

qkDk.

We always assume that {qk : k ≥ 0} is a sequence of non-negative numbers and q0 > 0. Then
Nörlund means generated by {qk : k ≥ 0} are regular if and only if qn−1

Qn
→ 0 as n → ∞. Analogical

regularity condition for T means is the condition lim
n→∞

Qn = ∞.
If we invoke Abel’s transformation, we get the following identities, which are very important for

the investigations of Nörlund summability:

Qn :=

n−1∑
j=0

qj =
∑
j=1

nqn−j · 1 =

n−1∑
j=1

(qn−j − qn−j−1)j + q0n, (2.4)

Fn =
1

Qn

( n−1∑
j=1

(qn−j − qn−j−1)jKj + q0nKn

)
(2.5)
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and

tn =
1

Qn

( n−1∑
j=1

(qn−j − qn−j−1)jσj + q0nσn

)
. (2.6)

Let us consider some class of Nörlund means with monotone and bounded sequence {qk : k ∈ N}
such that q := lim

n→∞
qn > c > 0. It easy to check that

qn−1

Qn
= O

( 1

n

)
as n→ ∞.

The well-known example of Nörlund summability are the (C,α) -means (Cesàro means), where
0 < α < 1, which are defined by

σα
nf :=

1

Aα
n

n∑
k=1

Aα−1
n−kSkf, where Aα

0 := 0, Aα
n :=

(α+ 1) · · · (α+ n)

n!
.

Let V α
n denote the Nörlund mean, where {q0 = 1, qk = kα−1 : k ∈ N+}, that is,

V α
n f :=

1

Qn

n−1∑
k=0

(n− k)α−1Skf, 0 < α < 1.

It is easy to show that
qn−1

Qn
= O

( 1

n

)
→ 0 as n→ ∞.

The n-th Riesz logarithmic mean Rn and the Nörlund logarithmic mean Ln are defined by

Rnf :=
1

ln

n−1∑
k=1

Skf

k
, Lnf :=

1

ln

n−1∑
k=1

Skf

n− k
, where ln :=

n−1∑
k=1

1

k
.

Up to now we have considered T mean in the case where the sequence {qk : k ∈ N} is bounded,
but now we consider T summabilities with an unbounded sequence {qk : k ∈ N}.

Let us define the class of Nörlund means with non-decreasing coefficients:

βα
nf :=

1

Qn

n∑
k=1

logα(n− k − 1)Skf.

It is obvious that
n

2
logα

(n
2

)
≤ Qn ≤ n logα n.

It follows that
1

Qn
= O

( 1

n

)
→ 0 as n→ ∞ and qn−1

Qn
= O

( 1

n

)
→ 0 as n→ ∞.

A point x ∈ Gm is called a Lebesgue point of integrable function f if

lim
n→0

1

|In(x)|

∫
In(x)

|f(t)− f(x)| dµ(t) = 0.

It is known that a.e. point x ∈ Gm is a Lebesgue point of the function f , and the Fejér means σnf
of trigonometric Fourier series of f ∈ L1(Gm) converge to f at each Lebesgue point. It is also known
that if x ∈ Gm is a point of continuity of the function f , then it is Lebesgue point.

Let us introduced the operator

Wnf(x) :=

n−1∑
s=0

Ms

ms−1∑
rs=1

∫
In(x−rses)

|f(t)− f(x)| dµ(t).

A point x ∈ Gm is a Vilenkin–Lebesgue point of f ∈ L1(Gm) if

lim
n→∞

Wnf(x) = 0.
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3 Auxiliary lemmas
The next two lemmas can be found in [1].

Lemma 3.1. Let n ∈ N. Then for some constant c, we have

n|Kn| ≤ c

|n|∑
l=⟨n⟩

Ml|KMl
| ≤ c

|n|∑
l=0

Ml|KMl
|. (3.1)

Lemma 3.2. Let n ∈ N. Then for any n,N ∈ N+,∫
Gm

Kn(x) dµ(x) = 1,

sup
n∈N

∫
Gm

|Kn(x)| dµ(x) <∞, (3.2)

∫
Gm\IN

|Kn(x)| dµ(x) → 0 as n→ ∞. (3.3)

First, we consider the Nörlund kernels with non-decreasing sequences.

Lemma 3.3. Let {qk : k ∈ N} be a sequence of non-decreasing numbers satisfying the condition

qn−1

Qn
= O

( 1

n

)
as n→ ∞. (3.4)

Then for some constant c, we have

|Fn| ≤
c

n

{ |n|∑
j=0

Mj |KMj
|
}
.

Proof. Let the sequence {qk : k ∈ N} be non-decreasing. Then, by using (3.4), we get

1

Qn

( n−1∑
j=1

|qn−j − qn−j−1|+ q0

)
≤ 1

Qn

( n−1∑
j=1

(qn−j − qn−j−1) + q0

)
≤ qn−1

Qn
≤ c

n
.

Hence, in view of (3.4), if we apply Lemma 3.1 and use equalities (2.4) and (2.5), we obtain

|Fn| ≤
( 1

Qn

( n−1∑
j=1

|qn−j − qn−j−1|+ q0

)) |n|∑
i=0

Mi|KMi
| ≤ c

n

|n|∑
i=0

Mi|KMi
|.

The proof is complete.

Corollary 3.1. Let {qk : k ∈ N} be a sequence of non-decreasing numbers. Then for any n,N ∈ N+,∫
Gm

Fn(x) dµ(x) = 1, (3.5)

sup
n∈N

∫
Gm

|Fn(x)| dµ(x) <∞,

∫
Gm\IN

|Fn(x)| dµ(x) → 0 as n→ ∞.
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Proof. According to (2.1), we readily obtain (3.5). By using (3.2) in Lemma 3.2, combined with (2.4)
and (2.5), we get∫

Gm

|Fn(x)| dµ(x) ≤
1

Qn

n−1∑
j=1

(qn−j − qn−j−1)j

∫
Gm

|Kj | dµ+
q0n

Qn

∫
Gm

|Kn| dµ

≤ c

Qn

n−1∑
j=1

(qn−j − qn−j−1)j +
cq0n

Qn
< c <∞.

By using (3.3) in Lemma 3.2 and inequalities (2.4) and (2.5), we can conclude that∫
Gm\IN

|Fn| dµ ≤ 1

Qn

n−1∑
j=0

(qn−j − qn−j−1)j

∫
Gm\IN

|Kj | dµ+
q0n

Qn

∫
Gm\IN

|Kn| dµ

≤ 1

Qn

n−1∑
j=0

(qn−j − qn−j−1)jαj +
q0nαn

Qn
:= I + II, where αn → 0 as n→ ∞.

Since the sequence is non-decreasing, we can conclude that II ≤ αn → 0 as n→ ∞.
On the other hand, since αn converges to 0, we find that there exists an absolute constant A such

that αn ≤ A for any n ∈ N, and for any ε > 0, there exists N0 ∈ N such that αn < ε when n > N0.
Hence

I = 1

Qn

N0∑
j=1

(qn−j − qn−j−1)jαj +
1

Qn

n−1∑
j=N0+1

(qn−j − qn−j−1)jαj := I1 + I2.

Since |qn−j − qn−j−1| < 2qn−1 and αn < A, we obtain

I1 =
1

Qn

N0∑
j=1

(qn−j − qn−j−1)jαj ≤
2AN0qn−1

Qn
→ 0 as n→ ∞,

I2 =
1

Qn

n−1∑
j=N0+1

(qn−j − qn−j−1)jαj

≤ ε

Qn

n−1∑
j=N0+1

(qn−j − qn−j−1)j ≤
ε

Qn

n−1∑
j=0

(qn−j − qn−j−1)j < ε.

We conclude that I2 → 0 as well, so the proof is complete.

Lemma 3.4. Let {qk : k ∈ N} be a sequence of non-increasing numbers satisfying the condition
1

Qn
= O

( 1

n

)
as n→ ∞. (3.6)

Then for some constant c, we have

|Fn| ≤
c

n

{ |n|∑
j=0

Mj |KMj |
}
.

Proof. Let the sequence {qk : k ∈ N} be non-increasing satisfying condition (3.6). Then

1

Qn

( n−1∑
j=1

|qn−j − qn−j−1|+ q0

)
≤ 1

Qn

( n−1∑
j=1

−(qn−j − qn−j−1) + q0

)
≤ 2q0 − qn−1

Qn
≤ 2q0
Qn

≤ c

n
.

If we apply Lemma 3.1 and invoke equalities (2.4) and (2.5), we immediately get

|Fn| ≤
1

Qn

( n−1∑
j=1

|qn−j − qn−j−1|+ q0

) |n|∑
i=0

Mi|KMi | ≤
c

n

|n|∑
i=0

Mi|KMi |.

The proof is complete.
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Corollary 3.2. Let {qk : k ∈ N} be a sequence of non-increasing numbers satisfying condition (3.6).
Then for any n,N ∈ N+, ∫

Gm

Fn(x) dµ(x) = 1, sup
n∈N

∫
Gm

|Fn(x)| dµ(x) <∞,

∫
Gm\IN

|Fn(x)| dµ(x) → 0 as n→ ∞ for any N ∈ N+.

Proof. If we compare the estimation of Fn in Corollary 3.4 with the estimation of Fn in Lemma 3.3,
we find that they are quite the same. Hence the proof is analogous to that of Corollary 3.1, so, we
leave out the details.

Finally, we study special subsequences of Nörlund kernels and T means.

Lemma 3.5. Let n ∈ N. Then

FMn(x) = DMn(x)− ψMn−1(x)F−1
Mn(x).

Proof. By using (2.2), we get

FMn
(x) =

1

QMn

Mn∑
k=1

qMn−kDk(x) =
1

QMn

Mn−1∑
k=0

qkDMn−k(x)

=
1

QMn

Mn−1∑
k=0

qk
(
DMn

(x)− ψMn−1(x)Dj(x)
)
= DMn

(x)− ψMn−1(x)F−1
Mn

(x).

Lemma 3.6. Let {qk : k ∈ N} be a sequence of non-increasing numbers. Then for any n,N ∈ N+,∫
Gm

F−1
n (x) dµ(x) = 1, sup

n∈N

∫
Gm

|F−1
n (x)| dµ(x) <∞,

∫
Gm\IN

|F−1
n (x)| dµ(x) → 0 as n→ ∞.

Proof. If we follow analogous steps of Corollaries 3.1 and 3.2, we immediately get the proof. So, we
leave out the details.

Corollary 3.3. Let {qk : k ∈ N} be a sequence of non-increasing numbers. Then for any n,N ∈ N+,∫
Gm

FMn
(x) dµ(x) = 1, sup

n∈N

∫
Gm

|FMn
(x)| dµ(x) ≤ c <∞,

∫
Gm\IN

|FMn
(x)| dµ(x) → 0 as n→ ∞.

Proof. The proof immediately follows from Lemmas 3.5 and 3.6.

4 Proofs of the theorems
Theorem 4.1.

(a) Let 1 ≤ p < ∞ and {qk : k ∈ N} be a sequence of non-decreasing numbers. Then for all
f ∈ Lp(Gm), ∥tnf − f∥p → 0 as n→ ∞. Let the function f ∈ L1(Gm) be continuous at a point
x. Then tnf(x) → f(x) as n→ ∞. Moreover, for all Vilenkin–Lebesgue points of f ∈ Lp(Gm),

lim
n→∞

tnf(x) = f(x).
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(b) Let 1 ≤ p < ∞ and {qk : k ∈ N} be a sequence of non-increasing numbers satisfying condition
(3.6). Then for all f ∈ Lp(Gm), ∥tnf − f∥p → 0 as n → ∞. Let the function f ∈ L1(Gm) be
continuous at a point x. Then tnf(x) → f(x) as n → ∞. Moreover, for all Vilenkin–Lebesgue
points of f ∈ Lp(Gm),

lim
n→∞

tnf(x) = f(x).

Proof. Let {qk : k ∈ N} be a non-decreasing sequence. Corollary 3.1 immediately implies the stated
norm and pointwise convergence. Suppose that x is either a point of continuity or a Vilenkin–Lebesgue
point of the function f ∈ Lp(Gm). Then

lim
n→∞

|σnf(x)− f(x)| = 0.

Hence, by combining (2.4) and (2.6), we can conclude that

|tnf(x)− f(x)| ≤ 1

Qn

( n−2∑
j=1

(qn−j − qn−j−1)j|σjf(x)− f(x)|+ q0n|σnf(x)− f(x)|
)

≤ 1

Qn

n−2∑
j=0

(qn−j − qn−j−1)jαj +
q0nαn

Qn
:= I + II, where αn → 0 as n→ ∞.

To prove I → 0 as n→ ∞ and II → 0 as n→ ∞, we just have to use analogous steps of Corollary 3.1.
It follows that part (a) is proved.

Let the sequence be non-increasing satisfying condition (3.6). According to Corollary 3.2, we get
the norm convergence and the pointwise convergence. To prove the convergence at Vilenkin–Lebesgue
points, we use estimations (2.4) and (2.6) to obtain

|tnf − f(x)| ≤ 1

Qn

n−2∑
j=0

(qn−j−1 − qn−j)jαj +
q0nαn

Qn
= III + IV, where αn → 0 as n→ ∞.

It is evident that IV ≤ q0nαn

Qn
≤ Cαn → 0 as n→ ∞. Moreover, for any ε > 0, there exists N0 ∈ N

such that αn < ε when n > N0. It follows that

1

Qn

n−2∑
j=1

(qn−j−1 − qn−j)jαj

=
1

Qn

N0∑
j=1

(qn−j−1 − qn−j)jαj +
1

Qn

n−2∑
j=N0+1

(qn−j−1 − qn−j)jαj = III1 + III2.

Since the sequence is non-increasing, we can conclude that |qn−j − qn−j−1| < 2q0. Hence

III1 ≤ 2q0N0

Qn
→ 0 as n→ ∞

and

III2 ≤ 1

Qn

n−2∑
j=N0+1

(qn−j−1 − qn−j)jαj

≤ ε(n− 1)

Qn

n−2∑
j=N0+1

(qn−j − qn−j−1) ≤
ε(n− 1)

Qn
(q0 − qn−N0

) ≤ 2q0ε(n− 1)

Qn
< Cε.

The proof of part (b) is also complete.
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Corollary 4.1. Let f ∈ L1(Gm). Then

σnf → f a.e. as n→ ∞, σα
nf → f a.e. as n→ ∞,

Vnf → f a.e. as n→ ∞, Bα,β
n f → f a.e. as n→ ∞.

Theorem 4.2. Let 1 ≤ p <∞ and {qk : k ∈ N} be a sequence of non-increasing numbers. Then for
all f ∈ Lp(Gm),

∥tMn
f − f∥p → 0 as n→ ∞

Moreover, for all Lebesgue points of f ∈ Lp(Gm),

lim
n→∞

tMn
f(x) = f(x).

Proof. From Corollary 3.6 we immediately get the norm convergence. To prove a.e. convergence, we
use Lemma 3.5 to write that

tMn
f(x) =

∫
Gm

f(t)Fn(x− t) dµ(t)

=

∫
Gm

f(t)DMn
(x− t) dµ(t)−

∫
Gm

f(t)ψMn−1(x− t)F−1
Mn

(x− t) = I − II.

Applying (1.1), we get that I = SMn
f(x) → f(x) for all Lebesgue points of f ∈ Lp(Gm).

According to ψMn−1(x− t) = ψMn−1(x)ψMn−1(t), we can conclude that

II = ψMn−1(x)

∫
Gm

f(t)F−1
Mn

(x− t)ψMn−1(t) d(t).

By combining (2.3) and Lemma 3.6, we find that

f(t)F−1
Mn

(x− t) ∈ Lp, where p ≥ 1 for any x ∈ Gm,

and II are Fourier coefficients of integrable function. According to the Riemann–Lebesgue Lemma,
we get that II → 0 for any x ∈ Gm. The proof is complete.

Corollary 4.2. Let f ∈ L1(Gm) be continuous at a point x. Then tnf(x) → f(x) as n→ ∞.

Corollary 4.3. Let f ∈ L1(Gm). Then for all Lebesgue points of f ,

LMn
f(x) → f(x) as n→ ∞,

Corollary 4.4. Let f ∈ L1(Gm) be continuous at a point x. Then LMnf(x) → f(x) as n→ ∞.
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