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Abstract. In this paper, we prove the existence and regularity results of positive solutions for
anisotropic elliptic problems with variable exponents and a singular nonlinearity having also a variable
exponent. The functional setting involves anisotropic Sobolev spaces with variable exponents.
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ÒÄÆÉÖÌÄ. ÍÀÛÒÏÌÛÉ ÃÀÌÔÊÉÝÄÁÖËÉÀ ÃÀÃÄÁÉÈÉ ÀÌÏÍÀáÓÍÄÁÉÓ ÀÒÓÄÁÏÁÀ ÃÀ ÒÄÂÖËÀÒÏÁÀ
ÀÍÉÆÏÔÒÏÐÖËÉ ÄËÉ×ÓÖÒÉ ÀÌÏÝÀÍÄÁÉÓÈÅÉÓ ÝÅËÀÃÉ ÌÀÜÅÄÍÄÁËÄÁÉÈ ÃÀ ÓÉÍÂÖËÀÒÖËÉ ÀÒÀ-
ßÒ×ÉÅÏÁÉÈ, ÒÏÌÄËÓÀÝ ÀÓÄÅÄ ÝÅËÀÃÉ ÌÀÜÅÄÍÄÁÄËÉ ÀØÅÓ. ÀÌÏÝÀÍÀ ÃÀÓÌÖËÉÀ ÀÍÉÆÏÔÒÏÐÖË
ÓÏÁÏËÄÅÉÓ ÓÉÅÒÝÄÄÁÛÉ ÝÅËÀÃÉ ÄØÓÐÏÍÄÍÔÄÁÉÈ.



Singular Anisotropic Elliptic Problems with Variable Exponents 121

1 Introduction
Our aim is to prove the existence of at least one positive solution u to the singular anisotropic equation

−
N∑
i=1

Di

(
|Diu|pi(x)−2Diu

)
=

f

uγ(x)
in Ω,

u > 0 in Ω,

u = 0 on ∂Ω,

(1.1)

where Ω is a bounded open domain in RN (N ≥ 2) with Lipschitz boundary ∂Ω, and f is assumed
to be a nonnegative function belonging to Lm(Ω), m ≥ 1. We assume that the variable exponent
γ( · ) : Ω → (0,+∞) is a smooth continuous function, and pi( · ) : Ω → (1,+∞), i = 1, . . . , N , are
continuous functions such that

p1(x) ≤ p2(x) ≤ · · · ≤ pN (x), ∀x ∈ Ω, (1.2)

and
p(x) < N, (1.3)

where
1

p(x)
=

1

N

N∑
i=1

1

pi(x)
, ∀x ∈ Ω.

Anisotropic operators with variable exponents are involved in various branches of applied sciences.
In some cases, they provide realistic models for studying natural phenomena in electro-rheological
fluids (see the references in [1–3,14,18]). Other important application is related to the image processing
[7]. The corresponding results in the isotropic case are developed in [4–6,13].

In [5], Boccardo and Orsina studied problem (1.1) in the isotropic constant case with a positive
constant γ and f in a certain Lebesgue space. They proved some existence and regularity results. In [6],
Carmona and Martínez studied the same case for the singular nonlinearity with a variable exponent.
Additionally, singular nonlinear elliptic equations in RN were studied in [4]. Then, the existence results
for quasilinear nonlocal elliptic problems with variable singular exponent were proved in [13].

In this paper, we prove the existence and regularity results of positive solutions for anisotropic
problems with variable exponents and a singular nonlinearity having also a variable exponent, where
it was addressed to the treatment of cases m =

p−
N

p−
N−1

in Theorem 3.1, and m = N(α−1+p−)
N(p−−1)+αp− in

Theorem 3.2, where p− = min
x∈Ω

p(x), p−
N = min

x∈Ω
pN (x), α > max{1, γ+}, and γ+ = max

x∈Ω
γ(x). This is

explained under certain conditions in each of the two Theorems 3.1 and 3.2.
The proof requires a priori estimates of the sequence of suitable approximate solutions (un), which,

in turn, proves its existence, and then, by passing to the limit, the functional setting involves Lebesgue
and Sobolev spaces with variable exponent Lp( · ), W 1,−→p ( · ), W 1,−→p ( · )

loc , and W̊ 1,−→p ( · ).
We prove the strong convergence. Equipped with this convergence, we pass to the limit in the

weak formulation.

2 Preliminaries
In this section, we recall some facts on anisotropic spaces with variable exponents and give some of
their properties. For further details on the Lebesgue–Sobolev spaces with variable exponents, we refer
to [10,11, 16] and the references therein. Here, we set

C+(Ω) =
{
p ∈ C(Ω) : p(x) > 1 for any x in Ω

}
.

For any p ∈ C+(Ω), we denote

p+ = max
x∈Ω

p(x) and p− = min
x∈Ω

p(x).
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We define the Lebesgue space with a variable exponent Lp( · )(Ω) as the set of all measurable functions
u : Ω → R for which the convex modular

ρp( · )(u) =

∫
Ω

|u|p(x) dx

is finite. The expression

∥u∥p( · ) := ∥u∥Lp( · )(Ω) = inf
{
λ > 0 : ρp( · )

(u
λ

)
≤ 1

}
defines a norm on Lp( · )(Ω) called the Luxemburg norm. The space (Lp( · )(Ω), ∥u∥p( · )) is a separable
Banach space. Moreover, if 1 < p− ≤ p+ < +∞, then Lp( · )(Ω) is uniformly convex and hence,
reflexive, and its dual space is isomorphic to Lp′( · )(Ω), where 1

p(x) +
1

p′(x) = 1. For all u ∈ Lp( · )(Ω)

and v ∈ Lp′( · )(Ω), the Hölder type inequality∣∣∣∣ ∫
Ω

uv dx

∣∣∣∣ ≤ ( 1

p−
+

1

p′−

)
∥u∥p( · )∥v∥p′( · ) ≤ 2∥u∥p( · )∥v∥p′( · )

holds. We also define the Banach space

W 1,p( · )(Ω) =
{
u ∈ Lp( · )(Ω) : |∇u| ∈ Lp( · )(Ω)

}
,

which is equipped with the following norm:

∥u∥1,p( · ) = ∥u∥W 1,p( · )(Ω) = ∥u∥p( · ) + ∥∇u∥p( · ).

The space (W 1,p( · )(Ω), ∥u∥1,p( · )) is a Banach space. Next, we also define W 1,p( · )
0 (Ω), the Sobolev

space with zero boundary values, by

W
1,p( · )
0 (Ω) =

{
u ∈W 1,p( · )(Ω) : u = 0 on ∂Ω

}
endowed with the norm ∥ · ∥1,p( · ). The space W 1,p( · )

0 (Ω) is separable and reflexive, provided 1 <

p− ≤ p+ < +∞. For u ∈W
1,p( · )
0 (Ω) with p ∈ C+(Ω), the Poincaré inequality

∥u∥p( · ) ≤ C∥∇u∥p( · ) (2.1)

holds for some C > 0 depending on Ω and p( · ). Therefore, ∥∇u∥p( · ) and ∥u∥1,p( · ) are equivalent
norms.

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the
modular ρp( · )(u) of the space Lp( · )(Ω). We have the following results.

Proposition 2.1 ( [10]). If un, u ∈ Lp( · )(Ω) and p+ < +∞, then the following properties hold:
• ∥u∥p( · ) < 1 (resp. = 1, > 1) ⇐⇒ ρp( · )(u) < 1 (resp. = 1, > 1),

• min
(
ρp( · )(u)

1

p+ , ρp( · )(u)
1

p−
)
≤ ∥u∥p( · ) ≤ max

(
ρp( · )(u)

1

p+ , ρp( · )(u)
1

p−
)
,

• min
(
∥u∥p

−

p( · ), ∥u∥
p+

p( · )
)
≤ ρp( · )(u) ≤ max

(
∥u∥p

−

p( · ), ∥u∥
p+

p( · )
)
,

• ∥u∥p( · ) ≤ ρp( · )(u) + 1,

• ∥un − u∥p( · ) → 0 ⇐⇒ ρp( · )(un − u) → 0.
Remark 2.1. Note that the inequality∫

Ω

|f |p(x) dx ≤ C

∫
Ω

|Df |p(x) dx,

in general, does not hold (see [12]). But by Proposition 2.1 and (2.1) we have∫
Ω

|f |p(x) dx ≤ C max
{
∥Df∥p

+

p( · ), ∥Df∥
p−

p( · )
}
. (2.2)
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In this paper, we will also need the space W 1,p( · )
loc (Ω), which is defined as follows:

W
1,p( · )
loc (Ω) =

{
u ∈W 1,p( · )(U) for all open U b Ω

}
.

We equip W
1,p( · )
loc (Ω) with the initial topology induced by the embeddings

W
1,p( · )
loc (Ω) ↪→W 1,p( · )(U) for all open U b Ω.

Now, we present the anisotropic Sobolev space with a variable exponent which is used to study
problem (1.1). First of all, let pi( · ) : Ω → [1,+∞), i = 1, . . . , N , be continuous functions, we set
−→p ( · ) = (p1( · ), . . . , pN ( · )) and p+(x) = max

1≤i≤N
pi(x) for all x ∈ Ω. The anisotropic variable exponent

Sobolev space W 1,−→p ( · )(Ω) is defined as

W 1,−→p ( · )(Ω) =
{
u ∈ Lp+( · )(Ω) : Diu ∈ Lpi( · )(Ω), i = 1, . . . , N

}
,

which is a Banach space with respect to the norm

∥u∥W 1,−→p ( · )(Ω) = ∥u∥p+( · ) +

N∑
i=1

∥Diu∥pi( · ).

We denote by W 1,−→p ( · )
0 (Ω) the closure of C∞

0 (Ω) in W 1,−→p ( · )(Ω), and we define

W̊ 1,−→p ( · )(Ω) =W 1,−→p ( · )(Ω) ∩W 1,1
0 (Ω)

and

W
1,−→p ( · )
loc (Ω) =

N∩
i=1

W
1,pi( · )
loc (Ω).

If Ω is a bounded open set with Lipschitz boundary ∂Ω, then

W̊ 1,−→p ( · )(Ω) =
{
u ∈W 1,−→p ( · )(Ω) : u|∂Ω = 0

}
.

It is well-known that in the constant exponent case, that is, when −→p ( · ) = −→p ∈ [1,+∞)N , we have
W 1,−→p

0 (Ω) = W̊ 1,−→p (Ω). However, in the variable exponent case, in general, W 1,−→p ( · )
0 (Ω) ⊂ W̊ 1,−→p ( · )(Ω)

and smooth functions, in general, are not dense in W̊ 1,−→p ( · )(Ω), but if for each i = 1, . . . , N , pi is
log-Hölder continuous, that is, there exists a positive constant L such that

|pi(x)− pi(y)| ≤
L

− ln |x− y|
, ∀x, y ∈ Ω, |x− y| ≤ 1

2
,

then C∞
0 (Ω) is dense in W̊ 1,−→p ( · )(Ω) Thus W 1,−→p ( · )

0 (Ω) = W̊ 1,−→p ( · )(Ω). For more details on the study
of anisotropic variable exponent Sobolev spaces W 1,−→p ( · )

0 (Ω) and W̊ 1,−→p ( · )(Ω), we refer to the work
audited in [11,15,16].

For all x ∈ Ω we set

p(x) =
N

N∑
i=1

1
pi(x)

, p+(x) = max
1≤i≤N

pi(x),

p++ = max
x∈Ω

p+(x), p−(x) = min
1≤i≤N

pi(x), p−− = min
x∈Ω

p−(x),

and define

p ⋆(x) =


Np(x)

N − p(x)
for p(x) < N,

+∞ for p(x) ≥ N.

We have the following embedding results.
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Lemma 2.1 ([11]). Let Ω ⊂ RN be a bounded domain and −→p ( · ) ∈ (C+(Ω))
N . If q( · ) ∈ C+(Ω) and

for all x ∈ Ω, q(x) < max(p+(x), p ⋆(x)), then the embedding

W̊ 1,−→p ( · )(Ω) ↪→ Lq( · )(Ω)

is compact.

Lemma 2.2 ([11]). Let Ω ⊂ RN be a bounded domain and −→p ( · ) ∈ (C+(Ω))
N . Suppose that

p+(x) < p ⋆(x), ∀x ∈ Ω. (2.3)

Then the following Poincaré-type inequality holds:

∥u∥
Lp+( · )(Ω)

≤ C

N∑
i=1

∥Diu∥Lpi( · )(Ω), ∀u ∈ W̊ 1,−→p ( · )(Ω), (2.4)

where C is a positive constant independent of u. Thus
N∑
i=1

∥Diu∥Lpi( · )(Ω) is an equivalent norm in

W̊ 1,−→p ( · )(Ω).

The following embedding results for the anisotropic constant exponent Sobolev space are well-
known (see [17,19,20]).

Lemma 2.3. Let α ≥ 1, i = 1, . . . , N , we pose α⃗ = (α1, . . . , αN ). Suppose u ∈W 1,α⃗
0 (Ω) and set

1

α
=

1

N

N∑
i=1

1

αi
, r =

α ⋆ =
Nα

N − α
if α < N,

any number in [1,+∞) if α ≥ N.

Then there exists a constant C depending on N,α1, . . . , αN if α < N , and also on r and |Ω| if α ≥ N ,
such that

∥u∥Lr(Ω) ≤ C

N∏
i=1

∥Diu∥1/NLα(Ω). (2.5)

The next Lemma is Lemma 4.1 given in [8].

Lemma 2.4. For all u in W 1,pi(Ω) ∩ L∞(Ω), where p < N , we have(∫
Ω

|u|a
)N

P
−1

≤
N∏
i=1

(
|Diu|pi |u|bipi

) 1
pi (2.6)

for any choice of a and bi, where

1

a
=
ci(N − 1)− 1 + 1

pi

1 + bi
with

N∑
i=1

ci = 1.

3 Main results
Definition 3.1. We say that u ∈ W̊ 1,−→p ( · )(Ω) is a positive solution of problem (1.1) if u > 0 almost
everywhere in Ω,

f(x)

uγ(x)
∈ L1

loc(Ω)

and ∫
Ω

N∑
i=1

|Diu|pi(x)−2DiuDiφdx =

∫
Ω

fφ

uγ(x)
dx (3.1)

for every φ ∈ C1
0 (Ω).
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Our main results are the following statements.

Theorem 3.1. Let f ∈ Lm(Ω), where m =
p−
N

p−
N−1

, let pi( · ) : Ω → (1,+∞) be continuous functions
such that (1.2), (1.3), and (2.3) hold, and let γ( · ) : Ω → (0,+∞) be a smooth continuous function.
Then problem (1.1) has a positive solution u in W̊ 1,−→p (x)(Ω) .

Theorem 3.2. For some α > max{1, γ+}, let f ∈ Lm(Ω), where m = N(α−1+p−)
N(p−−1)+αp− , let pi( · ) : Ω →

(1,+∞) be continuous functions such that (1.2), (1.3), and (2.3) hold, and let γ( · ) : Ω → (0,+∞)
be a smooth continuous function. Then problem (1.1) has a positive solution u in Lr(x)(Ω), where
r(x) = N p ∗(x)

p(x) (α− 1 + p(x)), and this solution belongs to W 1,−→p (x)
loc (Ω) .

Remark 3.1. From (1.2) we have p+(x) = pN (x) for all x ∈ Ω, while r− = N (p−)∗

p− (α − 1 + p−),
where p− is the harmonic mean of {p−i , i = 1, . . . , N}.

4 Existence
We use the following problem:−

N∑
i=1

Di

(
|Diun|pi(x)−2Diun

)
=

fn

(un + 1
n )

γ(x)
in Ω,

un = 0 on ∂Ω,

(4.1)

where fn = Tn(f), n ≥ 1.
We are going to prove the existence of a positive solution un to problem (4.1).

Lemma 4.1. Let f ∈ Lm(Ω) and let γ( · ) : Ω → (0,+∞), pi( · ) : Ω → (1,+∞), i = 1, . . . , N , be
continuous functions. Assume that (2.3) holds. Then there exists at least one nonnegative solution
un ∈ W̊ 1,−→p ( · )(Ω) to problem (4.1) in the sense that

N∑
i=1

∫
Ω

|Diun|pi(x)−2DiunDiφdx =

∫
Ω

fnφ

(un + 1
n )

γ(x)
dx (4.2)

for every φ ∈ W̊ 1,−→p ( · )(Ω) ∩ L∞(Ω).

Proof. Consider the following problem:−
N∑
i=1

Di

(
|Diun|pi(x)−2Diun

)
=

fn

(|un|+ 1
n )

γ(x)
in Ω,

un = 0 on ∂Ω.

(4.3)

Fix n ∈ N∗ and consider for X = LPN ( · )(Ω) the operator

ψ : X × [0, 1] → X, (vn, σ) 7→ un = ψ(vn, σ),

where un is the only solution of the problem−
N∑
i=1

Di

(
|Diun|pi(x)−2Diun

)
= σ

fn

(|vn|+ 1
n )

γ(x)
in Ω,

un = 0 on ∂Ω.

(4.4)

It is clear that problem (4.4) has a unique solution whenever the right-hand side belongs to Lq′( · )(Ω),
where q( · ) is defined as in Lemma 2.1, i.e., q( · ) < p ∗( · ) in Ω (see [8, 9, 11]).
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• It is clear that ψ(vn, 0) = 0 for all vn ∈ X, since the only weak solution to the problem−
N∑
i=1

Di

(
|Diun|pi(x)−2Diun

)
= 0 in Ω,

un = 0 on ∂Ω

(4.5)

is un = 0 ∈ X.

• Let us estimate the elements of X such that vn = ψ(vn, σ).

For all φ ∈ W̊ 1,−→p ( · )(Ω), we have

N∑
i=1

∫
Ω

|Divn|pi(x)−2DivnDiφdx = σ

∫
Ω

fnφ

(|vn|+ 1
n )

γ(x)
dx. (4.6)

Choosing φ = vn in (4.6), we get∫
Ω

N∑
i=1

|Divn|pi(x) dx ≤ n1+γ+

∫
Ω

|vn| dx. (4.7)

Recall Young’s inequality: for any ε > 0, and a, b ≥ 0,

ab ≤ εap + c(ε)bp
′
, (4.8)

where c(ε) = 1

(εp)
p′
p

· 1
p′ and 1

p + 1
p′ = 1.

It follows from (4.8) that for any ε > 0, there exists a constant C(ε) depending on ε such that

N∑
i=1

∫
Ω

|Divn|pi(x) dx ≤ n1+γ+

(
ε

∫
Ω

|vn|p
−
− dx+ C(ε)

)

≤ n1+γ+

(
εc1

∫
Ω

|Divn|p
−
− dx+ C(ε)

)
≤ n1+γ+

(
εc2

(
1 +

∫
Ω

|Divn|pi(x) dx

)
+ C(ε)

)

≤ n1+γ+

(
εc2

(
1 +

N∑
i=1

∫
Ω

|Divn|pi(x) dx

)
+ C(ε)

)
,

where c1, c2 are positive constants.
Now, we choose ε = 1/(2n1+γ+

c2), then

N∑
i=1

∫
Ω

|Divn|pi(x) dx ≤ c(n). (4.9)

On the other hand, we have

N∑
i=1

∫
Ω

|Divn|pi(x) dx ≥
N∑
i=1

min
{
∥Divn∥

p−
i

pi(x)
, ∥Divn∥

p+
i

pi(x)

}
,

where ∥ · ∥pi( · ) = ∥ · ∥Lpi( · )(Ω).
We define

βi =

{
p++ if ∥Divn∥pi( · ) < 1,

p−− if ∥Divn∥pi( · ) ≥ 1.
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We obtain

N∑
i=1

min
{
∥Divn∥

p−
i

pi( · ), ∥Divn∥
p+
i

pi( · )
}

≥
N∑
i=1

∥Divn∥βi

pi( · ) ≥
N∑
i=1

∥Divn∥
p−
−

pi( · ) −
∑

{i,βi=p+
+}

(
∥Divn∥

p−
−

pi( · ) − ∥Divn∥p++pi( · )
)

≥
N∑
i=1

∥Divn∥
p−
−

pi( · ) −
∑

{i,βi=p+
+}

∥Divn∥
p−
−

pi( · ) ≥
( 1

N

N∑
i=1

∥Divn∥pi( · )

)p−
− −N.

From (2.4) we get
N∑
i=1

∫
Ω

|Divn|pi(x) dx ≥
( 1

N
∥vn∥X

)p−
− −N. (4.10)

From (4.9) and (4.10) we conclude that

∥vn∥X ≤ C(n). (4.11)

Then it follows from Leray–Schauder theorem that the operator ψ1 : X → X defined by ∀x ∈ X :
ψ1(x) = ψ(x, 1) has a fixed point.

So, by the Sobolev compact embedding in Lemma 2.1, we conclude that the approximation problem
(4.4) has the solution in W̊ 1,−→p ( · )(Ω) for every fixed n ∈ N∗.

Since fn
(|un|+1

n )γ(x) ≥0, the maximum principle (see [9]) implies that un≥0, thus un solves (4.3).

4.1 A priori estimates
In this section, we state and prove a uniform estimate for the approximate solutions un of prob-
lem (4.2).

Following the same proof steps as in [5, 6], we obtain the following two lemmas below.

Lemma 4.2. The sequence (un) is increasing with respect to n.

Proof. From (4.2) we have

N∑
i=1

∫
Ω

|Diun|pi(x)−2DiunDiφdx =

∫
Ω

fnφ

(un + 1
n )

γ(x)
dx,

N∑
i=1

∫
Ω

|Diun+1|pi(x)−2Diun+1Diφdx =

∫
Ω

fn+1φ

(un+1 +
1

n+1 )
γ(x)

dx,

then

N∑
i=1

∫
Ω

(
|Diun|pi(x)−2Diun − |Diun+1|pi(x)−2Diun+1

)
Diφdx

=

∫
Ω

( fn

(un + 1
n )

γ(x)
− fn+1

(un+1 +
1

n+1 )
γ(x)

)
φdx. (4.12)

Taking φ = (un − un+1)
+ as a test function in (4.12) and observing that if 0 ≤ fn ≤ fn+1, then

fn

(un + 1
n )

γ(x)
− fn+1

(un+1 +
1

n+1 )
γ(x)

≤ fn+1

( 1

(un + 1
n+1 )

γ(x)
− 1

(un+1 +
1

n+1 )
γ(x)

)
,
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we find that the right-hand side gives

N∑
i=1

∫
Ω

(
|Diun|pi(x)−2Diun − |Diun+1|pi(x)−2Diun+1

)
Di(un − un+1)

+ dx

≤
∫
Ω

fn+1

( 1

(un + 1
n+1 )

γ(x)
− 1

(un+1 +
1

n+1 )
γ(x)

)
(un − un+1)

+ dx.

Since fn+1 ≥ 0, (un − un+1)
+ ≥ 0 and

1

(un + 1
n+1 )

γ(x)
− 1

(un+1 +
1

n+1 )
γ(x)

≤ 0 in {x ∈ Ω : un(x) ≥ un+1(x)},

we get
N∑
i=1

∫
Ω

(
|Diun|pi(x)−2Diun − |Diun+1|pi(x)−2Diun+1

)
Di(un − un+1)

+ dx ≤ 0. (4.13)

We recall the following well-known inequalities that hold for any two real vectors ξ, η and a real p > 1:

(
|ξ|p−2ξ − |η|p−2η

)
(ξ − η) ≥

22−p|ξ − η|p if p ≥ 2,

(p− 1)
|ξ − η|2

(|ξ|+ |η|)2−p
if 1 < p < 2.

(4.14)

For all i = 1, . . . , N , we put

Ω1
i = {x ∈ Ω, pi(x) ≥ 2} and Ω2

i = {x ∈ Ω, 1 < pi(x) < 2},

then, by virtue of (4.14), we have∫
Ω

(
|Diun|pi(x)−2Diun − |Diun+1|pi(x)−2Diun+1

)
Di(un − un+1) dx

≥ 22−p+
i

∫
Ω1

i

|Di(un − un+1)|pi(x). (4.15)

On the other hand, by the Hölder inequality, (4.14) and Proposition 2.1, we have∫
Ω2

i

|Di(un − un+1)|pi(x) dx

≤
∫
Ω2

i

|Di(un − un+1)|pi(x)

(|Diun|+ |Diun+1|)
pi(x)(2−pi(x))

2

(
|Diun|+ |Diun+1|

) pi(x)(2−pi(x))

2 dx

≤ 2

∥∥∥∥ |Di(un − un+1)|pi(x)

(|Diun|+ |Diun+1|)
pi(x)(2−pi(x))

2

∥∥∥∥
L

2
pi( · ) (Ω2

i )

∥∥∥(|Diun|+ |Diun+1|
) pi(x)(2−pi(x))

2

∥∥∥
L

2
2−pi( · ) (Ω2

i )

≤ 2max
{(∫

Ω2
i

|Di(un − un+1)|2

(|Diun|+ |Diun+1|)2−pi(x)
dx

) p
−
i
2

,

(∫
Ω2

i

|Di(un − un+1)|2

(|Diun|+ |Diun+1|)2−pi(x)
dx

) p
+
i
2
}

× max
{(∫

Ω

(
|Diun|+ |Diun+1|

)pi(x)
dx

) 2−p
+
i

2

,

(∫
Ω

(
|Diun|+ |Diun+1|

)pi(x)
dx

) 2−p
−
i

2
}

≤ 2cmax
{(∫

Ω

(
|Diun|pi(x)−2Diun − |Diun+1|pi(x)−2Diun+1

)
Di(un − un+1) dx

) p
−
i
2

,
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(∫
Ω

(
|Diun|pi(x)−2Diun − |Diun+1|pi(x)−2Diun+1

)
Di(un − un+1) dx

) p
+
i
2
}

×
((
ρpi

(
|Diun|+ |Diun+1|

)) 2−p
−
−

2 + 1
)
. (4.16)

Since un, un+1 ∈ W̊ 1,−→p ( · )(Ω;Rm), from (4.15), (4.16) and (4.13) we obtain∫
Ω

|Di(un − un+1)
+|pi(x) dx ≤ 0 for all i = 1, . . . , N.

Hence
un ≤ un+1. (4.17)

The lemma is proved.

Lemma 4.3. For all n ∈ N∗, un ∈ L∞(Ω) and for all ω b Ω, there exists Cω > 0 (independent of n)
such that

un ≥ Cω > 0. (4.18)

Proof. As the right-hand side of (4.1) belongs to L∞(Ω), therefore the L∞(Ω) estimate of (un)n is a
direct consequence of Stampachia’s result [19].

Now, since we have

−
N∑
i=1

Di

(
|Diu1|pi(x)−2Diu1

)
=

f1
(u1 + 1)γ(x)

≥ f1
(∥u1∥∞ + 1)γ(x)

≥ 0,

the strong maximum principle and (4.17) give (4.18).

Lemma 4.4. Let m, γ( · ), and pi( · ) be restricted as in Theorem 3.1. Then (un) is bounded in
W̊ 1,−→p (x)(Ω).

Proof. Choosing φ = un in (4.2) and letting Ωδ = {x ∈ Ω, dist(x, ∂Ω) < δ}, we have

N∑
i=1

∫
Ω

|Diun|pi(x) dx =

∫
Ω

fnun

(un + 1
n )

γ(x)
dx

≤
∫
Ωδ

fnun

(un + 1
n )

γ(x)
dx+

∫
Ω\Ωδ

fnun

(un + 1
n )

γ(x)
dx ≤

∫
Ωδ

fu1−γ(x)
n dx+

∫
Ω\Ωδ

fun

(un + 1
n )

γ(x)
dx

≤
∫

Ωδ∩{un≤1}

fnu
1−γ(x)
n dx+

∫
Ωδ∩{un>1}

fnun

(un + 1
n )

γ(x)
dx+

(
1 + C−γ+

Ω\Ωδ

) ∫
Ω\Ωδ

fnun dx

≤
∫
Ω

f dx+
(
2 + C−γ+

Ω\Ωδ

) ∫
Ω

fun dx.

Using the Hölder inequality and (2.4), we obtain

∫
Ω

N∑
i=1

|Diun|pi(x) dx ≤ c∥f∥Lm(Ω) + C
(
2 + C−γ+

Ω\Ωδ

)
∥f∥Lm(Ω)∥un∥

Lp
−
N (Ω)

≤ c∥f∥Lm(Ω) + C
(
2 + C−γ+

Ω\Ωδ

)
∥f∥Lm(Ω)

( N∑
i=1

∥Diun∥Lpi( · )(Ω)

)
. (4.19)
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On the other hand, we have
N∑
i=1

∫
Ω

|Diun|pi(x) dx ≥
( 1

N

N∑
i=1

∥Diun∥pi( · )

)p−
− −N. (4.20)

From (4.19) and (4.20) we get the desired result.

Lemma 4.5. Let m, α, γ( · ), and pi( · ) be restricted as in Theorem 3.2. Then (un) is bounded in
Lr−(Ω) with

r(x) = N
p ∗(x)

p(x)
(α− 1 + p(x)).

Proof. Chousing φ = uαn in (4.2) and using the Hölder inequality, we have

α

∫
Ω

|Diun|pi(x)uα−1
n dx ≤

∫
Ω

fnu
α
n

(un + 1
n )

γ(x)
dx ≤

∫
Ωδ

fuα−γ(x)
n dx+

(
1 + C−γ+

Ω\Ωδ

) ∫
Ω\Ωδ

fuαn dx

≤
∫
Ω

f dx+
(
2 + C−γ+

Ω\Ωδ

) ∫
Ω

fuαn dx ≤ c∥f∥Lm(Ω) +
(
2 + C−γ+

Ω\Ωδ

)
∥f∥Lm(Ω)∥uαn∥Lm′ (Ω)

≤ c∥f∥Lm(Ω) +
(
2 + C−γ+

Ω\Ωδ

)
∥f∥Lm(Ω)(∥un∥Lr− (Ω))

r−
β ,

where β = r−

α . From the fact that

|Ω|+
∫
Ω

|Diun|pi(x)uα−1
n dx ≥

∫
Ω

|Diun|p
−
i uα−1

n dx

we get ∫
Ω

|Diun|p
−
i uα−1

n dx ≤ c1 + c2(∥un∥Lr− (Ω))
r−
β . (4.21)

From (4.21) we obtain
N∏
i=1

(∫
Ω

|Diun|p
−
i uα−1

n dx

) 1

p
−
i ≤

(
c1 + c2(∥un∥Lr− (Ω))

r−
β

) N

P−

. (4.22)

From (4.22), after applying Lemma 2.4 with respect to

bi =
r− − 1

p−i
, a = r−, ci =

1

N − 1

(1 + bi
a

+ 1− 1

p−i

)
,

we get
(∥un∥r

−

Lr− (Ω)
)

N

P− −1 ≤
(
c1 + c2(∥un∥r

−

Lr− (Ω)
)

1
β
) N

P− .

Therefore, we obtain
(∥un∥r

−

Lr− (Ω)
)1−

P−
N ≤ c1 + c2(∥un∥r

−

Lr− (Ω)
)

1
β . (4.23)

Since ∥un∥r
−

Lr− (Ω)
≤ 1, we have

∥un∥Lr− (Ω) ≤ 1. (4.24)

Since ∥un∥r
−

Lr− (Ω)
> 1, from (4.23) we get

(∥un∥r
−

Lr− (Ω)
)1−

P−
N ≤ (c1 + c2)(∥un∥r

−

Lr− (Ω)
)

1
β .

Since 1
β < 1− P

−

N , we have
∥un∥Lr− (Ω) ≤ C. (4.25)

Then (4.24) and (4.25) imply that (un) is bounded in Lr−(Ω) with r(x) = N p ∗(x)
p(x) (α− 1+ p(x)).
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4.2 Proof of Theorems 3.1 and 3.2
4.2.1 Proof of Theorem 3.1

By Lemma 4.4, (un) is bounded in W̊ 1,−→p (x)(Ω). Consequently, we can extract a subsequence (denoted
again by (un)) such that

un ⇀ u weakly in W̊ 1,−→p (x)(Ω).

From here and Lemma 2.1 we obtain

un → u strongly in Lq(x)(Ω),

where q( · ) < p ∗( · ) in Ω. Thus
un → u a.e. in Ω.

So, for all φ ∈ C1
0 (Ω), we get

N∑
i=1

∫
Ω

|Diun|pi(x)−2DiunDiφdx −→
N∑
i=1

∫
Ω

|Diu|pi(x)−2DiuDiφdx as n→ +∞. (4.26)

For all φ ∈ C1
0 (Ω), φ ̸= 0, and on the set where un ≥ CΩ\Ωδ

, Ω \ Ωδ being the support of φ, we have

0 ≤
∣∣∣ fnφ

(un + 1
n )

γ(x)

∣∣∣ ≤ (
1 + C−γ+

Ω\Ωδ

)
∥φ∥L∞(Ω)f.

Then the dominated Lebesgue’s theorem permits us to conclude that∫
Ω

fnφ

(un + 1
n )

γ(x)
dx −→

∫
Ω

fφ

uγ(x)
dx as n→ +∞. (4.27)

4.2.2 Proof of Theorem 3.2

By Lemma 4.5 and the continuous embedding Lr(x)(Ω) ↪→ Lr−(Ω) we find that (un) is bounded in
Lr(x)(Ω). Then, by the monotone convergence theorem, we have

un → u strongly in Lr(x)(Ω).

Now, we can pass to the limit in the weak formulation (4.2) prove (4.26) and (4.27) in a similar way.
On the other hand, we find that

N∑
i=1

∫
Ω

|Diun|pi(x)uα−1
n dx ≤ C.

By the strong maximum principle for every compact K b Ω we have

Cα−1
K

N∑
i=1

∫
Ω

|Diun| dx ≤ C.

Thus we obtain
un ⇀ u weakly in W

1,−→p (x)
loc (Ω).
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