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MARTINGALE SOLUTION OF STOCHASTIC HYBRID
KORTEWEG-DE VRIES-BURGERS EQUATION



Abstract. In the paper, we consider a stochastic hybrid Korteweg—de Vries—Burgers type equation
with multiplicative noise in the form of cylindrical Wiener process. We prove the existence of a
martingale solution to the equation studied. The proof of the existence of the solution is based on
two approximations of the considered problem and the compactness method. First, we introduce an
auxiliary problem corresponding to the equation studied. Then, we prove the existence of a martingale
solution to this problem. Finally, we show that the solution of the auxiliary problem converges, in
some sense, coincides to the solution of the equation under consideration.
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1 Introduction

The deterministc hybrid Korteweg—de Vries—Burgers (hKdVB) equation has been derived by Misra,
Adhikary and Shuka [10] and by Elkamash and Kourakis [5] in the context of shock excitations in
multicomponent plasma. The hKdVB equation derived in stretched coordinates & = e%(x — ot),
T =€t (v is the phase velocity of the wave) has the form

ur + Au Ug + BU3§ = C’LLQ& — Du. (11)

In (1.1), u(§, 7) represents electrostatic potential or electric field pulse in the reference frame moving
with the velocity v. Indices denote partial derivatives, that is, u, = Ou/97, uge = 9*u/0¢? and so on.
The constants A, B, C, D are related to the parameters describing properties of plasma [5, Eq. (27)].

Although equation (1.1) was derived for dissipative dispersive waves in multicomponent plasma, it
can be applied in several other physical systems, e.g., surface water waves and the motion of optical
impulses in fibers. For some particular values of constants A, B, C, D, the hKdVB equation (1.1)
reduces to the particular cases:

¢ the Korteweg—de Vries equation, when C'= D = 0;

o the damped (dissipative) KdV equation, when C = 0;
e the Burgers equation, when B = D = 0;

e the KdV-Burgers equation, when D = 0;

e the damped Burgers equation, when B = 0.

The term with A # 0 introduces nonlinearity that with B # 0 is responsible for dispersion, C' # 0
supplies diffusive term and D # 0 introduces damping. All equations of these kinds were widely
studied 30-40 years ago, and most of physical ideas have been already understood (see, e.g., Lev
Ostrovsky’s book [11] and the references therein). On the other hand, during the last few years, one
can observe renewal of interest in this field, mostly due to the extensions to higher order equations.

Studies of the full generalized hybrid KdB-Burgers equation (1.1) have appeared in the physical
literature only in [5,10]. Some approximate analytic solutions and several cases of numerical solutions
to (1.1) were subjects of recent studies in [6].

The paper deals with a stochastic hybrid Korteweg—de Vries—Burgers type equation. The presence
of stochastic noise has deep physical grounds. In the case of waves in plasma, it can be caused by
thermal fluctuations, whereas in the case of water surface waves, by air pressure fluctuations due to
the wind. To the best of our knowledge, our paper is the first one which deals with the stochastic
hKdVB equation.

The main result of the paper, Theorem 2.1, supplies the existence of a martingale solution to
equation (2.1), which is the stochastic version of equation (1.1).

The idea of the proof of the existence of a martingale solution to (2.1) consists in the following.
First, we introduce an auxiliary problem (2.6) which we can call e-approximation of equation (2.1).
Then, in Lemma 2.1, we prove that problem (2.6) has a martingale solution. Here we use the Galerkin
approximation (4.1) of (2.6) and the tightness of the family of distributions of the solutions to the
approximation (4.1). Next, in Lemma 2.2, we show two estimates used in the proof of Theorem 2.1.
Lemma 2.3 guarantees the tightness of the family of distributions of solutions to problem (2.6) in a
proper space. Finally, we prove that the solution to (2.6) converges, in some sense, to the solution of
equation (2.1).

The paper is organized as follows.

In Section 2, we define the martingale solution to some kind of stochastic hybrid Korteweg—de
Vries—Burgers equation (2.1) with a multiplicative Wiener noise on the interval [0,7]. Then we for-
mulate and prove Theorem 2.1. In the proof, some methods introduced in [7] and extended in [4] have
been adapted to the problem under consideration.

In Section 3, Lemmas 2.2 and 2.3 used in the proof of Theorem 2.1 are proved. Lemma 2.2 contains
a version of estimates which are analogous to those presented in [4] and [7].
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In Section 4, we give the detailed proof of Lemma 2.1. This lemma formulates the sufficient
conditions for the existence of martingale solutions for m-dimensional Galerkin approximation of
Korteweg—de Vries—Burgers equation with a multiplicative Wiener noise for arbitrary m € N.

2 Existence of martingale solution

Denote X := [x1,23] C R, where —co < 21 < 0 < x9 < 0o. We consider the following initial value

problem for the hybrid Korteweg—de Vries—Burgers type equation

du(t,x) + (Au(t, )y (t, ) + Buzg(t, ) — Cugy(t, z) + Du(t,x)) dt = ®(u(t,x)) dW (t), 2.1)
uw(0,2) =up(z), z€ X, t>0. '

In (2.1), W(t), t > 0, is a cylindrical Wiener process on L?(X). We define W by setting W (t) =
S” Bi(t) ei, where {e; }ien denotes a basis on L?(X) and {3;}1en is a family of real Brownian motions,
1€EN
mutually independent in a fixed probability space (Q, F,{Fi}i>0,P) (see [3,8]). The series defining
the process W does not converge in L?(X), but it is convergent in any Hilbert space U such that the
embedding L?*(X) C U is Hilbert-Schmidt.

The initial condition ug € L?(X) is a deterministic real-valued function. In (2.1), u(w, -, -) :
Ry xR — R for all w € 2. We assume that there exists Ax > 0 such that

lu(t,z)| < Ax < oo forall t€ Ry andall z € X. (2.2)

This assumption reflects the finiteness of the solutions to the deterministic equation (1.1) on a finite
interval X (see, e.g., [6,10]).

By HY(X), H*(X), H*(X), s < 0, we denote the Sobolev spaces according to definitions in [1].
We assume that ® is a continuous mapping from H?(X) to L(L?*(X)), the space of Hilbert—Schmidt
operators from Lo(X) to itself. Moreover, we assume that ® is such that there exist the constants
K1, ke > 0 satisfying

1@ (u(2)) ]| Lz (22(x)) < w1 min {Ju(z)[F2x), [u(@)|2(x) } + ke forany u € H*(X), (2.3)
and that there exist the functions a,b € L?(X) with a compact support such that the mapping

ur— (®(u)a, ®(u)d) is continuous in L?(X). (2.4)

L2(X)
Definition 2.1. We say that problem (2.1) has a martingale solution on the interval [0, 7], 0 < T <
00, if there exists a stochastic basis (Q, #,{% }+>0, P, {Wi }1>0), where {W, }:>¢ is a cylindrical Wiener
process, and there exists the process {u(t,z)}:>0 adapted to the filtration {.%;};>¢ with trajectories
in the space

L>®(0,T; L*(X)) N L*(0,T; L*(X)) N C(0,T; H*(X)), s <0, P-as.,

such that

t
(u(t, +/ Au t, 2)ug(t,x) + Bugg(t, z) — Cuoy (¢, x) + Du(t,x);v(x)> ds
0

~ tun(o)iofa) + / B(uls.a) AW (s)0(e) ), Pas.
0

for all t € [0,7] and v € H(X).



Martingale Solution of Stochastic Hybrid Korteweg—de Vries—Burgers Equation 107

In our consideration we assume that the coefficients of equation (2.1) satisty the following condition:
B,C,D >0 with 3B> A+ 1. (2.5)

The physical sense of the coefficients A, B, C', D and the fact that A can be positive or negative
(see, e.g., [5,6,10]) confirm that condition (2.5) is satisfied for a wide class of physically meaningful
equations which contains all particular cases listed in Section 1.

Theorem 2.1. If conditions (2.2)—(2.5) hold, then for all real-valued ug € L?*(X) and 0 < T < oo
there exists a martingale solution to (2.1).

Proof. Let € > 0. Consider the following auxiliary problem:
du®(t,x) + |euq, (t, ) + Au(t, z)uS(t, x) + Bu§, (t, ) — Cus, (t, z) + Dus(t, m)} dt
= ®(us(t, z)) dW (t), (2.6)
u§(x) =u®(0,z), €>0.
In the proof of the theorem we use the following lemmas.

Lemma 2.1. For any € > 0, there exists a martingale solution to problem (2.6) if conditions (2.3),
(2.4) and (2.5) hold.

Lemma 2.2. There exist g > 0 and 51 > 0 such that for all e € (0,&9),

cE (|u5(t,$)|%2(07T;H2(R))) < 61- (2'7)
Moreover, there exist eg > 0 and ég(k) > 0 such that for all k € Xj and € € (0,¢p),
E (|u*(t,2) 20,740 (—yy) < Ca(k), (2.8)

where X, = {k > 0: |k| <min{—z,22}}.

Lemma 2.3. Let £ (u®) denote the family of distributions of the solutions u® to (2.6). Then the
family £ (uf) is tight in L*(0,T; L*(X)) N C(0,T; H3(X)).

Now, in Prohorov’s theorem (e.g., see Theorem 5.1 in [2]), we substitute S := L?(0,T; L*(X)) N
C(0,T; H3(X)) and # = {L(u)}c>0. Since ¥ is tight in S, it is sequentially compact, so there
exists a subsequence of {.Z(uf)}.~( converging to some measure p in #. Because {.Z(u%)}csq is
convergent, in Skorohod’s theorem (e.g., see Theorem 6.7 in [2]) one can substitute p. := { £ (u®)}c>0
and g = lim.0 . Then there exist a space (Q,.%,{Z}i>0,P) and random variables with val-
ues in L2(0,T; L*(X)) N C(0,T; H3(X)) such that u® — @ in L?(0,T;L*(X)) and ©° — @ in
C(0,T; H=3(X)). Moreover, Z(u¢) = £ (u®).

Then, due to Lemma 2.2, for any p € N there exist the constants 51 (p), 62 such that

]E( sup |ﬂ8(t,x)|i’;(x)) <Ci(p), E (|H8(t7x)‘%2(0,T;H2(X))) < 0
t€[0,T]

and @ (t,x) € L*(0,T; H' (—k k:)) NL>(0,T;L?(X)), P-a.s. Therefore, one can conclude that u° — u
weakly in L?(Q, L?(0,T; H'(—k, k))).
Let z € R be fixed. Denote
MEe(t) :=u® (¢, z) — ug(x)
¢
+ / [eus(t,x)4m(t,:ﬂ) + Auf(t, x)us (t,x) + Bug, (t, ) — Cug,(t,z) + Dus(t,x)} ds,
0

M) =uc(t,2) —us(a +/ as(t,z) + B, (t,z) — Cagz(t,xHDaE(t,x)} ds.
0
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Note that

)) AW (s).

o\ﬁ

So, M¢(t), t > 0, is a square integrable martingale with values in L?(X), adapted to the filtration
o{u(s,z),0 < s <t} with quadratic variation, equal to

(ME](t) = /@(u6<s,x))[q>(u6<s,x))]*ds.

In the Doob inequality (e.g., see Theorem 2.2 in [8]), substitute M; := M¢(¢) and p := 2p. Then

p p
€ p < (L £
B[( s M Ola0)] < (527) B OM Dlrecr) (2.9)

Assume that 0 < s < ¢ < T and let ¢ be a bounded continuous function on L?(0, s; L?(X)) or
C(0,s; H3(X)). Let a,b € H3(—k, k), k € N, be arbitrary and fixed. Since M (t) is a martingale
and Z(u®) = Z(u®), we have (see [7, pp. 377-378))

E (<Mf(t) ~ ME(s); a>g0(u5(t,x))) —0 and E (<M€(t) _DE(s); a><p(ﬂs(t,x))) —0.

Moreover,

E{ [<M6<t>;a><M5<t>;b> (M (s); @) (M (s); )

Denote
M(t) == u(t,z) — uo(z —|—/ [Au t,x)Uy(t, ) + BUsy(t, ) — Clas(t, x) + Dult, x)] ds.
0

Ife — 0, then M " (t) — M(t) a

t nd ME( ) — M(s), P-a.s. in H—3(X). Moreover, since ¢ is continuous,
we have p(u®(s, z)) = p(u(s, z)),

P-a.s. So, if ¢ — 0, then

M (s); a)p(a(t,z)).

= €

E (<M5(t) M (s); a>g0(ﬂ€(t,x))> SE ((M(t) -
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Moreover, since ® is a continuous operator in the topology L?(X) and (2.9) holds, for ¢ — 0 we

have
(@@ (s,2)))"a; (@(@*(5,)))b) — ((@((s,2)))"a: (@(u(s,)))"b)

and

- [ {oe.)) o [or(e.) 8) de] tate.an .

Then M (t), t > 0, is also a square integrable martingale adapted to the filtration o{u(s),0 < s < t}
¢
with quadratic variation [ ®(u(s,x))(®(u(s,z)))* ds.
0

In the representation theorem (e.g., see Theorem 8.2 in [3]), substitute

A@:Mw,wm:/¢mwm@@mwww
0

and
O(s) := P(u(s, z)).
N ¢ . .
Then there exists a process M(t) = [ ®(u(s,z)) dW (s) such that M(t) = M(t), P-a.s., and
0
¢

u(t, ) — uo(x) + / [Aﬂ(t, X)Uy (t, ) + Bugy (t, x) — CUay(t, ) + Dult, 33)} ds
0

-

:/@@@@MW@.
This implies that

u(t,x) = uo(x / Au t,x)Uy(t, ) + Blsy(t,x) — Clg,(t, ) + Du(t, x)| ds
0

+ @(H(s,m))dW(s).

o .

Thus @(t, x) is a solution to (2.1), which completed the proof of Theorem 2.1. O

3 Proofs of Lemma 2.2 and Lemma 2.3

Proof of Lemma 2.2. Let p: R — R be a smooth function satisfying the following conditions:

(i) p is increasing on X;
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(i) p(a1) =0 > 0;
(iii) p'(x) > ax for all x € X;
(iv) Bp"'(z) + Cp'(z) <y < —1for all z € X.
Additionally, let
F(u) i= [ plo)(u(@)? do

b'e
Application of the Itd formula for F'(uf) yields the formula

dF (u(t,2)) = (F'(u*(t, 2)); @(u(t,z))) AW (t)
- <F’(1f(t7 x));eug, + Au®(t, x)u (t, ) + Bu§, (t,x) — Cud, (¢, ) + Du°(t, 33)> dt

1 *
+ 5 Tr{ F(uf (t, 2) (e (t,2) [(u (1,2))] " | .
where
(F'(u(t,2));v(t,x)) = 2/p(x)u5(t,x)v(t,x) dr and F'(u®(t,z))v(t,z) = 2p(x)v(t, ).
X
We use the following auxiliary result.
Lemma 3.1 ([4, p. 242]). There exist the positive constants Cy, Co, C3 such that

[ ol oty de = 5 [ )5t o) do - Crlul (e o)

X X

—Cy /p’(m)[ux(t,x)}zdx;

X
/ oy (t,2)u5, (t0) do = 5 [ p@ls (o) do - 5 [ 57 (@)utto) da
X X X
1 / 2
/ Pz wE(t) do = ~Co(1+ () Bagxy) — 5 [ @luat,0)
X
Similarly, as in Lemma 3.1, one has
/ @)U (¢, 2, (£, 7) dr = % / P (@)U (¢, 22 d — / (@) [t (t, 2)]2 da.
X X X

These estimations imply
(F/(uf (t,2)s el (1) + Au (8, 2)us (1 @) + Bui, (£ ) — Cu, (t,2) + Du(t,2))

> e/p(x)[ugx(t 2)]? dx — 26Cy [u (t, ) |72 x) — 26Ca /p'(a:)[ugg(t,x)]2 dzx
X X

+3B /p 2dr — B /p”'(x)[ue(t z))? dz — 2AC;5(1 + |u€(t,z)|%2(x))
X

—A/ Mug(t, z)] dac—C/ 2 dx

+2C/ Nug (t, x)] dm+2D/ [u(t, z)]? dx
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> / P, (6, 2))? dr — 22Ch|us (1, 2)[2a ) + (3B — A — 26C5)C / V(@) (t, 2)]2 da

X X
_ / [Bp"'(z) + Cp" (2)] [u®(t, 2)]* dw — 2AC5(1 + |u°(t, x)|6L2(X))
X
> e | p(z)[us, (t,z)]?dz 4+ (3B — A —2eCy) [ p'(2)[us(t, )] dz
/ [

— (v + 260D |u (1, 2) 22 ) — 2AC3 (1 + [uf(t,2) (S ).

Let & < min{32;2=1 — 242} Then
(F/(uf (t,2)s el (1) + A (8, 2)us (1 7) + Bul, (£ ) — Cug, (t,2) + Duf (t,2))

E/p [us, (¢, )] dz+/ '(2)[ug (t, 2))* do + |u€(t,:ﬂ)|2L2(X) —2AC5(1+ |u5(t,x)|i2(x))
X b'e
> s/p(x)[ugz(t,x)] der/p( Vg (t, )] dx — 2A03(1 + \us(t,x)|6L2(X)). (3.1)
X X
Let {e;}ien be an orthonormal basis in L?(X). Then there exists a constant Cy > 0 such that
Tr (F" (u)®(u)[ = 22/ “(t,x) | dx
ieN 5

2
< 04‘@ |L2(L2(X)) < C4(/€1|ue(t,x)|%2(x) + K}Q) . (32)

From (3.1) and (3.2), we have

EF(us(t, 7)) < F(ul) EIE//p(x)[ugx(t,x)]Q dxdt—]E//p’(x)[ux(t,x)]Z da dt
0 X 0 X

t
2

+2AC3E/(1+|u€(t,x)|%2(x)) dt+C4E(/€1‘u5(t,x)|%2(R) +K2) .
0

E F(u(t, 7)) + e E /t / (@[S, ()] da dt + E /t / P (@) [ua(t,2)]2 da dt

¢
< F(u§) + 2A03E/ (1+ |u5(t,m)|iz(x)) dt+C,E (m|u5(t7x)\%z(R) + m2)2

0
T

< F(u§) + 2A03E/ (1+ |u5(t,w)|6L2(X)) dt+ C,E (K1|u5(t,x)\iz(R) + Kg)

0
T

< F(ug) + 2A03E/(1 + 05) dt + Cg = F(ug) + 2A03T(1 + 05) + Cg < C5.
0

Thus

2

Let €9 > 0 be fixed. Then for all 0 < & < g9, one has

T
E(‘Ug(t,$)|2L2(O’T;H2 :gE//[uE(t,:E)]Q dmdt—i—aE//uh (t,x)]? dxdt
0 X 0 X
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1

T T
§508+5E//[u§x(t,x)]2 dmdtzng—l—sE//mp(x)[uém(t,x)]z dx dt
e

T
<5Cg+5E//5 V[ug, (t, )] dx<ng+75]E//p V[us, (t, z)]? da
0

1 1
e+ 10 < Cy(e+ 1) < Co(=0+ ),
5 ) )
which proves formula (2.7). Moreover, we have

E (Jus(t, x)|L2(OTH1 k)

T k k k
zE// (t,z)] dxdt—l—]E// (t,x)] dxdt<C1o—|—]E// (t, )]
0 —k 0 —k 0 —k

< Cyp +EO/T![ug(t,x)]2dx < Cio +]EO/T)Z p,(lx) P’ (@) [us (t, z)]? da.

Since p/(z) is bounded from below on every compact set X by a positive number ax > 0, we have

T

1 1
E (|u€(tvx)‘%ﬁ(O,T;Hl(—k,k))) < Clo + — E//p’(x)[ui(t,x)]z dr < C’10 + — C7 < Cll'
ox ax
0 X
This proves inequality (2.8). O
Proof of Lemma 2.3. Let k € X, be arbitrary and fixed and let 0 < € < g < 1. Then
t
us(t,z) = u§(z) — / [Euiz(t7 x) + Auf(t, 2)ul (¢, ) + Bus,(t,z) — Cus, (t,x) + Duf(t,x)| ds
0
t
(3.3)

—|—/(<I>(u5(s7x))) dW (s).

0

Denote:

Jii=ug(x); J2i=—e [ ug,
0

¢ t ¢
/ Gt x)ds; J3:= —A/ue(s,x)ufc(s,z) ds; Jy:= —B/u%x(t,m) ds;
0 0

t

Js = C’/ugx(t,x) ds; Jg:= —D/ue(t,x) ds; J7:= / (@(us(s,2))) dW(s).
0 0

0

Now, we start estimating the above terms.

From the assumption,
2
B 1 r20,mm-2(—kp)) = C1s

where C7 > 0.
Next, there exists a constant Cy > 0 such that

| - Euiw(ta x)'H*Z(—k,k) = E|uix(tam>|H’2(—k,k) < 028|u6(s?$)|H2(7k,k)-
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So, due to Lemma 2.2, there exists a constant C3(k) > 0 such that

E|—euj,(t, I)\i2(o,T;H—2(—k,k))
T T
= IE/| - €ui:p(tax)|i1*2(fk,k) ds < 02252E/ |U€(3’$)|§12(—k,k) ds < C3(k).
0 0

Therefore we can write
E | Jalfyeo,m,m-2(—kp)) < Calk),

where Cy(k) > 0.
Now, we use the following result from [4].

Lemma 3.2 ( [4, p. 243]). There exists a constant Cs(k) such that the following inequality holds:
3 1
|u (s, 2)ug (s, @) =1~k < Cs(R)[u (s, 2)| 2o _jo 107 (5, 2) | Fra gy
Due to Lemma 3.2, there exist the positive constants Cg, C7(k), Cs(k) such that
€

| = Au(s,2)ug (s, 2)| oy = A5, 2)u5 (5, 2) -2y < CoAlus (s, 2)ui (s, 2) -1 ()

3
k)|u5(5, z)|22(—k,k) |u5(5, ‘T)|H1(—k,k)

N

(
< ACH) | (5,0)] 20" (3,2 g 07 (502 B
(R)[(20X3) 2] [0 (5, 0)] sy < ACs(R)Ax [ (5, 2) [ k-
Due to Lemma 2.2, there exists a constant Cg(k) > 0 such that we can write

2
E | — Aut (s, x)us (s, x)|L2(O’T;H72(7k’k))

T T
= E/ | — Aue(s,x)ui(s,x)|§{,2(_k’k) ds < A2C2(k)\% E/ |u5(s,$)|?{1(7k’k) ds
0 0

= A2CZ(k)AX Elu®(s, 37)|2L2(0,T;H1(7k,k)) < ACy(k)A%-

Therefore, we obtain
E|Jsl32 07 12—k < Cro(k),

where Cio(k) > 0.
Next, there exist the constants Cy1, C12 > 0 such that

| — Bu3, (t, )| g—2(—kk) = Blug, (t, 2)| 52—k
< BCui|u® (8, 7)1 (— ki) < BCua2|u® (8, )| g2 (— k) -

Lemma 2.2 implies the existence of a constant Cj3(k) > 0 such that we can write the following
estimates:

E|l- Buis’)w(tv'T)|%2(O,T;H*2(fk,k))
T T
= ]E/l — B’Ulgz(t,x”%fz(_k,k) ds < B20122]E/ |UE(S,$U)|%{2(7]€J€) ds
0 0

= B*°CHLE |u5(svx)|%2(O¢T;H2(7k,k)) < B°CHE |u5(87x)|%2(0,T;H2(R)) < B*Cy3.

So, we obtain
2
E|Jaliwr20,0,m-2(—k ) < Cras
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where C4 > 0.
For some constant C'y5 > 0, we have

|Cu§z(t7 -T)‘H*Q(—k,k) = C|u§x(t, x)lH*%—k,k) <C Cl5|u8(s, x)|L2(—k,k) <(C 016‘u6(87 -73)|H2(7k,k)-
Lemma 2.2 implies the existence of a constant Cy7(k) > 0 such that

E[Cus,(t, x)l%"’(O,T;H*?(fk,k))

= ]E/ |C’u§m(t,x)|§{72(_k7k) ds < CQC%GE/ ‘UE(S7$)|%I2(7]€J€) ds

= C*’CE |u8(87x)|%2(O,T;H2(7k,k)) < CPCTGE|us(s, $)|2L2(0,T;H2(R)) < C*Chr.

Hence we receive
2
ElJs[i120,0,0-2(—k k) < Ciss

where Cg > 0.
There exists a constant C9 > 0 such that

| — Dus(t,x)|H72(_k7k) = D|’U/E(t,l‘)|H—2(_k7k) < D019|u5(s, Z‘)|H2(,k’k).

Due to Lemma 2.2, for some constant Coo(k) > 0, we obtain

T
E| — Duf(t, )2 (0,7, m-2(—k k) IE/| Du(t,x)[3-2(_y,py ds < D2019E/|U 8,2)[H2 (g gy ds
0
= D2CH E[u® (5, 2)[ 720,112 (< ey < D*Clo E[u(s, 51?)|L2(0TH2(R)) < D*Cap.

This implies that
E |J6|%V1~2(0,T,H*2(7k,k)) S 021,

where Ca; > 0.
In Lemma 2.1 from [7], insert f(s) := ®(u(s,r)), K = H = L?(X). Then

¢
S0 = [ Bluts,a) aw(s)
0
and for all p > 1 and a < %, there exists a constant Caz(p, @) > 0 such that

]E‘/t@(um(s,x))dW(s) i < Cn(2p,a </<1> (52 z2x) )

We®):2e(0,T;L2(X))
Therefore, due to condition (2.3), we can write

E‘/tq)(um(s,x))dW(s)
0

Substitution of p := 1 in the above inequality yields

2p

< Cos(p, ), where Cas > 0.
We20 (0,75 L2(X)

2
< C93(2, ) = Coy(). (3.4)
We:2(0,T;L?(X))

t
E|J7lfyac(o,rr2(x)) = ]E‘/‘I’(U(Sw))dw(s)
0

Let 8 € (0,1) and o € (B + 3,00) be arbitrarily fixed. Note that the following relations hold:

W*2(0,T; L*(R)) ¢ W*?(0,T; H *([~k,k)), W"2(0,T,H *(—k,k)) C W*2(0,T, H *(—k,k)).
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Therefore, there exists a constant Cas(c) > 0 such that

2

7
2
<E ( Z |Ji|W”v2(0,T,H—2(—k,k)))
i=1

7
m 2
Eu™(s,2)[yez0,1,m-2(-k1) = E ’ > W2 (0., H~2(—k k)
P T, ,

7 6 7
=K [Z | Tilfy a2 0,7, -2 (- p)) + 2 Z Z |Ji|Wa’2(O,T,H2(k,k))|Jj|Wa’2(0,T,H2(k,k)):|

i=1 i=1 j=itl
7 6 7
<E [Z |Ji|%/Vav2(O,T,H*2(7k,k)) + 2 Z Z (‘Jiﬁ/Vav?(O,T,H*?(fk,k)) + |Jj|%/Vav2(0,T,H2(k,k)))}
i=1 i=1 j=it1
7 7
=E [82 |Ji|12/V°"2(O,T,H*2(—k,k))} = SZ [E ‘Ji|%V'1v2(O,T,H*2(—k,k))] < Cas(a).
=1 i=1

Moreover, one has
We2(0,T,H 2(~k,k)) c CP(0,T; H, 3(—k, k), W*20,T,H %(R)) € W*2(0,T, H *(—k,k)).

loc

So, there exist the constants Ca7(k), Cas(k, o) > 0 such that
E [u (s, )80 0113 (k) < C26 B |6 (8, %) [fpacz 0.0 5-3(—hopy) < Cor(ks ), (3.5)
E |u® (s, )|weoz0,1,0-2(—k k) < C2s(k, ).

Let n > 0 be arbitrarily fixed. Lemma 2.2 implies the existence of a constant Cso(k) > 0 such that
E \UE(&x)\iz(o,T,Hfl(fk,k)) < Cag(k) E [us (s, x)|%2(O,T,H*1(R))52 = Cs0(k). (3.6)

Substituting in Lemma 2.1 of [4] ay := n712%(Cs0(k) + C27(k, ) + Cas(k, @) and using Markov’s
inequality [12, p. 114] for

X = |U8(37$)|2L2(0,T,H71(7k,k)) + |U’€(37x)ﬁ/l/m?(o,T,H*?(fk,k)) + |u6(8a'73)|2CB(0,T;HZ’0(3:(—k,k)’
£ := 0 128 (Cso(k) 4 Cor(k, @) + Cog(k, @),
one obtains
P (“6 = A({O‘k})) =1-P (‘u6(57x)‘%Z(O,T,Hfl(—k,k)) + |u€(3ax)ﬁ/Va»Q(O,T,H*?(fk,k))

+ |u€(s"T)'éﬁ(O,T;H;j(—k,k)) 2 n_lzk(CSO(k) + 027(k7 04) + 028<k77 a)))

_q1_ C3o(k) + Cor(k, o) + Cas(k, @) :1_£ >1-—n
77712k(C30(k) + 027(k7 OZ) + C28(k7 OZ)) 2k .

Let K be a mapping such that for n > 0, K(n) := A({a,(;’)})7 where {a,(c")} is an increasing sequence of
positive numbers that may, but does not have to, depend on 7. Note that due to [4, Lemma 2.1], the
set K(n) is compact for all n > 0. Moreover, P{K(n)} > 1 —n, then the family . (u®) is tight. O

4 Proof of Lemma 2.1

Proof. Let {e;}ien be an orthonormal basis in the space L?(X). Denote by P,,, for all m € N, the
orthogonal projection on Sp(eq,...,e,). Consider a finite-dimensional Galerkin approximation of
problem (2.6) in space P, L?(X) in the form

m,e

2 m,e 2
du™* (¢, ) + (w('“‘*ﬂf S’x” )u;’;ﬁ(t,wae(i'“w ?S:,x)| Yt @y (4, )

m,e

m76 t’ 2 m,e . t7 2 m,e
+B¢9(7|U3I 751 z)l )u%’ (t,x) — CG(7|U2”“ r(n z)| )u%’ (t,x) +Dum’5(t,w)) dt (4.1)

= P ®(u™°(t,x)) dW™ (),
ug"(x) = Ppuf(0,2),
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where 6 € C*°(R) satisfies the conditions

6(¢) =1, when ¢ € [0,1],
0(¢) € [0,1], when £ € (1,2), (4.2)
0(&) =0, when £ € [2,00).

Let m € N be arbitrarily fixed and
()N e g (6, 2)|*\ e me
b(u(t, z)) = ee(T)% (t,2) + A@(T)u (t, 2)u™ (¢, z)
ugy” (6, 2)[2 e gy (8, 2)N e me
o(u(t,z)) = Pn®(u™*(t,x)).

Then

m,e

2
9( |U‘4a: (t7 LL‘)| )um,a(t’ x)u:&’s(t, QL')

b(u(t <
b(u(t, 2))|r2(x) <€ -

L2(X)

mLE (¢ 2 m,e t 2
g 1,) e Bl (IR e,
m

s LR T

L2(X) L*(X)

2

m,g t
+ CP(W)UZ’E(L.%) + Du™=(t, )| 2 (x) =: €J1 + Ao+ BJ3 + CJy + DJs.

L2(X)

Note that

0, when |u¢(t, z)| > Vem,
Jo =
Aju™=(t, 2)ui* (t, )| r2(x), when |ug»*(t,z)| < v2m,

where A € [0,1]. So,

Joy < |u™E(t w)uy () [ L2 xy < V2mfu™E (t ) L2 x)-

Similarly,
0, when |ujy°(t, )| > v/2m,
h= )\|uzﬁ’€(t,x)|L2(X), when |uy,®(t,z)| < Vom,
0, when |ugy®(t,z)| > v/2m,
a Muzy®(t, )| L2(x),  when |ugy®(t,2)] < v2m,
and
0, when |ujy®(t,z)| > V2m,
" Nugy=(t,2) 12 (x),  when [ugy*(t,2)] < v2m,

where A € [0,1]. Thus
Ji1,Js,Js < V2m.

Therefore, one gets
|b(u™*(t, x))|L2(X) =eJi +AJo+ BJs+ CJy+ DJs

< eV22m + AV2m|u™ = (t, )| L2 x) + BV2m 4 CV2m + Du™*(t, )| 12 (x)
= (AV2m + D)|u™*(t,x)|2(x) + V2m (e + B + C).
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Moreover, due to condition (2.3), there exist the constants #1, k2 > 0 such that

[ (™t 2))L22(x)) < Kalu™ (@) p2(x) + k2,

S0,

b (1, 2)] i, + o™t 2D 232200
< (AV2m + D)|u™ = (t, z)|L2(x) + \/%(5 + B+ C) 4 w1 |u™(t,x)|12(x) + K2
= (AV2m + D + k1) [u™(t, z)[12(x) + V2m (e + B+ C) + ka.

Let k := max {k1,k2} and A = max {A,e + B+ C}. Then

[D(u™ = (t,2))| 2 ) + o (™ (E 2)) 22220
< (AV2m + k4 D) Ju™*(t,2)|2x) + AV2m + Kk + D
= (A\/ 2m + K+ D) (|Um’€(t, $)|L2(X) =+ 1)

Therefore, by [9, Proposition 3.6], and [9, Proposition 4.6], for all m € N, there exists a martingale
solution to (4.1). Additionally, applying the same methods as in Section 3, one can show that for all
m, there exists a constant C;(g) > 0 such that

E (Ju™*(t, 2) 720 7.m2(x))) < Ci(€)-
Moreover, for all m and all k € X, there exists a constant 52(1@’, ) > 0 such that
Ev([u™ (6, ) 220,700 (- 0y)) < Calk,e),

and the family of distributions £ (u™*) is tight in L?(0,7T; L?(X))NC(0,T; H=3(X)). Then applica-
tion of the same methods as in Section 2, leads to the proof of the existence of a martingale solution
to (2.6) with conditions (2.3), (2.4) and (2.5). O
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