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Abstract. In this work, we establish the Lp local uncertainty principle for the windowed spheri-
cal mean transform and deduce the Lp version of the Heisenberg–Pauli–Weyl uncertainty principle.
Finally, using the previous uncertainty principles and the techniques of Donoho–Stark, we present
uncertainty principles of concentration type in the Lp theory, when 1 < p 6 2.
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ÒÄÆÉÖÌÄ. ÍÀÛÒÏÌÛÉ ÃÀÃÂÄÍÉËÉÀ Lp ËÏÊÀËÖÒÉ ÂÀÖÒÊÅÄÅËÏÁÉÓ ÐÒÉÍÝÉÐÉ ×ÀÍãÒÉÀÍÉ Ó×Ä-
ÒÖËÉ ÓÀÛÖÀËÏÓ ÂÀÒÃÀØÌÍÉÓÈÅÉÓ ÃÀ ÂÀÌÏÚÅÀÍÉËÉÀ äÄÉÆÄÍÁÄÒÂ-ÐÀÖËÉ-ÅÄÉËÉÓ ÂÀÖÒÊÅÄÅËÏ-
ÁÉÓ ÐÒÉÍÝÉÐÉÓ Lp ÅÄÒÓÉÀ. ÁÏËÏÓ, ßÉÍÀ ÂÀÖÒÊÅÄÅËÏÁÉÓ ÐÒÉÍÝÉÐÄÁÉÓÀ ÃÀ ÃÏÍÏäÏ-ÓÔÀÒÊÉÓ
ÔÄØÍÉÊÉÓ ÂÀÌÏÚÄÍÄÁÉÈ, ßÀÒÌÏÃÂÄÍÉËÉÀ ÊÏÍÝÄÍÔÒÀÝÉÉÓ ÔÉÐÉÓ ÂÀÖÒÊÅÄÅËÏÁÉÓ ÐÒÉÍÝÉÐÄÁÉ
Lp ÈÄÏÒÉÀÛÉ, ÒÏÃÄÓÀÝ 1 < p 6 2.
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1 Introduction
The spherical mean operator R is defined for a function f on R × Rn, even with respect to the first
variable [19], by

R(f)(r, x) =

∫
Sn

f(rη, x+ rξ) dσn(η, ξ), (r, x) ∈ R× Rn,

where Sn is the unit sphere of R×Rn and dσn is the surface measure on Sn, normalized to have total
measure one.

The operator R has many important physical applications, namely, in image processing of the
so-called synthetic aperture radar (SAR) data [12, 13, 23, 25], or in the linearized inverse scattering
problem in acoustics [6].

The Fourier transform F associated with the spherical mean operator is defined for every integrable
function f on [0,+∞[×Rn with respect to the measure dνn+1 by

∀ (s, y) ∈ Υ, F (f)(s, y) =

+∞∫
0

∫
Rn

f(r, x)R
(

cos(s · )e−i⟨y| · ⟩)(r, x) dνn+1(r, x),

where dνn+1 is the measure defined on [0,+∞[×Rn by

dνn+1(r, x) =
rn

2
n−1
2 Γ(n+1

2 )
dr ⊗ dx

(2π)
n
2
,

∥ · ∥p,νn+1 is its norm, and Υ is the set given by

Υ = R× Rn ∪
{
(ir, x), (r, x) ∈ R× Rn, |r| 6 |x|

}
. (1.1)

Many harmonic analysis results related to the Fourier transform F have already been proved by Jlassi,
Nessibi, Rachdi and Trimèche [16, 19, 22]. Also, many uncertainty principles related to the Fourier
transform F have been proved [14,15,18].

The uncertainty principles play an important role in harmonic analysis. These principles assert
that a function f and its Fourier transform f̂ cannot be simultaneously sharply localized, and there
are many mathematical formulations of this general fact, one of them is the Heisenberg uncertainty
principle [11] which states that if f is highly localized, then f̂ cannot be concentrated near a single
point, but it does not preclude f̂ from being concentrated in a small neighborhood of two or more
widely separated points.

Local uncertainty inequality states that if a function is concentrated, then not only is its Fourier
transform spread out, but that it cannot be localized in a subset of finite measure. This object is
proved by Faris [5] and generalized by Price [20,21]. Other forms of the uncertainty principles can be
found in [3, 4, 10].

Time frequency analysis [9] plays an important role in harmonic analysis, in particular, in signal
theory. In this context and motivated by quantum mechanics, the physicist Dennis Gabor [7] has
introduced the Gabor transform, in which he uses translation, convolution and modulation operators
of a single Gaussian to represent one-dimensional signal. In the same context, many uncertainty
principles related to the continuous Gabor and wavelet transforms have been proved in [2, 8, 26] and
the references therein.

Our investigation in this work consists in defining the windowed Fourier transform Vg (called also
the Gabor transform) associated with the integral transform R, where g is a non-zero function. Next,
based on the ideas of Faris [5] and Price [20, 21], we show the Lp local uncertainty principles for
Vg and deduce the Lp version of the Heisenberg–Pauli–Weyl uncertainty principle. We use also the
Heisenberg uncertainty principle, the properties of the windowed Fourier transform and the techniques
of Donoho–Stark [4,24] and show uncertainty principles of concentration type for the Lp theory, when
1 < p 6 2.

This work is organized as follows. In Section 2, we recall some harmonic analysis results related
to the spherical mean operator and its Fourier transform. In Section 3, we present some elements of
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harmonic analysis related to the windowed Fourier transform. In Section 4, we show local uncertainty
principle. In Section 5, we deduce the Lp version of the Heisenberg–Pauli–Weyl uncertainty principle.
The last section is devoted to present uncertainty principles of concentration type in the Lp theory,
when 1 < p 6 2.

2 The spherical mean operator
In [19], Nessibi, Rachdi and Trimèche showed that for every (µ, λ) ∈ C × Cn, the function φ(µ,λ)

defined on R× Rn by
φ(µ,λ)(r, x) = R

(
cos(µ · )e−i⟨λ| · ⟩)(r, x) (2.1)

is the unique infinitely differentiable function on R × Rn, even with respect to the first variable
satisfying the following system:

∂u

∂xj
(r, x1, . . . , xn) = −iλju(r, x1, . . . , xn), 1 6 j 6 n,

ℓn−1
2

u(r, x1, . . . , xn)−∆u(r, x1, . . . , xn) = −µ2u(r, x1, . . . , xn),

u(0, . . . , 0) = 1,

∂u

∂r
(0, x1, . . . , xn) = 0, (x1, . . . , xn) ∈ Rn,

where ℓn−1
2

is the Bessel operator defined by ℓn−1
2

= ∂2

∂r2 + n
r

∂
∂r , and ∆ denotes the usual Laplacian

operator defined by ∆ =
n∑

j=1

∂2

∂x2
j

. The authors also proved that the eigenfunction φ(µ,λ) defined by

relation (2.1) is explicitly given by

∀ (r, x) ∈ R× Rn, φ(µ,λ)(r, x) = jn−1
2

(
r
√
µ2 + |λ|2

)
e−i⟨λ| x⟩, (2.2)

where jn−1
2

is the modified Bessel function defined by

jn−1
2

(z) = 2
n−1
2 Γ

(n+ 1

2

) Jn−1
2

(z)

z
n−1
2

= Γ
(n+ 1

2

) +∞∑
k=0

(−1)k

k! Γ(n+1
2 + k)

(z
2

)2k

, z ∈ C,

and Jn−1
2

is the Bessel function of the first kind and index n−1
2 (see [1, 17]).

The modified Bessel function jn−1
2

has the following integral representation:

∀ z ∈ C, jn−1
2

(z) =
2Γ(n+1

2 )
√
πΓ(n2 )

1∫
0

(1− t2)
n
2 −1 cos(zt) dt. (2.3)

Relation (2.3) shows, in particular, that for every z ∈ C and for every k ∈ N, we have∣∣j(k)n−1
2

(z)
∣∣ 6 e|Im(z)|.

From the properties of the modified Bessel function jn−1
2

, we deduce that the eigenfunction φ(µ,λ) is
bounded on R× Rn if and only if (µ, λ) belongs to the set Υ given by relation (1.1), and in this case

sup
(r,x)∈R×Rn

|φ(µ,λ)(r, x)| = 1. (2.4)

In the following, we define the translation operators, the convolution product and the Fourier
transform F associated with the operator R.
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Definition 2.1.

(i) For every (r, x) ∈ [0,+∞[×Rn, the translation operator T(r,x) associated with the spherical
mean operator is defined on Lp(dνn+1), p ∈ [1,+∞], by

T(r,x)(f)(s, y) =
Γ(n+1

2 )
√
π Γ(n2 )

π∫
0

f
(√

r2 + s2 + 2rs cos θ, x+ y
)

sinn−1(θ) dθ.

(ii) The convolution product of measurable functions f and g on [0,+∞[×Rn is defined by

∀(r, x) ∈ [0,+∞[×Rn; f ∗ g(r, x) =
+∞∫
0

∫
Rn

T(r,−x)(f̌)(s, y)g(s, y) dνn+1(s, y),

whenever the integral of the right-hand side is defined, where f̌(s, y) = f(s,−y).

For every (r, x) ∈]0,+∞[×Rn, and by a standard change of variables, we have

∀(s, y) ∈ ]0,+∞[×Rn, T(r,x)(f)(s, y) =
1

2
n−1
2 Γ(n+1

2 )

+∞∫
0

f(t, x+ y)Wn(r, s, t)t
n dt,

where the kernel Wn is given by

Wn(r, s, t) =
Γ(n+1

2 )2

2
n−3
2 Γ(n2 )

√
π

((r + s)2 − t2)
n
2 −1(t2 − (r − s)2)

n
2 −1

(rst)n−1
1]|r−s|,r+s[(t).

Also, the coming properties are satisfied:

• For every f ∈ L1(dνn+1) and (r, x) ∈ [0,+∞[×Rn, we have
+∞∫
0

∫
Rn

T(r,x)(f)(s, y) dνα(s, y) =
+∞∫
0

∫
Rn

f(s, y) dνα(s, y).

• For every f ∈ Lp(dνn+1), p ∈ [1,+∞], and (r, x) ∈ [0,+∞[×Rn, the function T(r,x)(f) belongs
to Lp(dνn+1), and we have

∥T(r,x)(f)∥p,νn+1
6 ∥f∥p,νn+1

.

• Let p, q, r ∈ [1,+∞] such that 1
p +

1
q = 1+ 1

r . Then for every f ∈ Lp(dνn+1) and g ∈ Lq(dνn+1),
the function f ∗g belongs to the space Lr(dνn+1), and we have the following Young’s inequality:

∥f ∗ g∥r,νn+1 6 ∥f∥p,νn+1∥g∥q,νn+1 .

Definition 2.2. The Fourier transform F associated with the spherical mean operator is defined on
L1(dνn+1) by

∀(µ, λ) ∈ Υ; F (f)(µ, λ) =

+∞∫
0

∫
Rn

f(r, x)φ(µ,λ)(r, x) dνn+1(r, x),

where φ(µ,λ) is the eigenfunction given by relation (2.2), and Υ is the set defined by relation (1.1).

In the following, we give some properties of this transform.

• For every f, g ∈ L1(dνn+1),
F (f ∗ g) = F (f)F (g).

Moreover, relation (2.4) implies that the Fourier transform F is a bounded linear operator from
L1(dνn+1) into L∞(dγn+1), and that for every f ∈ L1(dνn+1), we have

∥F (f)∥∞,γn+1 6 ∥f∥1,νn+1 .
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• For every f ∈ L1(dνn+1) and (r, x) ∈ [0,+∞[×Rn, the function T(r,x)(f) belongs to L1(dνn+1),
and we have

∀ (µ, λ) ∈ Υ, F (T(r,x)(f))(µ, λ) = φ(µ,λ)(r, x)F (f)(µ, λ).

• For every f ∈ L1(dνn+1), F (f)(µ, λ) = F̃ (f)(
√
µ2 + |λ|2, λ), where F̃ is the mapping defined

on L1(dνn+1) by

F̃ (f)(µ, λ) =

+∞∫
0

∫
Rn

f(r, x)jn−1
2

(rµ)e−i⟨λ| x⟩ dνn+1(r, x).

Theorem 2.3 (Inversion formula). Let f ∈ L1(dνn+1) such that F (f) ∈ L1(dγn+1), then for almost
every (r, x) ∈ R× Rn,

f(r, x) =

∫∫
Υ+

F (f)(µ, λ)φ(µ,λ)(r, x) dγn+1(µ, λ)

=

+∞∫
0

∫
Rn

F̃ (f)(µ, λ)jn−1
2

(rµ)ei⟨λ| x⟩ dνn+1(µ, λ).

Theorem 2.4 (Plancherel theorem). The Fourier transform F̃ can be extended to an isometric
isomorphism from L2(dνn+1) onto itself. In particular, for every f ∈ L2(dνn+1),

∥F̃ (f)∥2,νn+1
= ∥f∥2,νn+1

.

Corollary 2.5. For all functions f and g in L2(dνn+1), we have

+∞∫
0

∫
Rn

f(r, x)g(r, x) dνn+1(r, x)

=

∫∫
Υ+

F (f)(µ, λ)F (g)(µ, λ) dγn+1(µ, λ) =

+∞∫
0

∫
Rn

F̃ (f)(µ, λ)F̃ (g)(µ, λ) dνn+1(µ, λ).

Remark 2.6.

(i) For every f, g ∈ L2(dνn+1), the function f ∗ g belongs to the space Ce,0(R × Rn) consisting of
continuous functions h on R× Rn, even with respect to the first variable, and such that

lim
r2+|x|2→+∞

h(r, x) = 0.

Moreover,
f ∗ g = F̃−1(F̃ (f)F̃ (g)),

where F̃−1 is the mapping defined on L1(dνn+1) by

F̃−1(g)(r, x) =

+∞∫
0

∫
Rn

g(µ, λ)jn−1
2

(rµ)ei⟨λ| x⟩ dνn+1(µ, λ) = F̃ (ǧ)(r, x).

(ii) Let f, g ∈ L2(dνn+1), the function f ∗ g belongs to L2(dνn+1) if and only if F̃ (f)F̃ (g) belongs
to L2(dνn+1), and we have

F̃ (f ∗ g) = F̃ (f)F̃ (g).
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3 The windowed Fourier transform associated with
the spherical mean operator

We recall some results introduced and proved in [15].

Definition 3.1. Let g ∈ L2(dνn+1) and (s, y) ∈ [0,+∞[×Rn. The modulation of g by (s, y) is the
function defined by

g(s,y)(r, x) = F̃
(√

T(s,y)
(
|F̃ (g)|2

) )
(r, x), (r, x) ∈ [0,+∞[×Rn.

We denote by

• Lp(dµn+1) = Lp(dνn+1 ⊗ dνn+1), 1 6 p 6 +∞, the space of measurable functions f on
([0,+∞[×Rn)2 with respect to the measure

dµn+1((r, x), (s, y)) = dνn+1(r, x)⊗ dνn+1(s, y)

such that

∥F∥pp,µn+1
=

∫ ∫
([0,+∞[×Rn)2

∣∣F ((r, x), (s, y))
∣∣p dµn+1((r, x), (s, y)) < ∞, 1 6 p < +∞,

∥F∥∞,µn+1
= ess sup

(r,x),(s,y)∈[0,+∞[×Rn

∣∣F ((r, x), (s, y))
∣∣ < ∞.

• ⟨ · , · ⟩µn+1 the usual inner product in the Hilbert space L2(dµn+1).

Definition 3.2. Let g be a non-zero function in L2(dνn+1), called the window function. The windowed
Fourier transform associated with the spherical mean operator is the mapping Vg defined for f ∈
L2(dνn+1) by

Vg(f)((r, x), (s, y)) =

+∞∫
0

∫
Rn

f(µ, λ)T(r,x)(g(s,y))(µ, λ) dνn+1(µ, λ) =
⟨
f, T(r,x)(g(s,y))

⟩
νn+1

,

where ⟨ · , · ⟩νn+1
is the usual inner product in the Hilbert space L2(dνn+1).

Proposition 3.3. Let g be a window function. For every f ∈ L2(dνn+1), we have

∥Vg(f)∥∞,µn+1
6 ∥f∥2,νn+1

∥g∥2,νn+1
. (3.1)

Proposition 3.4. Let g be a window function.

(i) Plancherel formula: for every f ∈ L2(dνn+1), we have

∥Vg(f)∥2,µn+1 = ∥f∥2,νn+1∥g∥2,νn+1 . (3.2)

(ii) Parseval formula: for all f, h ∈ L2(dνn+1), we have⟨
Vg(f),Vg(h)

⟩
µn+1

= ∥g∥2,νn+1
⟨f, h⟩νn+1

.

(iii) Inversion formula: for every f ∈ L1(dνn+1) ∩ L2(dνn+1) such that F̃ (f) ∈ L1(dνn+1), we have

f(µ, λ) =
1

∥g∥22,νn+1

∫∫
([0,+∞[×Rn)2

Vg(f)((r,−x), (s, y))T(r,x)(ǧ(s,y))(µ,−λ) dνn+1(r, x) dνn+1(s, y).

By Riesz–Thorin’s interpolation theorem we obtain the following

Proposition 3.5. Let g be a window function, f ∈ L2(dνn+1) and 2 6 p 6 +∞, then

∥Vg(f)∥p,µn+1 6 ∥f∥2,νn+1∥g∥2,νn+1 . (3.3)
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4 Lp local uncertainty principle for Vg

In this section, we establish the Lp local uncertainty principle for the windowed Fourier transform Vg.

Theorem 4.1. Let g be a window function and Σ be measurable subset of ([0,+∞[×Rn)2 such that
0 < µn+1(Σ) < +∞. Let p ∈ ]1, 2], q = p

p−1 and 0 < b < 2n+1
2q . For every f ∈ Lp(dνn+1),

∥χ
Σ
Vg(f)∥q,µn+1

6 C1(b, n, q)(µn+1(Σ))
2b

2n+1

(
∥|(r, x)|bf∥2p,νn+1

+ ∥|(r, x)|bf∥2,νn+1

)
∥g∥2,νn+1

. (4.1)

Proof. It is clear that the inequality holds if ∥|(r, x)|bf∥2p,νn+1
= +∞ or ∥|(r, x)|bf∥2,νn+1

= +∞. Let
f ∈ Lp(dνn+1), 1 < p 6 2, q = p

p−1 such that

∥|(r, x)|bf∥2p,νn+1
+ ∥|(r, x)|bf∥2,νn+1

< +∞.

For ρ > 0, let
Bρ =

{
(r, x) ∈ [0,+∞[×Rn; r2 + |x|2 6 ρ2

}
.

Denote by χ
Σ

and χ
Bρ

respectively, the characteristic functions associated to Σ and Bρ. Using
Minkowski’s inequality, relations (3.1) and (3.3), we obtain

∥χ
Σ
Vg(f)∥q,µn+1

6 ∥χ
Σ
Vg(χBρ

f)∥q,µn+1
+ ∥χ

Σ
Vg(χBc

ρ
f)∥q,µn+1

6 (µn+1(Σ))
1
q ∥Vg(χBρ

f)∥∞,µn+1 + ∥Vg(χBc
ρ
f)∥q,µn+1

6 (µn+1(Σ))
1
q ∥g∥2,νn+1∥χBρ

f∥2,νn+1 + ∥g∥2,νn+1∥χBc
ρ
f∥2,νn+1 .

On the other hand, by Hölder’s inequality,

∥χ
Bρ

f∥2,νn+1
6 ∥|(r, x)|−bχ

Bρ
∥2q,νn+1

∥|(r, x)|bf∥2p,νn+1
.

By simple calculus and the hypothesis 0 < b < 2n+1
2q , we obtain

∥χ
Bρ

f∥2,νn+1
6 Cb,n,qρ

2n+1
2q −b∥|(r, x)|bf∥2p,νn+1

. (4.2)

Moreover,
∥χ

Bc
ρ
f∥2,νn+1

6 ρ−b∥|(r, x)|bf∥2,νn+1
. (4.3)

From (4.2) and (4.3), we get

∥χ
Σ
Vg(f)∥q,µn+1

6 ρ−b∥|(r, x)|bf∥2,νn+1
∥g∥2,νn+1

+ (µn+1(Σ))
1
q Cb,n,qρ

2n+1
2q −b∥|(r, x)|bf∥2p,νn+1

∥g∥2,νn+1
.

We choose
ρ = (Cb,n,q)

−2q
2n+1 (µn+1(Σ))

−2
2n+1

and obtain inequality (4.1).

Lemma 4.2. Let g be a window function and Σ be measurable subset of ([0,+∞[×Rn)2 such that
0 < µn+1(Σ) < +∞. Let p ∈ ]1, 2], q = p

p−1 and b > 2n+1
2q . For every f ∈ Lp(dνn+1),

∥χ
Σ
]Vg(f)∥q,µn+1

6 C2(b, n, q)(µn+1(Σ))
1
q ∥f∥1−

2n+1
2qb

2p,νn+1
∥|(r, x)|bf∥

2n+1
2qb

2p,νn+1
∥g∥2,νn+1

,

where

C2(b, n, q) =

(
Γ( 2n+1

2bp )Γ( 2qb−(2n+1)
2bp )

bp 2n+
1
2Γ(n+ 1

2 )Γ(
q
p )

) 1
2q ( 2qb

2qb− (2n+ 1)

) 1
2p
( 2qb

2n+ 1
− 1

) 2n+1
4qbp

.



Lp Uncertainty Principles for the Windowed Spherical Mean Transform 83

Proof. We suppose naturally that f ̸= 0. It is clear that the inequality holds if ∥f∥2p,νn+1 or
∥|(r, x)|bf∥2p,νn+1

= +∞. Assume that

∥f∥2p,νn+1
+ ∥|(r, x)|bf∥2p,νn+1

< +∞.

From the hypothesis b > 2n+1
2q , we deduce that the function (r, x) → (1 + (r2 + |x|2)bp)

−1
p belongs to

Lq(dνn+1) and, by Hölder’s inequality, we have

∥f∥2p2,νn+1
=

( +∞∫
0

∫
Rn

(1 + (r2 + |x|2)bp)
−1
p (1 + (r2 + |x|2)bp)

1
p |f(r, x)|2 dνn+1(r, x)

)p

6
( +∞∫

0

∫
Rn

dνn+1(r, x)

(1 + (r2 + |x|2)bp)
q
p

) p
q (

∥f∥2p2p,νn+1
+ ∥|(r, x)|bf∥2p2p,νn+1

)
. (4.4)

However, with a standard computation, we obtain

( +∞∫
0

∫
Rn

dνn+1(r, x)

(1 + (r2 + |x|2)bp)
q
p

) p
q

=

(
Γ( 2n+1

2bp )Γ( 2qb−(2n+1)
2bp )

bp 2n+
1
2Γ(n+ 1

2 )Γ(
q
p )

) p
q

.

Replacing f(r, x) by ft(r, x) = f(rt, xt), t > 0, in relation (4.4), we deduce that for all t > 0,

∥f∥2p2,νn+1
6

(
Γ( 2n+1

2bp )Γ( 2qb−(2n+1)
2bp )

bp 2n+
1
2Γ(n+ 1

2 )Γ(
q
p )

) p
q (

t(2n+1)(p−1)∥f∥2p2p,νn+1
+ t(2n+1)(p−1)−2pb∥|(r, x)|bf∥2p2p,νn+1

)
.

In particular, for

t =

(
(2bp− (2n+ 1)(p− 1))∥|(r, x)|bf∥2p2p,νn+1

(2n+ 1)(p− 1)∥f∥2p2p,νn+1

) 1
2bp

,

we obtain
∥f∥2,νn+1

6 C2(b, n, q)∥f∥
1− 2n+1

2qb

2p,νn+1
∥|(r, x)|bf∥

2n+1
2qb

2p,νn+1
,

where

C2(b, n, q) =

(
Γ( 2n+1

2bp )Γ( 2qb−(2n+1)
2bp )

bp 2n+
1
2Γ(n+ 1

2 )Γ(
q
p )

) 1
2q ( 2qb

2qb− (2n+ 1)

) 1
2p
( 2qb

2n+ 1
− 1

) 2n+1
4qbp

.

Moreover,

∥χ
Σ
Vg(f)∥q,µn+1

6 (µn+1(Σ))
1
q ∥Vg(f)∥∞,µn+1

6 (µn+1(Σ))
1
q ∥f∥2,νn+1

∥g∥2,νn+1

6 C2(b, n, q)(µn+1(Σ))
1
q ∥f∥1−

2n+1
2qb

2p,νn+1
∥|(r, x)|bf∥

2n+1
2qb

2p,νn+1
∥g∥2,νn+1

.

This completes the proof.

Lemma 4.3. Under the same assumptions as in Lemma 4.2 and with b = 2n+1
2q there exists a finite

constant C3(b) such that for all f ∈ Lp(dνn+1),

∥χΣVg(f)∥q,µn+1

6 C3(b)(µn+1(Σ))
1
2q

(
∥f∥

1
2
2,νn+1

∥|(r, x)|bf∥
1
2
2,νn+1

+ ∥f∥
1
2
2p,νn+1

∥|(r, x)|bf∥
1
2
2p,νn+1

)
∥g∥2,νn+1 . (4.5)

Proof. Let s > 0, from the inequality( |(r, x)|
s

) 2n+1
4q 6 1 +

( |(r, x)|
s

) 2n+1
2q
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it follows that ∥∥|(r, x)| 2n+1
4q f

∥∥
2p,νn+1

6 s
2n+1
4q ∥f∥2p,νn+1 + s

−(2n+1)
4q ∥|(r, x)|

2n+1
2q f∥2p,νn+1 .

In particular, by choosing
s =

∥∥|(r, x)| 2n+1
2q f

∥∥ 2q
2n+1

2p,νn+1
∥f∥

−2q
2n+1

2p,νn+1
,

we obtain ∥∥|(r, x)| 2n+1
4q f

∥∥
2p,νn+1

6 2∥f∥
1
2
2p,νn+1

∥∥|(r, x)| 2n+1
2q f

∥∥ 1
2

2p,νn+1
.

Similarly, we prove that∥∥|(r, x)| 2n+1
4q f

∥∥
2,νn+1

6 2∥f∥
1
2
2,νn+1

∥∥|(r, x)| 2n+1
2q f

∥∥ 1
2

2,νn+1
.

Thus, from (4.1), we deduce that

∥χΣVg(f)∥q,µn+1

6 C1

(2n+ 1

4q
, n, q

)
(µn+1(Σ))

1
2q

(∥∥|(r, x)| 2n+1
4q f

∥∥
2p,νn+1

+
∥∥|(r, x)| 2n+1

4q f
∥∥
2,νn+1

)
∥g∥2,νn+1

6 2C1

(2n+ 1

4q
, n, q

)
(µn+1(Σ))

1
2q

×
(
∥f∥

1
2
2,νn+1

∥∥|(r, x)| 2n+1
2q f

∥∥ 1
2

2,νn+1
+ ∥f∥

1
2
2p,νn+1

∥∥|(r, x)| 2n+1
2q f

∥∥ 1
2

2p,νn+1

)
∥g∥2,νn+1 ,

which gives the result for b = 2n+1
2q .

5 Lp Heisenberg–Pauli–Weyl uncertainty principle for Vg

From the Lp local uncertainty principle we can find the following Lp Heisenberg–Pauli–Weyl uncer-
tainty principle for the windowed Fourier transform Vg.

Theorem 5.1. Let g be a window function, 1 < p 6 2, q = p
p−1 and 0 < b < 2n+1

2q . For every
f ∈ Lp(dνn+1) and a > 0,

∥Vg(f)∥q,µn+1
6 C1(a, b, n, q)

×
(
∥|(r, x)|bf∥2p,νn+1 + ∥|(r, x)|bf∥2,νn+1

) a
a+4b ∥∥|((s, y), (µ, λ))|aVg(f)

∥∥ 4b
a+4b

q,µn+1
∥g∥

a
a+4b

2,νn+1
, (5.1)

where
C1(a, b, n, q) =

(C1(b, n, q))
a

a+4b

(22n+1Γ(2n+ 2)))
2ab

(2n+1)(a+4b)

(( a

4b

) 4b
a+4b

+
(4b
a

) a
a+4b

) 1
q

.

Proof. Let 0 < b < 2n+1
2q , a > 0. For ρ > 0, let

B̃ρ =
{
((s, y), (µ, λ)) ∈ ([0,+∞[×Rn)2; s2 + µ2 + |y|2 + |λ|2 6 ρ2

}
.

Then
∥Vg(f)∥qq,µn+1

= ∥χ
B̃ρ

Vg(f)∥qq,µn+1
+ ∥χ

B̃c
ρ
Vg(f)∥qq,µn+1

. (5.2)

From (4.1), we get

∥χ
B̃ρ

Vg(f)∥qq,µα
6 Cq

1(b, n, q)(µn+1(B̃ρ))
2bq

2n+1

(
∥|(r, x)|bf∥2p,νn+1

+ ∥|(r, x)|bf∥2,νn+1

)q

∥g∥q2,νn+1
.

On the other hand, by [15, Lemma 6.6], we have

µn+1(B̃ρ) =
ρ4n+2

22n+1Γ(2n+ 2)
.
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Using the previous result, we obtain

∥χ
B̃ρ

Vg(f)∥qq,µn+1

6 Cq
1(b, n, q)

( 1

22n+1Γ(2n+ 2)

) 2bq
2n+1

ρ4bq
(
∥|(r, x)|bf∥2p,νn+1 + ∥|(r, x)|bf∥2,νn+1

)q

∥g∥q2,νn+1
. (5.3)

Moreover,
∥χ

B̃c
ρ
Vg(f)∥qq,µn+1

6 ρ−aq
∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(f)

∥∥∥q
q,µn+1

. (5.4)

By Combining relations (5.2), (5.3) and (5.4), we get

∥Vg(f)∥qq,µn+1

6 Cq
1(b, n, q)

( 1

22n+1Γ(2n+ 2)

) 2bq
2n+1

ρ4bq
(
∥|(r, x)|bf∥2p,νn+1

+ ∥|(r, x)|bf∥2,νn+1

)q

∥g∥q2,νn+1

+ ρ−aq
∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(f)

∥∥∥q
q,µn+1

.

We choose

ρ =

(
a(22n+1Γ(2n+ 2))

2bq
2n+1

4bCq
1(b, n, q)

) 1
(a+4b)q

(
∥|((s, y), (µ, λ))|aVg(f)∥q,µn+1(

∥|(r, x)|bf∥2p,νn+1
+ ∥|(r, x)|bf∥2,νn+1

)
∥g∥2,νn+1

) 1
a+4b

and obtain inequality (5.1).

Lemma 5.2. Under the same assumptions as in Theorem 5.1 and with b > 2n+1
2q there exists a finite

constant C2(a, b, n, q) such that for all f ∈ Lp(dνn+1),

∥Vg(f)∥q,µn+1
6 C2(a, b, n, q)∥f∥

a(q− 2n+1
2b

)

4n+2+aq

2p,νn+1

× ∥|(r, x)|bf∥
a(2n+1)

2b(4n+2+aq)

2p,νn+1
∥g∥

aq
4n+2+aq

2,νn+1

∥∥|((s, y), (µ, λ))|aVg(f)
∥∥ 4n+2

4n+2+aq

q,µn+1
, (5.5)

where

C2(a, b, n, q) =
(C2(b, n, q))

aq
4n+2+aq

(22n+1Γ(2n+ 2))
a

4n+2+aq

(( aq

4n+ 2

) 4n+2
4n+2+aq +

(4n+ 2

aq

) aq
4n+2+aq

) 1
q

.

Proof. Let b > 2n+1
2q , a > 0, f ̸= 0 and let ρ > 0. From Lemma 4.2, we obtain

∥χ
B̃ρ

Vg(f)∥qq,µn+1
6 Cq

2(b, n, q)µn+1(B̃ρ)∥f∥
q− 2n+1

2b
2p,νn+1

∥|(r, x)|bf∥
2n+1
2b

2p,νn+1
∥g∥q2,νn+1

= Cq
2(b, n, q)

ρ4n+2

22n+1Γ(2n+ 2)
∥f∥q−

2n+1
2b

2p,νn+1
∥|(r, x)|bf∥

2n+1
2b

2p,νn+1
∥g∥q2,νn+1

. (5.6)

Combining relations (5.2), (5.4) and (5.6), we get

∥Vg(f)∥qq,µn+1
6 Cq

2(b, n, q)
ρ4n+2

22n+1Γ(2n+ 2)
∥f∥q−

2n+1
2b

2p,νn+1
∥|(r, x)|bf∥

2n+1
2b

2p,νn+1
∥g∥q2,νn+1

+ ρ−aq∥|((s, y), (µ, λ))|aVg(f)∥qq,µn+1
.

We choose

ρ =

(
aq22n+1Γ(2n+ 2)∥|((s, y), (µ, λ))|aVg(f)∥qq,µn+1

(4n+ 2)Cq
2(b, n, q)∥f∥

q− 2n+1
2b

2p,νn+1
∥|(r, x)|bf∥

2n+1
2b

2p,νn+1
∥g∥q2,νn+1

) 1
4n+2+aq

and obtain inequality (5.5).
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Corollary 5.3. Under the same assumptions as in Theorem 5.1 and with b = 2n+1
2q there exists a

finite constant C3(a, b) such that for all f ∈ Lp(dνn+1),

∥Vg(f)∥q,µn+1
6 C3(a, b)

(
∥f∥

1
2
2,νn+1

∥|(r, x)|bf∥
1
2
2,νn+1

+ ∥f∥
1
2
2p,νn+1

∥|(r, x)|bf∥
1
2
2p,νn+1

) a
a+2b

×
∥∥|((s, y), (µ, λ))|aVg(f)

∥∥ 2b
a+2b

q,µn+1
∥g∥

a
a+2b

2,νn+1
,

where
C3(a, b) =

(C3(b))
a

a+2b

(22n+1Γ(2n+ 2))
a

2q(a+2b)

(( a

2b

) 2b
a+2b

+
(2b
a

) a
a+2b

) 1
q

.

Proof. Let b = 2n+1
2q , a > 0, f ̸= 0 and let ρ > 0. From (4.5), we get

∥χ
B̃ρ

Vg(f)∥qq,µn+1

6 (C3(b))
q(µn+1(B̃ρ))

1
2

(
∥f∥

1
2
2,νn+1

∥|(r, x)|bf∥
1
2
2,νn+1

+ ∥f∥
1
2
2p,νn+1

∥|(r, x)|bf∥
1
2
2p,νn+1

)q

∥g∥q2,νn+1

= (C3(b))
q ρ2n+1√

22n+1Γ(2n+ 2)

×
(
∥f∥

1
2
2,νn+1

∥|(r, x)|bf∥
1
2
2,νn+1

+ ∥f∥
1
2
2p,νn+1

∥|(r, x)|bf∥
1
2
2p,νn+1

)q

∥g∥q2,νn+1
. (5.7)

Combining relations (5.2), (5.4)) and (5.7), we obtain

∥Vg(f)∥qq,µα
6 (C3(b))

q ρ2n+1√
22n+1Γ(2n+ 2)

×
(
∥f∥

1
2
2,νn+1

∥|(r, x)|bf∥
1
2
2,νn+1

+ ∥f∥
1
2
2p,νn+1

∥|(r, x)|bf∥
1
2
2p,νn+1

)q

∥g∥q2,νn+1

+ ρ−aq
∥∥|((s, y), (µ, λ))|aVg(f)

∥∥q
q,µn+1

.

We choose

ρ =

(
aq

(
22n+1Γ(2n+ 2)

) 1
2

(C3(b))q(2n+ 1)

) 1
2n+1+aq

×
(

∥|((s, y), (µ, λ))|aVg(f)∥q,µn+1(
∥f∥

1
2
2,νn+1

∥|(r, x)|bf∥
1
2
2,νn+1

+ ∥f∥
1
2
2p,νn+1

∥|(r, x)|bf∥
1
2
2p,νn+1

)
∥g∥2,νn+1

) q
2n+1+aq

and obtain the result of this corollary.

6 Lp-Donoho–Stark’s uncertainty principle for the windowed
Fourier transform Vg

In what follows, we use the Lp Heisenberg–Pauli–Weyl uncertainty principle to obtain a concentration
uncertainty principle.

Definition 6.1. Let 0 6 ε < 1 and let S be a measurable set of [0,+∞[×Rn. We say that f ∈
Lp(dνn+1), p ∈ [1, 2], is ε-concentrated on S in Lp(dνn+1)-norm if there is a measurable function h
vanishing outside S such that

∥f − h∥p,νn+1 6 ε∥f∥p,νn+1 .

We introduce a projection operator PS as PSf(r, x) = f(r, x) if (r, x) ∈ S, and PSf(r, x) = 0 if
(r, x) ̸∈ S.

Let 0 6 εS < 1. Then f is εS-concentrated on S in Lp(dνn+1)-norm if and only if

∥f − PSf∥p,νn+1 6 εS∥f∥p,νn+1 .
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Definition 6.2. Let g be a window function and let Σ be a measurable set of ([0,+∞[×Rn)2. We
define a projection operator QΣ as

QΣf = V −1
g

(
PΣ(Vg(f))

)
.

Let 0 6 εΣ < 1. Then Vg is εΣ-concentrated on Σ in Lq(dµn+1)-norm, 1 6 q 6 2 if and only if

∥Vg(f)− Vg(QΣf)∥q,µn+1
6 εΣ∥Vg(f)∥q,µn+1

.

Proposition 6.3. Let g be a window function and Σ be a measurable set of ([0,+∞[×Rn)2. Then
for every p > 2 and ε > 0, if Vg is ε-concentrated in Σ with respect to the norm ∥ · ∥2,µn+1 , then

µn+1(Σ) > (1− ε2)
p

p−2 ,

where
µn+1(Σ) =

∫ ∫
Σ

dνn+1(r, x) dνn+1(s, y).

Proof. Let f ∈ L2(dνn+1) and p > 2. Since Vg(f) is ε-concentrated in Σ with respect to the norm
∥ · ∥2,µn+1

, we have
∥χ

Σc Vg(f)∥2,µn+1 6 ε∥f∥2,νn+1∥g∥2,νn+1 .

Now, using relation (3.2), we get

∥χ
Σ
Vg(f)∥22,µn+1

> (1− ε2)∥f∥22,νn+1
∥g∥22,νn+1

.

Applying Hölder’s inequality, we obtain

∥χΣVg(f)∥22,µn+1
6 ∥Vg(f)∥2p,µn+1

(µn+1(Σ))
p−2
p .

By relation (3.3), we obtain

∥χ
Σ
Vg(f)∥22,µn+1

6 ∥f∥22,νn+1
∥g∥22,νn+1

(µn+1(Σ))
p−2
p .

Finally,
(µn+1(Σ))

p−2
p > 1− ε2.

Proposition 6.4. Let g be a window function and f ∈ L1(dνn+1) ∩ L2(dνn+1) such that
∥Vg(f)∥2,µn+1

= 1. If f is εS-concentrated on S in L1(dνn+1)-norm and Vg(f) is εΣ-concentrated on
Σ in L2(dµn+1)-norm, then

νn+1(S) > (1− εS)
2∥f∥21,νn+1

∥g∥22,νn+1

and
µn+1(Σ)∥f∥22,νn+1

∥g∥22,νn+1
> 1− ε2Σ.

Proof. Since Vg(f) is εΣ-concentrated on Σ in L2(dµn+1)-norm, by the orthogonality of the projection
operator PΣ, it follows that

∥Vg(f)∥22,µn+1
−
∥∥Vg(f)− PΣ(Vg(f))

∥∥2
2,µn+1

= ∥PΣ(Vg(f))∥22,µn+1
> 1− ε2Σ.

Thus
1− ε2Σ 6 ∥Vg(f)∥2∞,µn+1

µn+1(Σ) 6 µn+1(Σ)∥f∥22,νn+1
∥g∥22,νn+1

.

In the same way, since f is εS-concentrated on S in L1(dνn+1)-norm, we obtain

(1− εS)∥f∥1,νn+1
6

∫
S

|f(r, x)| dνn+1(r, x).

Now, by the Cauchy–Schwarz inequality and the fact that ∥f∥2,νn+1 = 1
∥g∥2,νn+1

, we get

(1− εS)∥f∥1,νn+1
6

ν
1
2
n+1(S)

∥g∥2,νn+1

.
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Definition 6.5. Let g be a window function and Σ be a measurable set of ([0,+∞[×Rn)2. Let a > 0,
f ∈ Lp(dνn+1), p ∈ [1, 2] and 0 6 εΣ < 1. We say that |((s, y), (µ, λ))|aVg is εΣ-concentrated on Σ in
Lq(dµn+1)-norm if and only if∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(f)−

∣∣((s, y), (µ, λ))∣∣aVg(QΣf)
∥∥∥
q,µn+1

6 εΣ

∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(f)
∥∥∥
q,µn+1

.

Theorem 6.6. Let g be a window function and Σ be a measurable set of ([0,+∞[×Rn)2. Let
f ∈ Lp(dνn+1), p ∈ ]1, 2], 0 6 εΣ < 1 and a > 0. If |((s, y), (µ, λ))|aVg is εΣ-concentrated on Σ in
Lq(dµn+1)-norm, then

∥Vg(f)∥q,µn+1

6



C1(a, b, n, q)
(
∥|(r, x)|bf∥2p,νn+1

+ ∥|(r, x)|bf∥2,νn+1

) a
a+4b ∥g∥

a
a+4b

2,νn+1

×
( 1

1− εΣ

∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(QΣf)
∥∥∥
q,µn+1

) 4b
a+4b if 0 < b <

2n+ 1

2q
,

C2(a, b, n, q)∥f∥
a(q− 2n+1

2b
)

4n+2+aq

2p,νn+1
∥|(r, x)|bf∥

a(2n+1)
2b(4n+2+aq)

2p,νn+1
∥g∥

aq
4n+2+aq

2,νn+1

×
( 1

1− εΣ

∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(QΣf)
∥∥∥
q,µn+1

) 4n+2
4n+2+aq if b >

2n+ 1

2q
,

C3(a, b)
(
∥f∥

1
2
2,νn+1

∥|(r, x)|bf∥
1
2
2,νn+1

+ ∥f∥
1
2
2p,νn+1

∥|(r, x)|bf∥
1
2
2p,νn+1

) a
a+2b

×∥g∥
a

a+2b

2,νn+1

( 1

1− εΣ

∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(QΣf)
∥∥∥
q,µn+1

) 2b
a+2b if b =

2n+ 1

2q
.

Proof. Let f ∈ Lp(dνn+1), p ∈ ]1, 2]. Since |((s, y), (µ, λ))|aVg is εΣ-concentrated on Σ in Lq(dµn+1)-
norm, we have∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(f)

∥∥∥
q,µn+1

6
∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(QΣf)

∥∥∥
q,µn+1

+ εΣ

∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(f)
∥∥∥
q,µn+1

.

Thus ∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(f)
∥∥∥
q,µn+1

6 1

1− εΣ

∥∥∥∣∣((s, y), (µ, λ))∣∣aVg(QΣf)
∥∥∥
q,µn+1

.

Then we obtain the results from Theorem 5.1, Lemma 5.2 and Corollary 5.3.

Definition 6.7. Let Σ be a measurable subset of ([0,+∞[×Rn)2 and 0 6 η < 1. Then a nonzero
function f ∈ Lp(dνn+1), 1 6 p 6 2, is η-bandlimited on Σ in Lq(dµn+1)-norm, q = p

p−1 , if

∥χ
Σc Vg(f)∥q,µn+1

6 η∥f∥p,νn+1
.

Corollary 6.8. Let g be a window function such that ∥g∥2,νn+1
= 1.

(i) If 0 < b < 2n+1
4 , then there exists a positive constant C such that for every function f which is

η-bandlimited on Σ,

(µn+1(Σ))
4b

2n+1

(
∥|(r, x)|bf∥4,νn+1 + ∥|(r, x)|bf∥2,νn+1

)2

> C(1− η2)∥f∥22,νn+1
.

(ii) If b > 2n+1
4 , then there exists a positive constant C such that for every function f which is

η-bandlimited on Σ,

µn+1(Σ)∥f∥
2− 2n+1

2b
4,νn+1

∥|(r, x)|bf∥
2n+1
2b

4,νn+1
> C(1− η2)∥f∥22,νn+1

.

Proof. Since f ∈ L2(dνn+1) is η-bandlimited on Σ, we have
∥χΣVg(f)∥22,µn+1

= ∥f∥22,νn+1
− ∥χ

Σc Vg(f)∥22,µn+1
> (1− η2)∥f∥22,νn+1

.

For (i) and (ii), we use the local inequalities given, respectively, by Theorem 4.1 and Lemma 4.2.
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