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Abstract. The weighted Cauchy problem is considered for systems of linear impulsive differential
equations with singularities. The singularity is considered in the sense that the matrix-and vector-
functions corresponding to the impulsive system are not, in general, integrable at the initial point.
Sufficient conditions are established for so-called H-well-posedness of the problem.
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1 Statement of the problem and basic notation

Let I = [a,b] C R be a finite and closed interval non-degenerate in the point, tg € I and I, = I\ {t, }.
Consider the linear system of impulsive differential equations

d
di; = P(t)x + q(t) for aa. te I, \ T, (1.1)
z(n+) —z(n—) = GO)z(n) +9(1) (1=1,2,...), (1.2)
where T = {7y, 72,...}, 1 € I, (I =1,2,...) are points of impulsive actions such that l liin 7 = to,
—+o00

P = (pik)Zkzl S Lloc(Ito;Rnxn) and q= (Qk)zz1 S Lloc(ItO;Rn)
are matrix-and vector-functions, respectively, and
G = (gir)ig=1 € E(N;R™") and g = (gx)i=y € E(N;R")

are matrix- and vector-functions of the discrete argument.

Let H = diag(h1,...,hs) : I, = R™™ be a diagonal matrix-function with continuous diagonal
elements hy : Iy —]0,+o00[ (k=1,...,n).

We consider the problem of finding a solution = : I;, — R™ of system (1.1), (1.2), satisfying the
condition

lim (H~*(t)x(t)) = 0. (1.3)

Along with system (1.1), (1.2), we consider the perturbed singular system

% = P(t)z 4 q(t) for a.a. t eI, \T, (1.4)
w(n+) — z(n—) = GWa(n) +3() (=1,2,...), (1.5)

under condition (1.3), where P = (ﬁik)zkzl € Lioe(I1y; R™™) and ¢ = (Gr)7_y € Lioc(It,; R™) are
matrix- and vector-functions, respectively, and G = (Gik)ip=1 € EN;R™™) and g = (gr)ji, €
E(N;R™) are matrix- and vector-functions of the discrete argument.

As we know, the initial problem for systems of ordinary differential equations with singularities
first have been fundamentally investigated by V. A. Chechik in [8], where the sufficient conditions for
existence and uniqueness of solutions of the problem and some related questions are given.

The modified Cauchy and some other problems (among them the well-posedness question) for sys-
tems of ordinary differential equations with singularities, i.e., for problem (1.1), (1.3), are investigated,
for example, in the papers [8-11] (see also the references therein).

The singularity of system (1.1) is considered in the sense that the matrix-function P or the vector-
function ¢ are not, in general, integrable at the point ¢, i.e., on some ¢, d[ from I such that ¢y €]c, d[.
So, in general, the solution of problem (1.1),(1.3) is not continuous at the point ¢y and, therefore, it
is not a solution in the classical sense. But its restriction to every interval from Iy, is a solution of
system (1.1) in the classical sense. To illustrate this we give the following example from [11].

Let o > 0 and ¢ €]0, @[. Then the problem

dx ax
o T teflfa
7 el ;

lim (t°2(1)) = 0

has the unique solution z(t) = [¢|*~% sgn¢. This function is not a solution of the equation on the set
I =R, but its restrictions to | — 0o, 0[ and ]0, +oo[ are solutions of that equation.

The existence and uniqueness question of the considered in the paper problem is investigated
in [3,5,6]. As for the well-posedness question, as we know, such a problem for the impulsive differential
problem (1.1), (1.2); (1.3) has not been investigated. So, the present research is quite relevant.



24 Malkhaz Ashordia, Nato Kharshiladze

The theory of the regular impulsive differential equations has been investigated in earlier papers
(see, for example, [1,2,4,7,12-14] and the references therein). As for the singular case, the corre-
sponding theory, as we know, is far enough from deep research. Some boundary value problems for
linear impulsive systems with singularities are investigated in [3].

In the present paper, we give sufficient conditions for so-called H-well-posedness of problem
(1.1),(1.2); (1.3). The analogous results for the Cauchy problem for ordinary differential systems
with singularities (1.1) belong to I. Kiguradze [9-11].

In the paper, the use is made of the following notation and definitions.

« N={1,2,...}.

o R =]—o00,+00[, Ry = [0,+00[, [a,b] and ]a,b[ (a,b € R) are, respectively, closed and open

intervals.

n,m

o R™™ is the space of all real n x m matrices X = (v;;); ;Z, with the norm

n
IX]| = max > |ayl.
j=1,...m*
=1

e Opxm (or O) is the zero n x m-matrix. 0, (or 0) is the zero n-vector.
o If X = (wir); 1y € R™™, then

| X]+ X
= T s
o« R = {(zm)z;zl cxy; >006=1,...,n; j= 1,...,m)}.
o R™ =R" ! s the space of all real column n-vectors x = (z;)";.

o If X € R™" then X! det X and r(X) are, respectively, the matrix inverse to X, the deter-
minant of X and the spectral radius of X; I, is the identity n x n-matrix.

_ X=X

X] = () X -

ik=1

IX]_

e The inequalities between the matrices are understood componentwisely.

e A matrix-function is said to be continuous, integrable, nondecreasing, etc., if each of its compo-
nent is such.

o X(t—) and X (t+) are, respectively, the left and the right limits of the matrix-function X :
[a,b] — R™ ™ at the point t.

o AC([a,b]; R™™ ™) is the set of all absolutely continuous matrix-functions X : [a,b] — R™*>*™,

o ACioc(Ity ;s R™™™), where I, r = I, \ T, is the set of all matrix-functions whose restrictions to
every [a,b] C I, r belong to AC([a, b]; R™™™).

o Ifaa< B, then Nyg={leN: a<7 <j}.

o L([a,b];R™™) is the set of all integrable matrix-functions X : [a, b] — R™*™.

o Lioe(It,; R™*™) is the set of all matrix-functions X : Iy, — D whose restrictions to every closed
interval [a, b] from I, belong to L([a, b]; R™*™).

o E(M;R™ ™), where M C N, is the set of all discrete matrix-functions from M into R™*™.

o A vector-function z € AC,c(It, 7; R™) is said to be a solution of system (1.1),(1.2) if

z'(t) = P(t)x(t) + q(t) for a.a. t € I,
and there exist one-sided limits z(7—) and z(7i+) (I =1,2,...) satisfying equalities (1.2).

We consider problem (1.1), (1.2); (1.3) only in the case to = b. Similarly, we can consider the case
to = a. The general case g € |a, b[ will be reduced to the given two cases.

In the considered case, without loss of generality, we can assume that the solution z of the impulsive
differential system (1.1),(1.2) is continuous from the left in the points of the impulsive actions 7;
(1=12,...),ie,z(n) =2(n—) 1=1,2,...).

We assume that

det(I, +G()) #0 (I=1,2,...). (1.6)

The above inequalities guarantee the unique solvability of the Cauchy problem for the corresponding
nonsingular systems, i.e., for the case when P € L(I;R™*™) and q € L(I;R") (see [4,12-14]).



On the Well-Posedness of the Weighted Cauchy Problem for Systems of Linear IDEs with Singularities 25

Remark 1.1. In the case ty = a, we assumed that the solutions are continuous from the right in the
impulsive actions, then we would assume that the condition

det(I, — G(I)) £0 (1=1,2,...)

holds instead of condition (1.6). In the general case, i.e., where ¢y € |min I, sup I[, we assumed that
the solutions are continuous from the left in the impulsive actions 7; (I = 1,2,...) for which 7; < to,
and continuous from the right if 7; > t¢. In this case, we would assume that

det(I, + (=1)7G(1)) #0 for (=1)7(m—t)) <0 (j=1,2;1=1,2,...).

Let Py € Lioc(Ity; R"™™) and G € E(N;R™ ™). Then a matrix-function Cy : Iy, x Iy, — R"*™ is
said to be the Cauchy matrix of the homogeneous impulsive differential system

&~ R, (1.7)

z(n+) —z(n—) = Go(Dz(n) (1=1,2,...), (1.8)
if for every interval J C I;, and 7 € J, the restriction of the matrix-function Cy(.,7) : Iy, — R"*"™ to
J is the fundamental matrix of system (1.7), (1.8) satisfying the condition Cy(7,7) = I,,. Therefore,
Cy is the Cauchy matrix of system (1.7), (1.8) if and only if the restriction of Cy to J x J, for every
interval J C I,, is the Cauchy matrix of the system in the sense of definition given in [11].

2 Formulation of the main results

Definition 2.1. Problem (1.1), (1.2); (1.3) is said to be H-well-posed if it has a unique solution = and
for every € > 0 there exists 7 > 0 such that problem (1.4),(1.5); (1.3) has a unique solution y and the
estimate

|H(t) (x(t) —y(t))|| <e for tel (2.1)

holds for every matrix-functions P e Lioe(Ity 73 R™™), G € E(N;R™ ™) and vector-functions ¢ €
Lioe(It, 73 R™), g € E(N;R™) such that

det(I, + G(1)) £0 (1=1,2,...), (2.2)

/HH—l(T)(ﬁ(s) — P(s))H(s)|[ds+ Y [[H(n)(G(l) = GU)H(n)|| <n for tel,  (2.3)

lENY, ¢,
and
/ [H4(7)(@(s) = a(s))[[ds+ Y [HHm)(@0) — gD)]] <n for tel. (2.4)
P lEN: 1,

Theorem 2.1. Let there exist a matriz-function Py € Lioc(L,1; R"*™), a discrete matriz-function
Go € E(N;R™ ™) and constant matrices By, B € RI™"™ such that the conditions

det(l, + Go(l)) #0 (I1=1,2,...), (2.5)
r(B) <1
hold, and the estimates
|Co(t,7)| < H(t)BoH (1) for t<7, 7 ¢T, (2.7)

|Co(t,m) (Inn + Go(1)) | S H®)BoH (1) (1=1,2,...),
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and

/ ICo(t, 7)(P(s) — Po(s))H(s)| ds

+ Y [Colt,m) (I + Go()H(G() = Go())H(m)| < HH)B (2.9)

lENY ¢,

are satisfied on the interval [tg — 0,to[ for some 6 > 0, where Cy is the Cauchy matriz of system
(1.7), (1.8). Let, moreover,

to

lim (/HH1(3)Co(t,s)q(s)||ds+ Z HH1(Tl)Co(t,Tl)(In+Go(l))1g(l)||> =0. (2.10)

t—to leNtytO
Then problem (1.1), (1.2); (1.3) is H-well-posed.

Theorem 2.2. Let there exist a constant matriz B = (bi)j'y—; € RY*™ such that condition (2.6)
holds, and the estimates

cilt, ) < by Z((i)) fort<t (i=1,...,n), (2.11)
’/Ci(tyT)hi(T)[pii(T)]dT-‘r Z ci(ty, )hi(m)[gis (D] - | < bishi(t) (i=1,...,n) (2.12)
+ lENY, ¢,

and
‘/Ci(th)hk(T)|Pik(7')| dr+ > alt,n)[ga()]s - (1+ [gii(l)h)_lhk(ﬂ)gik(l)’
t LENY 1,

<birhi(t) £k i k=1,...,n) (2.13)

hold on [ty — d,to[ for some by > 0 and § > 0. Let, moreover,

to

lim (/C"(t’T)q(T)dT+ > alt:n) [gu(z)]+~(1+[gz-i(z)]+)19(1)) =0 (i=1,...,n), (2.14)

t—t .
o ) IEN 4, hi(t)

where ¢; is the Cauchy function of the impulsive differential equation

dx

=V ita
dat poi(t)r

z(n+) —z(n—) = goi(Da(n) 1=1,2,...);

here

poi(t) = [pi(®)]+,  goi(l) = [ga(D]y (i =1,...,n).
Then problem (1.1),(1.2);(1.3) is H-wellposed.
Remark 2.1. The Cauchy functions ¢;(¢,7) (¢ =1,...,n) have the form

t

oo ( [loueleas) T (4 lou@l) it >

€T ¢

ci(t, 1) = y (2.15)
exp (/[pu(s)]+ ds) H (1+ [g“-(l)h)fl if t<m,
1 T

€Ty, +

if t=r1

for t,7 € 1.
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Remark 2.2. In Theorems 2.1 and 2.2, the strict inequality (2.6) cannot be replaced by the non-
strict one. We give the corresponding example from [11] for ordinary differential equations, i.e., when
G(l) = Opxn and g(1) =0,

On the interval | — 1,0[ consider the problem

da?_a: 1

(2.16)

dt—t  |Inft|]’

im 20 (2.17)

t—0 t

Every solution of equation (2.16) has the form
z(t) =ct+tln|lnlt]| (c€R).

So, problem (2.16), (2.17) is not solvable. On the other hand, the Cauchy function ¢(¢,7) has the form
c(t,7) =t~ for t <7 < 0 and the conditions of Theorem 2.1, except of condition (2.6), are fulfilled
(on]—1,0)) forn =1, P(t) =t~', q(t) = |In|t|[~! and h(t) =t only for the case where B > 1, i.e.,
when r(B) > 1.

Remark 2.3. By Definition 2.1, problem (1.1),(1.2);(1.3) is H-well-posed if and only if it has a
unique solution z and for every sequences of matrix-and vector-functions,

Pm - (pmik)Zkzl € Lloc(Ito;Rnxn)7 gm = (qu)z:l € Lloc(Ito;Rn) (m - ]-a 23 .. )

and

such that
det(l, + G (1)) #0 (I1=1,2,...) for every sufficiently large m,

and the conditions

i ([ 187100 = PEHE s+ Y [ G0 - Ga)HE)]| ) <o

m——+00
IENt 1,

lim ( / E () am(s) — g ds + 3 ||H1<n><gm<l>g<m||)o

m——+oo
LENY ¢,

hold uniformly on I, the impulsive differential system

d
d%fj = Pn(t)x + qn(t) foraa. t € Ly \ T, (L.1m)

z(n+) —x(n—) = Gn(Dz(n) + gn(l) (1=1,2,...) (1.2,,)
has a unique solution z,, satisfying condition (1.3) for every sufficiently large m and

lim ||H(t) (zm(t) —z(t))|| =0 (2.18)

m——+oo

uniformly on 1.

3 Auxiliary propositions

We give the lemma on a priori estimate of solutions of system (1.1), (1.2) (see Lemma 3.2 below). To
prove the lemma, we use the Cauchy formula for the representation of solutions of impulsive differential
systems.
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Lemma 3.1 (Variation-of-constants formula). Let G, € E(N;R™*"™) be such that
det(l, + G.(1)) #0 (I=1,2,...).

Then every solution of the system

d
d—j = P.(t)x + q.(t) for a.a. t €1,

z(n+) —z(n—) = Gu(Dx(n) + g«(1) ((=1,2,...),

where Py € Lioe(I;R™*™), g € Lioe(I;R™) and G, € E(N;R™™™), g, € E(N;R"™), admits the
representation

x(t) = C.(t,7)x /c (t,9)gu(s)ds+ > Cult,n)(In+Gu(1)) 'gu(l) for 7<t, Tt €1, (3.1)

LEN, ¢

where C, is the Cauchy matrix of the homogeneous system

d
d—i*P()x fora.a. tel,

x(n+) —z(n—) = G.Dx(n) 1=1,2,...).
Representation (3.1) is proved, for example, in [4,13,14].

Lemma 3.2. Let the matriz-functions Py € Lioc(I1,; R™"*™), Gy € E(N;R™ ™) and the constant mat-
rices By and B from R}™™ be such that conditions (2.5)~(2.9) hold for some 6 > 0, where Cy is the
Cauchy matriz of system (1.7), (1.8). Let, moreover,

—sup{/HH )Colr $)q(s)]| ds

+ Z HH CO ’7' Tl)(In + Go(l))_lg(l)H 1 é T S to} < 400 fO’f‘ te [to - (;,to[. (32)
LENT 1,

Then every solution x of system (1.1), (1.2) admits the estimate

IH= @)z ()] < p(1Boll |1H ™ (ro)a(mo) || + (1) for t € J, t <0, (3.3)

where p = ||(I, — B)™Y||, while J C [to — 6,to[ and 70 € J are an arbitrary interval and an arbitrary
point, respectively.

This lemma is proved in [6].

4 Proof of the main results

Proof of Theorem 2.1. By conditions (2.5)—(2.9), problem (1.1), (1.2) has a unique solution x (see [6]).
On the other hand, because [ is the finite and closed interval, there exists p € Rixn such that

()] < H(t)p for t € 1. (4.1)

Let us denote by B; the n x n-matrix whose every element equals to 1. Due to (2.6), there exists
1o €]0, 1] such that
r(B) <1, (4.2)

where E =B+ nOBO Bl-
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We introduce the functions
v(t) = | Boll || H (£)(P(t) — P(t))H(t)|| for t € [a,ty — d],
ap = || Bol| |[HH(m)|G(l) = Go(D)H(m)|| (1=1,2,...).

Let € > 0 be an arbitrary fixed number. Then, taking into account (2.3), we get that there exists
1 €]0,no[ such that

po << (4.3)
and
p1p2 exp(p3) <&, (4.4)
where

po=n(L+PIN L+ (T = B) ) IBoll, o1 =n(L+ BT = B)~ I Boll

to—9
p2 = / v(s)ds, ps= H 1+ aq).
a lENa,to—s

In addition, it is evident that p3 + ps < +o0.

Let P € Lipe(Ito; R™™) and G € E(N;R™™) be matrix-functions satisfying conditions (2.2)
and (2.3).

Then by (2.7), due to (2.3) and (2.9), we find

to

/ |Co(t, 7)(P(s) — Po(s))|H(s)ds + ‘Co(t,n)(ln +Go(1))"HG() - GO(Z))‘H(TZ)]

t lENY, ¢,

< / (Colt, T)(P(s) — Po(s))|H(s) ds + / [Colt, ) (B(s) — P(s))|H(s) ds

+ Y |Coltm) T + Go)HGW) — Go))|H(m)

LENY 1,

+ Y [Colt )T+ Go0)HEW) — G| H(m)
IEN 1,

< H(t)B + H(t)By / H~'(s)|P(s) — P(s)|H(s) ds

+H®By Y H ()G — GU)IH(n) < HE)(B+1ByBy) for ¢ € [ty — b, to
LENY 1,

and, therefore,

/ |Co(t, 7)(P(s) — Po(s))|H(s) ds

+ > ’C’o(t,n)(In +Go(1))"HG() — Go()|H(n) < HH)B for t € [to — 8,t0[. (4.5)
INt 1,

So, the matrix-functions P, G and the constant matrix B satisfy conditions (2.6) and (2.9) as well.
Analogously, for the vector-functions ¢ € Ljpe(Iy,; R™*") and u € E(N;R"*"), satisfying conditions
(2.4), we show that
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to

[l wcat sl ds+ 3 [H OCk( )@+ Go) 50

" LENY 1,

S/I\lﬂif*(t)co(t,s)q(s>|}ds+ > [H M) Colt, m) (In + Go(1)) " g(1)]|

4 LENY 4+,

+ / | (0)Co(t 9)(@(s) — ats)]|ds + 3 || @Coltm) (T + Go) ' @)~ 9)|

f LENY, 1,
g/HH‘l(t)Co(t Sas)| ds+ Y ||HOCo(t, )T + Gol1) g0

f LENY, ¢,

+I\BoII/HH’l(S)(?I(s)fq(S))IIdHIIBoII > [H M m)@) - g()]| for t € [to— b, tol.
f LENY ¢+,

Hence, in view of conditions (2.8) and (2.10), it follows that the vector-functions ¢ and g satisfy
condition (2.10) as well.
Thus, according to Theorem 2.1, the last two conditions together with inequality (4.2) guarantee
the unique solvability of problem (1.4),(1.5);(1.3). Let y be a solution of the problem.
Let us assume
2(t) = x(t) —y(t) and u(t) = H'(t)z(t).

Then z will be a solution of the impulsive system

dz ~

pri P(t)z 4+ q«(t) for a.a. t € Ly \ T, (4.6)
z2(n+) — z2(n—) = é(l)z(n) +g.(l) (1=1,2,...), (4.7)

under the condition
i (H 7 (s0) 2(50)) =0, (4.8)

where

(1) = (P(t) = P(1)z(t) + q(t) — q(t), g.(1) = (G(I) = G)z(n) + 9(1) — g(D).

According to Lemma 3.2, conditions (4.2), (4.5) and (4.6)—(4.8) guarantee the estimate

u(t) < [[(In = B) 7| y(t) for t € [to — 0, %o, (4.9)
where
v(t) =sup {& (1) : t <7 <to} for t € [tg—d,to], (4.10)
and
/||H 7)Co (7, 5)q4(5)|| ds + HH 7)Co(r,7) (I +Go(l))‘1g*(l)H.
IENT 4,

Hence, due to (2.7),(2.8) and (4.1), we conclude

<|Bo|(/!|H ool las+ X e o 1]])

lENY ¢,

< 1Bl / [ 1P )~ Pls))a(s)] +la(s) — ats)) | s
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H1Boll Y [E G - Gl + 160 - 50))) |

LENY, ¢,
§p||Bo||< / [ H=(s)|P(s) — P(s)[H(s)| || ds + > [[H  (n)|G(1) - (l)IH(Tz)IH>
t LEN ¢,
+1Boll{ [ [[H ™ (s)la(s) — ()| || ds + H™Y(m)lg(l) — ()]
o f 1 ol et 37 it - 501 )

and, therefore, due to (2.3), (2.4) and (4.10), we find
v(t) <L+ [P Boll for t € [to — %o

and, in view of (4.3),
~ €
u(t) <n(L+ 6l 1T = B) || Boll < po < 5 for t € [to — &, to]- (4.11)

Since z is a solution of the impulsive system (4.6), (4.7), it is evident that it is a solution of the
system

d
d;j = Py(t)z + qo(t) fora. a. t € I;; \ T,

2(m+) — z(n—) = Go(Dz(1) + go(l) (1=1,2,...)
as well, where
go(t) = (P(t) = Po(1)2(t) + ¢-(),  go(l) = (G() = Go(D)2(m) + g (1)
According to Lemma 3.1, applying to the last system, we find

H(0)2(t) = H(5)Co(t, to — 6)2(t0 — 0)
to—0
— / HY(t)Co(t, 8)qo(s) ds — Z HY(t)Co(t, m) (I, + Go(1)) " go(l)
f IENG 14—
to—0
= B 00t to—D)2(t0 —5) — [ H(OCo(t,)(P(s) — Po(s))=(s) ds
to—0 t
- / “H0)Co(ts)gu(s)ds+ H t,7)(In + Go(1) "1 (G(1) — Go(1))2(n)
) LENG 14—
- Z H ) Co(t,m1)(In + Go(1)) "t gu(l) for t € [to — 0,t0[. (4.12)
1ENG 14—

By (2.7),(2.8) and (4.1), for every ¢ € [to — d,to[, we get

[H=(t)Colt, to = 8)2(to = 8)|| < [|Boll [ H ™" (to — 8)z(to — 9],
to—o to—o
“H(B)Co(t, 5)(P(s) — Po(s))z(s) ds|| < || Bol / |1 (5)P(s) = Po(s)|H (s)||u(s) ds,
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to—0

/ H™(t)Co(t, 5)q+(s) ds

to—8
< [IpIl | Boll / |H™"(s)|P(s) — P(s)|H(s)| ds + || Bo| / | H(s)|a(s) = a(s)| || ds,

ST HOC(t, ) (In + Go()THG(1) — Go(1))z(n)

lENt1t0,5

<|Boll Y [[H @G = GoD)] [|u(r)

leNt,,tO—é
and
> HT)Co(t, )T + Go(l) " gu(71)
lENt,tg—s
<[PIIBll Y [H @GO = GOHEE)| + Bl D> [[H (7)) — gl |-
LENt ty—5 LENt tq—5

In view of these estimates, due to (2.3) and (2.4), from (4.12) we conclude
to—9

u(®) < (L+ D1 Bolln + (| Bollu(to — &) + || Boll / |[H~(5)|P(s) — Po(s)|H(s)||u(s) ds

+Boll > H )G = Go()] ||uln) for t € [a,to — d].

l€Nt1t0,5

Therefore, if we take into account (4.11), we find

to—9
u(t) < p1 + / v(s)u(s)ds + Z ayu(my) for t € [a,to — ). (4.13)
1 lEN: ty—s

Further, according to the Gronwall-Bellman inequality (see [14, Lemma 2.1]), we have

to—0
u(t) < p1 H (14 o) exp ( / v(s) ds) for t € [a,to — 4. (4.14)
lENt ty—s t

From (4.14) we obtain u(t) < p1p2exp(ps) for ¢t € [a,ty — 0]. According to (4.4), we find u(t) <
for ¢ € [a,to — ¢]. Thus estimate (2.1) holds. O
Proof of Theorem 2.2. This theorem is a particular case of Theorem 2.1. Thus it is easy to check that
under conditions of Theorem 2.2, problem (1.1), (1.2); (1.3) is uniquely solvable (see [6]). O
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