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ELECTRO-MAGNETO-ELASTIC STRUCTURES



Abstract. In the present paper, we consider a three-dimensional model of fluid-solid acoustic in-
teraction when an electro-magneto-elastic body occupying a bounded region Q% is embedded in an
unbounded fluid domain Q= = R3\QF. In this case, we have a five-dimensional electro-magneto-elastic
field (the displacement vector with three components, electric potential and magnetic potential) in the
domain 97, while we have a scalar acoustic pressure field in the unbounded domain Q~. The physical
kinematic and dynamic relations are described mathematically by appropriate boundary and trans-
mission conditions. We consider less restrictions on matrix differential operator of electro-magneto-
elasticity by introducing asymptotic classes, in particular, we allow the corresponding characteristic
polynomial of the matrix operator to have multiple real zeros. Using the potential method and the
theory of pseudodifferential equations based on the Wiener—Hopf factorization method, the uniqueness
and existence theorems are proved in Sobolev—Slobodetskii spaces.
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1 Formulation of the problems

1.1 Introduction

Interaction problems of different dimensional fields appear in mathematical models of electro-magneto
transducers. Further examples of similar models are related to phased array microphones, ultrasound
equipment, inkjet droplet actuators, sonar transducers, bioimaging, immunochemistry, and acousto-
biotherapeutics (see [34-36,41]).

The Dirichlet type, Neumann type and mixed type interaction problems of acoustic waves and
piezoelectric structures are studied in [10,12,14].

Similar interaction problems for the classical model of elasticity have been investigated by a number
of authors. An exhaustive information concerning theoretical and numerical results, for the case when
both interacting media are isotropic, can be found in [2-5,17,20-22,25,26,28]. The cases when the
elastic body is homogeneous and anisotropic and the fluid is isotropic, are considered in [24,31, 32].
In this case, one has a three-dimensional elastic field, the displacement vector with three components
in the bounded domain Q, and a scalar pressure field in the unbounded domain Q™.

In our case, in the domain 7 we have additional electric and magnetic fields that essentially
complicate the investigation of the transmission problems in question. In particular, except transmis-
sion conditions, electric and magnetic potentials are given on one part of the boundary of Q% (the
Dirichlet type condition), while on the other part of 7, normal components of electric displacement
and magnetic induction are given (the Neumann type condition).

In contrast to the classical elasticity, the differential operator of electro-magneto-elasticity is not
self-adjoint and positive-definite.

The Dirichlet and Neumann type interaction problems of acoustic waves and piezo-electro-magnetic
structures are studied in [11].

We consider less restrictions on the matrix differential operator of electro-magneto-elasticity by
introducing asymptotic classes M, my,ms(P), where P is a determinant of the electro-magneto-
elasticity matrix operator, in particular, we allow the corresponding characteristic polynomial of the
matrix operator to have multiple real zeros.

We investigate the aforementioned problem with the use of the potential method and the theory
of pseudodifferential equations on manifolds with boundary and prove the existence and uniqueness
theorems in Sobolev—Slobodetskii spaces.

1.2 Electro-magnetic field

Let QO be a bounded three-dimensional domain in R? with a compact, C*°-smooth boundary S = 9Q+
and let Q7 := R3\ QF. Assume that the domain Q7 is filled with an anisotropic homogeneous piezo-
electro-magnetic material.

The basic equations of steady state oscillations of piezoelectro-magneticity for anisotropic homo-
geneous media are written as follows:

Cijr10iOuy + prw?djpur + €1i;00ip + qij0;0 + Fj =0, j=1,2,3,
—eir10;01u, + €10;010 + a40;01 + Fy = 0,
—Qik10;01ug + a3 0;01p + 1y 0; 01 + Fs = 0,
or in the matrix form
A,w)U + F =0 in QF,

where U = (u, 0,%) ", u = (u1,us,u3)" is the displacement vector, ¢ = uy is the electric potential,
1) = uy is the magnetic potential and F' = (Fy, Fy, F3, Fy, F5)T is a given vector-function. The three-
dimensional vector (F, Fy, F3) is the mass force density, while Fy is the electric charge density, F5 is
the electric current density, and A(9,w) is the matrix differential operator,

A(0,w) = [Ajk(0,w)]5xs5, (1.1)
Aj(0,w) = ¢ij0i0 + prwdjn,  Aju(0,w) = €;;010;,  Ajs(0,w) = qi;0,0;,
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A (0, w) = —€i10;0),  Aqa(0,w) = €40;0;, Ag5(0,w) = 00,

A5k (0, w) = —ir10;01,  A54(0,w) = ay10;01,  As5(0,w) = pud;0l,
7.k = 1,2,3, where w € R is a frequency parameter, p; is the density of the piezoelectro-magnetic
material, cijik, €iri, Qiki, €i, Mil, aqy are elastic, piezoelectric, piezomagnetic, dielectric, magnetic
permeability and electromagnetic coupling constants, respectively, d; is the Kronecker symbol and

summation over repeated indices is meant from 1 to 3, unless otherwise stated. These constants satisfy
the standard symmetry conditions

Cijkl = Cjikl = Cklijs,  €ijk = €ikj, dijk = Gikj> Eij = €ji5,  Mjk = Mkj, QAjk = Akj,
i, 7, k, 0l =1,2,3.

Moreover, from physical considerations related to the positiveness of internal energy, it follows that
the quadratic forms c¢;j11&:;6k and €;;7;m; are positive definite:

cijri&ij€u > coij&iy V& = &5 € R, (1.2)
eiming > c2nl?,  qiming = calnl?, wgming > e nl* Yo = (m,m,m3) € R, (1.3)

where ¢y, c1, co and c3 are positive constants.
More careful analysis related to the positive definiteness of the potential energy insure that the
following matrix

is positive definite, i.e.,
eriCiCl + anj (GRS + GCY) + i GIC > ea(ICP +[C"P) V¢ ¢" e C, (1.4)

where ¢4 is some positive constant.
The principal homogeneous symbol matrix of the operator A(9,w) has the following form:

[—cijin€ililsns  [—€1ii&i&ilsyy  [—@ii618i)551
AO ) = | [eir&i&l)y s —eu&i&l —au&:&
[Giri&i&)1 s —a4&i& —Hak&i&l ) s

With the help of inequalities (1.2) and (1.3), it can be easily shown that
fReA(O)(f)g SC>cC)PlEfF V¢ eCt, VEERS, ¢=const >0,
implying that A(9,w) is a strongly elliptic formally nonselfadjoint differential operator.
Here and in the sequel, a - b denotes the scalar product of two vectors a,b € CV, a-b:= IXV: axbs.

k=1
In the theory of electro-magneto-elasticity, the components of the three-dimensional mechanical

stress vector acting on a surface element with a normal n = (n1,n9,n3) have the form

04N = CijiniOug + e1i;niO + quijnioy, J=12,3,

while the normal component of the electric displacement vector D = (D1, Do, Dg)T and the normal
component of the magnetic induction vector B = (By, Ba, B3)T read as

—Din; = —eipniOjuy + €qniO1p + aun; 0y,
—Bin; = —qipniOug + aun;0ip + pin; 0.

Let us introduce the boundary matrix differential operator

T(av n) = [Tjk(av n)]5><57
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Ti(0,n) = cijikniOy,  Tja(0,n) = e;ni0y,  Tjs5(0,n) = quijniol,
Tur(0,n) = —eixiniOr,  Tua(0,n) = eyn;i0;, Tus(0,n) = azn,;0y,
T5r(0,n) = —qiraniO1,  T54(0,n) = ayni0y, Ts5(0,n) = puniol,

j,k=1,2,3. For a vector U = (u,¢,%) ", we have
T(@, n)U = (O’ljnj, O'Qj’ﬂj, 0'3]"[1]', 7Di’ﬂi, 7Bﬂli)—r. (15)

The components of the vector TU given by (1.5) have the following physical sense: the first three
components correspond to the mechanical stress vector in the theory of electro-magneto-elasticity,
while the fourth one is the normal component of the electric displacement vector and the fifth one is
the normal component of the magnetic induction vector.

In Green’s formulae, one also has the following boundary operator associated with the adjoint
differential operator

A (0,w) = AT(-0,w) = AT (0,w),
T(9,n) = [Tjk(aan)]

5x5’7
where
Tj(0:n) = Tjn(,n),  Tya(0,n) = =Tja(d,n),  Tjs(d,n) = =Ty5(9,n),
Tur(0,n) = —Tur(8,n), Tua(d,n) = Tya(d,m), Tus(8,n) = Tys(d,n),
Tse(0,n) = —Tsr(0,n),  T5a(0,n) = Tsa(d,n), T5(8,n) = Ts5(0,n),
g k=1,2,3.

1.3 Green’s formulae for electro-magneto-elastic vector fields

For arbitrary vector-functions U = (u1,u2, us, us, us)’ € [C*(QF)]° and V = (v1,v2,v3,v4,05)" €
[C%(Q1)]?, we have the following Green’s formulae (see [6]):

/ [A(0,w)U -V + B(U, V)] da = /{TU}* Vs,
Qt S
/ [A@,)U -V — U - A°(8,w)V] de = / (U} - (V)* — (U} (TV)*] ds,
Q+ S

where

E(U, V) = ciﬂk&uj@ﬁk — p1w2u S (6ZU46ﬁj — ai’u,jalf4)

+ qiij (8lu58ﬁj — @1@61@5) + €jlajU4alf4 + ajl(alU48j§5 — 6jU56[54) + ujlﬁju56ﬁ5
with u = (u1,us2,u3) " and v = (vy,ve,v3) . The symbol {-}* denotes the one-sided limits (the trace
operator) on S from Q1. Note that by the standard limiting procedure, the above Green’s formulae
can be generalized to vector-functions U € [H1(QT)]® and V € [HY(Q)]® with A(0,w)U € [Lo(QT)]°
and A*(0,w)V € [Lo(27)]°.

Using these Green’s formulae, we can define a generalized trace vector {T(9,n)U}*+ € [H~1/2(8)]°
for a function U € [H(Q7)]5 with A(9,w)U € [Lo(Q7)]5:

UT@.mUY (V)T = / [A(8,w)U -V + E(U, V)] da,
O+
where V € [H(Q71)]® is an arbitrary vector-function.

Here and in what follows, the symbol (-, -)g denotes the duality between the mutually adjoint
function spaces [H~1/2(S)]N and [HY/?(S)]V, which extends the usual Lo scalar product

N
(a)s = [ 359,48 tfor fg (La(S)).

5 =1
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1.4 Scalar acoustic pressure field and Green’s formulae

We assume that the exterior domain Q7 is filled with a homogeneous isotropic inviscid fluid medium
with constant density ps. Further, let the propagation of acoustic wave in 2~ be described by
a complex-valued scalar function (scalar field) w being a solution of the homogeneous Helmholtz
equation

AW + pow?w =0 in Q7 (1.6)

where

is the Laplace operator and w > 0. The function w(x) = P*¢(x) is the pressure of a scattered acoustic
wave.

We say that a solution w to the Helmholtz equation (1.6) belongs to the class Som,(27), p = 1,2,
if w satisfies the classical Sommerfeld radiation condition

ow(x)
9|

+i(=1)P/prww(z) = O(|z| %) as |z| — oco. (1.7)

Note that if a solution w of the Helmholtz equation (1.6) in Q~ satisfies the Sommerfeld radiation
condition (1.7), then (see [42])
w(z) = O(lz|™!) as |z| — oc.
Let © be a domain in R? with a compact simply connected boundary 89 € C°.
We denote by H*(Q?) (H},.(2)) and H*(09Q), s € R, the Ly based Sobolev—Slobodetskii (Bessel

potential) spaces in 2 and on the closed manifold 2. Respectively, we denote by H,,,,(2) the
subspace of H*(Q) (H .(Q)) consisting of functions with compact supports.

loc
If M is a smooth proper submanifold of a manifold 99, then we denote by H*(M) the following
subspace of H*(0Q):

H*(M) := {g9: g€ H*(09), suppg C M},
while H*(M) denotes the space of restrictions to M of functions from H?*(91),
H*(M):={ruf: feH09Q)},

where rj; is the restriction operator to M.
Let

w1 € Hp, (27) N Som,(Q7), p=1,2, Awi € Lyjoc(Q7), Wz € H},po(Q7),
then the following Green’s first formula holds:

/(A + k2)W1W2 dx + / VW1VW2 dx — ]f2 /W1W2 dx = —<{8nW1}_, {WQ}_>S, (18)
Q-

Q- Q-

where n = (ny,ng,n3) is the exterior unit normal vector to S directed outward with respect to the
domain Q7, and 9,, = % denotes the normal derivative.

1.5 Formulation of mixed type interaction problem for steady state
oscillation equation

Now we formulate the fluid-solid interaction problems. Let the boundary S = 90T = 90~ € C*° be
divided into two disjoint parts Sp and Sy, i.e.

SZEUQ, SpNSy =9 and [, :=0Sp = 0SSy € C*.
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Mixed type problem (M,,): Find a vector-function U = (u,uq,us)’ = (u,,%)" € [H}(QT)]° and a
scalar function w € H} (Q7) N Som; () satisfying the following differential equations

loc

A(0,w)U =0 in QT (1.9)
AW + pow’w =0 in Q7 (1.10)
the transmission conditions
{u-n}t =b{0,w}~ + fo on S, (1.11)
{IT(0,n)U);} " = bo{w} ™ n; + f; on S, j=1,2,3, (1.12)

and the mixed boundary conditions

{e}t =" on Sp, (1.13)
(v}t =57 on Sp, (1.14)
{IT@,n)U],} " = ) on Sy, (1.15)
{r(@.n)U)s} " = £ on Sy, (1.16)
where by and by are given complex constants satisfying the conditions
b1b2 75 O, Im[glbg] = 0, (1.17)

and

foe HY2(S), fje HY2(S), j=1,2,3,
fPre m2sp), 1P e HY2(Sp), ) e mV2(sy), £V e HTV2(Sy).
The transmission conditions (1.11)—(1.12) are called the kinematic and dynamic conditions. For
an interaction problem of fluid and electro-magneto-elastic body
U7 be=-1, folz) = fi"(x) = [paw®] 710 P (2),
fi==P"(x)n;(z), j=1,2,3, (1.18)

b1 = [,ng

where P is an incident plane wave,

Pinc(x) _ eid~;t7 d= UJ\/[TZ'rh n e R37 |n‘ =1.

2 Uniqueness of solutions of the problem (M,)

We denote by Jp(Q7) the set of values of the frequency parameter w > 0 for which the following
boundary value problem
A(0,w)U =0 in QF,
{u-n}" =0 on S,
{IT@,n)U);}" =0 on 8, j=1,2,3,
{p}T =0 on Sp,
{}* =0 on Sp,
{u-n}" =0 on Sy,

{IT(3,m)U]}" =0 on S,

~~ o~ o~ o~~~ —~
N O Ut e W N =
—_ O T — T o —

has a nontrivial solution U = (u, p,%)" € [H*(QT)]® (cf., [24]).
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Nontrivial solutions of problem (2.1)—(2.7) will be referred to as Jones modes, while the correspond-
ing values of w are called Jones eigenfrequencies, as they were first discussed by D. S. Jones [24] in
a related context (a thin layer of ideal fluid between an elastic body and surrounding elastic exte-
rior). For example, Jones eigenfrequencies exist for any axisymmetric body, such bodies can sustain
torsional oscillations in which only the azimuthal component of displacement is nonzero. However,
we do not expect Jones eigenfrequencies to exist for an arbitrary body. The spaces of Jones modes
corresponding to w we denote by X/, (Q271).

Let J;,(227) be the set of values of the frequency parameter w > 0 for which the following boundary
value problem

A*(0,w)V =0 in QF, (2.8)
{v-n}t =0 on S, (2.9)
{IT@,m)V];} =0 on S, j=1,2,3, (2.10)
{vg}" =0 on Sp, (2.11)

{vs}T =0 on Sp, (2.12)

{v-n}t =0 on Sy, (2.13)
{IT(@,n)V]}" =0 on Sy (2.14)

has a nontrivial solution V = (v,vy,v5)" € [HY(QH)]°.

The spaces of Jones modes corresponding to w for the differential operator A*(9,w) we denote by
Xy w(F).

It can be shown that Jp (Q7) and J;,(Q1) are at most countable. Note that for each w the
corresponding spaces of Jones modes Xys,,(Q%) and X3, ,(Q%) are of finite dimension.

Using Green’s formulas and the Rellich—Vekua lemma, we obtain the following uniqueness theorem
for the problem (M,,) (cf. [11]).

Theorem 2.1. Let a pair (U,w) be a solution of the homogeneous problem (M,,) and w > 0. Then
w=201in Q" and either U =0 in Q" if w & Jp(QF) or U € Xpp0(QF) if w € I (QF).

Remark 1. Let a pair (V,w) € [H'(Q1)]°> x [H],.(27)N Somz(227)] be a solution of the homogeneous
problem

A*(0,w)V =0 in QF,
(A + pow®)w =0 in Q7
{v-n}* +5;1{6nw}_ =0 on S,
{[T(& n)V]j}+ +5171{W}_nj =0onS, j=1,23,
{vy}" =0 on Sp,
{vs}T =0 on Sp,
{IT(@,n)V]s}" =0 on Sy,
{IT(3,n)V]5}" =0 on Sy,

where by and by are the given complex constants satisfying conditions (1.17). Then w = 0 in Q~ and
either V.=01in QF if w ¢ J3,(QF) or V € X3, ,(QF) if w € J5,(QY).

3 Layer potentials

3.1 Potentials associated with the Helmholtz equation

Let us introduce the single and double layer potentials

Vo(g)(z) = /v(w —y,w)g(y) dyS, = &S,
S
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Wo(f)(z) = /f%(yw(m —y,w)f(y)dyS, = &5,

s
where
_exp(iy/p; wlz|)
y(z,w) = pEp

is the fundamental solution of the Helmholtz equation (1.6). These potentials satisfy the Sommerfeld
radiation condition, i.e., belong to the class Som;(27).
For these potentials the following theorems are valid (see [15,33]).

Theorem 3.1. Let g € H-Y/2(S), f € HY?(S). Then the following jump relations hold on the
manifold S:

{Val)} = Halg)s  {Wa(H)}* =271 F + K50,
{8nvw(9)}i = :F2719 +Kuw(9)s {3nWw(f)}+ = {0 Wu(f)}™ = Lu(f),

where H,, K and K, are integral operators with weakly singular kernels,

Hu(9)(2) :

/v(z —y,w)g(y)dy,S, z€S8,
S

K5(f)(2) = / Bty 1z — ) F (1) dyS, =€ S,
S

Kolg)(2) = / Bz — 1 w)g(y) d,S, = € S,
S

while L, is a singular integro-differential operator (pseudodifferential operator) of order 1.

Theorem 3.2. The operators

N = =27 + K + pHy, - HY?(S) — HY?(S), (3.1)
M =Ly, +p(27 L+ Ky) - HY2(S) — HY2(S) (3.2)

are invertible, provided Im . £ 0. Here, I is the scalar identity operator.

the mapping properties of the above potentials and the boundary integral operators are described
in Appendix.

3.2 Fundamental solution and potentials of the steady state
oscillation equations of electro-magneto-elasticity

Let us consider the equation

[cijin€i€t — PrwGinlays  le1i€i&ilsny (@il
P4 (&, w) = det A(i§, w) = det [—eir1&i&il 3 eu&i&i ai&i&i =0, (3.3)
(=&l 5 ai&i&i pa&i&e /) 5o
EcR3\ {0}, weR, 4,5,k 1=1,2,3,

where ® 4 (&, w) is the characteristic polynomial of the operator A(9,w). The origin is an isolated zero
of (3.3).
We are interested in the real zeros of the function ®4(§,w), € € R3\ {0}.
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Denote
pw?  ~ &
= , = — fi 0,
e ST
[cijri&i& — Adjklaxs  [Aja(Elax1 [Ajs()]axa
B(/\ag) = [*Aj4(§)]1x3 Eilgigl ailgigl
[~ Aj5(E)]1xs an€i& pa&i& 5x5
Then (3.3) can be rewritten as
(A, §) == det B(\, &) = 0. (3.4)

This is a cubic equation in A with real coefficients.
The following theorem holds (see [11]).

Theorem 3.3. Equation (3.4) possesses three real positive roots A\ (E), )\2(5), /\3(2).

Denote the roots of equation (3.4) by A1, A2, Az. Clearly, the equation of the surface S, ;,
7 =1,2,3, in the spherical coordinates reads as

VW
Aj(

r=r;(0,p) =

~—

where
& =rcospsinf, & =rsinpsinfd, &5 =rcosd

with0 <o <21, 0<0<m r=|.
We have also the following identity

Da(gw) = det A(i&,w) = @401 [T (% = 75(©)) = @€ 0)r* [T 3(©).

j=1
It can easily be shown that the vector

’n(f) = (_1)j|V¢A(€’w)|_1v¢A(fvw)7 g S Sw7j7

is an external unit normal vector to S, ; at the point .
Further, we assume that the following conditions are fulfilled (cf. [13,30,39,40]):

(1) If Pa6,w) = <I>A(g, 0) r* PL(§)Pa(§)P5(€), then Ve (Pi()Pa(§)P3(€)) # 0 at real zeros & €
R3\ {0} of polynomial (3.3), or

If 4(&w) = @A(a 0) r*P2(£) Py(€), then Vg(P1(§) (5)) # 0 at real zeros £ € R3\ {0} of
polynomial (3.3), or

If ® (&, w) = P A(E,0) rAP3(€), then VePi(€) # 0 at real zeros £ € R?\ {0} of polynomial (3.3).

(ii) The Gaussian curvature of the surface, defined by the real zeros of the polynomial ®4(&,w),
¢ € R3\ {0}, does not vanish anywhere.

It follows from the above conditions (i) and (ii) that the real zeros £ € R?\ {0} of the polynomial
® 4 (&, w) form non-self-intersecting, closed, convex two-dimensional surfaces Sy, 1, Sw, 2, Sw,3, enclosing
the origin. For an arbitrary unit vector n = x/|z| with € R*®\ {0}, there exists only one point on
each S, ;, namely, & = (&,&,8,) € S,,; such that the outward unit normal vector n(&7) to S, ;
at the point &/ has the same direction as 7, i.e., n(¢7) = n. In this case, we say that the points &7,
j =1,2,3, correspond to the vector . From (i), we see that the surfaces S, ;, j = 1,2, 3, might have
multiplicites.
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We say that a vector-function U = (u1,ua,us,us,us)’ belongs to the M, m, ms(P) class if

U € [C*(Q7)]° and the relation
5

Uz) =) u’(x)

p=1
holds, where u? has the following uniform asymptotic expansion as r = |z| — oo:

3

UPNZ fzréﬂ{dé’m m372+qum *Q}7 p=1,2,3, (3.5)

J=1

ut(z) = 0(r™), Oput(z) =0(r?), us(m) =00, ul(z)=0(r"?), k=1,2,3,

here P = det A(i0;,w) and df,, € C=, j =1,2,3 (see [13]).

These conditions are the generalized Sommerfeld-Kupradze type radiation conditions in the ani-
sotropic elasticity (cf. [27,30]).

From condition (i) follows that our My, m, ms(P) class is My 1.1 (P) or My 1(P) or M3(P).

The class M 1,1(P) is a subset of the generalized Sommerfeld-Kupradze class.

We can show the following uniqueness theorems.

Theorem 3.4. The homogeneous exterior Dirichlet boundary value problem
AQ,w)U =0 inQ~, {U} =0 onS,
has only the trivial solution in the class [HL .(27)]° N My ma.ms (P).

Theorem 3.5. The homogeneous exterior Dirichlet boundary value problem
A*(Q,w)V =0 inQ~, {V}==0 onS,
has only the trivial solution in the class [H} . (Q7)]° N My, my.ms (P), where P* = det A*(9,w).

If the surfaces S,, ;, j = 1,2, 3, have no multipicity, Theorems 3.4 and 3.5 are valid in the generalized
Sommerfeld-Kupradze class (cf. [27]).

Denote by I'(z,w) the fundamental matrix of the operator A(0,w). By means of the Fourier
transform method and the limiting absorption principle we can construct this matrix explicitly (see [40,
Chapter 1, Section 1])

L [4-1(; .

F(x W) - Eg%l+ Fgﬁa} [ (157 w + ’LE)] ’ (36)
where F~1 is the inverse Fourier transform. Columns of the matrix I'(x, w) are infinitely differentiable
in R3\ {0} and belong to the class SK;(R3\ {0}).

Further, we introduce the single and double layer potentials associated with the differential operator
A(0,w),

vw<g)<x>=/r<x—y,w> (4)dyS. =€ *,

s
/ (O, n(y FT(J:—y, )]Tf(y)dyS, z €Ot
s

where g = (g1,...,95)" and f = (f1,..., fs)" are the density vector-functions.
For a solution U € [H(Q7)]® to the homogeneous equation (1.9) in Q% we have the following
integral representation
U=W,{U}") - V,({TU}") in Q*.

For these potentials the following theorem holds (see [6]).
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Theorem 3.6. Let g € [H='+4(9)]® and f € [H*(S)]°, s> 0. Then

{Vu(9)(2)}* = Ho(9)(2), 2 €8,
{Ww(f)(z)} =+2 1f(Z) K., (f)(z), z€85,
(

{T(0.,n(2))Wo(f)(2)} = {T(az,n@))ww NE} = Lo(N)), z€8,

where H,, is a weakly singular integral operator, I~(w and K, are singular integral operators, while L,
is a pseudodifferential operator of order 1,

L(z —y,w)g(y)d,S, z €S8,
[T(0yn))TT (2 — y,w)] f(y) dyS, = €S,

T(0.,n(2))T(z — y,w)g(y)dyS, z€S.

Eb:g?
)
O
i i i
R A B

The mapping properties of these potentials and the boundary integral operators are described in
Appendix.

4 Mixed type interaction problems for pseudo-oscillation
equations
In this section, we consider the mixed type interaction problems for the so-called pseudo-oscillation

equations. These problems are intermediate auxiliary ones used for investigation of interaction prob-
lems for the steady state oscillation equations.

4.1 Formulation of the problems

The matrix differential operator corresponding to the basic pseudo-oscillation equations of the electro-
magneto-elasticity for anisotropic homogeneous media is written as follows:

A0, 1) = [Ajk (0, T)]5x5,
Aj(0,7) = cijra0iO + p176jk,  Aja(0,7) = €13;0,0;,  Aj5(0,7) = qi;010;,
Ag(0,7) = —€ir0;01,  Aga(0,7) = €40i01,  Ays(0,7) = ay0;0y,
Ask(0,7) = —qir10i01,  As4(0,7) = ay0;0, As5(0,7) = p0;i0l,

4,k =1,2,3, where 7 is a purely imaginary complex parameter: 7 =140, 0 # 0, o € R.

Mixed type problem (M. ): Find a vector-function U = (u,us,us)’ € [H}(Q7)]® and a scalar function
w € H} _(Q27) N Som; (Q27) satisfying the differential equations

A(0,7)U =0 in QF, (4.1)
Aw + pow?w =0 in Q7 (4.2)

the transmission conditions
{u-n}* =bi{Baw}™ + fo on S, (4.3)

{ITU];}" = bo{w} ™ n; + f; on S, j=1,2,3, (4.4)
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and the mixed boundary conditions
{w}* = " on Sp, (
{us}™ = fz(D) on Sp, (
{T0)}" = £ on Sy, (
{ITU]s}" = £ on Sy, (
where b, and be are the given complex constants satisfying conditions (1.17),
fOEH_1/2(S)7 fj GH_1/2(5)7 j:172u37
R er'?(sp), K7 em(sp), KV e H(Sy), f5Y) e HV(S).

Using Green’s formulas and the Rellich—Vekua lemma, we obtain the following uniqueness theorem
for the problem (M.).

Theorem 4.1. Let 7 = io, 0 # 0, 0 € R. The homogeneous problem (M) has only the trivial
solutions.

4.2 Fundamental solution and potentials for the pseudo-oscillation
equations of piezoelectro-magneto-elasticity

The full symbol of the pseudo-oscillation operator A(9, 7) is elliptic provided 7 = io, o # 0, 0 € R, i.e.,
det A(—i&,7) 0 V&€ R\ {0}.

Moreover, the entries of the inverse matrix A=!(—i&, ) are locally integrable functions decaying at
infinity as O(|¢|72). Therefore, we can construct the fundamental matrix I'(x,7) = [[y; (@, 7)]5x5 of
the operator A(9,7) by the Fourier transform technique,

D(z,7) = Fy, [ATH (=€, 7)) (4.9)

Note that in a neighbourhood of the origin the following estimates hold (0 < |z| < 1):

|Tjn(z,7) w)| <e (4.10)
‘81 Lk(z,7) — Tji(z,w) ‘ 1n|x| L (4.11)
0 [Tju(e,7) = Djn(e,w)] | < elrw)lal 7o, .k =T5, (4.12)

where a = (a1, g, ar3) is a multi-index with || = a1 + s+ a3 > 2, while ¢(7,w) is a positive constant
depending on 7 = i and w with o,w € R\ {0} (cf. [30]).
Let us introduce the single and double layer pseudo-oscillation potentials

V,(h) = / Tz — y,7)h(y) d,S.
S

W, (h) = / (70, ()T (x — ,7)] " h(y) dyS.
S

where h = (hy, ha, h3, hy, hs) T is a density vector-function.
These pseudo-oscillation potentials have the following jump properties (see [6]).
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Theorem 4.2. Let V) € [H1+5(8)]°, h®) ¢ [H*(S)]°, s > 0. Then the following jump relations
hold on S':

[V, (b))} = / Iz — 5. 1) (y) dy S,
S
(W, (h?)(2))F = £27 5@ () + / 7@y n)TT (= — 9,7)] Th® () d, S,
S

(TV(hD) ()} = 72700 (z) + / (0 n(2))T(z — . 1)hD () d, S,
S
{TW(h?)(2)} " = {TW,(h?)(2)} .

Further, we introduce the boundary operators

HL (h)(2) = / P(z — g, 7)h(y) dy S,

S

K., (h)(z) = / T(0.,n(2))T (2 — y, 7)h(y) d, S,
S

K, (h)(z) = / (70, n()TT (2 — y.7)] "hy) dy S,
S

L, (h)(z) = {TW.(h)(2)} " = {TW.(h)(2)} .

Note that H, is a weakly singular integral operator (pseudodifferential operator of order —1), K, and
KT are singular integral operators (pseudodifferential operator of order 0), and L, is a pseudodiffe-
rential operator of order 1.

The mapping properties of these potentials are described in Appendix.

4.3 Some results for pseudodifferential equations on a manifold
with boundary

The Fredholm properties of strongly elliptic pseudodifferential operators on a compact manifold with
boundary are studied in [1,16,18,19,37].

The spaces H, and B, , (with s € R, 1 < p < 00) denote the well-known Bessel potential and
Besov function spaces, respectively (see [38]).

Let X € C* be a compact n-dimensional, nonselfintersecting manifold with boundary 0% € C*
and let A be a strongly elliptic scalar pseudodifferential operator of order v € R on %, that is, there
is a positive constant ¢y such that

ReGa(x, &) > ¢o

for # € ¥, £ € R™ with |¢] = 1. Here, we denote by & 4(x, &) the principal homogeneous symbol of
the operator A in some local coordinate system (z € R}, £ € R™ \ {0}).

The Fredholm properties of strongly elliptic scalar pseudodifferential operators on a compact man-
ifold with boundary are investigated by the Wiener—Hopf factorization method. The factorization
index of the principal homogeneous symbol of the operator A is calculated by the following formula
(see [16]):

v Sal(z,0,...,0,—1)
A
@) =5+ o5 N SA,0,...,0,+1)
v 1 7 6,4(.13,0,...,0,—1)
— Y 2 (argSa(2,0,....0,—1) —arg S 4(x,0, ..., 0, 1)_71 ,
5 on (arg alw ) —argGa(z ) -5 Ga(2,0,...,0,+1)
where

—g <argGa(z,0,£1) < g, T € 0%.
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Theorem 4.3. Let s e R, 1 < p < oo, and A be a strongly elliptic pseudodifferential scalar operator
of order v € R. Then the operator

A H(S) - HE (D) (B;p(Z) - B;;)”(z:)) (4.13)
is Fredholm with index zero if
L 1+ Rek(z) < <1+'fR (z) (4.14)
- - su e R\T S — m CR\T). .
p xeapz p zed%

Moreover, the null space and index of operator (4.13) are the same for all s and p satisfying inequality
(4.14).

4.4 Existence of solutions of the problem (M,)

By Theorem 6.4 (see Appendix), the operator H, : [H*(S)]> — [H*T1(S9)]° is invertible for all s € R
and we can look for a solution of the problem (D,) in the form

U=V, H 'g inQ", w=W,4+uV,)h in Q", peC, Imu#0,

where g = (§,94,95)" € [HY*(S)]®, § = (91,92,93) ", h € HY?(S) are unknown densities. From
Theorems 6.1, 6.3 and 6.4 (see Appendix) it follows that U € [H'(Q)]% and w € H} (Q7).

The transmission conditions (4.3), (4.4), and the Dirichlet type conditions (4.5), (4.6) lead to the
following system of pseudodifferential equations with respect to the unknowns g, g4, g5 and h:

g-n—>bM(h)=fo on S, (4.15)

(=275 + KT)H;lg]j —bonN(h)=f; on S, j=1,2,3, (4.16)
rsp91 = fi7) on Sp, (4.17)

rspg5 = f3~) on Sp, (4.18)

rsy[Argla = £ on Sy, (4.19)

rsy[Argls = f3) on Sy, (4.20)

where
N =271+ K+ pHy, M=Ly+p27'L+K,).

Here and in what follows, I,,, stands for the m x m unit matrix.
The matrix operator generated by the left-hand side expressions in system (4.15)—(4.20) reads as

[n]1><3 0 0 - M
[Aj%k]3x3 [A14]3x1 [A‘77;5]3><1 [_b2an]3><1
01 x: re, 1 0 0
7D‘I’,M = [ ]1X3 oot ) j?k:17273u

[O]lxg 0 TSDII 0

TSy [Aij]1><3 TSy [“4?'4] TSn [Ale'S] 0

TSN [A?—j]1><3 TSN [-A?—ﬂ TSN [-Ai5] 0 %6

where )

Ar = (727115+K7')H;1 = [Az—k}SXE')v jvk:ma (421)

is the Steklov—Poincaré type operator on S. This operator is a strongly elliptic pseudodifferential
operator of order 1 (see [6,9] for details).
By Theorems 6.2 and 6.4 (see Appendix), the operator P s possesses the following mapping
property:
Proar: [H(9)]® — [H(S))* x [H*(Sp)]? x [H*H(SN)]?, s ER. (4.22)
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Next, we show that system (4.15)—(4.20) is uniquely solvable in the space [H'/?(S)]°.

Any extensions of the Dirichlet datum fl(D) € H'/?(Sp) and fQ(D) € H'?(Sp) onto the whole
boundary S have the form

G+ iV e HY2(S), G + g e HY(S),

where G(()l) € HY%(S) and G(()2) € H'/%(S) are some fixed extensions of fl(D) and féD), respectively,
while g{" € HY2(Sy), g\ € HY/2(Sy).
Rewrite system (4.15)—(4.20) in the equivalent form with respect to g, g4, g5, h, gél), g(()z):
g-n—bhM(h)=fo on S, (
[Ar(G.94) "], = bangN(h) = f; on S, j=1,2,3, (
91— 98" =G{Y on s, (4.25
95— g5 =Gy on S, (
sy [Ar(G.94,95) "], = M on Sy, (
sy [A- (9, 94795)T]5 = fz(N) on Sy. (
Remark 2. Systems (4.15)-(4.20) and (4.23)—(4.28) are equivalent in the following sense:

(i) if (g, g4, g5, h) solves system (4.15)—(4.20), then (g, g4, g5, h, go) solves system (4.23)—(4.28), where
g(()l) =g4— G((Jl), g((f) = g5 — Géz) and G’(()l)7 G(()2) are some fixed extensions of the functions fl(D)
and fQ(D) from Sp onto the whole boundary S;

(ii) if (9, 94, g5, h, g(()l), g((f)) solves system (4.23)—(4.28), then (7, g4, g5, h) solves system (4.15)—(4.20).

From the results obtained in [11], system (4.23)—(4.26) is uniquely solvable with respect to g, ga,
gs, h for any extensions Gél) + g(()l) and fo) + 982) of the Dirichlet boundary data fl(D) and f2(D). We

have to find such extensions of fl(D) and fz(D) (i-e., such functions g(()l) and g(()z)) that equations (4.27)
and (4.28) are satisfied.
The operator corresponding to system (4.23)—(4.28) has the following form:

[n]1x3 0 0 —bi M 0 0
['AZ'k]3><3 [Ajf]gxl [A]}5]3x1 [=02mjN3x1 [Olax1 [0]zx1
Pl = Ohascs b 0 0 “h 0 . G k=1,2,3.
’ [0]1x3 0 I 0 0 ~I
rsx AP ixs Ty [AY] rsy[AP] 0 0 0
rsn[APixs Ty [AZY] rsy [AD] 0 0 0 /gvs

The operator Pilz)w is bounded in the spaces

PO [H(S))° x [H(Sw)]? = [H* ()] x [H3(S)]? x [H*1(Sw)]?, s eR.

Let us consider the system generated by equations (4.23)—(4.26) with respect to the unknowns g, g4,
gs, and h:

g-n—bM(h)=fy on S, (4.29)
[Ar(9:91.95) "], = bongN(h) = f; on S, j=1,2,3, (4.30)
g4 = G((Jl) + gél) on S, (4.31)

gs = G((Jz) + g((f) on S. (4.32)
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System (4.29)(4.32) is uniquely solvable in the class [H'/2(S)]® and the corresponding operator of
this system

Prp « [H(8))° = [H*7H(S)[ x [H(S)]?
is invertible for all s € R (see Appendix, Theorem 6.6).

Define h from equation (4.29) (see Theorem 3.2) and substitute in equation (4.30). Then we obtain
a uniquely solvable system with respect to g, g4, g5:

BT(gv 94795)T =V on 57 (433)

where

[Crlaxs  [AZsx1 [A2%]5x1
B = [O]1x3 L 0 )5%55
(0] x5 0 I
[Crlaxs = [A¥]3x3 — ba b7 N ]3xi [M T nglins, 4,k = 1,2,3,
U= (U1, U, Uy, Uy, Us5) " € [HV2(9)] x [H2(9)]%,
;= f; —bab 'y NM ™ fy, j=1,2,3,
Uy =G +g5", w5 =G0 + ¢

Since the operator

By« [HY2(S)]” — [HV2(S)]* x [HY2(5)]?
is invertible, from equation (4.33) we deduce
(3:94,95) " =B;'¥ on S. (4.34)

After substituting (4.34) into equations (4.27) and (4.28), on the manifold Sy with boundary we

obtain the following scalar pseudodifferential equations with respect to the unknown functions g(()l)

and g(2).

rSNATl)g(l) FY on Sy,
rgy A g(2 F® on Sy,

where
AW = (A, B;1(0,0,0,987,0)7],,

FO = (V) g A BN (0, U, U5, GEY,0)T], € HV2(Sy),
AP = [A, B71(0,0,0,0,6%)7].,

F@ = (V) g A BN (01, Ua, U5,0,G5) 7], € HY2(Sy).

Thus system (4.23)—(4.28) can be reduced to the following equivalent system with respect to the

unknowns gv 94, g5, h) gé )7 962)

7)5,21)\/1@7 94,95, h,gél),géz))T = ®,
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where
[n]1x3 0 0 —b M 0 0
[A]%k]3x3 [“4]%4]3><1 [AJ}5]3x1 [_b2an]3x1 [0]3%1 [0]3x1
oo _ [0]1x3 I 0 0 -1 0
M [0]1x3 0 I 0 0 -1
[0]1x3 0 0 0 rey AW 0
[0]13 0 0 0 0 rsn AP )
Pro I Iia
= [ [0]ixs 75, AW 0 . g k=1,2,3,
[0)1x6 0 rsn AP )
with N
I, =(0,0,0,0,0,—1I)", I, =(0,0,0,0,—1;,0)"
and

T _ _
® = (fo, 1, fo. 5, Gy, G FW, PO e [H7V(S)4 x [HY2 ()] x [HH2(Sx)].
Therefore. the operator
P THY(9))0 x [HY2(S3)]? — [HTY2(S)]* x [HY2(S)] x [H2(Sy))?
is Fredholm with index zero if the operators
roy AW, rg AP Y2 (SN) — HY2(S)

are Fredholm with index zero.
Let us show that the operators rg, Agl), TSN A(f) are Fredholm with index zero. First, we show

that the pseudodifferential operators of order 1
rsy AW 15, AP L H*(Sy) — H ' (Sy), s€R,

are strongly elliptic.
By GAm(x,f) = 6A(1)(§) and & , ) (x,&) = S, (&) we denote the principal homogeneous

symbol of the operators Agl) and A(TQ) at the “frozen” point x € Sy, where ¢ € R?. Below, we
suppose that the principal homogeneous symbols of the operators are written at the “frozen” point
r € Sy.
First, we find the form of the principal homogeneous symbol of the pseudodifferential opera-
tor A, B!
6. n1(€) = 64 (©)651(),

where ) ) )
[S7F (E)]axs  [6% (O)lax1 [6% (&)]ax1
GAT (5) = [6%4]67. (5)]1><3 6%, (g) 6?4&. (g) 5 j7 k= ]-a 2a 37
&% ()i S%(€) &%) /...

is the principal homogeneous symbol of the Steklov—Poincaré type operator A,. This operator is
strongly elliptic, since the pseudodifferential operator N'M~1! is of order —1. Therefore, the principal
homogeneous symbol of the operator B, has the form

&7 (©)axs (&7 (Osx1 6% (O3
GBT(E) = [O]1X3 I 0 ’ jak:17273a

[0]1x3 0 I, .



Mixed Type Interaction Problem 87

and the inverse symbol matrix of Gp_(§) reads as

7% ©)lss —[S7% ©)l5s [S7%, ©lsxa —[S7 ()5 (&7 ()]axa

65,1(5) = [0]1x3 I 0 ,
[0]1><3 0 I 5%5
j,k=1,2,3.

Then we obtain

5%x5
where
D1 = [6% (&)]1x3 [67F ()55,
Dy = —[&% ()]1x3 (674 (§)]545 [67 (O)]ax1 + S (9,
D3 = —[&% (O)]1x3 (74 (545 (670 (O]ax1 + &% (6),
Dy = [6% (O)]1x3 [ ()55,
D5 = —[&% ()xs 674 (O)]gs (6% ()]s + &7 (&),
Dg = — (&% ()1xs 674 (O)]gs (674 (axa + ST (&),

jk=1,2,3.

Therefore, the principal homogeneous symbols of the pseudodifferential operators Ag) and A(Tz) have
the form

S 40 (6) = ~[SK (O3 (% (€)]55 &% (Osxa + 4 (), j k=123,
& 40 (6) = —[SX (O3 (6% ()55 674 (Osxa + S (), J k=123

Since the symbol & 4_(&) is strongly elliptic, it is easy to check that the symbols [Gﬁi (O)zis, d k=

1,2,3, 6% (£) and &% (&) are also strongly elliptic.
From the strong ellipticity of the operator A,, the following inequality follows:

ReG . (f)c ¢ > CO|§| |C|27

where cq is a positive constant, £ € R?, ( = ((/, C1,¢5) " e Ch
Suppose now that

’

C = _[G‘jf.r (f)]3—>1-3 [6%7 (5)]3><1C47 ],k = 1a273'
Then

Re .4, (6)(C 1,00 - (¢, ¢0,0)T
[0]351 ¢
— Re S 40 ()G G| =Re® 40 (©)IGal* > colél (I +1¢al?) > colé] [¢al?,
(S5 (O)]1xs¢" + S () 0

ie.

RGGAQ)(E) 2 Co|£|.

Thus we find that the pseudodifferential operator rg, A(Tl) is strongly elliptic. Analogously, we
can show that the pseudodifferential operator rg, A(TQ) is strongly elliptic. Therefore, it follows from
Theorem 4.3 for p = 2 that the operators

TSNAS_j) : ﬁq(SN) — Hs_l(SN)
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are Fredholm with index zero if

1 1 .
~3 + wzggN Rekj(z) <s< B + welggN Rekj(x), (4.35)

where r;(z), j = 1,2, are the factorization indices of the symbols & ) (z,£) =& 4, (§), j = 1,2, at
the “frozen” point & € 9Sy, whose real part is calculated by the formula (see Subsection 4.3):

1 1 1
Rerj(z) = 5 tg, a8 S 0 (2,0,-1) — 5 418 S 40 (2,0,+1), (4.36)
Y Y .
3 < argGA@(x,O,:tl) <5. 0= 1,2, x € 9Sn.

It is evident that 0 < Rexj(z) <1, j=1,2, for € Sy and s = 1 satisfies condition (4.35).
Thus we find that the operators

Pie Pedy + [H(S))° x (B2 () = [H T (S))* x [H*(S)] x [H*~(Sw)]?
are Fredholm with index zero for all s satisfying
1

1
—— Rek; <s< = inf Rekr;i(x). 4.37
5 + 16655111)%2172 ekj(x) <s 5 + a;easgl, J ekj(x) ( )

Now we show that the operator 7351])\/[ is injective.
Let
~ 1 2\ T 7
(3.94.95 195 967) " € [H'2(S))° x [H(Sx)]?

be some solutions of the homogeneous system

~ T
735—}}\4(9)94)957hagél)7g(()2)) =0.

It is clear that g4 = gél), gs = g(()z) and the potentials

U=V,H'g in QF, w= (W, +puV,)h in Q"

solve the homogeneous problem (M,).
It follows from the uniqueness result for the problem (M) (see Theorem 4.1) that U = 0 in QT
and w =0 in Q7. Then

Uy = G,9",9%) =0 on S and {8,w}™ = Mh=0 on S.

From the invertibility of the operator M (see Theorem 3.2), we obtain that h = 0 on S.
Hence we obtain that system (4.23)—(4.28) is uniquely solvable. It means that the corresponding
operator of system (4.23)—(4.28)

P [HYP(9))° x [HY(Sn)? = [H2(8))* x [HY(S) x [H/(Sy))?

is invertible.
The null space and index of the operator 7351])\/[ are the same for all s satisfying (4.37).
Hence it follows that the operator

Pl [H (S x [H(Sw) = [HH(S))* x [H*(S)]” x [H*7}(Sn))?

is invertible for all s satisfying (4.37).

Note that the solutions g, g4, g5, h of system (4.23)—(4.28) do not depend on the extensions
Gél) + gél) and GE)Q) + g((f) of the functions fl(D) and fQ(D), respectively, while gél) and géz) do.
However, the sums Ggl) + gél) and Gém + g(()2) are defined uniquely.

Due to Remark 2, we conclude that the operator

Prag : [HY(S)]® — [H*H(S)]* x [H*(Sp)]” x [H*~H(Sn)]?

is invertible for all s satisfying (4.37).
Thus for the problem (M) the following existence theorem holds.
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Theorem 4.4. Let 7 = io, 0 # 0, 0 € R, and let fo € H Y2(S), f; € H7Y2(9), j = 1,2,3,
fD),fz(D) € H'?(Sp) and fl(N),fz(N) € H™Y2(Sy). Then the problem (M,) has a unique solution
(U,w), U € [H(QM)], we H (27) N Somy (), which is represented by the potentials
U=V.H'g inQ", w=W,+uV,)h inQ",

where the densities g € [H/?(S)]° and h € H'/?(S) are defined from the uniquely solvable system
(4.15)—(4.20). If the conditions

Joe HNS), fie H7NS), j=123, A7 17 em(Sp), i Y € HTH(S)
hold for the data in (4.3)-(4.8) and

1 1 .

53 <s<3 + $Easivn7fj:1’2 Rekj(x), (4.38)
then the solution (U,w) of the mized type problem (M,) ewists, is unique and U € [H*+1/2(Q1)]°,
we HITV2(Q7) 1 Somy ().

Moreover, if the conditions

foe H¥S), fje H*US), j=1,2,3, 2 17 e mo(Sp), £, 1N e B~V (S)

hold for the data in (4.3)—(4.8) and (4.38) is satisfied, then the solution (U,w) of the mized type
problem (M) exists, is unique and U € [H*TY/2(Q)]5, w € H:™/2(Q7) N Som, (7).

loc

Remark 3. In the last statement of Theorem 4.4, the smoothness of w follows from the representation
of h (see (4.15))

h=b7"M"YG-n)—b;*M7(fy) € H*(S) on S
and mapping properties of potentials W, and V, (see Appendix, Theorem 6.1), where f, € H*(S),
g € [H*(S))? and s satisfies (4.38).

Note that from the invertibility of the operator Pi}])w there follows the invertibility of the operator

’P(QI)VI. Therefore, the following Remark holds.

T7

Remark 4. The operators
TSNA.(,_D,’I“SNAS_Q) : E’s(SN) — Hs_l(SN)

are invertible for all s satisfying (4.35).

5 Existence of a solution of the mixed type problem (},)

We look for a solution of the problem (M,,) in the form
U=V,g nQ", w=W,+pV,)h inQ", pueC, ITmu#0,

where g € [H™1/2(S5)]° and h € H'/2(S) are unknown densities, and w € R\ {0}. From Theorems 6.1
and 6.3 (see Appendix), it follows that U € [H'(Q7)]° and w € H} (Q7).

The transmission conditions (1.11), (1.12), and the mixed boundary conditions (1.13), (1.14),
(1.15), (1.16) lead then to the following system of pseudodifferential equations with respect to the

unknowns ¢ and h:

[Hogling — i M(h) = fo on S, (5.1)

(2710 + Kw)gL. —bon;N(h)=f; on S, j=1,2,3, (5.2)
[H,gls = fl( ) on Sp, (5.3)

[H.g)s = £i2 on Sp, (5.4)

[(—27'L5 + Ku)g], = 1) on Sw, (5.5)

[(—27'I5 + Ku)g], = £ on Sy (5.6)
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The operator generated by the left-hand side of system (5.1)—(5.4) reads as

[ H s — M
(=275 + Ku)¥laxs [—baniNsxa
Qu v = [T 1cs 0 , j=1,23, k=15
’ [H2F15 0
(=275 + Ko)*ixs 0
(=275 + Ku) %1 x5 0

8x6

By Theorem 6.5, the operator
Quo = [H*THS) x H(8) — [H*~H(S)]* x [H*(Sp)]” x [H* T (SN)]?, s €R,

is bounded.
In view of estimates (4.10)—(4.12), it follows that the main parts of the operators H,, and H, (as
well as the main parts of the operators K, and K, ) are the same, implying that the operators

H, — H, : [H'2(S)]> - [H'?(9)P, (5.7)
K, - K. :[H Y28 = [HY2(9)]° (5.8)

are compact. Hence the operator
Quonr = Qe 2 [HYTH(S)P x HA(S) — [H*H(S)]* x [H*(Sp)]* x [H*™'(Sw)]?, s €R,

is compact, where

Qr v =Pr 7>

H. [0]5x1
T, = . 5.9
<[O]1><5 I >6x6 o

Therefore, from the invertibility of the operators

with

Proaa : [H*(8)]° — [H*7H(S)]* x [H*(Sp)]” x [H*™H(Sw)]?
for all s satisfying (4.35) and
To [ ()]0 x HY2(S) — [H*(S)]°

for all s (see Section 4), the invertibility of the operator

Qroar + [HYTH(S)° x H*(S) — [H*1(8)]* x [H*(Sp))* x [H*~(Sn)]?
follows for all s satisfying (4.35). In turn, this implies that the operator

Qo+ [HTH(S)P x H¥(S) — [H* (S} x [H(Sp))? x [H(Sy)]? (5.10)
is Fredholm with index zero for all s satisfying (4.35).

Let us show that for w & Jpr (1) the operator @,y is injective. Indeed, let g € [H~/2(S)]° and
h € H'Y?(S) be solutions of the homogeneous system

Q%M(g,h)—r =0 on S.

Construct a vector-function U = V¢ and a scalar function w = (W, + uV,,)h with u € C, Im p # 0.
Clearly, the pair (U, w) solves the homogeneous problem (M,,). Since w & Jp(27), it follows from
Theorem 2.1 that U =V, ,g=0in Q, w= (W, + uV,)h=0in Q.
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In view of the equation {w}~ = N(h) = 0 on S and invertibility of the operator N, we deduce
that h = 0 on S. From continuity of single layer potential, we have {U}* = {U}~ =0 on S.
Thus U = Vg solves the exterior homogeneous Dirichlet problem

A(Q,w)U =0 onQ~, {U} =0 onS. (5.11)

U =Vu9 € Mu, myms(P) and by Theorem 34 U = V,g = 0 in Q. Using the jump formula
{TU}~ —{TU}* = g on S, we get that g = 0 on S. Thus the null space of the Fredholm operator
(5.10) is trivial and since the index equals zero, we conclude that (5.10) is invertible.

These results imply the following assertion.

Theorem 5.1. If w & Jp (1), then the problem (M,,) is uniquely solvable.

Now let us consider the case when w is a Jones’s frequency, w € Jp (Q71).
The operator adjoint to @), s has the form

01 = B s (-2 s+ KM ] E s B s [(—27 k)M (-2 k)R]
' —by M* [=B2N* 151 %3 0 0 0 0 68
j = 1727 3’ k = ﬁ7
where
:/ —z,w) ( )dyS, z €S,
s
:/ ayvn y_Z LU))] g(y)dysv S Sv
s
N*(h)(2) = (=27 I + Ko ) (h)(2) + BHE(R)(2), z €S,
M (h)(2) = L5(B)(2) + A2 L + K, ) ()(2), = € 8,
while

O (z — y,w)h(y) dyS, z €S,

|
€
>
N—
—
X
Il

OnV(z — y,w)h(y) d,S, z €S,

’7(2 - y,w)h(y) dySa S Sa

D
€ *
—
>
N—
—
N
N
Il

W (h)(2)}F, z €58,

Oni ¥ —y,w)h(y) dyS, = &5,

=
—
=
=
2
I

&
—~
=
—
&
I

Yz —y,w)h(y)dyS, = ¢&S.

&S

=

O

I |
R D B

The adjoint operator possesses the following mapping property:
Qi ar  [HY2(S)* = [H™V2(Sp)]? x [HY2(Sn)]? — [HY*(S)]° x H™V2(S).
Let

U= (b1, o, g, a, s, s o, bs) | € [HY2(S)] x [H2(Sp))? x [HY?(Sn)]?
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be a solution of the homogeneous adjoint system

Q¥ =0. (5.12)

Construct the potentials
U=v, 0D+ W, u® 4 v, @ 4 W, v® in Q- (5.13)
W= by Wothy — bV, [0 -n] in QF, (5.14)

where

\IJ(I) = (77/([)1,0,0)1—, \11(2) = (\Ij/’O’O)T’ \II(S) = (070707w537p6)Ta
W = (0,0,0,97,98) T, W = (o, 3,¢) T,

Ty —zw)] g)d,S, et

[T(0y, n(y)T(y — z,w)] " g(y) dyS, xe€QF.

The vectors V,(g) and W, (g) are the single and double layer potentials associated with the operator
A*(0,w).
It follows from (5.12) that
{U} =0 and {9,w+maw}t =0 on S,

where p = p1 + iz, p2 # 0.
Since the vector U € [H} .(Q27)]°NMn, my.ms (P*) and it solves the homogeneous Dirichlet problem

A (0,w)U =0 inQ~, {U}"=0oné,

it follows from the uniqueness Theorem 3.5 that U=0inQ".
On the other hand, the function w € H'(Q") solves the homogeneous Robin type problem

(A + pow?®)W =0 in QF, (5.15)
{0, w+aw}T =0 on S. (5.16)

This problem possesses only the trivial solution. Indeed, the following Green’s first formula holds:

/(A o)z + / V] dz — poc® / ®]de = ({0n}, (7)), (5.17)
O+

Taking into account equation (5.15) and the boundary condition (5.16), from (5.17) we get
/|W|dx—p2w2/|w|dx= —,ul/|{\71}+|2d5—|—iu2/|{\71}+|2d5.
Q+ Q+ S S

Therefore, {W}* = 0. For a solution w € H'(QT) to the homogeneous equation (5.15) we have the
following integral representation:

w=W,({w}") - Vi ({0,w}") in QF. (5.18)

Since {w}* =0 and {9,,W}T = 0, from the representation formula (5.18) we get that w =0 in Q7.
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Using the jump formulae for potentials (5.13) and (5.14), we derive that on the surface S the
following relations hold:

{{;V}7 = 517/11,
{Gn\?}}_ = —52 \I// -n,
{ITT1}" = —(nypr, s, 0) T
{UYF = (¥ vr,98) "
Hence we deduce that U = ((71,(72,(73,(74,[75)T = (17’,(74,175)T with U’ = ((71,(72,[73,)T and W

solves the following homogeneous transmission problem:

A*(9,w)U =0 in QF,
(A + pow?)W =0 in Q,
(U -n}t +0b, {0, =0 on S,
{[T(a,n)ﬁ]j}+ +51_1{v~v}_nj =0onsS, j=1,2,3,
{U,}" =0 on Sp,
{Us}* =0 on Sp,
{IT(0,n)U)4}" =0 on Sy,

{[T(@,n)ﬁk}"’ =0 on Sy.

From the uniqueness result (see Remark 1), it follows that w = 0 in Q= and U € X7, (QF), ie, U
belongs to the space of Jones modes X3, (7). Then we obtain

=0, Y ={U;}" j=1,2,3, ¢5=—{[TUl}",
Yo = —{[TULs}", vr ={Us}", o5 ={Us}".
Vice versa, if Ue X w (Q1), then from the representation formula
U=W{U} -V {TU}* inQF (5.19)
it is easy to show that the vector-function
B o= (0, (00} (0o} (T}, ~{[FOLY* —{[T01s) ¥ (T} (T} *)

is a solution of the adjoint homogeneous system (5.12). Indeed, let us substitute ¥ in system (5.12).
Therefore, we obtain the equalities

[<_2_1I4 + K:)kj}5x3{[7/}+ - [H*i4]5x1{[fﬁ]4}+ - [H*Z5}5X1{[fﬁ]5}+
(=2 s+ KM (U + [(—27 '+ KPP {Us} T =0, j=1,2,3, k=1,5, (5.20)
b N*({U'}F - n) =0, (5.21)

where 6, = (61, ﬁ27 ﬁg)—r.
By taking a trace of the representation formula (5.19), we get

(U} =27 YUV + K {U} —H {TU}" on S,

ie.,

(=2 ' T+ K){U} —H {TU}* =0 on S. (5.22)
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Since U € X37.,(QF), we have

{UT =0, {Us}" =0, {[TU];}" =0, j=1,5, (5.23)
(U} n=0. (5.24)

Therefore, taking into account (5.23) in equality (5.22), we find that (5.20) is true, and from (5.24) it
follows that (5.21) is true, as well.
Therefore,
dimker Q,, pr = dimker Q7 5, = dim X}, ,(Q7).

Thus the following orthogonality condition

> 01~ (0T, - ({7,
+<{[5]4}+’?§N)>S+<{[§}5}+,75N)>S:0 VﬁeX}S,w(fﬁ), (5.25)

is necessary and sufficient for the system of pseudodifferential equations (5.1)-(5.6) to be solvable.

We can now formulate the following existence theorem.

Theorem 5.2. If w € Jy(QF), then the mized type problem (M) is solvable if and only if the
orthogonality condition (5.25) holds, and a solution is defined modulo Jones modes Xz, (7).

Remark 5. Let (f1, fa, f3) = n, where v is a scalar function and n is the unit normal vector to S
(see (1.18)). Then the necessary and sufficient condition (5.25) reads as

e +
(T0],}" A7)+ (IO} 57,
T —(N) ~ %
- {0177, - ({01} 7") =0 VO e Xy (@),
Clearly, if the mixed datum are constant, or w & J3,(Q7), then the problem (M,,) is always solvable.

The following theorem holds.
Theorem 5.3. Let

1 1

§<s<§+m€1nf Rek;(z), (5.26)
where k;(x), j = 1,2, are the factorization indices of the pm’ncz’pal homogeneous symbol of the operators
Asj), j = 1,2 (see Subsection 4.4), and let U € [H*(QT)]°, w € H} .(27) N Som; (Q27) be the solution

of the mized type problem (M,). Then the following regulamty result holds:

if fo € HN(S), f; € HUS), j=1,2,3, 17, 17 € H*(Sp), £, £ € H*~1(Sn), then
U e [H2(Q5), we H2(Q7) N Som, (7).

loc
Moreover, if
foe HY(S), fie HUS), j=123 A7 f7 em (Sp), AV 1Y e H\(Sy),
and (5.26) is satisfied, then U € [H*t1/2(Q1)]°, w € Hfotg/Q(Q*) N Som; (27).

Remark 6. In the last statement of the Theorem 5.3, the smoothness of w follows from the repre-
sentation of h (see (5.1))

h=by M Hauglin — by "M~ (fo) € H*T(S) on §

and mapping properties of potentials W, and V, (see Appendix, Theorem 6.1), where f, € H*(S),
g € [H*71(9)]° and s satisfies (5.26).
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6 Appendix

For the readers convenience, we collect here some results describing properties of the layer potentials.
Here, we preserve the notation from the main text of the paper. For the potentials associated with
the Helmholtz equation, the following theorems hold (see [15,23,29,33]).

Theorem 6.1. Let s € R, 1 < p < oo, S € C*®. Then the single and double layer scalar potentials
can be extended to the following continuous operators:

V,, t H*(S) — H*P3/2(QY), V,: Hs(S) = H.2Q0),

loc

W, : H*(S) - HPV2(QF), W, : H5(S) —» HEV20).

loc
Theorem 6.2. Let s € R, 1 < p < 00,5 € C*®. Then the operators
H., : H(S) — H*(S),
Ko, K: : H5(S) — H*(S),
L, : H*(S) — HS)
are continuous.

For the potentials of steady state oscillation and pseudo-oscillation equations, the following theo-
rems hold (see [6-9,12]).

Theorem 6.3. Let s € R, 1 <p < o0, S € C>®. Then the vector potentials V,,, W, V. and W,
are continuous in the following spaces:

Vo Ve[S = [B2@07 ([ S)P - H P00,

loc

loc

W, W [HY(S) = [ 2@0P ([ () — H @),
Theorem 6.4. Let sc R, 1 <p < oo, S € C®. Then the operators

H [H*(9)]> — [HH(S)]?,

K, K, :[H*S)® — [H*(9)],
Ly [H(S)]” — [HH(9))°

are bounded.

The operators H. and L, are strongly elliptic pseudodifferential operators of order —1 and 1,
respectively, while the operators 271 Is + K, and £27 15+ K, are elliptic pseudodifferential operators
of order 0. B

Moreover, the operators H, 27 s+ K, and 27 'I5 + K, are invertible, whereas the operators L,
—27'Is + K, and —27'I5 + K, are Fredholm operators with index zero.

Theorem 6.5. Let se R, 1 < p < oo, S e C®. Then the operators

H, : [H*(9)]° — [H*T(S)]?,
+27 5 + K, [HY(S)]° — [H*(9))°,
+27 5 + K, [H(S)]® — [H*(S)]°,

L, : [H*(S)] — [H1(S)]

are bounded Fredholm operators with index zero.

The following theorem holds [11].
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Theorem 6.6. The operator
Prop s [H(S)® = [ (S x (B (S)? (B, (9] — By, (S)]* x [B;,(5)]?)

is invertible for all s € R 1 < p < oo, where

[n]1><3 0 0 —blM
Do — (A5 A5 [AP)50  [=b2niN s jk=1,2,3
7,D [O]1X3 Il 0 0 ) ) ) &y e
[0]1x3 0 L 0 6x6
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