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Abstract. In this paper, we study the Carathéodory approximate solution for a class of stochastic
differential systems driven by G-Brownian motion. Based on the Carathéodory approximation scheme,
we prove under some suitable conditions that our system has a unique solution and show that the
Carathéodory approximate solutions converge to the solution of the system. Moreover, we prove a
stability theorem for our system.
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1 Introduction

This paper is intended to study stochastic differential equations (SDE, for short) which have been the
object of sustained attention in recent years because of their interesting structure and usefulness in
various applied fields. The motivation for studying SDEs comes originally from the stochastic optimal
control theory, that is, the adjoint equation in the Pontryagin type maximum principle. After this,
extensive study of SDEs was initiated, and potential for its application was found in applied and
theoretical areas such as stochastic control, mathematical finance, differential geometry, et al. It is
worth pointing out that the SDEs have also been successfully applied to model and to resolve some
interesting problems in mathematical finance, such as problems involving term structure of interest
rates and hedging contingent claims for large investors, etc. See, e.g., [1,3,11,13,15,16, 18,20, 21]
and [24-27,29].

Recently, the theory of G-Brownian motion was introduced by S. Peng. The existence and unique-
ness of solutions for some stochastic differential equations under G-Brownian motion (G-SDEs) with
Lipschitz continuous coefficients were developed by Peng and Gao. In 2006, Peng in [24] (for more de-
tails see [10] and [19,24-29]) introduced the theory of nonlinear expectation, the G-Brownian motion
and defined the related stochastic calculus, especially, stochastic integrals of It6’s type with respect
to the G-Brownian motion, and derived the related Itd’s formula. In addition, the notion of G-normal
distribution plays the same important role in the theory of nonlinear expectation as that of the nor-
mal distribution with the classical probability. In 2009, Gao in [10] studied pathwise properties and
homeomorphic property with respect to the initial values for stochastic differential equations driven
by the G-Brownian motion. Later, Faizullah et al. extended this theory (see, e.g., [4-9]).

In general, one cannot obtain the explicit solutions of SDEs. The fact that these systems model
phenomena of the real world, the important mathematical questions that concern them are: the
existence and uniqueness of a solution, stability, asymptotic behavior of a solution, etc.

There are many theoretical, analytical and numerical methods and techniques for processing and
studying SDEs. We find this in the references mentioned and others. In this work, we will focus on
the Carathéodory approximation scheme that has been used by many mathematicians to prove the
existence theorem of solutions of ordinary differential equations under weak regularity conditions (see,
e.g., [2,5,14,18,22,23)).

Furthermore, in [5], Faizullah introduced the Carathéodory approximation scheme for vector-
valued stochastic differential equations under the G-Brownian motion. It is shown that the Carathéo-
dory approximate solutions converge to the unique solution of the equation. The existence and
uniqueness theorem for G-SDEs is established by using the stated Lipschitz method and the linear
growth conditions

t

X(t) = X(0) + /f(s,X(s)) d8+/g(s,X(s)) d{B)(s) +/h(s,X(s)) dB(s), t€0,T). (1.1)

0

The existence and the uniqueness of the solution X (¢) for G-SDEs (1.1) under different conditions
were proved in [1,4-10,15,17] and [19,24-29].

In this paper, we study the existence, uniqueness and stability of the solution for the following
stochastic differential system driven by the G-Brownian motion (SG-DEs):
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Xl(t):X1(O)+/f1,1(s,X1(8),...,Xn(s))ds
0

—i—/fg,l(s,Xl(s),...,Xn(s))d<B)(s)—i—/f3,1(5>’,X1(s)7...,Xn(s))dB(s)7
0 0

Xn(t):Xn(o)+/fl,n(s,xl(s),...,Xn(s))ds

+/fgﬁn(s,Xl(s),...,Xn(s))d<B>(s)+/fgyn(s,Xl(s),...,Xn(s))dB(s),
0 0

where (X71(0),...,X,(0)) is the given initial condition, ((B(t))):>0 is the quadratic variation process
of the G-Brownian motion (B(t));>0, and all the coefficients f; ;(t,z1,...,2y,) for 1 < ¢ < 3 and
1 < j < n satisty the Lipschitz and the linear growth conditions with respect to (z1,...,2,). These
results are obtained by using the technics adopted by F. Faizullah [5] in the case where the Lipschitz
and the linear growth constants are time dependant.

The article is organized as follows. In Section 2, we provide some results and definitions necessary
to understand the content of this work. Section 3 is devoted to the existence and uniqueness of the
solution of system (1.2) using the Carathéodory approximation scheme. In the last Section 4 we give
a result of the stability.

2 Preliminaries

In this section, we recall some basic notions, definitions and theorems necessary to understand the
content of this work. For more details concerning this section see, e.g., [5,10-12,15,26-28] and [24].

Let Q be a given non-empty set and let H be a linear space of real valued functions defined on 2
such that any arbitrary constant ¢ € H and if X € H, then | X| € H. We consider that H is the space
of random variables.

Definition 2.1. A functional E : H — R is called sublinear expectation, if for all X, Y in H, ¢ in R
and A > 0, the following properties are satisfied:

(i) (Monotonicity): if X > Y, then E[X] > E[Y];
(ii) (Constant preserving): E|c]

(i) (
(iv)
The triple (2, H,E) is called a sublinear expectation space.

We assume that if X1, Xo,...,X,, € H, then ¢(X1, Xs,...,X,,) € H for each ¢ € Cy 1;p(R™), the
set of functions ¢ : R™ — R satisfying the condition:

&
Sub-additivity): E[X +Y] < E[X]+ E[Y];
v) (Positive homogeneity): E[AX] = AE[X].

p(2) = o(y)] < O+ [2[™ + [y[™)|z —y| for all z,y € R,
where C' is a positive constant and m € N* depending only on ¢.

Definition 2.2. Let X, Y be two n-dimensional random vectors defined on nonlinear expectation
spaces (Q1,H1,Eq1) and (Qso, Ha, Es), respectively. They are called identically distributed, denoted by
X2y, if

Eq[p(Y)] = E1[p(X)] for each ¢ € CpLip(R™).
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Definition 2.3. In a sublinear expectation space (Q,H,E), a random vector Y € H" is said to be
independent of another random vector X € H™ if

E[o(X,Y)] = E[E[p(x,Y)lz=x] V¢ € CoLip(R™ x R).

X is called an independent copy of X if X2 X and X is independent of X.

Let T be a closed bounded and convex subset of Si(d), the set of positive and symmetric d-
dimensional matrices. Let

Z:{'y'yTr: 'yEI‘}
and let G : S;(d) — R is defined by

1
G(A) = 3 Slé? Tr(yyTr A)
¥

Definition 2.4. In a sublinear expectation space (£, H, E), a d-dimensional vector of random vari-
ables X € H? is G-normal distributed if for each ¢ € C 11, (R?), the function u(t, z) = E(p(z+v1tX))
is the unique viscosity solution of the following parabolic equation called the G-heat equation:

Ou = G(D%u), 4
ot (t,z) € Ry x RY,

u(0, ) = o(x),
where D?u = (97, u)}; is the Hessian matrix of u.

Remark 2.5. In fact, if d = 1, we have G(a) = 3(c%a™ — o?a™), where 52 = E[X?], 0? = —E[-X?],
a™ = max(,0) and o~ = max{ @,0} (for more details see [24]). We write X ~ N(0;[a2,5?]).

Definition 2.6. A process (B(t));>0 in a sublinear expectation space (2, H, E) is called a G-Brownian
motion if the following properties are satisfied:

(i) B(0) =0;
(ii) for each t, s > 0, the increment B(t+ s) — B(t) is N(O [025s,525]-distributed and is independent
of (B(t1),...,B(ty)) foreachn e Nand 0 <t; <--- <t¢, <t

We denote by Q = Cy(R) the space of all R-valued continuous functions w defined on Ry such
that w(0) = 0, equipped with the distance

wl,wg ZQ ltrél%)j] (t) — (,dg(t)) A 1|]

For each fixed T > 0, let
Qr = {w(. A7), we},
Lip(Qr) = {@(B(t),. .. B(tw)), m=1, t1,..stm € [0,T), ¢ € Corip(R™)},
where

Lip(Q) = | J Lip(©

In [24], Peng constructs a sublinear expectation E on (2, Lip(£2)) under which the canonical process
(B(t))>0 (i-e., B(t,w) = w(t)) is a G-Brownian motion. In what follows, we consider this G-Brownian
motion.

We denote by LE(Qr), p > 1, the completion of Lip(Q7) under the norm || X||, = (E[| X|])7.
Similarly, we denote by L,(2) the completion space of Lip(Q). It was shown in [28] and [24] that
there exists a family of probability measures P on €2 such that

E[X] = sup EP[X] for X € LL(Q),
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where ET stands for the linear expectation under the probability P. We say that a property holds
quasi surely (q.s.) if it holds for each P € P.
For a finite partition of [0, T], 7p = {to,t1,...,tN}, We set

wu(mr) = max{|ti+1 —t], 0<i<N-— 1}.

Consider the collection M, g’O(O, T) of simple processes defined by

Z gz tb,t,+1[ )

where
& e L (), 0<i<N-1and p>1.

The completion of M%°(0,T) under the norm

nll = {;/TE[M(t)P] dt}

B=

is denoted by MZ(0,T). Note that
ML(0,T) € ME(0,T) for 1 <p<gq.

(
Definition 2.7. For each n € MZ°(0,T), the G-It6 integral is defined by

T N-1
IW%=/W@MB@%=§:MBGHQ—BWD
0 1=0

The mapping 7 — I(n) can be extended continuously to MZ(0,T).
Definition 2.8. The increasing continuous process ((B)(t)):>o with (B)(0) = 0 defined by

(BY(t) = B2(t) — 2 / B(v) dB(v)
0

is called the quadratic variation process of (B(t));>o. Note that (B)(t) can be regarded as the limit
N

in LZ(€) of Zl(B(tf\_]H) — B(t]N))?, where ol = {t{,tIV, ... t}'} is a sequence of partitions of [0, T’
J:

such that p(m®) tends to 0 when N goes to infinity.

The following Burkholder-Davis—-Gundy inequalities play an important role in the study of our
system (see [10] and [29]).

Lemma 2.9. Letp>1,ne MZ(0,T) and 0 < s <t <T. Then

1§CN—W*jMWWﬂm

S

E%w ]wwww>

s<u<t

where Cy > 0 is a constant independent of 1.

Lemma 2.10. Letp > 2, ne€ ML(0,T) and 0 < s <t <T. Then

/un(r) dB(r) p} < C2|t—85_1/tE[l77(U)|”] du,

S S

E{ sup

s<u<t

where Cy > 0 is a constant independent of 1.
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3 Existence and uniqueness results

In this section, we are interested in the study of the existence and uniqueness of the solution to
the SG-SDE (1.2), where the initial condition (X;(0),...,X,(0)) € (RY)" is a given constant and
fii(txe,. .. @) € MA(O, T (RH)™) for 0 <i<3and 1 <j<n.
For system (1.2), the Carathéodory approximation scheme is given as follows. For any integer
k > 1, we define
(XF@),..., XE() = (X1(0),..., X,(0)), if t€]—1,0],

and for ¢ €]0, T], we have

0
t
1 W1
+/f2’1 (S,X1 (s E)’ ce, X (s — E)) d(B)(s)
Ot 1 1
_— k —_—
+/f31(5,X1 (5 k:)’” ,Xn(s k))dB(s),
0
(3.1)
f 1 1
By E(. 1 B, 1
X0 = Xa0) + [ (5. X0 (5= 1) XE(s = 1)) s
0
t
1 1
k(. 1 k(. 1
+/f27n(s,X1 (s=5)r - Xk(s— 1)) aB)s)
0
t
1 1
k. 1+ k(. 1+
+/f3,n(s7X1 (s k) L XE (s k)) dB(s).
0
We assume the following assumptions (A1) and (A2) for f; ;, 0 <i<3and1<j<n:
(A1)
2 - 2
|fij(t i, @0, 20)|” < g(t)(l + Z |51 )
j=1
for each z1,...,z, € R? and t € [0, T], where g is a positive and continuous function on [0, 7.
(A2)
9 n
[Fialtmn ) = frgtnown)F < R0 (D Iy - w1?)
j=1
for each x1,1,...,2Zn,y, € R? and t € [0, 7], where h is a positive and continuous function on
[0,T7.

In the sequel, the space of processes in (M2(0,T;R?))" will be equipped with the norm

05, Xl =B s (3 1Xl)]
j=1

0<t<T

We note that this is a Banach space.
Now, we give first main result of this work.

Theorem 3.1. Under the assumptions (A1) and (A2), system (1.2) has a unique solution g.s.,
(X1(t),- -, Xn(t) € (ME(0, T5RY)".
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In order to prove this theorem, we need some important lemmas.

Lemma 3.2. For all integersn, k> 1 and 0 < s <t < T, we have

where .
K, =1+4Y E[X;(0)]], Cp=4n(T +CiT + Cy).
j=1

n

n
Proof. By using (3.1) and the fact that ( ) aj)2 <n Y a3 for each positive constants a;, 1 < j <n,

j=1 j=1
for all ¢ € [0,T], we have

x50 <4Xj<o>|2+4’/tflﬂ'(”f(s—i)wXﬁ(s‘;))d‘s
0

+ / o (55 (-1 ). XE (s 1) ) B

o [ (o3t (s X ()Y am)]
0

2

which, due to Lemmas 2.9 and 2.10, the G-Hélder inequality and the assumption (A1), implies that

t

0<v<t
0

t

sup E[| X} (v)[*] <4E[|X;(0)] +4(T+01T+02)/9 <1+E[Zn:‘Xk($— )ﬁ)ds

< 4E[|X;(0)] +4(T+C’1T+C’2)/g(s) <1+ sup E[iwf(v)ﬂ) ds

0

Thus

n

0<v<t 0<v<s

Jj=1

1+ sup E{Z\Xk t| } <1+4ZE |X;(0 ]+C’n/g(s)(1+ sup E{Z\Xk })ds,
0

where C,, = 4n(T + C1T + C5). Applying Gronwall’s lemma, we conclude that

1+ sup E{En:\Xjk(v)F] < K, exp (Cn/g(s)ds)
0

o<v<t LI

and, consequently,
T

Lemma 3.3. For all integersn, k> 1 and 0 < s <t < T, we have
B[ S1XE() - XF(s)1P] < LalG(t) — G(s))
j=1

where

0= [aorts and £ =2 1s e (0 [t )|
0 0
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Proof. We have

t
+ [ o (w Xt (0=7) o XE(w=) ) a /fs,]wxl ) X (0= ) ) aB )

and so, for each 0 < s < v <wu <t <T, we have

E[ sup |Xf(u)—X’j(v)|2}§3]E[ sup

s<v<u<t s<v<u<t

/ufl,j(w,Xf<w—;),...,X,’f(w— %))dw

+3E[ sup /quj(w,Xf<w1),...,Xﬁ(w1)>d<B>(w) 2}
s<v<u<t J ' k k
k 1 :
+3EL<§1£Q /fg,] w X1 k) Xk (wfg))dB(w) }

Owing to Lemmas 2.9, 2.10 and the assumption (A1), we obtain

t

E[sgiiggth;{(u) - XF)P] < 3T/Eﬂf1,j(w,xf(w - %)X,’f(w— i))ﬂ dw

+301T/tEUf2,j(w,Xf(w—;),...,X,’f(w— ;))’2] dw
’ t

+3C’2/E“f37j(w,X]’-“<w—;),...7Xﬁ(w—;>)’2] dw

S

3(T+C1T+Cg)/g(w)(1 +E{i ’X]k(w _ ;)’1) dw

s J=
t

< 3(T + C1T + C)[G(E) — G(s)] + 3(T + C1T + Co) /g Z‘xk(w")\ | du.

Using Lemma 3.2, we get

s<v<u<t

T
B[ sup |xXEw) - XE@)P] <3+ T+ Cy) [1 + K, exp (cn /g(t) dt)] G(t) — G(s)].
0
Thus

n T
E| sup |XF(u)—XJ()]?| <3n(T + CiT + Ca) |1+ Kyexp ( Cp [ g(t)dt || [G(t) — G(s)].
> el J st e el oo (0 [or)]

=1 s<v<u<t

Then

n

d_E[XF(1) - XF(s)PP] < LalG(t) - G(s),

j=1
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where
T

= %Cn [1 + K, exp <Cn /g(t) dt)],

0
which proves the desired result. O
Proof of Theorem 3.1. We will prove the theorem in three steps.

Step 1: Suppose that (X1(t),...,Xn(t)) and (Y1(¢),...,Y,(t)) are two solutions of system (1.2)
with the initial conditions (X1(0),...,X,(0)) and (Y1(0),...,Y,(0)), respectively. Then we for 1 <
7 < n, we have

Vi (1) = X;(0) < 41X;(0) - Y;(0)

+ 4 /fljj(s,Xl(s), . ,Xn(S)) — f17j(8,Y1(8), .. ,Yn(s)) ds
0

44 /fg,j(s,xl(s), e X (8)) = Fag (8, Y1(5), -, Yi(s)) d(B)(s)
0

+4 /fgyj(s,Xl(s),...,Xn(s))—f37j(s,Y1(s),...,Yn(s))dB(s)
0

Now, by using Lemmas 2.9, 2.10 and the assumption (A2), for 0 < r <t < T, we have

2

E l ‘ /(f17j(8, Xl(S), . ,XH(S)) — ij(S, Yl(s), ey Yn(S))) ds
0

< T/]E[|f1,j(s,xl(s),...,Xn(s)) ffl,j(s,yl(s),...,Yn(s))ﬂ ds
0

r[re (3 o)X )

/ Fori (5, X0(8)s 2 X(8)) — foog (5, Ya(5), . Ya(s)) d(B) ()

| /\

sup
0<r<t

t

< ClT/IE[‘fg,j(s,Xl(s)7...7Xn(s)) —fg,j(s,yl(s),...,Yn(s))ﬂ ds

<ot [eE](L W) - x,0F)] s

and
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< Cg/h(s)E[(iM(s) —Xj(s)|2)} ds.
j=1
Therefore,

E[ sup [Y;(r) = X, ()]

0<r<t
< 4]Y;(0) ( )|2+4(T+01T+Cz)/h } (s) —Xj(s)ﬂ ds
We obtain 0
[Os<up (Z\Y i(r 2)} < 4Z|Y (0)]* + C / (s )E[iwj(s) —Xj(s)ﬂ ds.
r<t A j=1

Using Gronwall’s lemma, we get

[ sup (an )} < 4Z|Y 0)]2 exp <C’n/h(s) ds).

0<T<t

Now, taking
(X1(0), ..., Xn(0)) = (Y1(0), ..., Yx(0)),

o s, (0500 =0,

0<r<T

we can see that for t =T,

which implies
(X1(2),..., X)) = (Y1(2),...,Yn(t)) q.s. for each t € [0,T].

Step 2: We now prove that (XF(t),..., XE(t))k>1 in (MZ(0,T;R%))™ is a Cauchy sequence for
each t € [0,7]. By the same arguments as those used in the previous step, for each £ > k, we have

E| sup (;mf(t)_xf(t)\?)} < ch/Th(s)E[( ‘Xé(s—z) Xk(s—;)f)} ds.

SQE{ sup (
0<u<s =

using Lemma 3.3 we get

e[ e, (3210 - x50P)]

0<t<T

<

N W

T " T
C’no/h(r)IE[ sup <Z|Xf(u)fXjk(u)|2)] dr+gC’nLn[G<37%) G(sli)}()/h(r)dr.

0<u<r N
j=1
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Thus, by Gronwall’s lemma,

o, (S 310t 0)] <0~ e (G f )

where
M, = TC L, sup [g(¢)] sup [h(t)],
0<t<T 0<t<T
which means that (X7 (¢),..., Xﬁ(t))kzl is a Cauchy sequence.
Step 3: Here we prove that the limit (X;(t),..., X,(t)) in (M&(0,T;RY))™ of (XE(t),..., XE(t))
is the solution of system (1.2). For the existence, let the initial condition (X7(0),...,X,(0)) € (

be a given constant.
This results in

X (u) — XE(u)|? < 3‘ /fl,j (S,Xf (s— %)Xr’j (s - %)) — f1i(5,X1(5), ..., Xp(s)) ds
0

+3‘ /fzvj (s,xf (5 - %) Xk <s - %)) — i (5, X1(5), .., Xn(3)) d(B)(5)
0

+3’/f3,j(s,xf(s— %),...,Xﬁj(s— %)) — fa.3(8, X1(5), - .., Xn(s)) dB(s)
0

Using Lemmas 2.9, 2.10 and the assumption (A2), we have

E[OEEET (1X* (u) — Xj(u)|2)] <3(T + C1T + Cy) /h Z ‘X’? (3 — %) _ Xj(s)ﬂ ds
<u< o j=1
T n
6(T + C1T + @)/h(s)E[Z ‘X]’? (5 - %) — XH(s) 2} ds
0 J=1
T n
F6(T + C1T + Cy) / h(s )E[Z Xk (s) — X; (S)F] ds
0 J=1
Thus, using Lemma 3.3,
T n
e s, (5~ Xs00P)] < T+ G [B] s (3160 - X F)] s
which implies that
e[ s, (3 (X000 = X500)] < 5+ G [HOE s 3 (500 = X0
<u<T VT 5 Suss i)

Applying Gronwall’s lemma again, we get directly

E[ sup (i|X]k(u) fXj(u)\z)} < %exp (3 C’n/h(s) ds),

0<u<T

which shows our result. O
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4 Stability result

In this section, we prove another important result on the stability of the following G-SDEs depending
on a parameter ¢ (¢ > 0) (for more information, see, e.g., [13,15,27,28,30]):

t

Xi(t) +/f11 s, X5(8),. .., X;(s))ds

0

+/f§,1(8aXf(S)7-~in(S))d(B)(S)+/f§,1(8aXf(S)7~~»Xi(8))d3(8)7
0 0

+/f§,n(8,Xf(8),~-,XZ(S))d<B>(8)+/fpf,n(saXf(S)w~»XZ(8))dB(8)~
0 0

We assume the following assumptions (B1), (B2) and (B3) for 0<i<3and1<j<m

Z ]’
(B1)
n
15t < g0 (143 Jal?)
j=1
for each x1, @a,...,7, € R% and t € [0,7], where g is a positive and continuous function on
[0,7].
(B2)
‘fqi](taxlv7xn)_fij(tvy17ayn <h’ (Zly]_x]| )
for each x1,%1,...,Zn,y, € R? and t € [0, 7], where h is a positive and continuous function on
[0,T7.

(B3) (i) Vtelo,T],

e—0
0

lim E[|f§j(s,xf(s),...,Xg(s)) - 3],(5,)(9(5),...,)(2(5))” ds = 0;

(ii)
e—
Remark 4.1. The assumptions (B1) and (B2) guarantee, for any ¢ > 0, the existence of a unique

solution
(X7 (@), ..., X5 () € (M&(0,T; R))"

of our system, while the assumption (B3) allows us to deduce the stability theorem for the system.

The following lemmas are very important, they will be used in the upcoming result. For the proofs
see [15].
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Lemma 4.2. For every p > 1 and for any T > 0 and n € MZ(0,T), we have

T P
E [ ‘ O/n(t) dt
I P
E [ \ / n(t) d(B) ()

Lemma 4.3. For every p > 2, there exists a positive constant C, such that, for any T > 0 and

ne ME(0,T), .,
E n(t) dB(t)
/

Now, we present our second main result of this work.

T
<17 [ B[] ar
0

T
<17 [ B[] ar
0

T
p
<G5 [Enp) d

0

Theorem 4.4. Under the assumptions (B1), (B2) and (B3), we have
vt e [0,7T], hm]E{Z\XE )|}=o.

Proof. For all 1 < j <n, we have
X5(t) = /flj 8, X1(8),...,X5(s))ds
/fzj 5 X5 (s /fgj 6, X5(s),..., X2(s)) dB(s),
X0(t) = X0(0) + / £0(5, X0(s), ..., XO(s)) ds
0

t
+ [ 3,0, X0(s), ..., X](s f95(s,X7(s), ..., X0(s)) dB(s).
/ o+ f

Then

X5(t) — Xj(t) = X3 (0) — X7(0)

(555 X5(5), 0, X)) = £, (5, X0(s), .. X0(5))] ds
+

5505, X5 (5). o X)) = £, (5. XD (s). .. XD(9)) | d(B) (s)

[ [Fs X (), X)) = S5 (5, X0(s), ., X0(s)) | dB(s)

+
S L O O
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and

X5(t) = X9(t) = X5(0) — X7 (0)+

b [ (F505 X5 X35 = 2, (5, X006, X))
g
505 X5 (), Xa(9)) = f5 (5, XE(9), o, X3 (9)) ) ds
+ / (505, X5 (5), - X5()) = £, (5. XD (s), ., XD(5))
g
5 (5, X (5), o X)) = £5 (5. XF(5), 0 X3 (5))) dUB)(s)

[ (F55(5 X5 (), X)) = fi (5, X0(s), 0 X0(9))

o

+ f?f,j(s’Xls(S)7 R 7X75L(5)) - fg,j(SaX16<5)v te 7X7€z(5))> dB(S)

+7

We have
X5 (1) = X7 (1)]* < 7IX5(0) — X7(0)?
j 2
+7 /[ff,j(s,Xf(s),...,XfL(s)) — 555 X0(s), ., X0(5))] ds
0
¢ 2
+7 /[ff,j(s,X?(s),...,Xg(s)) — 19,5, X0(s),. ., X0(5))] ds
0
7] [ [0, 0D X)) = 5,05, X000 ()
0
+7 /[fza,j(s’X?(S)r'ng(S))_fg,j(S’X?(S)""’Xg(S))] d<B>(S)
0
7] [ [5,06,X5 0] Xi0)) = 5,5, X (0) - X209))] B
0
0

(75,05, X0(5), ., X0(8) = £, (5, X0(9),..., X0(s))| dB(s)

Taking the G-expectation on both sides of the above relation, from Lemmas 4.2 and 4.3 we get

EIX5(t) — X7(0)* < TE[|X5(0) — X7(0)[]

t

7T [ B[ (5, X5 (5) o Xi0)) = 5,5, X00), o X0 ] s

0
t
+7T‘/E
)t
t

7T [ B[|f5, (5, X5 (5) o Xi0)) = 15,05, X00), o X2 ] s
0

i 55 X08), - X0()) = 70,5, X0(6), o, X0 ] s
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7T [ B[|f5,(5, X001 X20)) = 12,05, X0(0), ., X0 ] s
0
470 [B[[£5,( X5 0), - X5() = £, X0, X2 | ds
0
+7C/IE:f§’j(s,X?(s)7...7X0( ) = £ (5, X%(s), ..., XO(s)) 2: ds.
0
By the assumptions (B1)—(B3), we obtain
E[|X5(t) — X°()P] < CE(T)+7(2T+C)/E<h(s)Z|X§(s) - XJ(5)2) ds,
0 J=1
where
C*(t) = TE[|X5(0) — X7 (0)[]
+7T/E[ ff,j(&X?(S)v"'vXO( )) flg(s Xl( ) 7X2(8)) 2] ds
+7T/E[ f;,j(&X?(s)"“vXo( )) fQJ(S Xl( ) ’Xg(s)) 2] ds
0
70 [E[|£5,(X00), . X0) — 13,5, X00), .. X2 | ds
0
Then
E[YI1X5(t) - X} < ZEW (1)
< C5(T) + Co(T) / h(s) S E|XS(s) — XO(s)[ ds,
0 j=1
where

Ci(T) =nC*(T) and C,(T) =T((2T + C).
Hence, by Gronwall’s inequality, we have
n T
E[ Y150 - X00)] < Ca(T) exp ( 7) [ ho
0

j=1

Since C5(T) — 0 as € — 0, we finally get
vt e [0,T], hm]E{Zp(e ﬂ—o,

hence the desired result follows.

")

Salim Mesbahi
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