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ON THE REDUCTION
OF THE DIFFERENTIAL MULTI-FREQUENCY SYSTEM
WITH SLOWLY VARYING PARAMETERS TO A SPECIAL KIND



Abstract. For the multi-frequency system of the differential equations the right-hand sides of which
are represented by a multiple Fourier series with slowly varying coefficients, the conditions are obtained
under which there exists the transformation with the coefficients of similar structure leading this
system to a system with slowly varying right-hand sides.
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1 Introduction

In the nonlinear mechanics, the problem of reducing a multi-frequency system of differential equations

de

— = 0 1.1

@ —wt 1), (1)
where § € R™, w € R™, f(0) € R™ is a 2w-periodic vector-function, by the transformation of kind

b=+ ule), (1.2)

where w(yp) is also a 2w-periodic vector-function, to the form

dp _

= 1.
a0 (1.3)

v is a constant vector, is well known.

This problem is the subject of numerous studies (see, e.g., [1,3,4]). As is known, the main difficulty
here is the problem of small denominators: the scalar product (k,w) (k = colon(ky, ..., kn), k; € Z)
may be arbitrarily small and it turns out to be in the denominators of the expressions representing
the solution in terms of some series or iterative processes. Therefore, the vector w is imposed the
condition

c
|(k,w)| = Wa (1.4)
C' is a positive constant, ||k|| = |k1| + -+ + |km|. The use of this condition in turn generates “large

numerators” that can lead to the divergence of these series and processes. This difficulty is overcome
by the method of accelerated convergence [1].
In this paper we consider the system of kind

W AW+ Ao, D -

dt
in which ¢ belongs to a finite, but arbitrarily large interval, A(t) is a diagonal matrix, and the elements
of a small matrix A(t,6) and a small vector b(t,0) are represented by an absolutely and uniformly
convergent multiple Fourier-series with respect to 8, with slowly varying coefficients, and the variable
vector w(t) is not subject to the condition of kind (1.4). For system (1.5), under certain conditions
we have proved the existence of the transformation of kind

w(t) + b(t, 0), (1.5)

z=(E+W(t o)y, 0=9p+uwty), (1.6)

where the elements of the matrix W (t, ) and vector w(t,0) are of similar structure leading system
(1.5) to the form

W A+ D % =ity o), (17)
where the elements of the diagonal matrix D(t) and vector v(t) are slowly varying and do not depend
on ¢. The properties of W (t, ) and w(t, ) are investigated depending on the properties of A(t,#)
and b(t, 0). However, the ideas of the method of accelerated convergence are still used, because instead
of the small denominators, due to the vector w(t), here arise small denominators generated by another
circumstances.

2 Basic notation and definitions

Let £ € (0,1], 7 = et € [0, L] (L € (0, +0)), G = [0, L] x (0, 1].

Definition 2.1. We say that a scalar function p(r, £), generally complex-valued, belongs to the class
S, if it continuous with respect to 7 € [0, L] and bounded with respect to € € (0, 1].
Thus, sup |p(T, )| < +o0.
G

Slowly variability of the function is understood here in the sense of its belonging to the class S.
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Definition 2.2. We say that a vector-function h(r,e) = colon(hi(7,€),...,hn(7,€)) belongs to the
class Sy, if hj(r,e) € S (j=1,...,m).
Under the norm of a vector h(7,¢) € S; is understood

|h(T,€)]lo = max sup |h;(T,€)l.
1<GEN repo,L]

This norm may depend on ¢.

Definition 2.3. We say that a scalar real function f(7,¢,0) belongs to the class F(M;«;0), if

f(r,e,0) = Z fn(1,€) exp(i(k,0)),
kEZm
Zp = {k = colon(k, ..., kn), k; € Z}, 8 = colon(bs,...,0,,) is the real vector, (k,0) = k161 +--- +
kmOm, fk(Ta 5) € S, and

«
sup [fu(7.€)| < Mexp (— 2 lkl))
T€[0,L] €

In)l = k1| + - - + |km|; M € (0,400), @ € (0,1) is a constant not depending on «.
Definition 2.4. We say that a real vector-function h(7,e,0) = colon(hi(7,€,0),..., hn(7,€,0)) be-

longs to the class Fy(M;a,0), if h;(1,6,0) € F(M;;0) (j=1,...,m).
For the vector-function h(r,¢,0) € Fy(M;a;0) and vector k € Z,, we denote

2 27
1 ,
Ti[h(r,e,0)] = e / . '/h(T, £,0)e %D qg, ...,
0 0

h(t,e,0) =g[h(7,¢,0)], h(r,e,0) = h(,€,0) — h(r,¢,0),
where 0 is a null-vector of dimension m.

Definition 2.5. We say that a real matrix-function A(r,¢,0) = (a;i(7,€,6));1=1
class Fo(M;,0), if aji(7,€,0) € F(M;;0) (j,k=1,...,n).
For the matrix A(7,¢,0) € Fo(M;a;0) and vector h(r,€) € S; we denote

..,n belongs to the

5o

0A " A
(%JL) = 679jhj(T’E)'
j=1

3 Statement of the problem

Consider the following system of differential equations:

d do
== (A(ne) +Ame e, = =w(re)+b(re0), (3.1)
where 7,e € G, x € R", 8§ € R™, A(7,¢) = diag(A1(7,¢€),...,A\n(T,€)), the real functions \;(r,¢)
belong to the class S, A(7,¢€,0) € Fo(M;;0), w(r,e) € R™, w(r,e) € S1, b(1,¢,0) € Fi(M;a;0)
(M € (0,1)).

We study the problem on the existence, construction and properties of the transformation of kind

T = (Eﬂ + W(T,E, (P)):% 0=p+ w(7—75’ 90)7 (3'2)

where y € R", ¢ € R™, E, is a unit (n x n)-matrix, w(r,&,p) € Fi(M{;a*5¢), W(r,e,¢) €
Fo(M3,a*, ) (M, M3, a* are to be defined), whicht leads system (3.1) to the form

d d

= () + D(re)y, =~ =w(r.e) +Alr2), (3.3)

where D(7,¢) = diag(di(7,€),...,dn(7,€)), dj(1,6) € S (j =1,...,n), A(r,¢) € 5.
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4 Auxiliary results
Lemma 4.1. Let the functions p(7;¢€), q(7,€) belong to the class S, ¢ = const. Then the functions
ep(t,e), p(rye) £ q(r,¢), p(r,e)q(r, €) belong to the class S, as well.

Lemma 4.2. Let 0 < My < Ms, 0 < oy < aa < 1. Then F(My;;0) C F(Ms;050), F(M;a,6) D
F(M;az;0).

Lemma 4.3. Let fj(1,e;0) € F(Mj;;0) (j=1,...,p), ¢1,...,¢p be the constants. Then
p
chfjreﬂ (Z\cj\Mj;a;O).
Jj=1

Lemma 4.4. Let p(r,e) € S, f(1,¢,0) € F(M;«;0), and sup |p(1,¢)| < P. Then
G

p(r,e)f(1.¢e,0) € F(PM;c;0).
The validity of Lemmas 4.1-4.4 is obvious.
Lemma 4.5. Let f(1,e,0) € F(My;050), g(7,,0) € F(Ma;a;0). Then

f(1,6,0)g9(1,¢,0) € F (% — 5 9)

(Sm
where § € (0,a).
Proof. We have

(re,0) = Y fulr,0)e' ™D, g(re,0) = gi(r,e)e'™?,

k€ Zom kE€Zp,
and
sup |fr(1,e)] < Myiem s I sup |gy(r, )| < Mye™ = IFIL,
T€[0,1] T€[0,L]
Hence |
f(r,e,0)g(r,€,0) Z(kangngg))ez(kﬂ)’
k€Zm 1EZm
where [ = colon(ly,...,ly,), k—1=colon(ky —l1,..., km — ln).
We have
«
> sup Ifialne)l sup filr o)l < Midda 3 exp (= 2 (k= + )
16z, T€l.L] rel0,L] 5 e
o0 o0 a
= M, M, (—— ey — L]+ ]+t R — L zm)
! zlz ZZ exp (= 2 (ky =l 4 fla] + -+ [+ It
1=—00 m==—00
=M 30 e (=S 0k b)) (30 e (= Z Gkl £ 10D))
1==° m=—00
We denote .
«
Alkg) = Y7 exp (== (k= sl + |s]))-
1. Let k; = 0. We have
A(0) = i ex (*2£|5|)*1+2iex (—2—a5)
78:700 p € a s=1 p €
27 1 1 12 2
=1+ € — =1+ — <1+E:1+E<1+—:a+ c2.2
1—e % e —1 = o o ! a 6
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2. Let k; > 0. Then

—1 kj
Alk) = D7 exp (= S (k= sl +1sD) + D exp (= S (1k; — 5| +1s)

s§=—00 s=0

00 -1
+ Y e (=Sl sl sh) = X exp (= Sk —s—s)
s=k;j+1 s=—00
kj o0
+S_Oexp(—j(kj —5+5)) +S_§+lexp(—j(s—kj +5))

[e’e} 00 —%k,- N
:e—%njze—%&s“kﬁl)e—%ki+e%kj 3 plms _ 2e7 T (k4 De2h,
s=1 s=k;+1 e= —1

3. Let k; < 0. Similarly to the previous arguments, we show that

<k N
Alky) = 5 + (1 —kj)es b,
e’e 1
Thus, in case k; # 0,
26_%‘kj‘ a g,
A(kj) = m o T (1+ [ky|)e = IRl

Hence .
—2 |kl

A(k‘]) < =

€

We choose a constant M, from the condition

a 1 a
(L ke 200 = (G 4+ 1+ [yl JemE .
g
(E 14 ‘k”)e_%w < Mye 5" Ikil,
!
where § € (0, ). We estimate

max (E +1+ |kj\)e*g lksl,
Ik 1>1 \av

For the case x > 1, let us investigate the function

u(z) = (2 +1 +x)e_g‘"’3.

We have 5 5 s
u(l) = (E + 2)672, u' () (1 777777 x) —ew
@ a € €
The critical point is g = —1 4 ¢/0 — ¢/a. It is easy to establish that this is the maximum point of

the function u(z). In case zg < 1, i.e., ea/(2a +¢) < § < a, we get

€ 3
= 1 = — 2 T,
[lrgraoi)u(x) u(1) (a + ) e

In case g > 1, i.e., 0 < 0 < e/ (20 + €), we obtain

- _Ce-E-Y
max u(\r) = ul\rog) = <€ o el
max u(r) = ulzwo) = 3

Anyway,

max u(xr) <
e, wle)

b

| W

therefore we can state that My = 3/0.
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Thus, if k; # 0, then

3 _a-
Aky) < 5o = Ihsl, (4.1)
By virtue of the estimation for A(0), we find that estimation (4.1) is true for all k; € Z.
We now obtain
37 etk
sup |fe—i(m,e)| sup |gi(7,e)| < My My S ,
162, TEM0.L] T€[0,L]

and thus Lemma 4.5 is proved. O

Lemma 4.6. Let f(1,¢,0) € F(My;050), g(7,¢,0) € F(Ma; e — 650), 6 € (0,). Then
41’7’L
f(r,e,0)g(r,c,0) € F(a—m M Mysa = 6:6).
The proof is analogous to that of Lemma 4.5.
Corollary of Lemmas 4.5 and 4.6. Let f;(1,e,0) € F(Mj;a;0) (j = 1,...,p, p > 2). Then
fi(r,e,0)--- fp(1,€,0) € F(Vp; a0 — 6;0), where
4m(p—1)
b= oD M, - M,

Lemma 4.7. Let '
f(re,0)= > fulr,e)e’™? € F(M;a;0).
kEZm
Then

063 007" - - - 005
where s =81+ -+ 8, > 1,0 € (0,q).
Proof. We have

0% f(1,¢e,0) 0°f(r,e,0) GF( 58

= 6S€SM;oz—5;9),

Ofre) | "
s ags — (Zkl)Sl '.'(ka)smfk‘(T,a)el( , ),
007" - - - 003 ot

(Ikl1=1)
S kT k] sup (fi(re) <MD |[E[|Fem 2 1M
kEZpm T€[0,L] KeZo
(IIxl1>1) Ikl >1)

It is easy to show that if x > 1, s > 1, then

S S S
e <7 < 555
Hence
e SS a—96
M|klle= Ikl « 2 ppe—"= lIFIl
dses ’
and Lemma 4.7 is proved. O

Lemma 4.8. Let the vector-function w(r,e,0) = colon(wi(7,¢,0),...,wn(7,e,0)) € Fi(Mi;«;6),
and the vector-function v(t,e,0) = colon(vy(7,€,0),...,0m(7,8,0)) € F1(Ma; e — §;0), where 0 < 6 <
a. If § € (0,/2) and
m - 4™ 1
H=smst M, < 50
then the vector-function w(t, e, + v(1,e,¢9)) — w(r, &, ), where ¢ = colon(py,...,pm), belongs to
the class

(4.2)

2 m

m* -4
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Proof. We expand the scalar functions

wj(T7€,¢+v(7_35790))
:wj(’ngv(pl+v1(7-3€7<)013"'7<)0m)""7§0m+Um(7—a57§017"'1§0m)) (.7: 1)7N)

with respect to v1,...,v,, in the Taylor series
1
w;i (6,0 +v(1,8,0)) —w;(1,6,0) = dw;(7,6,0) + > g Cwilre9), (4.3)
s=2 "
where
" Qw; (T, €,
dwj(T7 g, QD) = Z M UI(T7 g, (P>7
= 9w
s 8Sw'(7-7€730 s
d W (Ta & 90) = Z ](975) (U(Tv g, (,0)) ’
_ 4
SitFsm=s
(0<s,<s)
and
8Swj(7_357 90) o aswj(T,sa SD)
dp* Pyt - O’
(U(T,{;‘, QD))S = (’01(7’78, 50))81 e (’Um(’/",{-:, @))Sma s = 23 37 sy ] = 13 ceey M

By virtue of Lemma 4.7,

Ow; (T, €, ¢) M,
2002 8) ¢ p(M o). v=1.om.
&p,, S 5o o © v m

Due to Lemma 4.5,

3VM M,

ow;(T,e,p
MUV(T,E,QD) GF(W,af%;cp), v=1,...,m,

Oy

if 6 € (0,v/2). Therefore
m3™ My M.
dw;(t,e,¢) € F(igmﬂle 2o — 26; ga).

By virtue of Lemma 4.7,

Fw;i(T, e, ) s5 M,
F AP
0y’ < ( goes 6’@)’

if s>2,6¢€(0,a).
By virtue of Corollary of Lemmas 4.5 and 4.6, if s > 2, § € (0,«/2), we have

s 4m(s—1) s
(v(r,e,9))" € F(mMzﬂl - 25;@)-

Then by Lemma 4.6,

ms oS

8811)3‘(7'75’('0) s S 5. .
T (’U(T,<€7 QO)) € F(W M1M2,O[ - 26, SD)
Hence
d*w;(7,e,¢) € F(Ws;a — 205¢),
where o g go
W, = 2 % M3
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We consider the expression

0o W, 0o [15s°
Z S :Mlz sles
s=2 s=2

where p is defined by formula (4.2). By virtue of the Stirling’s formula [2, p. 371], we have
s° 1

Tes S e
sles 21s

hence
<M 8
Y < e
Due to inequality (4.2), this series is convergent, and we obtain
e Ws ]\41 /”'2 m242m )
Y =< < My M2,
| _ 2m+2 2
—st 2yml-p 0
Hence
m242m
Z .dwj(Te:c,o)EF((;2 - My MZ; 26;90).

s=2

Now, by virtue of (4.3), we obtain

m m242m

m3
wi(T, 6,0 +v(T,€,9)) —w;(7,€,¢) €F<Ml(5m+1€M + = otz Mz) —26;4,0)7

and Lemma 4.8 is proved. O
Corollary. If, in addition to the conditions of Lemma 4.8, the condition My < 1 is satisfied, then

2m242m
w;(7, 8,0 + (7,6, 0)) —w;(T,€, ) € F(w M,y My; o — 25;%)-

Lemma 4.9. Let the matriz-function A(1,e,0) = (ajr(7,€,0))jk=1,..m € Fo(M;;8). Suppose that
the conditions

-4m 1
0<6<a, M= M<z (4.4)
om 2
hold. Then
(Em + A(1,¢,0))7! € F2(2; — 6;60).
Proof. Let AP = (a(’,?)j k=1,. =2,3,.... Then

m

Jk - Za]saska jak - 1
By virtue of Lemmas 4.3 and 4.5,

o2 e p( 64m M%a-50), 0<d<a.

Further,
m
2 .
= Zag's)aslm Jk=1...,m
s=1

By virtue of Lemmas 4.3 and 4.6,

242m

a(fr,? S F(m

3. .
§ S MYa—86), 0<d<a.
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By the method of mathematical induction, we obtain

mp—14m(p-1)

(p) meeaT s )

@je EF( Sm—1) MP;a—6;6), 0<6<a,
hence

» mp—1qm(p—1) .

A EF2(WM ,a—5,9>, 0<d<a.

Consider the numerical series
mp—14m(P—1)

1+Z sy MP—1+MZ(m 4mM)p_1.

By virtue of (4.4), this series is convergent, and its sum is less than 14 2M. Since 2M < 1 (this also
follows from (4.4)), thus we obtain what was required. O

5 The basic result

Theorem. Let system (3.1) satisfy the following conditions:

1)

N(Te) = M(re) 2 T >0, js=1...on, j#s
2)

H{M
r= 12 <1,
q
where Smts
H :35’m+52 2 444m+1 L2 L 1 :< « )
! nwm (L*+L+1), o+ 2

Then there exists the transformation of kind (3.2) in which

W(Tsap)éFg(MQ,—,go) (ngp)eFl(Ml,—,cp>

where

M= Qe (22 Q). M5 =@(n 7).

Q(r,q) is the sum of the numerical series
'] 2J
r

= ¢

)

convergent if r,q € (0,1), which leads system (3.1) to kind (3.3), in which

sup |d;(7,e)| < Q(r,1),  sup [[A(7,¢e)llo < Q(r,1).
G €€(0,1]

Proof. We denote

Obviously,

1 > o
5m+5 _ k _
o = s 4 E ﬁk—§7

k=1

and

«
Sca-pB——B<a

VseN: 0<51+---+55<%, .
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Following the method described in [1], we represent the process of reducing system (3.1) to form
(3.3) as a sequence of steps. At the first step we make in system (3.1) the following substitution:

T = (E'n, + U(l)(T,E, (‘0(1)>)y(1)7 0 = np(l) + U(l)(T, e, (p(l)), (5.1)

where y() € R”, o) € R™, vector U(l)(T,E,(p(l)) is defined from the vector partial differential

equation
811(1) —

v
b(r,e, ), (5.2)

a(p(l)

(w(r,e) + AW (1,8)) + ¢
where
AW (7,e) = b(r,e,pM).

It is obvious that AM(7,&) € R™ and belongs to the class S;.
The matrix UM (1, ¢, (1)) is defined from the matrix partial differential equation

ou™ UM
v 1) v
(&p(l) yw(T,e) + AV (7, 5)) +e€ o
= (A(r,e) + DY (1, e))UD — UD (A(r, ) + DY (r,¢)) + CO(r,e,0M), (5.3)
where

DW(r,¢) = diag (an(r,s, oW, apn (T, €, cp(l))),
CO(r,e,0W) = A(r,¢,0M) — DD (7,¢).

As a result of substitution (5.1), system (3.1) is reduced to the form

dy™
= (M) + DY (1) + AV (e, 00) )y, o
5.4
do™
o =w(ne) + A0 (1 o) + 0 (1 e, V),
where the vector b (7, e, 0(1)) is defined from the equation
vV
(Em + 8:;(1) )b(l) = b(T,E, 30(1) + U(l)(T,E, go(l))) —b(r, e, gp(l))7 (5.5)

and the matrix AM (7, e, ™M) is defined from the equation

oUu M
(En+UD(r,8,0M))AD = — (W’ b (7, e, wu))) 4+ CO(r, e, oMNUTD (1, ¢, o)

+[A(rzo® 400 (1,2, 60) — Alre. o) (Ba + U (7,2,6M)). (5.6)
Taking into account (5.2), we set

v (o) = 3 ol (7,6) expli(k, 1)), (5.7)
kE€EZ
(II&]I>0)

where

RS

11,(61)(7'7 €)= éexp ( — / (k,w(f,s) + A(l)(f,s)) d§>
0

T z

x / RS / (ko(€se) + AV 2)) de ) di i) = Tublae oL (58)
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Thus v,gl)(T,e) € S1, and

1 LM a
o ()l < === exp (= Z1kI), 1%l > 0.

We define the constant My by the condition

Lm0l < e 1M1 ) > 0
e

Ve € (0,1], where 61 € (0, ) and does not depend on . Obviously, if x > 1, then

le_a?lx < 16_671
€ €
Since
91
lim —e” = =0,
e—+0 €
and Ve € (0,1]
1 & < 1 < 1
et <« =
€ ~ e 01
is valid, we can state that My = 1/61. Thus, if € € (0,1] and ||k|| > 1, we obtain

LM o
o (r, )0 < = == A,

1

It follows that .
v(l)(T,&goO)) c FI(EM;O[ _ 51;%7(1)).

By virtue of Lemma 4.7,

HvM)
FEQl

if 01 € (0,¢/2). In view of Lemma 4.9, we can conclude that if § € (0,/3) and

L
€ Fg((s—2 M;oa — 251;<p(1)),
1

md™L 1
then the matrix (FE,, + dv(") /dp())~1 exists and belongs to the class Fy(2; — 381; (1),

From inequality (5.9), it follows that Lm/d; < 1, therefore, by virtue of Corollary from Lemma 4.8,
we can conclude that

2m?242m [,

1 1 1
b(T,E,QO( )+U( )(T7€a<p( ))) € Fl( 6%m+3

M?: o — 251;<p(1)).

Now, by virtue of Lemma 4.6 and equation (5.5),
m343m+1L
bi(r,e, ‘P(l)) € (W M? o — fi; 90(1)>-

We now construct the matrix UM (7, e, (1)) = (uﬁ) (1,¢, 80(1)))3',5:1,--.,11. We write equation (5.3)
componentwise,

" duj,) M Ouj)
> iy w(re) + A (7,0)) +e 52
1= 09 T

= (Aj(7,8) = As(mye) +d (7,6) = dD(r,2))ull) + D (r,e,0D), jis=1,...,n. (5.10)
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Consider first the case j = s. We set

u (reeW) = 3 ui(re) explitk, o)), (5.11)
k€EZ
(I1Kl1>0)

where

u§;?k(7-, 6) = éexp < — é/ (k:,w(ﬁ,s) + A(l)(&c‘:)) dg)
0

T z

)
X /cgg?k(z,s) exp (6 / (k,w(&e)+ A(l)(g,s)) d£) dz, (5.12)
0 0
2 2m
(0) __1 © ) -
k(28 = gy |7 | i (220 dipy - +dipm, j=1,...,m, k€ Zm.
) T m

0 0
Hence

L
i) € B(E A ase), S= 1
1

where 47 € (0, «) and does not depend on e.
Let now j # s. We choose M insomuch small that

-0
Y — (5.13)
Then, by virtue of condition 1) of the theorem, we have
M(r8) = () + dr,e) —aD (o) 2 2 - EU g (5.14)
J\T € s\T, € 5 (7,¢ s (T,€ = T T . ]

Here in turn, we consider two cases.

Case 1. Let /\j('ra €) — As(1,e) < —a/L < 0. Then
5
X (78) = A(re) + diV (r.6) = d{ (r,e) < =2 <.

We define the elements uﬁ,) of matrix UM by the formulas

ul) (e, o) = 37wl () explilh, o)),
keZ,

where

Whtre) = Lexp (2 [O6.0) = Al + aP(€.9) — a6, ) — il w(e.e) + AV(E ) e
0

T 1 Z
X/Cﬁik(z,a)exp(‘5/(%(@5)‘**5”’
0 0

+d§1)<§,s>dFﬁ(&s)i(k,w(s,s)+A<1><§,s>))df) dz, jys=1,...,n, k€ Zp. (515)



84 Sergey Shchogolev

We estimate

uetral < 2 [l (2 [06e) - a6 +ae) - a2 e )
0 z
f 5
< éMexp(—§||k||)/exp(—L—1€(T—z))dz
0

L (1o~ ) < B e (0 ),

€

e (— L)

h

Hence LM
uly (re,0M) € F(T Ja— 51;90(1))-
1

Case 2. Let \j(1,6) —As(T,€) > a/L > 0. Then \;(7,€) — As (T,E)+d§1)(7,s)—dgl)(T,a)251/L>0.

(1)

We define the elements u; /" of matrix UM by the formulas

( ) (1,¢, go(l) Z u]9 L(T,€) exp(i (l@cp(l))),
kE€EZy,

where

1
u;s),k <T7 5)

oo
= ——exp
€

M | =

[ (6.9 = ne.2) 4 6.2 — e 2) — ifhwe.2) + AV (6 ) e
0

z

L
< [daen (-1 [ (vea-aiee)
. 0

+dV(€,e) — dV (€ e) —i(k,w(E, ) + A“)(g,s))) d§) dz, j,s=1,....,n, k€ Z,. (5.16)
As in the first case, we show that
LM
“ﬁ)(ﬂ& e e F<T o — 013 80(1))-

Thus M
UD(r,¢,oM) € Fg(d— ja— 03 go(l)).
1

By virtue of Corollary from Lemma 4.8, we can conclude that under condition (5.9),

2m242™m [,
A(T, g, So(l) + U(l) (T7 g, @(1))) - A<T7 g, 90(1)> € F2 (W Mz, o — 2(51, @(1)) .
From (5.9) we have LM /é; < 1, hence
En+ UM (r,6,06M) € (250 — 61;0M),

and, by virtue of Lemma 4.6,

(A e, + 00 (7,2,01)) = A, 6, W) (B + U (1,2, 1))

243m+1
€ }72(77;))7717_~_3 M?‘;oz—Z(Sl;ap(l)>7 (5.17)
1
nd™L
C(re, 90(1)>U(1)(7'757 %0(1)) € F2<W M?: o — 6y gp(l)). (5.18)
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Due to Lemma 4.7,

oum L
W S FQ(E M;O[— 251,@(1)),

4p4m+172
k=1 ‘99% 0y

By virtue of Lemma 4.9 and condition (5.9), we can conclude that
(B, + U (e, cp(l)))_l € Fy(2; 0 — 2615 M),

Hence, (5.6), (5.17) and (5.18) yield

2n2m445m+1

AW(r.e,0M) € Fz(w
1

(L* + L+1)M*a —fisp )
Thus, under conditions (5.9) and (5.13), we have

U(l)(T7€7@(1)) EFl(sL 517@ )

U (r,e,0W) € F2(6£ jo— 51;@(1)>,
1

2n2m445m+1

bV (1, e, D) € Fl(w (L2+ L+ 1)M%:a—Bisp )
1
2 2 445m+1
AW (7., 00 FQ(n;;T (L2 + L+ )M 0 fi; oW
1

This completes the first step of the process.
At the step with number [ — 1 of the process, we obtain the system

(-1
W —— = (A(r, ) + DD (re) + -+ DIV (1) + AT (2, 007) )y,
; (lt_l) (5.19)
(pdt =w(t,e) + AW (r,e) 4+ - + ALV (7, 6) + bV (7, ¢, D),
where DM ..., DU=1 are the diagonal (n x mn)-matrices with elements from the class S, the vec-
tors AW ...  AU=1D belong to the class Sy, b~V ¢ (K150 — 01—+ — ,Bl_l;go(l_l)), A= ¢
Fy(Ki—psa— B — -+ = B 97D),
K = 21 M2 - m2mA 4P (L2 + L+ 1).
TG G
At the step with number [, we make in system (5.19) the following substitution:
Y = (Bn + UV (r,6,01))y®, oD =00 400(7,6,60), (5.20)

where y@ € R, o € R™. The vector U(l)(T, £, <p(1)) is defined from the vector partial differential
equation
av(l) —

M)
o (w(T,s)+A(1)(T,€)+~~~+A(l)(7',s))+6 5 = b0 (re, ), (5.21)

9,0

where
A (r,e) = b0-D(r,e,00).

Obviously, A()(7,¢) € R™ and belongs to the class S;.
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The matrix U® (7, ¢, 01) is defined from the matrix partial differential equation

oUW oUW
(a¢<z> w(re) o

= (A(T,E) +DW (1) +--- + DO, 5))U(l)

+AD () -+ AD(r,e)) +

—Um@@@+Dm@a+m+pw@aymﬂﬂw@¢%,wﬂ)

where

CUY(r,e,0M) = ALY (7 ¢, M) — DO(1,¢).

Taking into account (5.21), we set

vO(re,0W) = 37 o (7,2) explilh, o)), (5.23)
keZ,,
([E]I>0)
where
1 7
ire) = Lo (- 1 / bwle.9) + AV(E ) 4+ Ve, ) de
0

o (5.24)
/b (z,€) exp (s 0/ (k w(&e) + A(l)(f,g) W +A(l)(§’€)) df) dz

bV (z,e) = rk[b“*U(z, & o).
Taking into account (5.22), we set

UO(r,e,0W) = (Wl (1,€,0D))j5=1,...m,

uld(re, o0y = 37wl (r,e) exp(i(h, 1)),

k€EZm
(Ilx11>0)

where

uu(re) = T o (‘ L[ (R e) + a0+ + AV <) d5>
0

T z

<[ 5>exp<a [ (b0 + A0 E ) 4+ AV ) dé) 4,
0 0

27 27
- 1 _ )
c;ljvkl) (Z7E> - (27‘[‘)m / . /C§3 1)(2757 @)6_1(k790)d301 T dsoma .7 = 1u sy Ty ke Zm
0 0

If j # s, then we set

(l) (1,¢, go(l Z ujé o (T,€) exp(i (k,cp(l))),
kEZm
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where in case \;(7,e) — A\s(7,¢) < —a/L <0,

ufl(r,) = L exp (1 / (M(60) = A&, 0) + V(g ) = dD(E,0) + -+ dP(€,0) — dP (€, )
0

—i(kw(&e) + AN (E )+ + AU)(g,g))) dg)

x / o) (z.2) exp ( - % / (M(&2) = Aslge) + AV (g ) = d(g ) + o+ d (6 2) — a6, )
0

0

- i(k,w(f,e) + A(l)(f’e’;‘) +ee A(l)(§7€))) df) dZ, j7 s=1,...,n, ke Zma
and in case \j(7,e) — As(7,€) > a/L >0,

1 T
ugl y(re) = = exp (1 / (M2 =260 +dV(E0) = dD(E ) + -+ d () — V(&)
0

il ) + AV (EE) 4+ AV 2)) )

L
< [ e ( 2 [ (e - Mg + a0 - dDg) + o+ a0 - o)

0

—ﬂhM@d+Am@¢%P~+Am@dDdod%jﬁzlwum,keZm

Here we suppose M insomuch small that

61— 9
2KF1<J—%—l, (5.25)
nd™ L 1
757”_'_2 K1 < 5 (526)
l
Then
1)
IAj(re) = Aslr,e) +dP(r,e) —dV(rye) + -+ dP(r,e) — dD(r,e)| 2 Zl .
We have
55m+5(65m+5)2”.(65m+5)2l71 _ 1 l 1 ( 171)2.” 1 ( 2)21—2
l -1 1 = Zmts 4 (35m+5)2 q (35m+5)21—2 q
_ 1 I4+2(1—1)4---42.21 7242171 1 2+l _j—2
o (35m+5)1+2+~--+2l*1 B (35m+5)2171 q )

where ¢ is defined in the statement of the theorem. Therefore

2t—1
Hy MQZ
q21+1—l—2 ’

K =

where Hy = 2n2m*35m+545m+1([2 4 [, 4+ 1). Hence K; < 2, where r = % M.

o0
The condition r < 1 guarantees the convergence of the series > K. It is easy to verify that this
=1
condition ensures that inequalities (5.25), (5.26) hold.
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As a result of substitution (5.20), system (5.19) is reduced to the form

d%) = (A(T, e)+ DU (r &)+ -+ DU (r,e) + A(l)(T’g’w(l—l)»y(l)’ o)
dzil) =w(r,e) + AV (1) + -+ AD(1,6) + 8O (7, ¢, o). |
Carrying out the arguments analogous to those of the first step, we show that
vO(re,00) € F1(Kél L= == B — 51;90([))’
U0 (2 00) € (St ia = B == i — di ),
b (r, ¢, o 6F1(K a—p1— —ﬂz;w(l)>,
AO (7 6,00y € Fy(Kyja— By — - —ﬁmp(”).
Hence, the iterative process
x=(E,+ UM (7, (p(l)))y(l)’ 0 =M oW (r e M), (5.28)

y(lil) = (En + U(l)(T,S, Sﬁ(l)))y(l)» Qo(lil) - So(l) + U(l)(Tagv So(l))a l= 27 37 SR

in case it is convergent, leads system (3.1) to kind (3.3) in which

e)=Y DU(re), Are)=) AV(re)
=1 =1

where
AD(re) e 81, [AD(re)llo < Kioa, DU (r,e) = diag () (r,2), ..., dY (7,2)),
dg»l)(T,E) €S, stép |d§l)(7, <Ky (j=1,...,n).

We prove the convergence of process (5.28). Towards this end, we represent process (5.28) in the
form

= (B, + WO(r,6,6M))yV, 0 =00+ w0 (re,00), 1=1,2,..., (5.29)
where
W(l)(T,s,go(l)) - U(l)(ﬂ&(p(l)), w(l)(7,57¢(1)) - v(l)(T,s,ga(l)),
W(l)(T, e, (p(l)) — (En + W(l—l)(ﬂ& go(l) + U(l)(ﬂg,gp(l))))(](l)(ﬂ5’ (p(l))
+ W(lfl)(T’ g, o1 + U(l)(ﬂ €, (p(l)))’ (5.30)
wW(r,e,00) = v (1,e,0W) + WD (7,e,00 + 0O (7,6,0D)), 1=2,3,.... (5.31)
Then

w(l)(Ta €, gp(l)) € Fl(r; o — ﬁlv 90(1)% W(l)(Ta g, 410(1)) S FQ(T; o — Bla Sp(l))
By virtue of Corollary from Lemma 4.8, we successively obtain
H
w®(r,e,0”) € Fy (7“2 + 7“(1 + 7217“2);@ — B — Ba; so@)),
w(l)(T7E7@l)) € Fl(w77 « _Bl - _Bh@(l))a l= 3745"' ;

where

w?=r2l71+r2l72<1+%r2“1)+r2173<1+i,1 2 )(14—% 2 1)—1—---

H H Hy 5
+r(1+—21r2>(1+—31r4>~-~<1+—1r2l 1).
q q q'
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Consider
w T (1,e,0) —w(r,e,0) = v (1,6, 0) + W (16,0 + vV (7,2,0)) —wV(1,e, ).

By virtue of Corollary from Lemma 4.8, we have

H 5
wh(r,e,0+ 0t (r,6,0)) —wW(r,e,9) € Fy (qlTll P wiia = B = B = 2014159).
Hence,
! H N
w(l“)(ﬂa, ) — w(l)(T,a, p) € Fy (7"2 (1 + ql—_:l wl>;a —B1— = B <p). (5.32)

We estimate

w] < ( TQJ) (1 + +11 7‘2])
7=0 Jj=1 !
-1 y - H -1 » -1 L
—(jzor )exp [ln]:[<1+q]+1r )]—(jzor )exp [leln(1+ ~ )}
-1 =1 ; -1 o, =L
<(Zr2)exp(z ] 2)<(Z7“2)exp(—zq—]) (5.33)
7=0 Jj=1 =0 7=0

The numerical series

under the condition r, ¢ € (0,1) is convergent, we denote its sum by Q(r,q). Then, by virtue of (5.33),
we obtain

w] < Q(r,1)exp (% Q(r, q)) (5.34)
Hence,
r? (1 + qlqull wl*) <r? (1 + q[l{T11 Q(r,1) exp (% Q(r, q))),
from the latter inequality and (5.32) it follows that

w ) (1,6,0) —w(r,e,0) € Fl(cz(l)mé =B == Br19), (5.35)

where cl(l) is the element of a convergent positive sign numerical series.
Next, we consider the process defined by (5.30). Suppose that

WO(r,e,00) € B(Wia—p1— - — B o).
Then
(Bn + WD (16,00 + 0O (1,6, 0N UD (7, £, 1)
e B(r® L+ Wi (1412 ia— By = = B ).
Hence,

W (r,e,0)
e B A+ W (T ) W (L4 = A== B, 1=2,3,. . (5.36)
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This implies
Wi <o LWL (L)) W (47
2l—1 * 2l—t * * 2l—1 * *
<r (1+2Wl_1)+7' VVl—l+Wl—1 =T (1+3Wl—1)+Wl—l7

whence, taking into account that r < 1, we succesively obtain

Wi =r,
Wy <r?*(1+3r)+r<r+r2+3r <r+4r2
Wi <t (1+3(r +4r%) + 7 + 472 <r 4 4r% 4 160%.

Further, by the method of mathematical induction, we obtain
Wi <r+4r?+-- 4+ 41_17“2171,
from which we get

Wy < Q(r, i) (5.37)

Consider

WD (1,e,0) =W (r,e,0) = (B + WO (7,6, + v (7,6,0)) U (1,e, )
+ W(l)(T, g, o+ v(H'l)(T, g,0)) — W(l)(T, g, ). (5.38)

By virtue of Corollary from Lemma 4.8, we have

WO (r,e,0 + v (1,6,0)) = W (1,¢, p)

2m242m N K
¢ i Zamer Q) g = B = = i),
st 4/ 6141 *
hence,
1
W(l)(T1€7 2 + v(l+1)(7—787 90)) - W(l)(7-7€7 90) S F2 (Q(’I’, Z)le;a - Bl - = Bl - 26l+1; 90) .
Next, taking into account (5.37),
(Bn+ WO(r,e,0 + 0D (1,6, 0))) U (1,2, )
I 1
€ F2<7“2 <1+2Q(7“7 Z))§OZ—B1 - "'—Bl+1;@>~
Hence, by virtue of (5.38),
WD (re,0) = W(r,e.0) € Paes0 = fi = - = Brias o), (5.39)

where 01(2) = rzl(l +3Q(r,1/4)) is the element of the convergent positive sign numerical series.

From formulas (5.35), (5.39) follows the convergence of process (5.29). From formulas (5.34) and
(5.37) it follows that w(r, e, ) € Fi(M{;a/2; ), W(T,e,0) € Fo(M5;a/2;¢), where

M = Qe exp (FQna). M5 =@(rg): 0
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