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ON THE REDUCTION
OF THE DIFFERENTIAL MULTI-FREQUENCY SYSTEM
WITH SLOWLY VARYING PARAMETERS TO A SPECIAL KIND



Abstract. For the multi-frequency system of the differential equations the right-hand sides of which
are represented by a multiple Fourier series with slowly varying coefficients, the conditions are obtained
under which there exists the transformation with the coefficients of similar structure leading this
system to a system with slowly varying right-hand sides.
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ÒÄÆÉÖÌÄ. ÃÉ×ÄÒÄÍÝÉÀËÖÒ ÂÀÍÔÏËÄÁÀÈÀ ÌÒÀÅÀËÓÉáÛÉÒÉÀÍÉ ÓÉÓÔÄÌÉÓÈÅÉÓ, ÒÏÝÀ ÌÀÒãÅÄÍÀ
ÌáÀÒÄÄÁÉ ßÀÒÌÏÉÃÂÉÍÄÁÀ ×ÖÒÉÄÓ ãÄÒÀÃÉ ÌßÊÒÉÅÄÁÉÈ ÍÄËÀÃ ÝÅÀËÄÁÀÃÉ ÊÏÄ×ÉÝÉÄÍÔÄÁÉÈ,
ÌÉÙÄÁÖËÉÀ ÐÉÒÏÁÄÁÉ, ÒÏÃÄÓÀÝ ÀÒÓÄÁÏÁÓ ÂÀÒÃÀØÌÍÀ ÀÍÀËÏÂÉÖÒÉ ÓÔÒÖØÔÖÒÉÓ ÌØÏÍÄ ÊÏÄ×É-
ÝÉÄÍÔÄÁÉÈ, ÒÏÌÄËÓÀÝ ÄÓ ÓÉÓÔÄÌÀ ÌÉäÚÀÅÓ ÓÉÓÔÄÌÀÌÃÄ ÍÄËÀÃ ÝÅÀËÄÁÀÃÉ ÌÀÒãÅÄÍÀ ÌáÀÒÄÄ-
ÁÉÈ.
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1 Introduction
In the nonlinear mechanics, the problem of reducing a multi-frequency system of differential equations

dθ

dt
= ω + f(θ), (1.1)

where θ ∈ Rm, ω ∈ Rm, f(θ) ∈ Rm is a 2π-periodic vector-function, by the transformation of kind

θ = φ+ w(φ), (1.2)

where w(φ) is also a 2π-periodic vector-function, to the form

dφ

dt
= ν, (1.3)

ν is a constant vector, is well known.
This problem is the subject of numerous studies (see, e.g., [1,3,4]). As is known, the main difficulty

here is the problem of small denominators: the scalar product (k, ω) (k = colon(k1, . . . , km), kj ∈ Z)
may be arbitrarily small and it turns out to be in the denominators of the expressions representing
the solution in terms of some series or iterative processes. Therefore, the vector ω is imposed the
condition

|(k, ω)| ≥ C

∥k∥m+1
, (1.4)

C is a positive constant, ∥k∥ = |k1| + · · · + |km|. The use of this condition in turn generates “large
numerators” that can lead to the divergence of these series and processes. This difficulty is overcome
by the method of accelerated convergence [1].

In this paper we consider the system of kind

dx

dt
= (Λ(t) +A(t, θ))x,

dθ

dt
= ω(t) + b(t, θ), (1.5)

in which t belongs to a finite, but arbitrarily large interval, Λ(t) is a diagonal matrix, and the elements
of a small matrix A(t, θ) and a small vector b(t, θ) are represented by an absolutely and uniformly
convergent multiple Fourier-series with respect to θ, with slowly varying coefficients, and the variable
vector ω(t) is not subject to the condition of kind (1.4). For system (1.5), under certain conditions
we have proved the existence of the transformation of kind

x = (E +W (t, φ))y, θ = φ+ w(t, φ), (1.6)

where the elements of the matrix W (t, θ) and vector w(t, θ) are of similar structure leading system
(1.5) to the form

dy

dt
= (Λ(t) +D(t))y,

dφ

dt
= ω(t) + ν(t), (1.7)

where the elements of the diagonal matrix D(t) and vector ν(t) are slowly varying and do not depend
on φ. The properties of W (t, φ) and w(t, φ) are investigated depending on the properties of A(t, θ)
and b(t, θ). However, the ideas of the method of accelerated convergence are still used, because instead
of the small denominators, due to the vector ω(t), here arise small denominators generated by another
circumstances.

2 Basic notation and definitions
Let ε ∈ (0, 1], τ = εt ∈ [0, L] (L ∈ (0,+∞)), G = [0, L]× (0, 1].

Definition 2.1. We say that a scalar function p(τ, ε), generally complex-valued, belongs to the class
S, if it continuous with respect to τ ∈ [0, L] and bounded with respect to ε ∈ (0, 1].

Thus, sup
G

|p(τ, ε)| < +∞.
Slowly variability of the function is understood here in the sense of its belonging to the class S.
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Definition 2.2. We say that a vector-function h(τ, ε) = colon(h1(τ, ε), . . . , hm(τ, ε)) belongs to the
class S1, if hj(τ, ε) ∈ S (j = 1, . . . ,m).

Under the norm of a vector h(τ, ε) ∈ S1 is understood

∥h(τ, ε)∥0 = max
1≤j≤N

sup
τ∈[0,L]

|hj(τ, ε)|.

This norm may depend on ε.

Definition 2.3. We say that a scalar real function f(τ, ε, θ) belongs to the class F (M ;α; θ), if

f(τ, ε, θ) =
∑

k∈Zm

fn(τ, ε) exp(i(k, θ)),

Zm = {k = colon(k1, . . . , km), kj ∈ Z}, θ = colon(θ1, . . . , θm) is the real vector, (k, θ) = k1θ1 + · · · +
kmθm, fk(τ, ε) ∈ S, and

sup
τ∈[0,L]

|fk(τ, ε)| ≤ M exp
(
− α

ε
∥k∥

)
,

∥n∥ = |k1|+ · · ·+ |km|; M ∈ (0,+∞), α ∈ (0, 1) is a constant not depending on ε.

Definition 2.4. We say that a real vector-function h(τ, ε, θ) = colon(h1(τ, ε, θ), . . . , hm(τ, ε, θ)) be-
longs to the class F1(M ;α, θ), if hj(τ, ε, θ) ∈ F (M ;α; θ) (j = 1, . . . ,m).

For the vector-function h(τ, ε, θ) ∈ F1(M ;α; θ) and vector k ∈ Zm we denote

Γk[h(τ, ε, θ)] =
1

(2π)m

2π∫
0

· · ·
2π∫
0

h(τ, ε, θ)e−i(k,θ) dθ1 · · · θm,

h(τ, ε, θ) = Γ0⃗[h(τ, ε, θ)],
˜h(τ, ε, θ) = h(τ, ε, θ)− h(τ, ε, θ),

where 0⃗ is a null-vector of dimension m.

Definition 2.5. We say that a real matrix-function A(τ, ε, θ) = (ajk(τ, ε, θ))j,k=1,...,n belongs to the
class F2(M ;α, θ), if ajk(τ, ε, θ) ∈ F (M ;α; θ) (j, k = 1, . . . , n).

For the matrix A(τ, ε, θ) ∈ F2(M ;α; θ) and vector h(τ, ε) ∈ S1 we denote(∂A
∂θ

, h
)
=

m∑
j=1

∂A

∂θj
hj(τ, ε).

3 Statement of the problem
Consider the following system of differential equations:

dx

dt
= (Λ(τ, ε) +A(τ, ε, θ))x,

dθ

dt
= ω(τ, ε) + b(τ, ε, θ), (3.1)

where τ, ε ∈ G, x ∈ Rn, θ ∈ Rm, Λ(τ, ε) = diag(λ1(τ, ε), . . . , λn(τ, ε)), the real functions λj(τ, ε)
belong to the class S, A(τ, ε, θ) ∈ F2(M ;α; θ), ω(τ, ε) ∈ Rm, ω(τ, ε) ∈ S1, b(τ, ε, θ) ∈ F1(M ;α; θ)
(M ∈ (0, 1)).

We study the problem on the existence, construction and properties of the transformation of kind

x = (En +W (τ, ε, φ))y, θ = φ+ w(τ, ε, φ), (3.2)

where y ∈ Rn, φ ∈ Rm, En is a unit (n × n)-matrix, w(τ, ε, φ) ∈ F1(M
∗
1 ;α

∗;φ), W (τ, ε, φ) ∈
F2(M

∗
2 , α

∗, φ) (M∗
1 ,M

∗
2 , α

∗ are to be defined), whicht leads system (3.1) to the form

dy

dt
= (Λ(τ, ε) +D(τ, ε))y,

dφ

dt
= ω(τ, ε) + ∆(τ, ε), (3.3)

where D(τ, ε) = diag(d1(τ, ε), . . . , dn(τ, ε)), dj(τ, ε) ∈ S (j = 1, . . . , n), ∆(τ, ε) ∈ S1.
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4 Auxiliary results
Lemma 4.1. Let the functions p(τ ; ε), q(τ, ε) belong to the class S, c = const. Then the functions
cp(τ, ε), p(τ, ε)± q(τ, ε), p(τ, ε)q(τ, ε) belong to the class S, as well.

Lemma 4.2. Let 0 < M1 < M2, 0 < α1 < α2 < 1. Then F (M1;α; θ) ⊂ F (M2;α; θ), F (M ;α1, θ) ⊃
F (M ;α2; θ).

Lemma 4.3. Let fj(τ, ε; θ) ∈ F (Mj ;α; θ) (j = 1, . . . , p), c1, . . . , cp be the constants. Then
p∑

j=1

cjfj(τ, ε, θ) ∈ F
( p∑

j=1

|cj |Mj ;α; θ
)
.

Lemma 4.4. Let p(τ, ε) ∈ S, f(τ, ε, θ) ∈ F (M ;α; θ), and sup
G

|p(τ, ε)| ≤ P . Then

p(τ, ε)f(τ, ε, θ) ∈ F (PM ;α; θ).

The validity of Lemmas 4.1–4.4 is obvious.

Lemma 4.5. Let f(τ, ε, θ) ∈ F (M1;α; θ), g(τ, ε, θ) ∈ F (M2;α; θ). Then

f(τ, ε, θ)g(τ, ε, θ) ∈ F
(3mM1M2

δm
;α− δ; θ

)
,

where δ ∈ (0, α).

Proof. We have

f(τ, ε, θ) =
∑

k∈Zm

fk(τ, ε)e
i(k,θ), g(τ, ε, θ) =

∑
k∈Zm

gk(τ, ε)e
i(k,θ),

and
sup

τ∈[0,L]

|fk(τ, ε)| ≤ M1e
−α

ε ∥k∥, sup
τ∈[0,L]

|gk(τ, ε)| ≤ M2e
−α

ε ∥k∥.

Hence
f(τ, ε, θ)g(τ, ε, θ) =

∑
k∈Zm

( ∑
l∈Zm

fk−l(τ, ε)gl(τ, ε)
)
ei(k,θ),

where l = colon(l1, . . . , lm), k − l = colon(k1 − l1, . . . , km − lm).
We have∑
l∈Zm

sup
τ∈[0,L]

|fk−l(τ, ε)| sup
τ∈[0,L]

|gl(τ, ε)| ≤ M1M2

∑
l∈Zm

exp
(
− α

ε
(∥k − l∥+ ∥l∥)

)
= M1M2

∞∑
l1=−∞

· · ·
∞∑

lm=−∞

exp
(
− α

ε

(
|k1 − l1|+ |l1|+ · · ·+ |km − lm|+ |lm|

))
= M1M2

( ∞∑
l1=−∞

exp
(
− α

ε
(|k1 − l1|+ |l1|)

))
· · ·

( ∞∑
lm=−∞

exp
(
− α

ε
(|km − lm|+ |lm|)

))
.

We denote

A(kj) =

∞∑
s=−∞

exp
(
− α

ε
(|kj − s|+ |s|)

)
.

1. Let kj = 0. We have

A(0) =

∞∑
s=−∞

exp
(
− 2α

ε
|s|

)
= 1 + 2

∞∑
s=1

exp
(
− 2α

ε
s
)

= 1 +
2e−

2α
ε

1− e−
2α
ε

= 1 +
2

e
2α
ε − 1

< 1 +
1
α
ε

= 1 +
ε

α
< 1 +

1

α
=

α+ 1

α
<

2

α
<

2

δ
.
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2. Let kj > 0. Then

A(kj) =

−1∑
s=−∞

exp
(
− α

ε
(|kj − s|+ |s|)

)
+

kj∑
s=0

exp
(
− α

ε
(|kj − s|+ |s|)

)
+

∞∑
s=kj+1

exp
(
− α

ε
(|kj − s|+ |s|)

)
=

−1∑
s=−∞

exp
(
− α

ε
(kj − s− s)

)

+

kj∑
s=0

exp
(
− α

ε
(kj − s+ s)

)
+

∞∑
s=kj+1

exp
(
− α

ε
(s− kj + s)

)
= e−

α
ε nj

∞∑
s=1

e−
2α
ε s + (kj + 1)e−

α
ε kj + e

α
ε kj

∞∑
s=kj+1

e−
2α
ε s =

2e−
α
ε kj

e
2α
ε − 1

+ (kj + 1)e−
α
ε kj .

3. Let kj < 0. Similarly to the previous arguments, we show that

A(kj) =
2e

α
ε kj

e
2α
ε − 1

+ (1− kj)e
α
ε kj .

Thus, in case kj ̸= 0,

A(kj) =
2e−

α
ε |kj |

e
2α
ε − 1

+ (1 + |kj |)e−
α
ε |kj |.

Hence
A(kj) <

e−
α
ε |kj |

α
ε

+ (1 + |kj |)e−
α
ε |kj | =

( 1
α
ε

+ 1 + |kj |
)
e−

α
ε |kj |.

We choose a constant M0 from the condition( ε

α
+ 1 + |kj |

)
e−

α
ε |kj | ≤ M0e

−α−δ
ε |kj |,

where δ ∈ (0, α). We estimate
max
|kj |≥1

( ε

α
+ 1 + |kj |

)
e−

δ
ε |kj |.

For the case x ≥ 1, let us investigate the function

u(x) =
( ε

α
+ 1 + x

)
e−

δ
ε x.

We have
u(1) =

( ε

α
+ 2

)
e−

δ
ε , u′(x) =

(
1− δ

α
− δ

ε
− δ

ε
x
)
e−

δ
ε x.

The critical point is x0 = −1 + ε/δ − ε/α. It is easy to establish that this is the maximum point of
the function u(x). In case x0 ≤ 1, i.e., εα/(2α+ ε) ≤ δ < α, we get

max
[1,+∞)

u(x) = u(1) =
( ε

α
+ 2

)
e−

δ
ε .

In case x0 > 1, i.e., 0 < δ < εα/(2α+ ε), we obtain

max
[1,+∞)

u(x) = u(x0) =
ε

δ
e−(1− δ

α− δ
ε ).

Anyway,
max

[1,+∞)
u(x) <

3

δ
,

therefore we can state that M0 = 3/δ.
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Thus, if kj ̸= 0, then
A(kj) <

3

δ
e−

α−δ
ε |kj |. (4.1)

By virtue of the estimation for A(0), we find that estimation (4.1) is true for all kj ∈ Z.
We now obtain ∑

l∈Zm

sup
τ∈[0,L]

|fk−l(τ, ε)| sup
τ∈[0,L]

|gl(τ, ε)| ≤ M1M2
3m

δm
e−

α−δ
ε ∥k∥,

and thus Lemma 4.5 is proved.

Lemma 4.6. Let f(τ, ε, θ) ∈ F (M1;α; θ), g(τ, ε, θ) ∈ F (M2;α− δ; θ), δ ∈ (0, α). Then

f(τ, ε, θ)g(τ, ε, θ) ∈ F
(4m
δm

M1M2;α− δ; θ
)
.

The proof is analogous to that of Lemma 4.5.
Corollary of Lemmas 4.5 and 4.6. Let fj(τ, ε, θ) ∈ F (Mj ;α; θ) (j = 1, . . . , p, p ≥ 2). Then
f1(τ, ε, θ) · · · fp(τ, ε, θ) ∈ F (Vp;α− δ; θ), where

Vp =
4m(p−1)

δm(p−1)
M1 · · ·Mp.

Lemma 4.7. Let
f(τ, ε, θ) =

∑
k∈Zm

fk(τ, ε)e
i(k,θ) ∈ F (M ;α; θ).

Then
∂sf(τ, ε, θ)

∂θs
=

∂sf(τ, ε, θ)

∂θs11 · · · ∂θsmm
∈ F

( ss

δses
M ;α− δ; θ

)
,

where s = s1 + · · ·+ sm ≥ 1, δ ∈ (0, α).

Proof. We have

∂sf(τ, ε, θ)

∂θs11 · · · ∂θsmm
=

∑
k∈Zm

(∥k∥≥1)

(ik1)
s1 · · · (ikm)smfk(τ, ε)e

i(k,θ),

∑
k∈Zm

(∥k∥≥1)

|k1|s1 · · · |km|sm sup
τ∈[0,L]

|fk(τ, ε)| ≤ M
∑

k∈Zm

(∥k∥≥1)

∥k∥se−α
ε ∥k∥.

It is easy to show that if x ≥ 1, s ≥ 1, then

xse−
δ
ε x <

ss

δses
.

Hence
M∥k∥e−α

ε ∥k∥ <
ss

δses
Me−

α−δ
ε ∥k∥,

and Lemma 4.7 is proved.

Lemma 4.8. Let the vector-function w(τ, ε, θ) = colon(w1(τ, ε, θ), . . . , wm(τ, ε, θ)) ∈ F1(M1;α; θ),
and the vector-function v(τ, ε, θ) = colon(v1(τ, ε, θ), . . . , vm(τ, ε, θ)) ∈ F1(M2;α− δ; θ), where 0 < δ <
α. If δ ∈ (0, α/2) and

µ =
m · 4m

δm+1
M2 <

1

2
, (4.2)

then the vector-function w(τ, ε, φ + v(τ, ε, φ)) − w(τ, ε, φ), where φ = colon(φ1, . . . , φm), belongs to
the class

F1

(m2 · 4m

δ2m+2
M1(M2 +M2

2 );α− 2δ;φ
)
.
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Proof. We expand the scalar functions

wj(τ, ε, φ+ v(τ, ε, φ))

= wj

(
τ, ε, φ1 + v1(τ, ε, φ1, . . . , φm), . . . , φm + vm(τ, ε, φ1, . . . , φm)

)
(j = 1, . . . , N)

with respect to v1, . . . , vm in the Taylor series

wj(τ, ε, φ+ v(τ, ε, φ))− wj(τ, ε, φ) = dwj(τ, ε, φ) +

∞∑
s=2

1

s!
dswj(τ, ε, φ), (4.3)

where

dwj(τ, ε, φ) =

m∑
l=1

∂wj(τ, ε, φ)

∂φl
vl(τ, ε, φ),

dswj(τ, ε, φ) =
∑

s1+···+sm=s
(0≤sν≤s)

∂swj(τ, ε, φ)

∂φs
(v(τ, ε, φ))s,

and

∂swj(τ, ε, φ)

∂φs
=

∂swj(τ, ε, φ)

∂φs1
1 · · · ∂φsm

m
,

(v(τ, ε, φ))s = (v1(τ, ε, φ))
s1 · · · (vm(τ, ε, φ))sm , s = 2, 3, . . . ; j = 1, . . . ,m.

By virtue of Lemma 4.7,

∂wj(τ, ε, φ)

∂φν
∈ F

(M1

δe
;α− δ;φ

)
, ν = 1, . . . ,m.

Due to Lemma 4.5,

∂wj(τ, ε, φ)

∂φν
vν(τ, ε, φ) ∈ F

(3NM1M2

δN+1e
;α− 2δ;φ

)
, ν = 1, . . . ,m,

if δ ∈ (0, α/2). Therefore
dwj(τ, ε, φ) ∈ F

(m3mM1M2

δm+1e
;α− 2δ;φ

)
.

By virtue of Lemma 4.7,
∂swj(τ, ε, φ)

∂φs
∈ F

(ssM1

δses
;α− δ;φ

)
,

if s ≥ 2, δ ∈ (0, α).
By virtue of Corollary of Lemmas 4.5 and 4.6, if s ≥ 2, δ ∈ (0, α/2), we have

(v(τ, ε, φ))s ∈ F
(4m(s−1)

δm(s−1)
Ms

2 ;α− 2δ;φ
)
.

Then by Lemma 4.6,

∂swj(τ, ε, φ)

∂φs
(v(τ, ε, φ))s ∈ F

( 4msss

δ(m+1)ses
M1M

s
2 ;α− 2δ;φ

)
.

Hence
dswj(τ, ε, φ) ∈ F (Ws;α− 2δ;φ),

where
Ws =

ms4msss

δ(m+1)ses
M1M

s
2 .
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We consider the expression
∞∑
s=2

Ws

s!
= M1

∞∑
s=2

µsss

s! es
,

where µ is defined by formula (4.2). By virtue of the Stirling’s formula [2, p. 371], we have

ss

s! es
<

1√
2πs

,

hence
∞∑
s=2

Ws

s!
< M1

∞∑
s=2

µs

√
2π ·

√
s
<

M1

2
√
π

∞∑
s=2

µs.

Due to inequality (4.2), this series is convergent, and we obtain
∞∑
s=2

Ws

s!
<

M1

2
√
π

µ2

1− µ
<

m242m

δ2m+2
M1M

2
2 .

Hence
∞∑
s=2

1

s!
dswj(τ, ε, φ) ∈ F

(m242m

δ2m+2
M1M

2
2 ;α− 2δ;φ

)
.

Now, by virtue of (4.3), we obtain

wj(τ, ε, φ+ v(τ, ε, φ))− wj(τ, ε, φ) ∈ F

(
M1

( m3m

δm+1e
M2 +

m242m

δ2m+2
M2

2

)
;α− 2δ;φ

)
,

and Lemma 4.8 is proved.

Corollary. If, in addition to the conditions of Lemma 4.8, the condition M2 < 1 is satisfied, then

wj(τ, ε, φ+ v(τ, ε, φ))− wj(τ, ε, φ) ∈ F
(2m242m

δ2m+2
M1M2;α− 2δ;φ

)
.

Lemma 4.9. Let the matrix-function A(τ, ε, θ) ≡ (ajk(τ, ε, θ))j,k=1,...,m ∈ F2(M ;α; θ). Suppose that
the conditions

0 < δ < α,
m · 4m

δm
M <

1

2
(4.4)

hold. Then
(Em +A(τ, ε, θ))−1 ∈ F2(2;α− δ; θ).

Proof. Let Ap = (a
(p)
jk )j,k=1,...,m, p = 2, 3, . . . . Then

a
(2)
jk =

m∑
s=1

ajsask, j, k = 1, . . . ,m.

By virtue of Lemmas 4.3 and 4.5,

a
(2)
jk ∈ F

(m4m

δm
M2;α− δ; θ

)
, 0 < δ < α.

Further,

a
(3)
jk =

m∑
s=1

a
(2)
js ask, j, k = 1, . . . ,m.

By virtue of Lemmas 4.3 and 4.6,

a
(3)
jk ∈ F

(m242m

δ2m
M3;α− δ; θ

)
, 0 < δ < α.
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By the method of mathematical induction, we obtain

a
(p)
jk ∈ F

(mp−14m(p−1)

δm(p−1)
Mp;α− δ; θ

)
, 0 < δ < α,

hence
Ap ∈ F2

(mp−14m(p−1)

δm(p−1)
Mp;α− δ; θ

)
, 0 < δ < α.

Consider the numerical series

1 +

∞∑
p=1

mp−14m(p−1)

δm(p−1)
Mp = 1 +M

∞∑
p=1

(m · 4m

δm
M

)p−1

.

By virtue of (4.4), this series is convergent, and its sum is less than 1 + 2M . Since 2M < 1 (this also
follows from (4.4)), thus we obtain what was required.

5 The basic result
Theorem. Let system (3.1) satisfy the following conditions:

1)
|λj(τ, ε)− λs(τ, ε)| ≥

α

L
> 0, j, s = 1, . . . , n, j ̸= s;

2)
r =

H1M

q2
< 1,

where
H1 = 35m+52n2m444m+1(L2 + L+ 1), q =

( α

α+ 2

)5m+5

.

Then there exists the transformation of kind (3.2) in which

W (τ, ε, φ) ∈ F2

(
M∗

2 ;
α

2
;φ

)
, w(τ, ε, φ) ∈ F1

(
M∗

1 ;
α

2
;φ

)
,

where
M∗

1 = Q(r, 1) exp
(H1

q
Q(r, q)

)
, M∗

2 = Q
(
r,
1

4

)
,

Q(r, q) is the sum of the numerical series
∞∑
j=0

r2
j

qj
,

convergent if r, q ∈ (0, 1), which leads system (3.1) to kind (3.3), in which

sup
G

|dj(τ, ε)| ≤ Q(r, 1), sup
ε∈(0,1]

∥∆(τ, ε)∥0 ≤ Q(r, 1).

Proof. We denote
βk =

( α

α+ 2

)k

, δk =
βk

3
, k = 1, 2, . . . .

Obviously,

δ5m+5
k =

1

35m+5
qk,

∞∑
k=1

βk =
α

2
,

and
∀ s ∈ N : 0 < β1 + · · ·+ βs <

α

2
,

α

2
< α− β1 − · · · − βs < α.
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Following the method described in [1], we represent the process of reducing system (3.1) to form
(3.3) as a sequence of steps. At the first step we make in system (3.1) the following substitution:

x =
(
En + U (1)(τ, ε, φ(1))

)
y(1), θ = φ(1) + v(1)(τ, ε, φ(1)), (5.1)

where y(1) ∈ Rn, φ(1) ∈ Rm, vector v(1)(τ, ε, φ(1)) is defined from the vector partial differential
equation

∂v(1)

∂φ(1)

(
ω(τ, ε) + ∆(1)(τ, ε)

)
+ ε

∂v(1)

∂τ
= ˜b(τ, ε, φ(1)), (5.2)

where
∆(1)(τ, ε) = b(τ, ε, φ(1)).

It is obvious that ∆(1)(τ, ε) ∈ Rm and belongs to the class S1.
The matrix U (1)(τ, ε, φ(1)) is defined from the matrix partial differential equation

(∂U (1)

∂φ(1)
, ω(τ, ε) + ∆(1)(τ, ε)

)
+ ε

∂U (1)

∂τ

=
(
Λ(τ, ε) +D(1)(τ, ε)

)
U (1) − U (1)

(
Λ(τ, ε) +D(1)(τ, ε)

)
+ C(0)(τ, ε, φ(1)), (5.3)

where

D(1)(τ, ε) = diag
(
a11(τ, ε, φ(1)), . . . , ann(τ, ε, φ(1))

)
,

C(0)(τ, ε, φ(1)) = A(τ, ε, φ(1))−D(1)(τ, ε).

As a result of substitution (5.1), system (3.1) is reduced to the form

dy(1)

dt
=

(
Λ(τ, ε) +D(1)(τ, ε) +A(1)(τ, ε, φ(1))

)
y(1),

dφ(1)

dt
= ω(τ, ε) + ∆(1)(τ, ε) + b(1)(τ, ε, φ(1)),

(5.4)

where the vector b(1)(τ, ε, φ(1)) is defined from the equation(
Em +

∂v(1)

∂φ(1)

)
b(1) = b

(
τ, ε, φ(1) + v(1)(τ, ε, φ(1))

)
− b(τ, ε, φ(1)), (5.5)

and the matrix A(1)(τ, ε, φ(1)) is defined from the equation

(
En + U (1)(τ, ε, φ(1))

)
A(1) = −

(∂U (1)

∂φ(1)
, b(1)(τ, ε, φ(1))

)
+ C(0)(τ, ε, φ(1))U (1)(τ, ε, φ(1))

+
[
A
(
τ, ε, φ(1) + v(1)(τ, ε, φ(1))

)
−A(τ, ε, φ(1))

](
En + U (1)(τ, ε, φ(1))

)
. (5.6)

Taking into account (5.2), we set

v(1)(τ, ε, φ(1)) =
∑

k∈Zm

(∥k∥>0)

v
(1)
k (τ, ε) exp(i(k, φ(1))), (5.7)

where

v
(1)
k (τ, ε) =

1

ε
exp

(
− i

ε

τ∫
0

(
k, ω(ξ, ε) + ∆(1)(ξ, ε)

)
dξ

)

×
τ∫

0

bk(z, ε) exp
(
i

ε

z∫
0

(
k, ω(ξ, ε) + ∆(1)(ξ, ε)

)
dξ

)
dz, bk(z, ε) = Γk[b(z, ε, φ

(1))]. (5.8)
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Thus v
(1)
k (τ, ε) ∈ S1, and

∥v(1)k (τ, ε)∥0 ≤ LM

ε
exp

(
− α

ε
∥k∥

)
, ∥k∥ > 0.

We define the constant M0 by the condition

1

ε
e−

α
ε ∥k∥ ≤ M0e

−α−δ1
ε ∥k∥, ∥k∥ > 0

∀ ε ∈ (0, 1], where δ1 ∈ (0, α) and does not depend on ε. Obviously, if x ≥ 1, then

1

ε
e−

δ1
ε x ≤ 1

ε
e−

δ1
ε .

Since
lim

ε→+0

1

ε
e−

δ1
ε = 0,

and ∀ ε ∈ (0, 1]
1

ε
e−

δ1
ε ≤ 1

δ1e
<

1

δ1

is valid, we can state that M0 = 1/δ1. Thus, if ε ∈ (0, 1] and ∥k∥ ≥ 1, we obtain

∥v(1)k (τ, ε)∥0 ≤ LM

δ1
e−

α−δ1
ε ∥k∥.

It follows that
v(1)(τ, ε, φ(1)) ∈ F1

( L

δ1
M ;α− δ1;φ

(1)
)
.

By virtue of Lemma 4.7,
∂v(1)

∂φ(1)
∈ F2

( L

δ21
M ;α− 2δ1;φ

(1)
)
,

if δ1 ∈ (0, α/2). In view of Lemma 4.9, we can conclude that if δ ∈ (0, α/3) and

m4mL

δm+2
1

M <
1

2
, (5.9)

then the matrix (Em + ∂v(1)/∂φ(1))−1 exists and belongs to the class F2(2;α− 3δ1;φ
(1)).

From inequality (5.9), it follows that Lm/δ1 < 1, therefore, by virtue of Corollary from Lemma 4.8,
we can conclude that

b
(
τ, ε, φ(1) + v(1)(τ, ε, φ(1))

)
∈ F1

(2m242mL

δ2m+3
1

M2;α− 2δ1;φ
(1)

)
.

Now, by virtue of Lemma 4.6 and equation (5.5),

b1(τ, ε, φ
(1)) ∈ F1

(m343m+1L

δ3m+3
1

M2;α− β1;φ
(1)

)
.

We now construct the matrix U (1)(τ, ε, φ(1)) = (u
(1)
js (τ, ε, φ

(1)))j,s=1,...,n. We write equation (5.3)
componentwise,

n∑
l=1

∂u
(1)
js

∂φ
(1)
l

(ω(τ, ε) + ∆
(1)
l (τ, ε)) + ε

∂u
(1)
js

∂τ

=
(
λj(τ, ε)− λs(τ, ε) + d

(1)
j (τ, ε)− d(1)s (τ, ε)

)
u
(1)
js + c

(0)
js (τ, ε, φ

(1)), j, s = 1, . . . , n. (5.10)
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Consider first the case j = s. We set

u
(1)
jj (τ, ε, φ

(1)) =
∑

k∈Zm

(∥k∥>0)

u
(1)
jj,k(τ, ε) exp(i(k, φ(1))), (5.11)

where

u
(1)
jj,k(τ, ε) =

1

ε
exp

(
− i

ε

τ∫
0

(
k, ω(ξ, ε) + ∆(1)(ξ, ε)

)
dξ

)

×
τ∫

0

c
(0)
jj,k(z, ε) exp

(
i

ε

z∫
0

(
k, ω(ξ, ε) + ∆(1)(ξ, ε)

)
dξ

)
dz,

c
(0)
jj,k(z, ε) =

1

(2π)m

2π∫
0

· · ·
2π∫
0

c
(0)
jj (z, ε, φ)e

−i(k,φ) dφ1 · · · dφm, j = 1, . . . , n, k ∈ Zm.

(5.12)

Hence

u
(1)
jj (τ, ε, φ

(1)) ∈ F
( L

δ1
M ;α− δ1;φ

(1)
)
, j = 1, . . . , n,

where δ1 ∈ (0, α) and does not depend on ε.
Let now j ̸= s. We choose M insomuch small that

2M <
α− δ1

L
. (5.13)

Then, by virtue of condition 1) of the theorem, we have

∣∣λj(τ, ε)− λs(τ, ε) + d
(1)
j (τ, ε)− d(1)s (τ, ε)

∣∣ ≥ α

L
− α− δ1

L
=

δ1
L

> 0. (5.14)

Here in turn, we consider two cases.
Case 1. Let λj(τ, ε)− λs(τ, ε) ≤ −α/L < 0. Then

λj(τ, ε)− λs(τ, ε) + d
(1)
j (τ, ε)− d(1)s (τ, ε) ≤ −δ1

L
< 0.

We define the elements u
(1)
js of matrix U (1) by the formulas

u
(1)
js (τ, ε, φ

(1)) =
∑

k∈Zm

u
(1)
js,k(τ, ε) exp(i(k, φ(1))),

where

u
(1)
js,k(τ, ε) =

1

ε
exp

(
1

ε

τ∫
0

(λj(ξ, ε)− λs(ξ, ε) + d
(1)
j (ξ, ε)− d(1)s (ξ, ε)− i

(
k, ω(ξ, ε) + ∆(1)(ξ, ε)

)
dξ

)

×
τ∫

0

c
(0)
js,k(z, ε) exp

(
− 1

ε

z∫
0

(
λj(ξ, ε)− λs(ξ, ε)

+ d
(1)
j (ξ, ε)− d(1)s (ξ, ε)− i

(
k, ω(ξ, ε) + ∆(1)(ξ, ε)

))
dξ

)
dz, j, s = 1, . . . , n, k ∈ Zm. (5.15)
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We estimate

|u(1)
js,k(τ, ε)| ≤

1

ε

τ∫
0

|c(0)js,k(z, ε)| exp
(
1

ε

τ∫
z

(λj(ξ, ε)− λs(ξ, ε) + d
(1)
j (ξ, ε)− d(1)s (ξ, ε)) dξ

)
dz

≤ 1

ε
M exp

(
− α

ε
∥k∥

) τ∫
0

exp
(
− δ1

Lε
(τ − z)

)
dz

=
1

ε
M exp

(
− α

ε
∥k∥

) 1
δ1
Lε

(
1− exp

(
− δ1

Lε
τ
))

≤ LM

δ1
exp

(
− α− δ1

ε
∥k∥

)
.

Hence
u
(1)
js (τ, ε, φ

(1)) ∈ F
(LM

δ1
;α− δ1;φ

(1)
)
.

Case 2. Let λj(τ, ε)−λs(τ, ε) ≥ α/L > 0. Then λj(τ, ε)−λs(τ, ε)+d
(1)
j (τ, ε)−d

(1)
s (τ, ε) ≥ δ1/L > 0.

We define the elements u
(1)
js of matrix U (1) by the formulas

u
(1)
js (τ, ε, φ

(1)) =
∑

k∈Zm

u
(1)
js,k(τ, ε) exp(i(k, φ(1))),

where

u
(1)
js,k(τ, ε)

= −1

ε
exp

(
1

ε

τ∫
0

(
λj(ξ, ε)− λs(ξ, ε) + d

(1)
j (ξ, ε)− d(1)s (ξ, ε)− i

(
k, ω(ξ, ε) + ∆(1)(ξ, ε)

))
dξ

)

×
L∫

τ

c
(0)
js,k(z, ε) exp

(
− 1

ε

z∫
0

(
λj(ξ, ε)− λs(ξ, ε)

+ d
(1)
j (ξ, ε)− d(1)s (ξ, ε)− i

(
k, ω(ξ, ε) + ∆(1)(ξ, ε)

))
dξ

)
dz, j, s = 1, . . . , n, k ∈ Zm. (5.16)

As in the first case, we show that

u
(1)
js (τ, ε, φ

(1)) ∈ F
(LM

δ1
;α− δ1;φ

(1)
)
.

Thus
U (1)(τ, ε, φ(1)) ∈ F2

(LM
δ1

;α− δ1;φ
(1)

)
.

By virtue of Corollary from Lemma 4.8, we can conclude that under condition (5.9),

A(τ, ε, φ(1) + v(1)(τ, ε, φ(1)))−A(τ, ε, φ(1)) ∈ F2

(2m242mL

δ2m+3
1

M2;α− 2δ1;φ
(1)

)
.

From (5.9) we have LM/δ1 < 1, hence

En + U (1)(τ, ε, φ(1)) ∈ F2(2;α− δ1;φ
(1)),

and, by virtue of Lemma 4.6,(
A(τ, ε, φ(1) + v(1)(τ, ε, φ(1)))−A(τ, ε, φ(1))

)
(En + U (1)(τ, ε, φ(1)))

∈ F2

(nm243m+1

δ3m+3
1

M2;α− 2δ1;φ
(1)

)
, (5.17)

C(τ, ε, φ(1))U (1)(τ, ε, φ(1)) ∈ F2

(n4mL

δm+1
1

M2;α− δ1;φ
(1)

)
. (5.18)
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Due to Lemma 4.7,

∂U (1)

∂φ(1)
∈ F2

( L

δ21
M ;α− 2δ1;φ

(1)
)
,

m∑
k=1

∂U (1)

∂φ
(1)
k

b
(1)
k ∈ F2

(m444m+1L2

δ4m+5
1

M3;α− 2δ1;φ
(1)

)
.

By virtue of Lemma 4.9 and condition (5.9), we can conclude that(
En + U (1)(τ, ε, φ(1))

)−1 ∈ F2(2;α− 2δ1;φ
(1)).

Hence, (5.6), (5.17) and (5.18) yield

A(1)(τ, ε, φ(1)) ∈ F2

(2n2m445m+1

δ5m+5
1

(L2 + L+ 1)M2;α− β1;φ
(1)

)
.

Thus, under conditions (5.9) and (5.13), we have

v(1)(τ, ε, φ(1)) ∈ F1

( L

δ1
;α− δ1;φ

(1)
)
,

U (1)(τ, ε, φ(1)) ∈ F2

( L

δ1
;α− δ1;φ

(1)
)
,

b(1)(τ, ε, φ(1)) ∈ F1

(2n2m445m+1

δ5m+5
1

(L2 + L+ 1)M2;α− β1;φ
(1)

)
,

A(1)(τ, ε, φ(1)) ∈ F2

(2n2m445m+1

δ5m+5
1

(L2 + L+ 1)M2;α− β1;φ
(1)

)
.

This completes the first step of the process.
At the step with number l − 1 of the process, we obtain the system

dy(l−1)

dt
=

(
Λ(τ, ε) +D(1)(τ, ε) + · · ·+D(l−1)(τ, ε) +A(l−1)(τ, ε, φ(l−1))

)
y(l−1),

dφ(l−1)

dt
= ω(τ, ε) + ∆(1)(τ, ε) + · · ·+∆(l−1)(τ, ε) + b(l−1)(τ, ε, φ(l−1)),

(5.19)

where D(1), . . . , D(l−1) are the diagonal (n × n)-matrices with elements from the class S, the vec-
tors ∆(1), . . . ,∆(l−1) belong to the class S1, b(l−1) ∈ F1(Kl−1;α − β1 − · · · − βl−1;φ

(l−1)), A(l−1) ∈
F2(Kl−1;α− β1 − · · · − βl−1;φ

(l−1)),

Kl =
H2l−1

δ5m+5
l (δ5m+5

l−1 )2 · · · (δ5m+5
1 )2l−1

M2l , H = 2n2m445m+1(L2 + L+ 1).

At the step with number l, we make in system (5.19) the following substitution:

y(l−1) =
(
En + U (l)(τ, ε, φ(l))

)
y(l), φ(l−1) = φ(l) + v(l)(τ, ε, φ(l)), (5.20)

where y(l) ∈ Rn, φ(l) ∈ Rm. The vector v(1)(τ, ε, φ(1)) is defined from the vector partial differential
equation

∂v(l)

∂φ(l)

(
ω(τ, ε) + ∆(1)(τ, ε) + · · ·+∆(l)(τ, ε)

)
+ ε

∂v(l)

∂τ
= ˜b(l−1)(τ, ε, φ(1)), (5.21)

where
∆(l)(τ, ε) = b(l−1)(τ, ε, φ(l)).

Obviously, ∆(l)(τ, ε) ∈ Rm and belongs to the class S1.



86 Sergey Shchogolev

The matrix U (l)(τ, ε, φ(l)) is defined from the matrix partial differential equation

(∂U (l)

∂φ(l)
, ω(τ, ε) + ∆(1)(τ, ε) + · · ·+∆(l)(τ, ε)

)
+ ε

∂U (l)

∂τ

=
(
Λ(τ, ε) +D(1)(τ, ε) + · · ·+D(l)(τ, ε)

)
U (l)

− U (l)
(
Λ(τ, ε) +D(1)(τ, ε) + · · ·+D(l)(τ, ε)

)
+ C(l−1)(τ, ε, φ(l)), (5.22)

where

D(l)(τ, ε) = diag
(
a
(l−1)
11 (τ, ε, φ(l)), . . . , a

(l−1)
nn (τ, ε, φ(l))

)
,

C(l−1)(τ, ε, φ(1)) = A(l−1)(τ, ε, φ(1))−D(l)(τ, ε).

Taking into account (5.21), we set

v(l)(τ, ε, φ(1)) =
∑

k∈Zm

(∥k∥>0)

v
(l)
k (τ, ε) exp(i(k, φ(l))), (5.23)

where

v
(l)
k (τ, ε) =

1

ε
exp

(
− i

ε

τ∫
0

(
k, ω(ξ, ε) + ∆(1)(ξ, ε) + · · ·+∆(l)(ξ, ε)

)
dξ

)

×
τ∫

0

b
(l−1)
k (z, ε) exp

(
i

ε

z∫
0

(
k, ω(ξ, ε) + ∆(1)(ξ, ε) + · · ·+∆(l)(ξ, ε)

)
dξ

)
dz,

b
(l−1)
k (z, ε) = Γk[b

(l−1)(z, ε, φ(l))].

(5.24)

Taking into account (5.22), we set

U (l)(τ, ε, φ(1)) = (u
(l)
js (τ, ε, φ

(l)))j,s=1,...,n,

u
(l)
jj (τ, ε, φ

(l)) =
∑

k∈Zm
(∥k∥>0)

u
(l)
jj,k(τ, ε) exp(i(k, φ(1))),

where

u
(l)
jj,k(τ, ε) =

1

ε
exp

(
− i

ε

τ∫
0

(
k, ω(ξ, ε) + ∆(1)(ξ, ε) + · · ·+∆(l)(ξ, ε)

)
dξ

)

×
τ∫

0

c
(l−1)
jj,k (z, ε) exp

(
i

ε

z∫
0

(
k, ω(ξ, ε) + ∆(1)(ξ, ε) + · · ·+∆(l)(ξ, ε)

)
dξ

)
dz,

c
(l−1)
jj,k (z, ε) =

1

(2π)m

2π∫
0

· · ·
2π∫
0

c
(l−1)
jj (z, ε, φ)e−i(k,φ)dφ1 · · · dφm, j = 1, . . . , n, k ∈ Zm.

If j ̸= s, then we set

u
(l)
js (τ, ε, φ

(l)) =
∑

k∈Zm

u
(l)
js,k(τ, ε) exp(i(k, φ(l))),
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where in case λj(τ, ε)− λs(τ, ε) ≤ −α/L < 0,

u
(l)
js,k(τ, ε) =

1

ε
exp

(
1

ε

τ∫
0

(
λj(ξ, ε)− λs(ξ, ε) + d

(1)
j (ξ, ε)− d(1)s (ξ, ε) + · · ·+ d

(l)
j (ξ, ε)− d(l)s (ξ, ε)

− i
(
k, ω(ξ, ε) + ∆(1)(ξ, ε) + · · ·+∆(l)(ξ, ε)

))
dξ

)

×
τ∫

0

c
(l−1)
js,k (z, ε) exp

(
− 1

ε

z∫
0

(
λj(ξ, ε)− λs(ξ, ε) + d

(1)
j (ξ, ε)− d(1)s (ξ, ε) + · · ·+ d

(l)
j (ξ, ε)− d(l)s (ξ, ε)

− i
(
k, ω(ξ, ε) + ∆(1)(ξ, ε) + · · ·+∆(l)(ξ, ε))

)
dξ

)
dz, j, s = 1, . . . , n, k ∈ Zm,

and in case λj(τ, ε)− λs(τ, ε) ≥ α/L > 0,

u
(l)
js,k(τ, ε) = −1

ε
exp

(
1

ε

τ∫
0

(
λj(ξ, ε)− λs(ξ, ε) + d

(1)
j (ξ, ε)− d(1)s (ξ, ε) + · · ·+ d

(l)
j (ξ, ε)− d(l)s (ξ, ε)

− i
(
k, ω(ξ, ε) + ∆(1)(ξ, ε) + · · ·+∆(l)(ξ, ε)

))
dξ

)

×
L∫

τ

c
(l−1)
js,k (z, ε) exp

(
− 1

ε

z∫
0

(
λj(ξ, ε)− λs(ξ, ε) + d

(1)
j (ξ, ε)− d(1)s (ξ, ε) + · · ·+ d

(l)
j (ξ, ε)− d(l)s (ξ, ε)

− i
(
k, ω(ξ, ε) + ∆(1)(ξ, ε) + · · ·+∆(l)(ξ, ε)

))
dξ

)
dz, j, s = 1, . . . , n, k ∈ Zm.

Here we suppose M insomuch small that

2Kl−1 <
δl−1 − δl

L
, (5.25)

n4mL

δm+2
l

Kl−1 <
1

2
. (5.26)

Then ∣∣λj(τ, ε)− λs(τ, ε) + d
(1)
j (τ, ε)− d(1)s (τ, ε) + · · ·+ d

(l)
j (τ, ε)− d(l)s (τ, ε)

∣∣ ≥ δl
L

.

We have

δ5m+5
l (δ5m+5

l−1 )2 · · · (δ5m+5
1 )2

l−1 =
1

35m+5
ql

1

(35m+5)2
(ql−1)2 · · · 1

(35m+5)2l−2
(q2)2

l−2

=
1

(35m+5)1+2+···+2l−1 ql+2(l−1)+···+2·2l−2+2l−1

=
1

(35m+5)2l−1
q2

l+1−l−2,

where q is defined in the statement of the theorem. Therefore

Kl =
H2l−1

1

q2l+1−l−2
M2l ,

where H1 = 2n2m435m+545m+1(L2 + L+ 1). Hence Kl < r2
l , where r = H1

q2 M .

The condition r < 1 guarantees the convergence of the series
∞∑
l=1

Kl. It is easy to verify that this

condition ensures that inequalities (5.25), (5.26) hold.
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As a result of substitution (5.20), system (5.19) is reduced to the form

dy(l)

dt
=

(
Λ(τ, ε) +D(1)(τ, ε) + · · ·+D(l)(τ, ε) +A(l)(τ, ε, φ(l−1))

)
y(l),

dφ(l)

dt
= ω(τ, ε) + ∆(1)(τ, ε) + · · ·+∆(l)(τ, ε) + b(l)(τ, ε, φ(l)).

(5.27)

Carrying out the arguments analogous to those of the first step, we show that

v(l)(τ, ε, φ(l)) ∈ F1

(Kl−1

δl
;α− β1 − · · · − βl−1 − δl;φ

(l)
)
,

U (l)(τ, ε, φ(l)) ∈ F2

(Kl−1

δl
;α− β1 − · · · − βl−1 − δl;φ

(l)
)
,

b(l)(τ, ε, φ(l)) ∈ F1

(
Kl;α− β1 − · · · − βl;φ

(l)
)
,

A(l)(τ, ε, φ(l)) ∈ F2

(
Kl;α− β1 − · · · − βl;φ

(l)
)
.

Hence, the iterative process

x =
(
En + U (1)(τ, ε, φ(1))

)
y(1), θ = φ(1) + v(1)(τ, ε, φ(1)),

y(l−1) =
(
En + U (l)(τ, ε, φ(l))

)
y(l), φ(l−1) = φ(l) + v(l)(τ, ε, φ(l)), l = 2, 3, . . . ,

(5.28)

in case it is convergent, leads system (3.1) to kind (3.3) in which

D(τ, ε) =

∞∑
l=1

D(l)(τ, ε), ∆(τ, ε) =

∞∑
l=1

∆(l)(τ, ε),

where

∆(l)(τ, ε) ∈ S1, ∥∆(l)(τ, ε)∥0 ≤ Kl−1, D(l)(τ, ε) = diag
(
d
(l)
1 (τ, ε), . . . , d(l)n (τ, ε)

)
,

d
(l)
j (τ, ε) ∈ S, sup

G
|d(l)j (τ, ε)| ≤ Kl−1 (j = 1, . . . , n).

We prove the convergence of process (5.28). Towards this end, we represent process (5.28) in the
form

x =
(
En +W (l)(τ, ε, φ(l))

)
y(l), θ = φ(l) + w(l)(τ, ε, φ(l)), l = 1, 2, . . . , (5.29)

where

W (1)(τ, ε, φ(1)) = U (1)(τ, ε, φ(1)), w(1)(τ, ε, φ(1)) = v(1)(τ, ε, φ(1)),

W (l)(τ, ε, φ(l)) =
(
En +W (l−1)(τ, ε, φ(l) + v(l)(τ, ε, φ(l)))

)
U (l)(τ, ε, φ(l))

+W (l−1)(τ, ε, φ(l) + v(l)(τ, ε, φ(l))), (5.30)
w(l)(τ, ε, φ(l)) = v(l)(τ, ε, φ(l)) + w(l−1)(τ, ε, φ(l) + v(l)(τ, ε, φ(l))), l = 2, 3, . . . . (5.31)

Then
w(1)(τ, ε, φ(1)) ∈ F1(r;α− β1, φ

(1)), W (1)(τ, ε, φ(1)) ∈ F2(r;α− β1, φ
(1)).

By virtue of Corollary from Lemma 4.8, we successively obtain

w(2)(τ, ε, φ2)) ∈ F1

(
r2 + r

(
1 +

H1

q2
r2
)
;α− β1 − β2;φ

(2)
)
,

w(l)(τ, ε, φl)) ∈ F1

(
w∗

l ; α− β1 − · · · − βl;φ
(l)
)
, l = 3, 4, . . . ,

where

w∗
l = r2

l−1

+ r2
l−2

(
1 +

H1

ql
r2

l−1
)
+ r2

l−3
(
1 +

H1

ql−1
r2

l−2
)(

1 +
H1

ql
r2

l−1
)
+ · · ·

+ r
(
1 +

H1

q2
r2
)(

1 +
H1

q3
r4
)
· · ·

(
1 +

H1

ql
r2

l−1
)
.
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Consider

w(l+1)(τ, ε, φ)− w(l)(τ, ε, φ) = v(l+1)(τ, ε, φ) + w(l)(τ, ε, φ+ v(l+1)(τ, ε, φ))− w(l)(τ, ε, φ).

By virtue of Corollary from Lemma 4.8, we have

w(l)(τ, ε, φ+ v(l+1)(τ, ε, φ))− w(l)(τ, ε, φ) ∈ F1

( H1

ql+1
r2

l

w∗
l ;α− β1 − · · · − βl − 2δl+1;φ

)
.

Hence,
w(l+1)(τ, ε, φ)− w(l)(τ, ε, φ) ∈ F1

(
r2

l
(
1 +

H1

ql+1
w∗

l

)
;α− β1 − · · · − βl+1;φ

)
. (5.32)

We estimate

w∗
l ≤

( l−1∑
j=0

r2
j
) l−1∏

j=1

(
1 +

H1

qj+1
r2

j
)

=
( l−1∑

j=0

r2
j
)

exp
[

ln
l−1∏
j=1

(
1 +

H1

qj+1
r2

j
)]

=
( l−1∑

j=0

r2
j
)

exp
[ l−1∑

j=1

ln
(
1 +

H1

qj+1
r2

j
)]

<
( l−1∑

j=0

r2
j
)

exp
( l−1∑

j=1

H1

qj+1
r2

j
)
<

( l−1∑
j=0

r2
j
)

exp
(H1

q

l−1∑
j=0

r2
j

qj

)
. (5.33)

The numerical series
∞∑
j=0

r2
j

qj

under the condition r, q ∈ (0, 1) is convergent, we denote its sum by Q(r, q). Then, by virtue of (5.33),
we obtain

w∗
l < Q(r, 1) exp

(H1

q
Q(r, q)

)
. (5.34)

Hence,
r2

l
(
1 +

H1

ql+1
w∗

l

)
< r2

l
(
1 +

H1

ql+1
Q(r, 1) exp

(H1

q
Q(r, q)

))
,

from the latter inequality and (5.32) it follows that

w(l+1)(τ, ε, φ)− w(l)(τ, ε, φ) ∈ F1(c
(1)
l ;α− β1 − · · · − βl+1;φ), (5.35)

where c
(1)
l is the element of a convergent positive sign numerical series.

Next, we consider the process defined by (5.30). Suppose that

W (l)(τ, ε, φ(l)) ∈ F2(W
∗
l ;α− β1 − · · · − βl;φ

(l)).

Then(
En +W (l−1)(τ, ε, φ(l) + v(l)(τ, ε, φ(l)))

)
U (l)(τ, ε, φ(l))

∈ F2

(
r2

l−1

(1 +W ∗
l−1(1 + r2

l−1

));α− β1 − · · · − βl;φ
(l)
)
.

Hence,

W (l)(τ, ε, φ(l))

∈ F2

(
r2

l−1

(1 +W ∗
l−1(1 + r2

l−1

)) +W ∗
l−1(1 + r2

l−1

);α− β1 − · · · − βl;φ
(l)
)
, l = 2, 3, . . . . (5.36)
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This implies

W ∗
l ≤ r2

l−1

(1 +W ∗
l−1(1 + r2

l−1

)) +W ∗
l−1(1 + r2

l−1

)

< r2
l−1

(1 + 2W ∗
l−1) + r2

l−1

W ∗
l−1 +W ∗

l−1 = r2
l−1

(1 + 3W ∗
l−1) +W ∗

l−1,

whence, taking into account that r < 1, we succesively obtain

W ∗
1 = r,

W ∗
2 < r2(1 + 3r) + r < r + r2 + 3r3 < r + 4r2,

W ∗
3 < r4(1 + 3(r + 4r2)) + r + 4r2 < r + 4r2 + 16r4.

Further, by the method of mathematical induction, we obtain

W ∗
l < r + 4r2 + · · ·+ 4l−1r2

l−1

,

from which we get

W ∗
l < Q

(
r,
1

4

)
. (5.37)

Consider

W (l+1)(τ, ε, φ)−W (l)(τ, ε, φ) =
(
En +W (l)(τ, ε, φ+ v(l+1)(τ, ε, φ))

)
U (l+1)(τ, ε, φ)

+W (l)(τ, ε, φ+ v(l+1)(τ, ε, φ))−W (l)(τ, ε, φ). (5.38)

By virtue of Corollary from Lemma 4.8, we have

W (l)(τ, ε, φ+ v(l+1)(τ, ε, φ))−W (l)(τ, ε, φ)

∈ F2

(
2m242m

δ2m+2
l+1

Q
(
r,
1

4

) Kl

δl+1
;α− β1 − · · · − βl − 2δl+1;φ

)
,

hence,

W (l)(τ, ε, φ+ v(l+1)(τ, ε, φ))−W (l)(τ, ε, φ) ∈ F2

(
Q
(
r,
1

4

)
f2l ;α− β1 − · · · − βl − 2δl+1;φ

)
.

Next, taking into account (5.37),

(En +W (l)(τ, ε, φ+ v(l+1)(τ, ε, φ)))U (l+1)(τ, ε, φ)

∈ F2

(
r2

l
(
1 + 2Q

(
r,
1

4

))
;α− β1 − · · · − βl+1;φ

)
.

Hence, by virtue of (5.38),

W (l+1)(τ, ε, φ)−W (l)(τ, ε, φ) ∈ F2(c
(2)
l ;α− β1 − · · · − βl+1;φ), (5.39)

where c
(2)
l = r2

l

(1 + 3Q(r, 1/4)) is the element of the convergent positive sign numerical series.
From formulas (5.35), (5.39) follows the convergence of process (5.29). From formulas (5.34) and

(5.37) it follows that w(τ, ε, φ) ∈ F1(M
∗
1 ;α/2;φ), W (τ, ε, φ) ∈ F2(M

∗
2 ;α/2;φ), where

M∗
1 = Q(r, 1) exp

(H1

q
Q(r, q)

)
, M∗

2 = Q
(
r,
1

4

)
.
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