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1 Introduction

Consider the differential equation
/1

y" = aop(t)p(y), (1.1)

where ag € {—1,1}, p : [a,w][—]0,+00[ is a continuous function, —0o < a < w < 400, ¢ : Ay, —
10, +00[ is a twice continuously differentiable function such that

. or 0 )¢ (y)
! 0 as y€ Ay, lim = ’ lim =1, 1.2
¥ (y) 7é Yy Yo Y Yo Sp(y) or +oo, Yo @/Q(y) ( )
yGAyO yGAYO

Yy is equal either to zero or to o0, Ay, is some one-sided neighborhood of the point Yj.
From the identity
")y

©
" (y)e(y) o))
= +1 as y € Ay,
2 @' (y)\2 0
©2(y) (£
and conditions (1.2) it follows that
¢'(y) ¢y oy (y)
~ — Y cA d 1 = to00. 1.3
o) " Py YT (W€ dy) a Y oY) > (13)

YyEAY,

Hence, in the equation under consideration, the function ¢ and its first-order derivative are (see [10,
Chapter 3, Section 3.4, Lemmas 3.2, 3.3, pp. 91-92]) rapidly varying as y — Yb.

The asymptotic properties of solutions of binomial second-order differential equations with non-
linearities satisfying condition (1.2) were studied in the works of M. Mari¢ [10], V. M. Evtukhov and
his students: N. G. Drik, V. M. Kharkov, A. G. Chernikova [4-6]. Moreover, in the monograph by
M. Marié¢ [10, Chapter 3, Section 3.4, pp. 90-99] in the particular case, where oy = 1, w = +00,
Yy = 0 and p is a properly varying function as t — 400, the asymptotic representations of solutions
that tend to zero as ¢ — +o0o were obtained.

In the paper by V. M. Evtukhov and N. G. Drik [5], a special case, where p(y) = €, o # 0, was
considered.

In [6], V. M. Evtukhov and V. M. Kharkov investigated a class of solutions, which is determined
by using the function ¢(y).

In the paper by V. M. Evtukhov and A. G. Chernikova [4], for the second-order differential equation
(1.1) in case ¢ is a rapidly varying function as ¢ — +o0o, the asymptotic properties of the so-called
P, (Yo, Ag)-solutions were completely investigated. It seems natural to try to extend these results to
the third-order differential equations.

It should be noted that the results obtained by V. M. Evtukhov and V. N. Shinkarenko [9] on the
asymptotic behavior of such solutions of differential equations of higher than the second order in the
case, where (y) = e?Y, o # 0, are known.

Definition 1.1. A solution y of the differential equation (1.1) is called a P,,(Yo, Ag)-solution, where
—00 < Ag < 400, if it is defined on the interval [tg,w[C [a,w] and satisfies the conditions

y(t) € Ay, as t € [to,w], 1tley(t) =Y,

112 t
imy® @ =" O ko1 LDy
ttw or oo, ttw Y (t)y' ()

The aim of the present paper is to obtain the necessary and sufficient existence conditions of
P,,(Yy, Ao)-solutions of equation (1.1) in a non-particular case, where Ao € R\ {0,1,1}, as well as
asymptotic, as t T w, representations of such solutions and their derivatives of order up to two.
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2 Functions from the I', I'y,(Z;) classes and their asymptotic
properties

Without loss of generality, we will further assume that

(2.1)

A {[yo, Yo[, if Ay, is a left neighborhood of the point Y,
Yo =

1Yo,90], if Ay, is a right neighborhood of the point Yy,

where gy € R such that |yg] < 1as Yo =0and yo > 1 (yo < —1) as Yy = +o0 (as Yy = —0).
The function f : Ay, — R\ {0} satisfying condition (1.2), as Yy = o0, and liril f(y) = 400,
y——+o00

belongs to the class T" introduced by L. Khan (see [1, Chapter 3, p. 3.10, p. 175]).

Definition 2.1. The class I' consists of measurable nondecreasing and right continuous functions
f  [yo, +oo[—]0, 400, for each of which there is a measurable function g : [yo, +oo[—]0, +o0l,
which complements the function f, such that

i LWt ug(y))

=e" for any v e R.
yotoo  f(y)

In [9], the asymptotic properties of functions from this class were investigated in sufficient detail.

Using the change of variables, the class I in the paper by of V. M. Evtukhov and A. G. Chernikova
[4] was extended to the class I'y, (Zp) of functions f : Ay, —]0, +oo[, where Yy is equal either to zero
or to oo, and Ay, is a one-sided neighborhood of the point Yy, for which

y—Yo or —4oo
YEAY,

. or 0,
lim f(y):ZOZ{
Definition 2.2. We say that the function f : Ay, —]0,+o00[ belongs to the class of functions
FYO (Zo), if:

(1) the function fy . as Yy = 400 and Z, = 0;

(y)’
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2) the function fy

the function fo(y) = f

— 1
ey

)
(2)
3)
(4) the function fo(y , as Yp = 0, where Ay, is a right neighborhood of zero, and Z, = 0;

(5) the function fo(y) = f(f%), as Yp = 0, where Ay, is a left neighborhood of zero, and Z, = +oc;

(6) the function fo(y) = ﬁ, as Yp = 0, where Ay, is a left neighborhood of zero, and Z; = 0;

(7) the function fo(y) = f(y), as Yo = 400 and Zy = +oo belongs to the class T'.

Using these two definitions, we conclude that for the function f € I'y,(Zy) the limit relation

lim Jly+ug) =e" forany v eR (2.2)
v=Yo  f(y)
yEAY,

holds, in which the function g, that is complementary for f, in each of the cases 1) - 7) can be expressed
through the function go, that is complementary for fy, in the following way (respectively):

(1) 9(y) = —g0(v);
(2) 9(y) = —go(—v);
(3) 9(y) = —¥290(;);
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4) 9(y) = y°g0(3);

(5) 9(y) = ¥*g0(—3);

Using the properties of the class ' (see the monograph by Bingham [1]) the following statements
were obtained in [4].

Lemma 2.1.

1. If f € Ty, (Zy) with the complementary function g, then 1in}1/ % =0.
Yy—Yo -
YEAY,

2. If f € Ty, (Zo) with the complementary function g, then for any function u : Ay, — R, satisfying
the conditions

lim wu(y) =wo €R, lim f(y+u(y)g(y)) = Zo,

y—Yo y—Yo
yEAy, YyEAY,

the limit relation

i L0 0000)

Y,
yyezyoo f(y)

holds.

If f € I'y,(Zy) with the complementary function g and, moreover, is continuous and strictly
monotone, then there exists a continuous strictly monotone inverse function f=1 : Az, — Ay,, where

or |zo, 2|, .
Az, = { P z0=f(y), Zo= lim f(y).
or |Zo, 2], y—Yo
YEAY,

By virtue of Theorems 3.10.4, 3.1.16 from the monograph [1, Chapter 3, p. 3.10, p. 176 and p. 3.1,
p. 139] and Definition 2.2, this inverse function has the following properties.

Lemma 2.2. If f € T'y,(Zy) with the complementary function g and is a continuous strictly monotone
function on the interval Ay,, then the inverse function f=1: Az, — Ay, is slowly varying as z — Zg
and satisfies the limit relation

i {2~ ()
=7 g(f~(2))

z€Az,

=lInA for any A > 0.

Moreover, for any A > 1 this limit relation holds uniformly with respect to \ € [%, Al.

We present some of the important properties of the class of twice continuously differentiable func-
tions f : Ay, — R\ {0}, where Yj is equal either to zero or to too, and Ay, is some one-sided
neighborhood of the point Yy, each of which satisfies the conditions

fly) #0 as y € Ay,, lim f(y) =

y—Yo
YEAY,

LT I
or +oo, y=Yo [2(y)
YyEAY,

{or 0, L SO W

the proof of which is given in the work of V. M. Evtukhov and A. G. Chernikova [4].
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Lemma 2.3. If a twice continuously differentiable function f : Ay, —]0,4o00[ satisfies conditions
(2.1), then it belongs to the class Ty, (Zy) with the complementary function g : Ay, — R, which is
uniquely determined up to the equivalent, as y — Yy, functions, which can, for example, be one of the
following functions:

y ot y
ivf(lf(u) du) dt N Jﬂx)dm LB ) —
]’yf(x) I f(y) fly) 1y ’
Y
where
vo, or lim f(y) = +oo,
Yy — yeAyo
Yy, or ylgr}l/(J fly) =0.
yeAyo

Remark 2.1. The given Lemmas 2.1 and 2.2 refer to the case, where f : Ay, — 10, +o0[ (i.e., it takes
positive values). In the case of the function f : Ay, — ] — 00, 0[ we will say that it belongs to the class
Iy, (Zo), if (—f) € T'y;(—Zp). Then it is not difficult to verify that Lemmas 2.1 and 2.2 also remain
valid.

3 The main results

Let us introduce the necessary auxiliary notation. We assume that the domain of the function ¢ in
equation (1.1) is determined by formula (2.2). Next, we set

1, if Ay, = [yo, Yo[,

. / .
Mo = SI1gn @ (y), Vo = 81gn Yo, Vi1 = .
{]-a if AYO :]Y07y0]7

and introduce the following functions:

‘]<t):/t7ri(7)p(r)d7, @(y):/y ds
A B

p(s)’
where
t if w=
=40 L eTTe (3.1)
t—w, if w<4oo,
w Yo
if / 2(r)p(r)d t Yo, if / ds = const
1 = s _ = ,
w, 7o (T)p(T) dT = const, 0 2(5)
A= a, B = onO
a it [ mrp(r)dr = 20, wo i [
J ¢(s)
Yo

Taking into account the definition of P, (Yp, Ag)-solutions of the differential equation (1.1), we note
that the numbers vy, v1 determine the signs of any P, (Y, Ag)-solution, its first derivative (respectively)
in some left neighborhood of w. It is clear that the condition

vor1 < 0 if}/ozo, vovy > 0 if Yy = o0,

is necessary for the existence of such solutions.
Now we turn our attention to some properties of the function ®. It retains a sign on the interval
Ay,, tends either to zero or to +oo, as y — Yy, and is increasing on Ay, since on this interval
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D' (y) = ﬁ > 0. Therefore, there is an inverse function @~ : Az — Ay,, where due to the second

of conditions (1.2) and the monotone increase of ®~1,

0 i ]l’ I 9 - ’ KSZ — [ 05 0[7 if AYO [y0)10[7
o 2: ]f — ))- 32
yEA ( ) { ’ 0 {] 0720]’ . A)/O ] O7y ]7 2 (P(y ) ( )
Y Yo = i/ 0

By virtue of the L’Hospital rule in the form of Stolz and the last of conditions (1.2), we get

1

@ —— /2
i P =y Sy 0
—Yy —— —Yo _ —
;JGA;)O ?'(y) gj/eA;)O @2 (y) nyA)% vy
Hence,
1 .
D(y) ~ oW as y — Yy and sign®(y) = —pp as y € Ay,. (3.3)

From the first of these relations it also follows that

1 )]
V) _ e ¢ YWy _ —ee®W o

d(y)  D(y) ely)”  22(y) o)

v (y

~

Therefore, according to Lemma 2.3, ® € T'y,(Zp) with a complementary function, which can be
selected as one of the equivalent functions

Ply) W) eW) oy (3.4)

(y) ¥y ©'(y)

In addition to the above notation, as A\g € R\ {0; 1; %}, we introduce the auxiliary functions

o 2ol - 1273 ()p(1) (2 (a0 25 (N — 1)J(1))
R M@ (g 2 7 (1)) |

- Ao—1)? - Ao—1)2
&1 (g Lot T (1)) (@ (o Lo T (1))
_ Xo—1)2
(B (oI (1)
In addition to the above properties of the twice continuously differentiable functions f : Ay, —
R\ {0} satisfying conditions (2.1), we will need one more auxiliary statement about a priori asymptotic

properties of P, (Y, \g)-solutions of the differential equation (1.1) which follows from Corollary 10.1
of [8].

Lemma 3.1. If \g € R\ {0;1; 1}, then for each P,,(Yy, Xo)-solution of differential equation (1.1) the
asymptotic relations

) 21 ) A
W) gt el =T =T

as t T w hold, where 7, (t) is defined by (3.1).

H(t) =

)

r(0)y"() _ 1+ o(1)
y"(t) X —1

[1+o(1)],

(3.5)

For equation (1.1), the following assertions hold.

Theorem 3.1. Let \g € R\{0;1; 3}. Then for the existence of P,,(Yy, Ao)-solutions of the differential
equation (1.1), it is necessary that the conditions

0401/1)\0 > 0, (36)
vov1 (200 — 1) (Mg — D)y, (8) > 0 as t € (a,w), (3.7)
apporoJ(t) <0 as t € (a,w), (3.8)

o .. B _mu(t)J'(t) . 201
no e = A0 BTGy e 0= 3 (39
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hold. Moreover, each solution of that kind admits the asymptotic representations

1) 0

yt) =o' (ao%ﬂt)) [1 + H((lt))} as t 1w, (3.10)
o (2x — 1) @7 (ag Qo ()

y'(t) = Oo 1) 0 [1+0(1)] as t 1T w, (3.11)
1 _ )‘0(2>‘0 — 1) (I)_l(ao (Ao)zjl)z J(t))

y'(t) = Do — 172 ) [14+0()] as t 1 w. (3.12)

Theorem 3.2. Let Ao € R\ {0;1; 3}, conditions (3.6)~(3.9) hold, there exist a limit

2A0 —1 2
li — H = 1
lim [0 —g()] ()] = 0 (3.13)
and a finite or equal to oo limit
' (y)
' () \2 ' '
56_2:% ( ®(y) ) oY)

Then the differential equation (1.1) has at least one P,,(Yo, Ao)-solution admitting the asymptotic, as
t 1 w, representations

y(t) = &1 (ao%m)) {1 + Z[((lt))}, (3.15)
Lo 220—1 i (Ag—1)? >
YO= 5 (a0 T J®) [+ o()H 3], (3.16)
V(1) = m @ (ag % J0)[1+o(1)HH) (3.17)

Moreover, there exist one-parameter family of such solutions in case poiov1 < 0, and two-parameter
family, when pgAov1 > 0.

Proof of Theorem 3.1. Let y : [to,w[— R be an arbitrary P,, (Yo, Ag)-solution of the differential equa-
tion (1.1). Then, according to Lemma 3.1, the asymptotic relations (3.5) hold. By virtue of these
relations and (1.1), this solution and its derivatives of the first, second and third order retain the
signs on a certain interval [t1,w[C [to,w[, and for these signs the asymptotic relations (3.5) hold,
from which follow condition (3.6) and inequality (3.7). In addition, from (1.1), taking into account
the second of the asymptotic relations (3.4), it follows that

w@(/;(?)) = a0 P2 1 4 o1)] s 11 (8.18)

Ao
Integrating this relation from ¢y to t, we get

y(t)

S —1)2 :
/ @is) - O‘O(AO)\O & /Wi(T)p(T)[l +o(1)]dr as t 1 w.
y(to) to

Since, according to the definition of P, (Yp, Ag)-solution, y(t) — Yo as t T w, it follows that the
improper integrals
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converge or diverge simultaneously. In view of this fact and the rule for choosing the integration limits
A and B in the functions J and ®, introduced at the beginning of this section, the aforementioned
relation can be written as

(Ao — 1)

B(y(t)) = a0~

J[1+0(1)] as t 1 w. (3.19)

From here, taking into account (3.2) and (3.3), it follows that inequality (3.8) and the first of conditions
(3.9) are true. By virtue of the first of conditions (3.3), it follows from (3.18) and (3.19) that

y' "W (#) _ Ao ()p(t)
p(y(t)) (Ao —1)J ()

and, therefore, taking into account the first and second of the asymptotic relations (3.4) and the
asymptotic relations (3.5),

[1+0(1)] as tTw,

V(O W®) __Go=DmOpl)

P
e(y(t)) (20 = 1)J(?)
From this relation, by virtue of (1.3) and the definition of the P,, (Y, \g)-solution, it directly follows
that the second of the limit conditions (3.9) holds.
Now, from (3.19) we find that

Ao — 1)2
y(t) = o (ao % JO[1 + 0(1)]) as t 1 w. (3.20)
0
The function ®, as is stated earlier, belongs to the class I'y,(Zy), where Z; = hn}} d(y), and
—
yehy,
the function ¢(y) = —j,(é/)) can be chosen as its complementary function. Then, according to the

conditions ¢ ltlTrUIJl J(t) = Zp and ag % J(t) € Ag, ast € [to,w[, which follow from (3.8) and the

first condition of (3.1), according to Lemma 2.2, we have

- Ao—1)° - Ao—1)?
@ ag Lo T (1)[1 4+ 0(1)]) — @7 (a Lo (1)) .
lim 5 = lim
ttw (@1 (a0 Q012 5(1))) 2 Zo _ ol
_ o) > ZEAZO LP,(Z)
¢ (271 (a0 222 5(1))

whence it follows that
—1 ()\0 - 1)2
2~ (g R WRRELVILES o(1)))
p( (oot (1))

' (D (g Lo (1))

(Ao —1)?
Ao

- qu(ao J(t)) + o(1) as t 1 w.

By virtue of this relation, from (3.20) we obtain the asymptotic representation (3.10). If we consider
that

@ (a0 25 (1) ¢/ (2 (a0 A5 (1) ve'(v)
lim g G 1) g = lim = $o0,
the (D1 (oo Po (1)) aox e(y)
then (3.9) can be written as
(Mo — 1)

y(t) = qu(ao J(t)>[1+o(1)] as t 1w

Ao

and, therefore, according to the first of the asymptotic relations (3.4), the asymptotic representations
(3.11) and (3.12) hold.
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It remains to establish the validity of the third of conditions (3.1). According to (3.10), from (3.1)
we have

(o Qo 5 (2))
@' (a0 Lo (1))

Since ¢ € 'y, (Zp), where Zy = lim ¢(y), which according to the second conditions of (1.2) is equal

76) = cunttro (27 (a0 22 i) +

0(1)) as t 1T w. (3.21)

y—Yo
YyEAY,
either to zero or to +o0, and the function g(y) = j,((z)) can be chosen as its complementary function,

on the basis of Lemma 2.1, taking into account the conditions gm <I>_1(a0 % J(t)) =Y, and
w

P! (ap % J(t)) € Ay, as t € [to,w[, we obtain

ao Qo= ()
-1 (Ao—1)* t W( O X0 1 )
o o BT T0) + St oy o)

lim = lim =1.
the (@ (a0 Pt (1)) g el)

—1 « ()\0 — 1)2 (,O(OZO ()\Og)l)z J(t)) ) = -1 o ()\0 B 1)2 as w
o7 (00 o) + £ T ) ) =(#7 oo P g0 s 1

and the asymptotic relation (3.21) can be written as

(Ao —1)°

" J(t)))[l—i—o(l)] as 1 w.

y"(t) = aop(t)go(@_l ag
By virtue of this representation and (3.12),

T (t)y" ()  co(Ao — 1?73 (t)p(t) e (2 (a0 (/\0;01)2 J(t)))
y'(t) Ao(220 — 1)@~ (ag QoD (1))

[140(1)] as t T w.

According to the third of the asymptotic relations (3.5), we obtain the validity of the third of conditions
(3.9). O

Proof of Theorem 3.2. Suppose that there exists a limit (3.13) that is finite or equal to oo and
for some Ag € R\ {0,1,1} conditions (3.7), (3.8) and one of the conditions either (3.14) or (3.16)
and (3.17) hold. Under these conditions, we establish the existence of B, (Yp, Ag)-solutions of the
differential equation (1.1) that admit asymptotic representations (3.9), (3.10), (3.11) and find the
number of such solutions.

First, taking into account the existence of limit (3.13) that is finite or equal to +o00, we show that
this limit can only be zero. Assume the opposite. Then the relation
w’(y))/

( »(y)
(v)

_ 2(y)

’ 4 2
(5 y))3 y°

holds, where the function z : Ay, — R is continuous and such that

S

= t
lim 2(y) = {Or ¢ = const £, (3.22)
y—Yo or =oo.
yEAy,

Integrating this relation on the interval from g4 to y, we obtain

—3(“2((5)))_é = co+ / ZS(S) ds, (3.23)

2
3
Yo



Asymptotic Behaviour of Solutions of Third-Order Differential Equations with Rapidly Varying Nonlinearities 53

where ¢y is some constant.

Yo
It [ 2(8) g5 = +o00, then after dividing by y3, we have
3

yo °

) ) } 23 s
—3(3/‘/’ (y)) Tl I40(1)] as y— Yo
e(y) Y
Here, the expression on the left, by virtue of (1.3), tends to zero as y — Yp, and that of on the
right, by virtue of condition (3.22), tends either to a nonzero constant or to +oo, as according to the
L’Hospital rule in the form of Stolz

Wil

ol

z(s

[ =)
[ 22 ds
s3
lim & ——— =3 lim 2(y),
y—Yo E y—Yo
YyEAY, YyEAY,

which is impossible.

Yo
It [ (3) ds converges, which is possible only in the case Yy = 0, then we rewrite (3.23) in the form
Yo 83

_3M0<¢'<y>)f% I / ) 4,

e(y) 53
0
0
where ¢ = ¢o + [ 28) ds. Let us prove that ¢; = 0. Indeed, if ¢; # 0, then from this relation it
Yo 83
follows that ) o7
Py
=——=+0o0(1) as y — 0.
o(y) cf W

Hence, as a result of integration on the interval from yg to y, we get

In|p(y)| = const +o(1) as y — 0,
which contradicts the second of conditions (1.2). Hence, ¢; = 0 and, therefore, we have

‘3@((5)))3 = 0/ () ds.

Dividing both sides of this equality by 43, we note that, by virtue of conditions (1.3), the left-hand side
of the resulting relation tends to zero as y — 0, and the right-hand side, by virtue of the L’Hospital
rule and (3.22), tends either to a nonzero constant or to oo.

The contradictions obtained in each of the two possible cases lead to the conclusion that

#' ()
i Lo (W/(y))z —0. (3.24)
e (£55)2 VL el)

Now, applying the transformation to equation (1.1),

y(t) = ! (ao W J(t)) [1 + A }

_ _ 2
() = ot @7 o G021 50) 1 + 120 (3.25)

V(0 = s @7 (a0 P )1+ o),
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we obtain a system of differential equations

/7H(t) _2)\071 22 — 1
= o | 5O a0+ i+ 5 .
;1 (/20— 1 _ B Ao
,_ 1T 2q(t)(ho - 1) q(t) - o(t)
Ys = |2 T Ty 1Yt @ ey + 55— Rty
where
(80/((!/)))/
_ oy
h(t) = q(®) (W(y))z e )
gp(y) y=q>*1(a0 L% J(t))

so(<1> (o0 5 J(t)HW(@—l(QO%J(m) .

P (@1 (g L (1))

We consider this system of equations on the set

—1—y1.

R(t’ yl) =

Q= [to,w[ XD1 X DQ X Dg, where Dl = {y7 : |y7| < 1} (Z = 1,2,3),

and the number ¢y € [a,w][ is chosen, by taking into account conditions (3.2), (3.3), (3.8), the first two
conditions (3.9) and (1.3), so that
(Ao —1)°
Ao
— Ao—1)°
(o — 1)2 Jo) + P( (ap P (1))
Ao @ (01 (ap P22 (1))

Qg J(t) € Az, as t € [to,w],

‘I)_I(Oéo v1 € Ay, as t € [to,w[, and |v1| < 1.
On this set, the right-hand sides of the system of differential equations (3.26) are continuous and

the function R has on the set [tg,w[ x Dy continuous partial derivatives up to the second order inclusive
with respect to the variable v;. At the same time, we have

o (2" (a0 QO 51)) )
1

(H—1 (Ao—1)?
4 ((I) (a0 o J(t)) + o (‘12'*1(040 (AOA—Ol)Q J(t)))

Rl (t,y1) = —1.
yiiw _ Ao—1)2
1 QD/((I) 1(a0 ( 0}\0 ) J(t)))
Here ¢’ € Iy, (Zy) with the complementary function g(y) = ;f,(g;)) . Therefore,
2
_ (Mo—1)? w(<1>’1(ao (2ol J(t)))
¢’ (‘I’ 1(0!0 v J(t)) + Ve 1) / o(y)
H(®-1(ap LoD gt o'y +v1505)
lim (;@(1)2 (o0 COT T@)) T/ lim T AW
o o (2 (a0 P2 (1)) y W)

If, for any fixed ¢ € [tp,w], the function R is expanded according to the Maclaurin formula with
the residual Lagrange term to the second-order terms, then we obtain

1 (@ (e P (1))
00 =3 o (@1 o O3 J(a)

(07 (a0 Qo )+ R0 ) )it
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where |¢] < |y1|. Here, by virtue of the last of conditions (1.2),

i (gt (0 o= 1) @ (@ (a0 Pl (1))
¢ (<I> (a0 2= 7)) + @ e P ) f)
e (a0 P2 51)) )

2 (I)_l M,}t
) o ( (a0 =555 T (1) + o' (@1 (a0 Lo J(1)) (1471t 51)]

“1(a M](t)))
D1 (g Gl ) 4 2007 o0 25
90( (ao Y J( ))+¢,(¢,71(aowj(t)))

where %tle r1(t,y1) = 0 uniformly with respect to y; € D;. Therefore, considering that the functions
w

©(y)

oy 0 e have

0, ¢ € Ty, (Zp) with the complementary function g(y) =

o(®(ag <Ao;01>2j(t))) 5)
@ (@1 (g Lt (1))
P2 (8 (ap oo (1))

= 3 e [1+rat, )],
(21 (g Lot (1)) [ raltoan)]

@ (@—1(aO(AO —1)J(t) +

where %m r2(t,y1) = 0 uniformly with respect to y; € D;. Therefore, (3.23) can be written as
w

1
R(t,y1) = 3 e [1+ri(t,y)] [1+ ra(t,yn)]yi.
It is clear from the above that for any & > 0 there are § > 0 and ¢; € [to, w[ such that
|R(t,y1)| < (0.5 +¢)|y1|* as t € [t1,w] and y; € Dys5 = {yl sy < 5}. (3.27)

Choosing arbitrarily the number € > 0, we select for it, taking into account the aforementioned about
the properties of the function R, the numbers § > 0 and ¢; € [tp,w| such that inequality (3.27) holds,
and consider system (3.30) on the set

Q= {(t,zl,zQ,zg) eR*: te [t1,w[, 21 € [-6,0], 22 €[-1,1], z3 € [—1,1]}.

In addition, in the system of equations (3.26), due to conditions (3.6) — (3.8), (3.13), (1.2) and
(1.3),

limh(t) =0, £1Tm H(t) = 0. (3.28)

To establish the existence of P, (Yp, Ag)-solutions of equation (1.1) admitting asymptotic repre-
sentations (3.10)—(3.12), it is necessary, according to transformation (3.25), to prove the existence of
solutions that tend to zero, as ¢t 1T w, of the system of differential equations (3.26). In order to use the
well-known results on the existence of solutions of quasilinear systems of differential equations that
disappear at a singular point, we reduce system (3.26) to the form that allows us to use such results.

Applying to system (3.26) an additional transformation

v =z, Vo = H_%(t)ZQ, V3 = H_%(t)Z;J,, (329)
we get a system of differential equations of the form
Hs(t
Zi = - ((t)) [fl (t) + Cll(t)Zl + 012(t)2’2 + Clg(t)2’3],
Hs(t
zy = - ((t)) [f2(t) 4 ca1(t)z1 + can(t)z2 + cos(t) 23], (3.30)
Hs(t t
Zé = ﬂ-w((t)) [fd(t) + Cg1(t)Z1 + ng(t)Zz + 033(t)23 + 2)\(10(7_)1 V(t, 21) ,
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where
f) = [ @], 0 = B2 —aw] i, g =2- 200U,
2 200 — 1 A
cii(t) = h(t)H3 (1), c12(t) = ﬁ, ca3(t) =0, c(t) =0, co3(t) = )\0731’
() = HH (1= 300+ 3aOMOHD). en) = 510 et =0,
exs(t) = H30)(2 - 2 a(t) + 3 aORWH(), V(t20) = A"O(t_) CR(1, 7).

Choosing arbitrarily the number € > 0, we select for it, taking into account the aforementioned
about the properties of the function R, the numbers 6 > 0 and t; € [to,w] such that inequality (3.27)
holds, and consider system (3.30) on the set

Ql = {(t,Zl,ZQ,Zg) S R4 o te [tl,W[, zZ1 € [—5,5}, 2o € [—1,1], z3 € [—171]}

By virtue of (3.28), the replacement of y; by z; and the first of conditions (3.28),

lim L(t’;l)

= 0 uniformly with respect to t € [t1,w].
z1 —0 Zl

In addition, according to conditions (3.28), (3.24) and the notation introduced at the beginning of
this section, we have sign H(t)m,(t) = povom,(t) as t € (a,w) and

A0 =0, tmen(® =0, e = G,
i ez (t) = ﬁ’ Him cas(t) = %
meg(t) = =7 lmess(®) =0,

LGP

ty1

This, in particular, implies that the limit matrix of coefficients, standing at vy, v and v3 in square
brackets of system (3.30), has the form

0 0
A —1 \
c=| o 0 0
. Ao — 1
0 0
Ao — 1
and its characteristic equation is that of the form
s Ao(2M—1)
3 0(2A0
- =0. 3.31

If Ao(2M0—1)(Aog—1) > 0, then in this case the algebraic equation (3.31) has two complex-conjugate
roots with negative real part and one positive real root.

If Ao(2X0 — 1)(Ao — 1) < 0, then equation (3.31) has two complex-conjugate roots with a positive
real part and one negative real root.
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Suppose further that conditions (3.13) are satisfied. It follows that for the system of differential
equations (3.30) all the conditions of Theorem 2.2 from [7] are satisfied. According to this theorem,
we find that when poryAg > 0, the system of differential equations (3.29) has a two-parameter family
of solutions (z1,22,23) : [te,w[— R® (t. € [t1,w]) that disappear at t 1 w. To each of them, due
to substitutions (3.25) and (3.29), there corresponds a solution y : [t.,w[— R admitting asymptotic
representations (3.10)—(3.12) and (3.15)—(3.17).

If por1A<0, the system of differential equations (3.30) has a one-parameter family of solutions
(21, 22,23) @ [ts,w] = R3 (t, € [t1,w[) that disappear at t T w. To each of them, due to substitutions
(3.25) and (3.29), there corresponds a solution y : [t.,w[— R admitting asymptotic representations
(3.10)~(3.12) and (3.15)—(3.17). m
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