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Abstract. The boundary value problem

D%u(t) + pa(t) (¢, u(t)) - q(t) = 0,

u(0) = ' (0) =+ = u™D(0) =0, u(l) = )\/u(s) ds
0

is studied, where p is a positive parameter, f : [0,1] x [0;+00) — [0;4+00) and a : (0,1) — [0, +00)
are continuous functions, while ¢ : (0,1) — [0,400) is a measurable function. The case, where the
function a has singularities at the points ¢ = 0 and ¢ = 1, is admissible.

Conditions are found guaranteeing, respectively, the existence of at least one and at least two
positive solutions. Examples are gives.!
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1 Introduction

Fractional differential equations have applications in various fields of science and engineering and
have been a focus of research for decades (see [6,9,10,12] and the references therein). There is a large
number of important subjects in various fields of fractional calculus and related applications such as
the solvability, existence and multiplicity of positive solutions for the given boundary value problems
of fractional differential equations. For more details see [1,3,4,11].

Namely, A. Cabada and Z. Hamdi [3] presented the existence results for the following boundary
value problem

Deu(t) + ug(t) f(u(t) = 0 i [0,1],

where p is a positive parameter 2<a<3,0<A<aand f, gare continuous functions. Under the

conditions g € L'([0,1]) and f g(t) dt > 0, they derived various existence and multiplicity results of
1/2
positive solutions depending on the parameter p > 0.

However, all of the above mentioned works are based on a key assumption, that is, the nonlinear
term is required to be nonnegative. When nonlinear fractional differential equations involve a sign-
changing term, J. Henderson and R. Luca [5] investigated the existence of a positive solution for the
nonlinear fractional problem, and then under the similar conditions X. Zhang, L. Liu and Y. Wu [13]
studied the existence of positive solutions of the boundary value problem for a singular fractional
differential equation with a negatively perturbed term. More precisely, the authors considered the
following problem

{—D%( ) = p(t) f(t,u(t)) — g(t) in (0,1),
u(0) = u/(0) = u(1) = 0,

where 2 < o < 3. The function p is continuous nonnegative on (0,1) and f is in C([0,1] X
[0,+00),[0,+c0)). The perturbed term ¢ : (0,1) — [0,400) is Lebesgue integrable and may be
singular at some zero measure sets of [0, 1].

Under other boundary conditions, X. Zhou, J.-G. Peng and Y.-D. Chu [14] studied the following
problem

u(0) = w'(1) =

where 2 < o < 3. The functions p and ¢ are Lebesgue integrable on (0,1) and f is in C([0,1] X
[0, +00), [0, +00)).

The existence of positive solutions of a fractional differential equation with a perturbed term,
integral boundary and parametric dependence, however, has not been studied previously. In this
paper, motivated by [2, 3,13, 14], we give sufficient conditions for the existence and multiplicity of
positive solutions for problem

{D%(t) = p(t)f(t, u<t>> g(t) in (0,1),
(1) =

Du(t) + pa(t) f (¢, u(t)) — q(t) = 0 in (0, 1),

uw(0) =u'(0) = =u""20) =0, u(l)= )\/u(s) ds. 1)
0

The results derived depend on the positive parameter p.

The outline of this paper is as follows. In Section 2, we present some preliminaries and lemmas
that will be used for the proofs of our main results. The main theorems are presented in Section 3.
The final section of the paper contains examples to illustrate our results.
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2 Preliminaries and lemmas

In this section, we introduce definitions and preliminary facts that will be used throughout this paper.
We refer the reader to [2,6,8] for more details.

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 for a measurable function
f:(0,400) — R is defined as

t

o f(t) = ﬁ/(t—s)o‘_lf(s) ds, >0,

0

where I' is the Euler Gamma function, provided that the right-hand side is pointwise defined on
(0, +00).

Definition 2.2. The Riemann-Liouville fractional derivative of order o« > 0 for a measurable function
f:(0,400) — R is defined as

t

D°10) = e (35) [ = as = (§) o0,

I'n—«
0

provided that the right-hand side is pointwise defined on (0, +00). Here n = [o] + 1, [a] denotes the
integer part of the real number «.
Lemma 2.3. Let a > 0. Let u € C(0,1) N L*(0,1). Then

(i) D*I%u = u.

(i

) Ford>a—1, D = FO+D _ y5-a Moreover, we have D®t*~t =0,i=1,2,...,n.
(iii) D%u(t) = 0 if and only if u(t) = c1t* L+ ot 2+ +cpt® ™, ; €R, i =1,2,...,n.
)

T(o—a+1)
(iv) Assume that D%u € C(0,1) N L1(0,1), then we have
I“DYu(t) = u(t) + 1t P+ et 2 4 et G ER, i=1,2,...,n.
Now, we give the explicit expression of the Green function for the linear fractional differential
equation associated to the problem (1.1).

Lemma 2.4 ([2]). Letn >3, n—1<a <n and A € (0,a). Lety € C([0,1]). Then the unique
solution of the linear fractional differential problem

Deu(t) +y(t) =0 in (0,1),

w(0) = u/(0) = --- =u"2(0) =0, wu(l)= )\/lu(s) ds, (2.1)
)
is given by 1
u(t) = [ Gits)y(s) ds
where for all t, s € [0,1], O
Gt g = EA=9) T @A 08) — (= Nt = 9)) (22)

(@ =M (a) ’

G(t,s) is called the Green function of the boundary value problem (2.1). Here, for x € R, z* =
max(z,0).
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Now we recall some properties of the Green function.

Proposition 2.5. Letn e Ny n >3, n—1<a<n, and A € [0,a). Then the function G defined by
(2.2) satisfies the following properties:

(i) G is a nonnegative continuous function on [0,1] x [0,1] and G(t,s) > 0 for all t,s € (0,1).

(i) G(t,s) <nK(s) for allt,s € [0,1], where K(s) = % and n = 2.

(iii) G(t,s) <t 1Ki(s) for allt,s € [0,1], where K1(s) = % .

A
(iv) G(t,s) > n\*t*"1K(s) Vt,s € [0,1], where \* = —.

(%

(v) If0 €(0,3), s €[0,1], then guln Q]G(t ,8) > yK(s), where v = (%5 + 25)02 7L
te

Proof. The proofs of (i), (ii) and (v) are given in [2]. To prove (iii), we use Lemmas 2.5 and 2.6 in [2].
Assertion (iv) follows immediately from Proposition 2.7 in [2]. O

Using assertion (ii) of Proposition 2.5, we have the following
Proposition 2.6. Let g be a nonnegative measurable function on (0,1). Then w(t) = [ G(t,s)q(s)ds
1
is continuous on [0,1] if and only if [(1 —t)*"1q(t)dt converges.
0

Now we state the following key lemma.

Lemma 2.7. Letn >3, n—1<a<nand0 < X < a. Assume that (1—t)*"1q(t) € C(0,1)NL(0,1).
Then the boundary value problem

D>w(t) 4+ q(t) =0 4n (0,1),

1
2.3
w(0) =w'(0)=---=w"20)=0, w()= /\/w(s) ds (23)
0
1
has a unique nonnegative solution w(t) = [ G(t, s)ds € C(|0,1]) satisfying
0

1
/1—sa H(s)| ds
0

on [0,1].
Proof. First, we will prove that D*w(t) + ¢(t) = 0 on (0,1). By Proposition 2.6, we have that w

is continuous on [0, 1] and so I™~%*|w| is bounded on [0,1]. Thus, using Fubini’s theorem, for each
t € (0,1) we obtain

n—ao _ 1 [ _Snfozfl s s — /
() = s / / (1 — )"~ Gls, €)a(€) d de / HOa6)ds,  (24)

where

1 t n—a—1
H(tvﬁ)zwo/(t—s) G(s,§)ds



34 Rim Bourguiba, Faten Toumi

Now, let us find an explicit form of H(t,&). Let ¢,€ € (0,1) and ¢ = (o — M)T'(a)T'(n — «), then
t

(@ = A+ X1 -t /(t —s)elselds 0<t<E<,

0
t

H(t,f) = (a — A+ )\5)(1 — €)a71 /(t _ S)nfa715a71 ds

t
/ s s =)l ds, 0<e<t<1.
¢

Using the fact that for each a,b > 0 and p,q > 0,

b
/(b —0)P(0 —a)?db = F(II::; iﬂ;(g)l) (b— )+t
we get
S T G P Y I0 B3 L A 0<t<e<l,
Ht,8) = (= N)(n—1)! {(a —A+X)A =T —(a=N{E=" T, 0<E<t<1 (2:5)

Thus, by (2.4) and (2.5), we obtain

t

(00— N)(n — DU u(t) = / (1= o= A+ A — (o — A)(t — &) V)gl€) de

’ 1
+ / (1— ) a— A+ A" q(€) de

_ L)+ (t).

From the hypothesis, we deduce that the function £ — ¢(§) is continuous and integrable near 0 and
the function & — (1 — £)* 1¢(€) is continuous and integrable near 1. Hence, I; and Iy are integrable
n (0,1). So we get, I and I are differentiable on (0,1) and for each ¢ € (0,1) we have

d

(=Dl = NI w()

t

— (1) / (1= & Mo = A+ A2 = (a0 — N)(t — €)"2)q(€) de

0

1
n—l/ ) o — A+ X 2q(€) dE.
t

Analogously, using the same arguments as above, we prove that " “w(t) is differentiable on (0, 1)
and for each ¢ € (0,1) we have

(%)”((n = Dla = NI""w(t)) = —(n — Dla — Nq(t).

Thus
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So, Dw(t) + q(t) = 0 for all ¢t € (0,1).
Next, let us verify the boundary conditions. Using Proposition 2.5(iii), for each t € [0, 1], we have

1

()] < et / Ky (3)lqs)| ds

0

which implies that w(0) = 0.
On the other hand, for each ¢ € (0,1), we have

t

(a = M()w(t) = / ((a=A+As)(L=s)* 1> — (= A)(t — 5)* ")q(s)ds
0

1
+ /(a — A+ A8t 1 = 5)*g(s) ds

= Ji(t) + Ja(t). (2.6)

It is clear that }in(l) ‘Jltﬂ = 0. Thus hm (t) = 0 and hence w’(0) = 0. Now, using
—

the fact that J; is continuous and integrable near 0 and Jg is continuous and integrable near 1, we
deduce that J; and Js are differentiable on (0,1) and thus we can take derivatives from both sides of
(2.6). So for each ¢t € (0, 1), we have

=0 and lim 281 —
t—=0 !

t

(a =N (a)w'(t) = (a—1) / (@ =X+ As)(1 =) 122 — (= A)(t — 5)* ?)q(s) ds

1
(a—1 /a—)\+)\s t*72(1 — 5)* 1q(s) ds
i

Ly (t) + La(t).
Since lim ‘Llit(t)l =0 and lim ‘Lz’t(t)l 0, we deduce that hm (t) =0 and then w”(0) = 0.
=0 =0
In a similar way as above, we prove that w®)(0) = --- = w(” 2) (0) =0.

Now, using Fubini’s theorem, a simple calculus yields

1

Qﬂ/w@ﬂhi/(m—A+AﬂO—Q”4jﬁ*dt
0 0

0
1

+ / (a=A+As) X =s)* 1 — (= N)(t—s)*"") dt) q(s)ds

S

:/s(l—s)aflq(s) ds = W/G(l,s)q(s)ds,
0 0

1
which implies that w(1) = X [ w(t) dt
0

Finally, let us prove the uniqueness of the solution. Suppose w; and ws are two continuous solutions
on [0,1] of the boundary value problem (2.3). Then we have D*(w2(t) — w1 (¢)) = 0 on (0,1). Thus,
by Lemma 2.3(iii), there exist ¢, ..., ¢, € R such that

wo(t) —wy(t) = et P4 ot 2 4 et
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Using the boundary conditions, we find ¢, = -+ = co = 0. So we get
UIQ(t) - wl(t) = Clta_l. (27)

On the other hand, using (2.7), we get

w2(1) — wl(l) =A

O\H
S
[\v]
=
SN—
|
S
=
—~
N
u
~
I
| >
o
A%

This implies that ¢; = 0. Then w; = ws. ]

In the proofs of our main results we shall use the Guo—Krasnosel’skii fixed point theorem presented
below.

Lemma 2.8 ([7]). Let P be the cone of a real Banach space E and let 21, Qg be two bounded open
balls of E centered at the origin with Q1 C Qo. Suppose that T : PN (Q2\ Q1) — P is a completely
continuous operator such that either

i) |Tz|| = ||z|l, x € PN Yy, and | Tz| < ||z||, x € P NN,
or
(ii) |Tz|| < ||z||, z € PNOQ, and | Tx| > ||z||, x € P NNy,
hold. Then the operator T has at least one fived point in PN (Qa \ Q1).
Let E = C([0,1]), the Banach space endowed with the supremum norm |lu|| = sup |u(t)|. Let

t€(0,1]
6 €10,1), and set Jy = [#,1 — 6]. For a function b: (0,1) — (0, +0c), we denote

Next, define the cone
Q={ueE: ult)>0o0nl0,1], ult) > Xt*"ul},

and for r > 0, let
Q ={ueQ: |z <r}.

In the rest of the paper, we suppose that the following assumptions hold:
1
(H1) ¢:(0,1) = [0,400) and 0 < ¢ < 0o, where o = [ ¢(t)K1(¢) dt.
0

(Hz) a € C((0,1),[0 + 00)) and 0 < 0?2 < cc.

(Hs) f € C([0,1] x [0, +00), [0, +00)).

(Hy) There exists tg € (0,1) such that f(tg,u) > 0 for each u € (0, +00).
Remark. We note that (H;) implies 0 < o < co.

In this work we are concerned with a positive solution of problem (1.1). By a positive solution
we mean a function u € C([0,1]) satisfying (1.1) with u(¢) > 0 for all ¢ € [0,1] and u(¢t) > 0 for all
t € (0,1].
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Now, we introduce the following intermediary boundary value problem

Dx(t) + pa(t) f (¢, [x(t) —w(®)]*) +q(t) =0 i (0,1),
2(0) = 2/(0) = - = 2"D(0) =0, (1) = )\/:z:(s) ds, (28)
0
D*w(t) +2q(t) =0 in (0,1),
w(0) =w'(0) =--- =w™2(0) =0, w()= )\/w(s) ds, (2:9)
0

where [z(t) — w(t)]* = max{z(t) — w(t),0} for each ¢ € [0, 1] and w is the unique solution of problem
(2.9) given by w(t) = Q}G(t,s)q(s) ds.
By Lemma 2.7, the golution w of problem (2.9) satisfies
w(t) < 2not*t Vi e o,1]. (2.10)

We shall prove that there exists a solution z(t) for the boundary value problem (2.8) with x(t) >
w(t) for any ¢ € [0,1] and x(t) > w(t) for any ¢t € (0,1). In this case, z:(t) — w(t) represents a positive
solution of the boundary value problem (1.1).

Next, we define the operator T': E — E as follows:

= /G(t,s) (ua(s)f(s, [z(s) — w(s)]") + q(s)) ds Vit €0,1]. (2.11)
0

Lemma 2.9. Suppose that (Hi1)—(H4) hold. Then x € C([0,1]) is a solution of the boundary value
problem (2.8) if and only if x € C([0,1]) is a solution of the integral equation

= /G(t: s) (,ua(s)f(s, [z(s) — w(s)}*) 4 q(s)) ds.
0

That is, x is a fized point of the operator T defined by (2.11).
Proof. The proof is immediate from Lemma 2.4, so we omit it here. O
Lemma 2.10. Suppose that (Hy)—(Hy) hold. Then T : Q — Q is completely continuous.

Proof. Since G, f are nonnegative continuous functions, using (H;), (Hz) we conclude that T': Q@ — E
is continuous. Let = € €, then by Proposition 2.5(iv), for all ¢ € [0, 1], it follows that

Ta(t) > p\ ot /K s)f (s, [z(s) —w(s)]*) + q(s)) ds
> N\t /G (s)f (s, [(s) —w(s)]*) + q(s)) ds V1 €l0,1].

So, for each t € [0, 1], we have

7€[0,1]

Tx(t) > Nt max {/16‘ (s)f (s, [2(s) —w(s)]*) + q(s)) ds}

= N o .
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Then T(92) C Q. Now, let S be a bounded set of 2, then there exists a positive constant M > 0 such
that ||z]] < M for all z € S. Therefore, [2(s) — w(s)]* < ||z|]| < M.

Let My := 1 t .
oA max{ 7t6[0,11]1,13)€([0,M]f( ’I)}

From hypotheses (H;), (H2) and Proposition 2.5(ii), for all ¢ € [0, 1] and for all z € S, we have

1
Ta(t) < [ K(5)(nao)f (s, ols) = w(s)") + a(s)) ds < Munuo? + o2,
0

So we obtain || Tz|| < Min(pol + 09). Hence, T(S) is uniformly bounded.

Now, let us prove that T'(S) is equicontinuous on [0, 1].

Using Proposition 2.5, we obtain that G is uniformly continuous on [0, 1] x [0, 1]. Then for t1,ts €
[0,1] and for all s € [0, 1], we get

IG(tQ,S) — G(tl,S)l — 0 as to = t1

and
|G(t2, s) = G(t, s)| < 2nMy(a(s)K(s) + q(s)K(s)).

By (H;) and (Hsg), 2nM;(a(s)K(s) + q(s)K(s)) is a nonnegative integrable function on (0,1). Thus
by the Lebesgue control convergence theorem, we obtain

|T.’E(t2) — T{E(tl)| — 0 as |t2 — tz‘ — 0,

and so T'(.5) is equicontinuous. Consequently, by Ascoli’s theorem, we conclude that T'(S) is relatively
compact in E. Hence, T : Q — € is completely continuous. This completes the proof. O

3 Main results

We shall give the existence results of positive solutions for the nonlinear boundary value problem
(1.1).
Theorem 3.1. Suppose that conditions (Hy)—(Hy) hold. In addition, suppose that there exists 6 €
(0,3) such that
t
foo := lim {min M} =
rz—o0 Ltedy xT

Then there exists p* > 0 such that for every 0 < p < p*, problem (1.1) has at least one positive
solution.

Proof. Choose

2no
> .
r> s
— 0—0
Define p* = er;Zquv where M = max f(t,x), and let 0 < p < p*.

te[0,1], z€[0,r]
Then for each z € 9Q, and s € [0, 1], we have

[2(s) —w(s)]" < z(s) < [lzf =7

Therefore, by Proposition 2.5(ii), for any = € 9Q,, we have
1
T(x)(t) < nu/K(s)a(s)f(s, [2(s) —w(s)]*) ds + 2noy < pnMoy + 2noy < p*nMoy + 2noy) =r.
0

So we get
ITz| < ||z|| for = € IR, (3.1)
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Now, if the condition f,, = oo holds, then for A =
flt,x) > Ax Vit € Jy, Vo > B.
Define R = max{2r, 1z22— }. Then, using (2.10), for any z € Q2 and ¢ € [0, 1], we obtain

W, there exists B > 0 such that

2(t) — w(t) > z(t) — 290t > z(t) — 2n0 ﬁg > (1) (1

_ 2no
MR

1
)2 5a(t) >0,
Therefore, we conclude that for all £ € Jy,
A* A*
[Cﬂ(t) — 'U)(t)]* Z ?Rta71 Z ? R0a71 Z .B7

and so for any = € 0Qg and t € Jy, we have

2|

Ft[2(t) —w®)]") = Ala(t) —w(®)]" = 5 2(t). (3.2)

By (3.2) and Proposition 2.5(v), it follows that for any € 0Qg and ¢ € Jy,

1-6
Tx(t) > wy / K(s)a(s)f (s, [z(s) —w(s)]*) ds > % 0%0°"1AR = R.
0

Then we have
|Ta] > |lz]) Va € 924, (3.3)

Thus, using (3.1) and (3.3), we deduce by Lemma 2.8 that the operator T has a fixed point in Qg \ Q..
Therefore, by Lemma 2.9, z is a nonnegative continuous solution of problem (2.8) satisfying

r<|lz]| < R. (3.4)

So we deduce that  — w is a nonnegative continuous solution of problem (1.1).
Now, let us prove that x — w is a positive solution of (1.1), that is, x(t) —w(t) > 0 for all ¢ € (0, 1].
Since x satisfies (3.4), using (2.10) we obtain

z(t) —w(t) >t 1 (\r —2n0) >0 VYt € (0,1].
Hence,  — w is a positive solution of problem (1.1). This completes the proof. O

Theorem 3.2. Suppose that conditions (Hy)—(Hy) hold. In addition, assume that the following
assertions hold:

(A1) there exits 6 € (0,%) such that fZ := lim {min f(t,z)} = oo;

r—00 " tEJy

(Ag) f°:= lim { max f(tT’m)} =0.

r—00 © te(0,1]
Then there exists p* > 0 such that problem (1.1) has at least one positive solution for every u > p*.

Proof. First, suppose that (A1) holds, then there exists Ry > 0 such that

ft,z) > ;O Vte g, Vo> Ry.

Now, fix Ry > max {%, 4;7:’}. Define p* = vﬁgR}; > 0 and let g > p*. Then, for each z € 0Qpg,
and ¢ € [0, 1], we have
2y x(t)

2(t) = w(t) = a(t) = 2mot° " 2 a(t) - Lo Tl 2 x(t)(l -
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So, for x € 00g, and t € Jy, we get

[2(t) — w(t)]* > = a(t) > %A*@MRl > Ry.

N |

Then for any = € 0Qr, and t € Jy, we obtain

o < Joo
Pt [2(6) =w(®)]7) = =
It follows that for any € 0Qg, and t € Jy,

1-6

1-6
Tolt) 2 1y [ K(5)alo)f (s, o)~ we)") ds 2 i T2 [ K(s)ats)ds = pn T ot = .
[’ 7

Thus
ITz|| > [|z|| V& € 0Qg,.

On the other hand, since f>*° =0, for e = Mlao > 0, there exists B > 0 such that for each ¢ € [0, 1],

x > B, we have f(t,z) < ex. Therefore, we obtain

flt,z) <M +ex Vte|0,1], Vo >0,

where M = max f(t,x). Let My = max{1l, M} and choose
tel0,1], z€[0,B]

1 -1
Ry > max {2R1,,u7702M1 (5 - uognes) ,277M102}.

It follows that for any = € 9Qg, and t € [0, 1],

Ta(t) <y [ K(5)a()f (s, ols) = wls)]") ds + o
0

1
< Mol + e [ K(s)a(o)las) (o))" ds +nof < jndaot + pnoleRs + o]
0

1
< Ry(5 — uolne) + pmoleRy + nidio) = |all.
So, we get
[Tz < ||z V& € 0Qr,.

Thus, by Lemma 2.8, we deduce that the operator T' has a fixed point in Qg, \ Qg,. Therefore, by
Lemma 2.9, z is a solution of problem (2.8). Thus, we deduce that  — w is a nonnegative solution of
problem (1.1).

The positivity of the solution is shown as in the proof of the previous theorem. O
Now we state the multiple existence result.

Theorem 3.3. Assume that p = 1 and (Hy)—-(Hy) hold. In addition, suppose that the following
conditions are satisfied:

Rl —no

0
noQ

0
(Ay) there exists Ry > 4;’*” such that f(t,z) < vt e [0,1], x € [0, R];

(Ay) there exists 0 € (0,%) such that the following assertion holds: 3Ry > 2Ry : ~volf(t,z) > R,
Vte Jp, Vo € [3N*0° Ry, Ro;

(A3) f*° = lim { max —f(’;’w)} =0.

r—o0 ~ te0,1]
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Then problem (1.1) has two positive solutions.
Proof. First, suppose that condition (A;) holds, then for each z € 9Qg, and ¢ € [0, 1], we have
1
[2(s) —w(s)]" < z(s) < Ry and [z(s) — w(s)]" > 5 z(s) > 0.
So, for each x € 0Q0R, and t € [0, 1],

Therefore, for any x € 0Qg, and t € [0, 1], we get

i R o0
Talt) < [ K(s)als)f (s, o) — w(s)]") ds -+ nf < ol (=%
0

Thus, we have
[Tz|| < |lz|| Va € 0Qng,. (3.5)

On the other hand, if (Ag) holds, it follows that for Ry > 2R; and z € 9Qp,, t € [0,1],

1 3N*
z(t) —w(t) > N t* 1Ry — 2not*™ 1 > Nt 1Ry — 5 ANOIR, > TtailRQ.
Thus, for all z € 0Qpr, and t € Jy, we have
z(t) —w(t) > Z N0°IR,.

Therefore, for all x € 0Qg, and t € Jy, we get
v00f (s, [2(s) = w(s)]) > Ro.
So, for any = € 0Q0g, and t € Jy, we obtain
1
Ry

-0
Ta(t) 2y | K(s)a(s)f (s, [a(s) —w(s)]") ds 2907 =5 = R

0

Thus,
[ Tz]| > |[=]| Vo € g, (3.6)

Now, hypothesis (As) implies that for ¢ = m% , there exists B > 0 such that f(t,z) <ex Va > B

Therefore, we obtain
ft,2) <M+ex Vte[0,1], >0,

where M = max  f(t,x). Put My = max{1, M} and choose
t€l0,1], z€[0,B]

1 —1
R3 > max {2R2,7702M1 (5 — 02775) ,277M102}.

Then for any z € 90, and t € [0, 1], we have
1
Talt) < [ K(s)ao)f (s, [ols) = w(s)]") ds + o
0

1
<Ml + une / K(s)a(s)[z(s) — z(s)]" ds + 1702 < Mo + noleRs + nM102
0

1
< Ry(5 — o0ne) + noleRs + o) = |||
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So, we get
ITz| < ||z|| V&€ OQR,. (3.7)

Therefore, due to Lemma 2.8 and using (3.5), (3.6) and (3.7), we deduce that the operator T has
two fixed points z; and xs, respectively, in Qg, \ Qg, and Qg, \ Qr,. Therefore, by Lemma 2.9,
problem (2.8) admits two nonnegative solutions R; < ||z1|| < Rz < ||z2|| < Rs. Thus, problem (1.1)
has two nonnegative solutions. The positivity of the solutions is shown in the same manner as in
proving Theorem 3.1. O

4 Examples

In this section, we present some examples illustrating our results. We remark that by the following
examples it can immediately be verified that conditions (H;)—(H4) hold.

Example 4.1. We consider the following nonlinear fractional differential equations

DR u(t) - (u(t))? —

-1 =0 in (0,1),
(4.1)

w(0) =u/(0) =0, wu(l)= /u(s) ds.
0

Let f(t,u) = u?, a(t) = %, A =1and g(t) = ﬁ By a direct calculation, we obtain f,, = oo for

any 0 € (0,3). We also get o) ~ 0.3009, o) ~ 0.2006 and ¢ = 0.5015. Choose 7 = 5, then by a
simple calculation we get u* = 0.34547. Then by Theorem 3.1, problem (4.1) has at least one positive
solution for every 0 < p < 0.34547.

Example 4.2. Consider the following boundary value problem

1 ) 1
1++vu 1—1¢
1

1
D u(t) + 4 7 (100+ =0 in (0,1),

(4.2)

Let f(t,u) = 100+ ﬁ ,a(t) =1 and ¢(t) = 12 . By a direct calculation, we obtain f> = 0 and for

0 = § we have f% = 100. We also obtain o) ~ 0.35995, o) ~ 0.26996, o ~ 0.62991 and o/ ~ 0.16979.
Choose R; = 50 and Ry = 102. A simple calculation yields p* = 39.889. So Theorem 3.2 ensures the
existence of a solution of problem (4.2) such that 50 < ||u 4+ w|| < 102 for every p > 39.889.

Example 4.3. Consider the following boundary value problem:

1
D%u(t)+u¥f(t,u) — ;=0 (0,1),
1 (4.3)
w(0) =/ (0) =0, u(1) = / u(s) ds,
0
where 1
§ u, 0 S (3 S 12,
Ft,u) = 10000w — 119996, 12 < u < 13.78,
w4 17790.3, 13.78 < u < 50,
252307, u > 50.
Then problem (4.3) admits two positive solutions. In fact, let a(t) = } and ¢(t) = = . By a direct

calculation, we get 00 ~ 0.35995, 08 ~ 0.26996 and o ~ 0.62991. Choose R; = 12 > 4;’:’, then for
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any t € [0,1], uw € [0,12], f(t,u) < Rln;zag ~ 18.3. Thus condition (A;) is satisfied. On the other

hand, for 0 = % , we have 02 ~ 0.16979. aTake Ry = 50, then Ry > 2Ry and for any t € Jy and for all

u € [2 X0 Ry, Ry], we have f(t,u) > ,5’722 ~~ 1994.5 which implies that condition (As) is satisfied.
Finally, since f*° = 0, the assertion (Ag3) is satisfied. Consequently, by Theorem 3.3, problem (4.3)

admits two positive solutions u; and us satisfying

Ry <|ur +w| < Ry < [Jug + wl|| < Rs.
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