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Abstract. The existence of solutions with a given number of zeros to higher-order regular-nonlinear
Emden-Fowler type equations is proven.!
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1 Introduction

Consider the equation

y "+t oy gy )y seny = 0, (1.1)
where n > 2, k € (1,+00), the function p(t,y1,y2,¥3,...,yn) € C(R"1) is Lipschitz continuous in
(y1,Y2,93,---,Yn) and for some m, M > 0 satisfies the inequalities

O<mgp(tay17y2a'~'7yn) <M < +o0.

The problem of the existence of solutions to (1.1) with the given number of zeros on the prescribed
domain is investigated.

Asymptotic classification of solutions to (1.1) with n = 3,4, k € (1,400), p(t,y,7/,...,y"" V) =
const and with n = 3, k € (0,1), p(t,y,9, ...,y V) = const is provided in [1,3] by I. Astashova.
Later, the existence of quasiperiodic solutions to the regular (k € (1, 4+00)) higher-order Emden—Fowler
type equations has been proved in [2].

Using [1], the existence of solutions with the given number of zeros was proved for the case of third-
and fourth-order equations with the constant coefficient p and with k € (0,1) U (1,400) (see [4]).
Later, the case of the higher-order differential equation (1.1) with the constant potential and regular
nonlinearity (k > 1) was considered in [5]. In [6], the existence of solutions with the given number of
zeros was proved for (1.1) with n =3, k € (1,400). In [7], the existence of such solutions was proved
for the equation with k € (0,1).

Now we generalize these results to the case of equation (1.1).

2 Main result

Theorem 2.1. For any real a and b satisfying —oo < a < b < +00 and any integer S > 2, equation
(1.1) has a solution defined on the segment [a,b], vanishing at its end points a, b and having exactly
S zeros on [a, b].

3 Preliminary results

The following statements are used to prove the main theorem.

Lemma 3.1 (Generalization of 7.1 from [1]). Let y(t) be a solution to (1.1). If for some ty the
inequalities
y(to) >0, ¥/ (to) > 0, y"(to) >0, ..., " V(tg) >0

hold, then there is a local supremum of y at some point t;, > to satisfying the inequalities

k—1

to —to < (uy' (to)) Fro—1,
y(th) > (' (to))T=1,

where > 0 is a constant depending only on n, k, m, M.

Lemma 3.2 (Generalization of 7.2 from [1]). Let y(t) be a solution to (1.1). If for some t{ the
inequalities
y(to) > 0, y/'(t) <0, ..., y" 7V (tg) <0

hold, then y is equal to zero at some point to >t satisfying the inequalities

k-1
to —to < (uy(ty))™ =,
k4+n—1

y'(to) < —(py(te)) =,

where p > 0 is a constant depending only on n, k, m, M.
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Lemma 3.3 (Generalization of 7.3 from [1]). Under the conditions of Lemmas 3.1, 3.2, for any t; > to
such that y(to) = 0, y(t1) = 0, the inequality

Y/ (t1)] > Qly'(to)]
holds, where @ > 1 is a constant depending only on k, m, M.

Lemma 3.4. Let D be a subset of R™ and~5 be a subset of R"1. Suppose that for any c € D
there exists x. > 0 such that {c} x [0,z.] C D. Consider a continuous function f(c,z): D — R and
introduce the following conditions:

e f(c,0) =0 for any c € D,

e for every c € D, there exists a point x1(c) € (0,2.) such that f(c,xz1(c)) = 0 and f(c,x) # 0
whenever x € (0,x1(c)),

e f(c,x) is differentiable in x, and % (c,x1(c)) #0 for all c € D.

If these conditions hold, then x1(c) : D — R is a continuous function.

Proof. By definition, x1(c) describes the distance from 0 to the first zero of the function f(c, -). The
existence of such a zero is stated in the second condition of the lemma. Therefore z1(c) is actually a
function (its value is defined for every ¢ € D), but, perhaps, discontinuous. We intend to prove that
x1(c) is a continuous function.

At every point (¢, z1(c)) € D, the function f(c,z) fulfills the conditions of the Implicit Function
Theorem. Therefore for any ¢ € D there exist rectangular neighborhoods U C D of ¢, V' C R of z1(¢),
and a continuous function gz(c) : U — V such that for all (¢,x) € U x V the conditions f(c,xz) =0
and x = gz(c) are equivalent.

It is clear that z1(¢) = gz(¢), but we have to prove that z1(c) = gz(c) in some neighborhood of ¢.
(We know that f(c, gz(c)) =0, but the zeros of f(c, -) provided by gz(c) may not be the zeros closest
to the point z = 0.)

We will prove this by contradiction. Suppose that in any punctured neighborhood of some point
¢* € D there exists a point ¢ such that g.-(c) # z1(¢). Then we have an infinite set {c,} such that for
every ¢, the inequality ge«(cq) # 1(cq) holds. We can extract from {c,} a sequence {c,} tending to
the point ¢*. The implicit function theorem for f(c,z) takes place in a neighborhood U x V of the
point (c*, z1(c*)).

Now we look closely at the set {(¢y,21(cy))}. It is a sequence in D, which cannot enter U x V,
because otherwise the condition f(c,,x1(c,)) = 0 inside U x V' contradicts the very definition of {¢;, }.
At the same time, the points (¢, z1(c,)) cannot be above the graph of g.-(c) and above U x V' by
the definition of the function z;(c).

So, the sequence {x1(c,)} is bounded by zero from below and by infV < z1(c*) from above.
Hence {z1(cy)} has a limit inferior 2* < x1(c*). We extract a subsequence {z1(c,,)} tending to
the above limit and then consider a sequence {(cy,,z1(cn,;))}. The function f(c,x) is continuous,
flen;,x1(en,;)) =0, and (ep,,x1(cn,;)) — (¢*,2*) as i — oo. Therefore, f(c*,z*) = 0. But at the same
time we have z* < x1(c*), and this contradicts the conditions of the lemma. Therefore, the point ¢*,
in fact, does not exist.

This means that for every point ¢ € D the equality z1(c) = gz(c) is true in some neighborhood of ¢.
Every function gz(c) is continuous near ¢. Therefore, z1(c) is continuous at every point ¢ € D. O

3.1 Proof of the main result

Proof of Theorem 2.1. Consider a maximally extended solution y(t) to (1.1) with initial data y*) (a) =
Yi, ©t € 0,m — 1.
It follows from Lemmas 3.1-3.3 that if the inequalities

y(to) > 0, y'(to) >0, y"(to) >0, ..., y"V(to) >0
hold at some point tg, then there exists a point t; > ¢y such that

y(t) =0, y'(t1) <0, y"(t1) <0, ...,y V(t1) <0



Existence of Solutions to Emden—Fowler Type Equations with Given Number of Zeros. .. 127

and -
t —to < (W'y'(to))” *¥2,

where ' > 0 and ) > 1 are constants depending only on k, m, and M.
The analogous statement takes place if

y(to) 0, y'(t) <0, y"(to) <0, ...,y V(to) <0.
Hence, if yo = 0 and y; > 0 for ¢ € 1,n — 1, then y(¢) is an oscillating solution, i.e., it has an
infinite sequence of zeros {a,t1,ta,...}. In the sequel, yo = 0 and y; > 0 for i € 1,n — 1.
We denote the distance between zeros by L; = t; — t;—1. The distance from a to the (S — 1)st zero

is a function
S—1

L(y17y2a cee 7yn—1> = Z Lj(ylay27 e 7yn—l)7
j=1

and its value depends on the initial data of the solution y(t).

If L(y1,y2s---,Yn—1) = b — a, then the solution y(¢) has exactly S zeros on [a,b]. To prove the
theorem we have to prove that for any b and a the last equation has at least one solution.

First, notice that L is a continuous function. If we rewrite (1.1) as a system of first-order ODEs,
that system will satisfy the conditions of the continuous dependence on initial data theorem [8, §7,
Theorem 6]. By Y (¢,a,%0,y1,¥2,---,Yn—1) We denote a maximally extended solution to (1.1) with
initial data v (a) = y;, i € 0,n — 1. Therefore, Y (t,a, 3o, Y1, Y2, - - -, Yn—1) and n of its derivatives in
t are continuous functions on their domains.

Are the conditions of Lemma 3.4 fulfilled? Put

D={(y1,y2--,yn-1) | >0} CR"".

For every such (y1,92,...,Yn—1) we have already proved the existence of the first zero t;, which
satisfies y'(t1) # 0. Further, there exists the second zero to, and for D C R™ we take the area above
D x {0} and under the graph of t2(y1,y2,...,Yn—1). Obviously, Y (a,a,yo,y1,¥y2,.-.,Yn—1) = 0, and
Y (t,a,y0,y1,Y2,---,Yn—1) is defined on D. (Here a is fixed and yg is equal to zero.)

The conditions of Lemma 3.4 are fulfilled, hence t1(y1,y2, ..., Yn—1), or L; is a continuous function
on D. It is possible to prove by using Lemma 3.4 that all L;, and therefore L are continuous. For L,
for example, notice that y(t1 (Y1, y2, - - - Un—1)), ¥ t1 (Y1, Y25 -3 Yn-1))s -y (1 (Y1, Y25 - - s Yne1))

are also continuous, because they are compositions of continuous functions ¥ (*) (0,90, Y1,Y25 -« -y Yn—1)

and t1 (Y1, - Yn—1)-
Now we are to find an upper estimate of L. It is already proved that

k—1

Ly < (Wyr)” FHe1.

It follows from Lemma 3.3 that ‘
ly'(t:)| > Q' (a).

k=1l_ 0, we have

k+n—1

Consider L;. Since —

k—1 k—1

L; < (/»‘L/Qiilyl)_k+1_lfl — (Q_ kizil)ifl(‘u/yl)_wrnfl .

Put é =Q TT. Since Q>1, —kf;il < 0, and therefore 0 < @ < 1, the upper estimates of L;

form a decreasing geometric progression. Therefore,

1-Q°S - _
L=t byt Lo € T @) T = e

L< cly’(a)fki;il, (3.1)

where ¢, is a constant depending on n, k, m, M, and S.
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To get a lower estimate of L it is sufficient to make a lower estimation of L;. Consider a point
t, € la,t1] such that y'(t;) = 0. On the segment [t(,t1], the derivatives ', y” are non-positive.
Therefore,

ty
Qy'(a) < |y'(t1)| = |y (t1)] = ¥/ ()] Z/Iy"(é)ldf < |t1 — g max ly"].

to
We must get an upper estimate of [maX] ly”|. Notice the behaviour of the derivatives of y(t) as ¢
té,tl

goes from a to t;. On the segment [a, t1], the inequality y(¢) > 0 holds. First, near a, every derivative,
except y™), is positive. It follows that (™1 is decreasing and after some point the inequality
y(™=1) < 0 holds, when y("™ is still negative. Hence, now y("~2) starts to decrease, and we can repeat
the same steps, until the solution y intersects the 0 — t-axis, i.e., when we move ¢ from a to t1, the
derivatives change their signs in order and higher-order derivatives change sign before low-order ones.
Therefore, on [t{, 1], the second derivative of the solution y is negative, because on the segment [t{,, 1]
the first derivative y'(t) < 0.
Denote |y|*sgny by |y|%. All initial data are positive, hence

t—a)? t—a)" 3
7( 2') +--~+yn_17( )

t t
- / / Dty D)yl ()2

0>y"(t) =y2+ys(t—a)+ys

[a,t1

t t
> _/.../p(t,ywH,y(nfl))‘y@(dt)nﬂ > —M|t —a|"? maﬁ\y%»

whence
max |y”| < M|t; — a|""? max |y|*.
[t t1] [a,t1]

Now we get an upper estimation of {na)}( ly|¥. The inequality y() > 0 holds on [a, ], whence
a,t1

—(12 _an—l p A
(1) =y1<t—a>+yz“)+---+yn1“)l)! —/---/p@,y,...,y("-”nym (de)

2! (n—
(t —a)? (t—a) !
t— AN T PR G AN
<yt —a)+y2 TR = 1)

Therefore,

" e (tr—a) TN
31%3](|y(t)| <(y1(t1 a)+ -+ yn-1 (n—1)! )

Combining both estimates, we get

(ti —a)"! ) "

< Mty — t||t, — ”*2( t — _
Ry [t1 — tolltr — al yi(ti—a)+ - +yn (=1

By definition, t; — a = Ly and |¢1 — 3] < Lq, hence

Ln—l k
Qy1 < ML?_l (y1L1 + -+ Yn—1 17) .
(n—1)!
Suppose y1 = y2 = --- = yp—1 and y; is a variable. In this case,

n—1 L71L_1 k 1-k
ML <L1+"'+m) >Qy; .
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In the left-hand side of the inequality we have the function of L; which is defined for every L; > 0,
is equal to zero when L; = 0, and is monotonically increasing. The value of the right-hand side may be
arbitrarily large as y; is arbitrarily small. Hence, for any A > 0, we can choose initial data providing
L> A\

But, due to (3.1), for any A > 0 we can choose initial data providing 0 < L < A. There-
fore, the value of L(y1,y2,...,Yn—1) may be arbitrarily large, arbitrarily small, and, at the same
time, L(y1,Y2,...,Yn—1) is proven to be continuous. Thus, we conclude that the range of values of
L(y1,y2, - -y Yn—1) is (0, 4+00). Therefore, the equation

L(y17y2a"'ayn71) =b—a

can be resolved for any b > a. This proves the theorem. O
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