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1 Introduction

Fractional order differential equations are generalizations of classical integer order differential equa-
tions. These are increasingly used to model problems in fluid flow, mechanics, viscoelasticity, biology,
physics, engineering and other applications. In recent years, there has been a significant development
in ordinary and partial fractional differential equations; see the monographs by Abbas et al. [1,2],
Baleanu et al. [9], Diethelm [14], Hilfer [22], Kilbas et al. [25], Miller and Ross [28], Podlubny [30],
Samko et al. [33], Tarasov [38], and Zhou [41,42] and the references therein.

Functional differential equations with state-dependent delay appear frequently in applications as a
model of equations and for this reason the study of this type of equations has received great attention
in the last years (see [3,4,6,11,17-21,24,27,35,39,40]).

The problem of controllability of linear and nonlinear systems represented by ordinary differential
equations in finite dimensional space has been extensively studied. Several authors have extended the
controllability concept to infinite dimensional systems in Banach space. Mophou et al. [29] studied
the controllability of semilinear neutral fractional functional evolution equations with infinite delay,
whereas Tai and Wang [37] discussed the controllability of fractional-order impulsive neutral functional
infinite delay integrodifferential systems. Controllability of impulsive fractional differential equations
with infinite delay is studied by Aissani and Benchohra [5].

Motivated by the previous literature, the purpose of this work is to establish the controllability
for a class of impulsive fractional equations with state-dependent delay described by

Dix(t) = Ax(t) + Bu(t) + f(t,xp(t,wt),x(t)), te Jp = (tk, tey1], E=0,1,...,m,
Az(ty) = I(z(ty ), k=1,2,...,m, (1.1)
z(t) = o(t), t e (—o0,0],

where D is the Caputo fractional derivative of order a, 0 < a < 1, A : D(A) C E — E is the
infinitesimal generator of an a-resolvent family (S (t))i>0, f : J X B x E — E is a given function,
J=100,T], T >0,and p : J x B — (—o00,T] is an appropriate function, B is a bounded linear
operator from E into E, the control u € L?(J; E), the Banach space of admissible controls. Here,
O=to<t1 < - <ty <tmg1=T,1;: E— E, k=1,2,...,m, are the given functions, (E, | -||) is
a complex Banach space, Az(ty) = z(t]) — z(t;,), z(t)) = }ILILI%) x(ty + h) and z(t;) = }]I:Jir%) x(ty — h)
denotes the right and the left limit of x(¢) at ¢ = tx, respectively. We denote by z; the element of B
defined by z;(0) = z(t +0), 6 € (—o00,0]. Here x; represents the history of the state up to the present
time t. We assume that the histories x; belong to some abstract phase space B, to be specified later,
and ¢ € B.

2 Preliminaries

In what follows, we recall some notations, definitions, and results that we will need in the sequel.
Let C' = C(J, E) be the Banach space of continuous functions from J into E with the norm

lylle = sup {ly(@®)l| : t € J}.

L(FE) is the Banach space of all linear and bounded operators on E.
A measurable function y : J — E is Bochner integrable if and only if ||y|| is Lebesgue integrable.
L'(J, E) is the Banach space of measurable functions y : J — E that are Bochner integrable, with
the norm

T
Iyl = / ly(®)]| dt for all y € L'(J, E).
0

B, (z, F) represents the closed ball in E with the center at x and of radius r.
We need some basic definitions and properties of the fractional calculus theory which will be used
further in this paper.
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Definition 2.1. Let a > 0 and f : Ry — E be in L'(R,, E). Then the Riemann-Liouville integral
is given by

i L[S
110 = 757 | s 2

0
For more details on the Riemann—Liouville fractional derivative, we refer the reader to [13].
Definition 2.2 ([30]). The Caputo derivative of order « for a function f : [0,4+00) — E can be
written as

t

o f(n) n—o n
Df( = /t—sa+1 ndS:I f()(t),t>0,n—1§0z<n.

0

R R 0
th(t)_F(l—oz)/(t—s)ads'
0

If 0 <a <1, then

Obviously, the Caputo derivative of a constant is equal to zero.
In order to define a mild solution of problem (1.1), we recall the following

Definition 2.3. A closed linear operator A is said to be sectorial if there are constants w € R,
6 € [5,m], M > 0, such that the following two conditions are satisfied:

1. > ={AelC: N#w, larg(A —w)| <0} C p(A) (p(A) being the resolvent set of A).
(0,w)

2. [[RON Al < | s AE (QZ)

Sectorial operators are well studied in the literature. For details see [15].

Definition 2.4 ([8]). Let A be a closed linear operator with domain D(A) defined on a Banach space
E and o > 0. We say that A is the generator of an a-resolvent family if there exist w > 0 and a
strongly continuous function S, : Ry —L(FE) such that {A*: Re(\) > w} C p(A) and

(NI — A) e = /e_)‘tSa(t)xdt, ReA>w, z € FE.
0

In this case, S,(t) is called the a-resolvent family generated by A.

Definition 2.5 (see Definition 2.1 in [7]). Let A be a closed linear operator with domain D(A) defined
on a Banach space F and o > 0. We say that A is the generator of a solution operator if there exist
w > 0 and a strongly continuous function S, : Ry —L(E) such that {A* : Re(\) > w} C p(A) and

AT — Al = /efMSa(t);l: dt, ReA>w, z€E.
0

In this case, S, (t) is called the solution operator generated by A. For more details see [26,31].

In this paper, we will employ an axiomatic definition for the phase space B which is similar to
those introduced by Hale and Kato [16]. Specifically, B will be a linear space of functions mapping
(—00,0] into E endowed with a seminorm | - ||, and satisfying the following axioms:

(A1) If z : (—00,T] — E is such that xo € B, then for every ¢t € J, 2; € B and
@) < Cllztlls,

where C' > 0 is a constant.
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(A2) There exist a continuous function Cq(t) > 0 and a locally bounded function Cy(t) > 0in ¢ > 0
such that

l|z4]|5 < Ci(t) sup [z(s)[| + C2(t) |0l 5,
s€(0,t

for t € J and z as in (Al).
(A3) The space B is complete.

Example 2.6. The phase space C, x L?(g, X).

Let » > 0,1 < p < o0, and let g : (—oo,—r) — R be a nonnegative measurable function
which satisfies the conditions (¢ — 5), (g — 6) in the terminology of [23]. Briefly, this means that g
is locally integrable and there exists a nonnegative locally bounded function A on (—o0, 0] such that
g(6+0) < A(€)g(f) for all ¢ <0 and 6 € (—oo, —7) \ N¢, where N¢ C (—o0, —7) is a set with Lebesgue
measure Zero.

The space C, x LP(g,X) consists of all classes of functions ¢ : (—00,0] — X such that ¢ is
continuous on [—r,0], Lebesgue-measurable, and g|¢||? on (—oco, —r). The seminorm in || - || is
defined by

-Tr

Iolla = s ||s0(9)||+< / g<9>||so<e>||Pd9) .

cl—r,
—00

The space B = C, x LP(g, X) satisfies axioms (A1), (A2), (A3). Moreover, for r = 0 and p = 2, this
space coincides with

1

0 =
Co x L*(g,X), H=1, M(L‘):A(—t)%7 K(t)=1+</g(7')d7') )

For more details see [23, Theorem 1.3.8].

Definition 2.7. A function f:J x B x E — F is said to be a Carathéodory function if it satisfies:
(i) for each t € J, the function f(¢, -, -) : Bx E — E is continuous;
(ii) for each (v,w) € B x E, the function f(-,v,w):J — E is measurable.

Definition 2.8. Problem (1.1) is said to be controllable on the interval J if for every initial function
¢ € B and r1 € E there exists a control u € L?(J, E) such that the mild solution z(-) of (1.1) satisfies

Next, we give the concept of a measure of noncompactness [10].

Definition 2.9. Let B be a bounded subset of a seminormed linear space Y. The Kuratowski’s
measure of noncompactness of B is defined as

a(B) =inf{d > 0: B has a finite cover by sets of diameter < d}.

We need to use the following basic properties of o measure and Sadovskii’s fixed point theorem
(see [34)).

Lemma 2.10. Let A and B be two bounded sets of the Banach space E. Then:
1. If AC B, then a(A) < a(B);
2. a(A) =0 <= A is compact (A is relatively compact);
3. a(A+ B) < a(A) + a(B).

Theorem 2.11 (Sadovskii’s fixed point Theorem). Let N be a condensing operator on the Banach
space X, i.e., N is continuous and takes bounded sets into bounded sets, and a(N (D)) < a(D) for
every bounded set D of E with (D) > 0. If N(S) C S for a convez, closed and bounded set S of X,
then N has a fized point in S.
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3 Controllability results

Before going further, we need the following lemma [36].

Lemma 3.1. Consider the Cauchy problem

Dia(t) = Axz(t) + Bu(t) + f(t), 0 <a <1,

o0 — a1 (3.1)

if [ satisfies the uniform Hélder condition with exponent 3 € (0,1] and A is a sectorial operator, then
the unique solution of the Cauchy problem (3.1) is given by

t
x(t) = xo—i—/Sat—sBu ds+/S (t—s)f(s)ds,
0

where

B\T denotes the Bromwich path, S, (t) is called the a-resolvent family and T, (t) is the solution operator
generated by A.

Theorem 3.2 ([12,36]). If « € (0,1) and A € A*(bp,wy), then for any x € E and t > 0, we have
1 Ta®)lLs) < Me*" and ||Sa(®)||rz) < Ce* (1 +t*7"), t>0, w> wp.
Let

Mr = sup ||[Ta(®)lrmy, Ms= sup Ce*'(1+t>7h),
0<t<T 0<t<T

hence we have . .
1Ta®)lLz) < Mz, [|Sa(t)|lLm) <t M.

Let us consider the set of functions
Bi = {x : (=00, T] — E such that m|Jk € C(Ji, E) and there exist
(t]) and a(t))) with 2 (ty) = 2(t;), 70 = ¢, k=1,2,... ,m}.
Endowed with the seminorm,
zll5, = sup {{|z(s)[l - s €[0,T]} + |65, € B,

where x|, is the restriction of z to Ji = (tg, tr+1], k=1,2,...,m
From Lemma 3.1 we can define a mild solution of system (1.1) as follows.

Definition 3.3. A function x € By is called a mild solution of (1.1) if it satisfies the following integral
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equation:

(t), t € (—00,0],

/tSa(t — 5)Bu(s) ds +/t5a(t —8)f (8 @p(s,2.),2(s)) ds, t€[0,t1],

0 0

To(t — t1) (2(ty) + Li(=(t))) + /tSa(t — s)Bu(s) ds

z(t) = + /t Sa(t = 8)f (5,2 p(s 0.5 2(5)) ds, te (ty,ts], (3.2)

To(t = tw) (z(t,) + I (x(t,,))) + /t S, (t — s)Bu(s) ds

+/t5a(t — 8) f (8 T p(s,2.), 2(3)) ds, t € (tm,T].
Set )

R(p™) = {p(s,) : (5,0) € J x B, p(s,¢) < 0}.

We always assume that p : J x B — (—o00,T] is continuous. Additionally, we introduce the following
hypothesis:

(H,) The function t — ¢ is continuous from R(p~) into B and there exists a continuous and bounded
function L? : R(p~) — (0, 00) such that

l¢ells < L(t)lIglls for every t € R(p™).

Remark 3.4. Condition (H,) is frequently verified by the continuous and bounded functions. For
more details see, e.g., [23].

Remark 3.5. In the rest of this section, Ci and C3 are the constants

Cy =supCy(s) and C; = sup Cs(s).
seJ sedJ

Lemma 3.6 ([21]). If z : (—oo, T| — X is a function such that xo = ¢, then
lzslls < (C3 + L)|élls + C sup {{ly(0)|] = 0 € [0,maz{0,s}]}, s€R(p™)UJ,

where L? = sup L®(t).
tER(p™)

Let us introduce the following hypotheses:
(H1) The semigroup S(t) is compact for ¢ > 0.
(H2) f:J x B x E — E satisfies the Carathéodory conditions.

(H3) There exist a continuous function 4 € L'(J,R*) and a continuous nondecreasing function 1 :
R* — (0, +00) such that

1t 2, 9)|| < pt)e(lzlls + llyll), (tz,y) € JxBxE.
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(H4) The function Iy : E — E is continuous, and there exists € > 0 such that

Q= max {|[Ix(2)|: = € B,}.

1<k<m

(H5) The linear operator W : L?(.J, E) — E defined by

T
Wu = [ So(T — s)Bu(s) ds,
/

has an inverse operator W‘l, which takes values in L?(J, E)/ker W and there exist two positive
constants M7 and M, such that

IBllz(m) < My, W |1am) < M.

Remark 3.7. The construction of the operator W1 and its properties are discussed in [32].

Theorem 3.8. Assume that Hypotheses (H,), (H1)-(Hb5) are satisfied with My < 1, then the IVP
(1.1) is controllable on (—oo,T].

Proof. We transform problem (1.1) into a fixed-point problem. Consider the operator N : B; — By

defined by:

(1), t € (=00,0],

t
Se(t — s)Bu(s)ds + /Sa(t = 8)f(8:Tp(s,z.),x(s)) ds, t€[0,t1],
0

To(t —t1)(x(ty) + Ii(z(t]))) + /Sa(t — $)Bu(s)

t
+/Sa(t - S)f(S,l'p(S,xswx(S)) dS7 te (tlth]a

ty

S— .

To(t = tm) (2(t,) + Im (2(t;,))) + / Sa(t — s)Bu(s)ds
—i—/Sa(t — 8)f (8 @ p(s,2.), 2(5)) ds, t € (tm, T

tm
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Using hypothesis (H5), for an arbitrary function z(-), we define the control

W‘l[asl —/TSa(t—S)f(S Tp(s,z,), T(s ))ds}( ), te€0,t],
0

_/Sa(t — ) F(5:Zp(s.00, 2(5)) ds} (1), te (t,tal,

o [x CT(T — ) (a(t) + In(a(£52))

T
_/Sa(t - S)f(saxp(s,ws)vx(s)) d8:| (t)v te (tmaT]'

Clearly, fixed points of the operator N are mild solutions of problem (1.1).
Let us define y(-) : (—o00,T] — FE as

-fpe g

z(t), te.

(1) = {o, t € (—o0,0),

If z(-) satisfies (3.2), we can decompose it as z(t) = y(¢) +
3)

(t) for t € J, which implies x; = y; + Z;
for every t € J, the expression of the control given by (3. ec

z
becomes

T
|: /Sa t— 5 S y Yp(s,ys+2(s)) + Zp(s,ys-i-f(s)), y(s) + Z(S)) d8:| (t)7 te [Oa tl]v
0

et [x T — ) [yt + 2(6) + T (u(tT) + 2(t0))]

T
u(t) = - / Sa(t = 8)f (5 Yp(s,pat2(5)) T Zp(sps+7(s)): Y(8) + Z(5)) dS} (t), te (t,ta],
t1

W [x LT = ta) [y(t) + 2(65) + Lyt + 2(65))]
T
- / Sa(t - s)f(s, Yp(s,ys+2(s)) T Zp(s,ys+2(s))s y(s) + z(5)) d8:| (t)a te (tm’ TL

tm
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and
t
/Sa(t — s)Bu(s)ds
0
t
+/5a (t = 8)F (S Up(s,pat2(s)) T Zp(s,yetz(s))> U(s) +2(s)) ds,  t€[0,t1],
0
t
To(t —t1) [y(ty) +2(t7) + Li(y(ty) + 2(t7))] +/5a(t — s)Bu(s) ds
ty
2(t) = / _ _
+/Sa(t — ) F (S Yp(s.yatz(s) + Zp(setz(s)) Y(s) +Z(s)) ds, € (t1,ta],
ty
t
Talt — tn) [ot) + 2(t5) + Llu(t) + 2(6,))] + [ Salt = 5)Bu(s)ds
t fm
+ / Sa(t - S)f(57 Yo(s,ys+2(s)) + Ep(s,strE(s))v y(S) + 2(S)) dS, te (tma T]
tn

Moreover, zg = 0.
Let
:{zEBlz zon}.

For any z € By, we have
2115, = sup [[2(£)]| + [[z0]l5 = sup [|z(#)]]-
ted teJ

Thus (Ba,| - ||s,) is a Banach space. We define the operator P : By — By by

t

/Sa(t — $)Bu(s) ds
0
t
+/Sa t - 5 S yp(s,ys+3(s)) +§p(s,y5+5(s))7 y(S) +E(S)) d87 te [05 tl]a
0

Tt — t) [y(ty) + 2(67) + L (y(t7) +2(67) /s t — 5)Bu(s) ds

P(2)(t) /
A =
+ / Sa(t - S)f(87 yp(s,ySqLE(s)) + Ep(s,ys%»E(:;))a y(S) + E(S)) dSa te (tlv t2]7
ty

To(t —tm) [y(ty) + 2(t) + I (y(t) + 2(t))] + /Sa(t — $)Bu(s) ds

+/Sa(t — S)f(S,yp(s’yS+§(s)) +Ep(syys+g(s)), y(s) +§(S)) ds, t e (tm7T].

tm

Obviously, the operator N has a fixed point is equivalent to P to have a fixed point, so it remains to
prove that P has a fixed point. Let

B, ={z€By: |zls, <r},
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where 7 is any fixed finite real number which satisfies the inequality

M9 Mg
r> — 4 2 Ci+I1? +(C¥ 4+ 1)r 1.
Ty 1_MT1/)(( 2 Nels + (C + 1)) |lullr

Clearly, the subset B, is a closed, bounded and convex set of B>. We need the following

Lemma 3.9. If x € B,, then we have

9n(s,5s+2(5)) + Zo(syetz(sn B < (C5 + LO)|1l|s + Cir,

and
T
My [|$1 + Mg /(t — 1) u(r)
0
X¢(’|yp(r,yT+E(r)) + Zp(r 42| 5 + 19(7) +?(T)||) dT} t€0,t],
T
Ml + i+ 9) + B [ (¢ = 7 utr)
u(s)]| < 0 (3.4)

<V ([[9ptrar+30) + Zotrarszon s + 197 + 201 dT] te (b tal,

T
My [|$1 + MT(T +Q)+ Ms b/(t — T)o‘fl,u(T)

0 (Wt 2 + Fote 20yl + 100) +30) . €€ (e 1
Proof. Using Lemma 3.6, (H3) and (H5), we obtain

[9p(s.9.+2(5)) + Zotswe 20 || 5
< (C3 +L?)| ¢z + Ci sup {|y(0)] : 6 € [0,maz{0,t}]} < (C5 + L?)|¢|lz + Cir.
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Also, we get

T

740 el + 7 [0y

0
Hf T Yp(ray-+2(r) T Zp(rye+2(r)) Y(T) +2(T HdT] t €[0,t1],
T
W= [||:v1|| + Mp(r+ Q) + Mg /(t — 7yt

Ju(s)]| < 0
Hf T Yp(rye+2(r) T Zp(ry-+2(r), Y(T) + (7 )HdT], t € (t1,ta],

T
T [||:c1|| 4T+ 9) 4 s [0
0
Hf T Yp(ryr+2(r) T Zp(ry,+2(r)), Y(T) + Z(7 Hdr] t € (tm, 1]
T

Mol + s [ (¢ =) ut)

0
X¢<Hyp(‘r yr+2(7)) +z Zp(1,y-+Z(1)) HB + ||y H ) :| te [O,tl],

T

M, [nxln T Mr(r + ) + M / (t— )" ()

W(Hyp(w#z(f)) + Zp(ry 42y |5 + [1y(7) ||) dT] t € (t1,t2],

IN

T

My {||:U1|| + MT(T +Q)+ MS /(t — T)ailll,(’r)
0

qu(HyP(TerrZ(T))+zp(‘ryf+2('r) 5+ lly(r) +2(7)|| 5 ) ] € (tm,T)-

Thus the lemma is proved. O
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Now, we define two operators P; and P on B, as

t

/ Sa(t = $)F (8, Up(s,pat2() + Ep(s.+(s)), U(5) +Z(s)) ds, t€ 0,1,
0
Tyt —t1) [y(tl_) +2(t7) + L (y(ty) +E(tf))}

t
+ / Sa(t o S).f(sa Yp(s,ys+2(s)) + Ep(s,ys+2(s))a y(s) + E(S)) dS, te (tla t2],

Pi(2)(t) = ;
Tt = tm) [y(t) + Z(t) + I (y(t,) + Z(8,))]
+/5a(f = )£ (8, Yp(s,yat2(5)) T Zols.patz(s)), Y(8) T Z(s)) ds, t € (tm, T],
/Sa(t — $)Bu(s)ds, te€[0,t],
Ot
/Sa(t — s)Bu(s)ds, te€ (t1,ta],
Py(2)(t) = {{

/Sa(t — s)Bu(s)ds, t € (tm,T].

tm

Firstly, we show that the operator P; maps B, into itself, next, we prove that P, is completely
continuous.

Step 1: Let z € B,, then show that Pz € B,. For t € [0,;], we have
t
1PN < [ 18at = )i |75 tsnr500) + Zotsszion (s) + () | ds
0
< MS

(t = ) 1) ([ Yot 2061 + Zntsazton 15 + () +2(5)][) d

< Ms | (t—5)"""u(s)0((C5 + L) @lls + Cir+7) ds

S L O~

t
< Msu((C5 + L9l + (5 + 1) [ uts)ds
0
Mst((C5 + L) |lls + (C; + 1)l

T.

INIA
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Moreover, when t € (t;,t;4+1], ¢ = 1,...,m, we have the estimate

IPLWN < Talt = ) [2(67) + Li(=(67)]
b 180t = e[ 75yt 20 + Zotom 2 v(s) +25) | ds
0

< Mr(r+Q) + Msy((C5 + L) |g]ls + (CF + 1)r) |l s
T.

IN

Step 2: P, is completely continuous. This will be given in several claims.
Claim 1: P, is continuous.
Let {z"}nen be a sequence such that 2" — z in By as n — oo. Since f satisfies (H2), we get

f(myr +22,y(r) +2"(1)) — f(T,yr + Z7,y(7) +2(7)) as n — oco.

Now for all ¢ € [0, 1], we have

1B(=)(0) — Pa=2)(0)]| < / |t = 5)B(un(s) = u(s)]] .y ds
0

t

< [ 18a(t = 5)l i) 1Bl oy 1un (5) = ) ds < M1 [ (¢ =) un(5) = ) ds
0 0

T
< M1M2M§ /(t - s)a—l (T - T)a_l Hf(Ta Yp(r,y-+z" (7)) + Eg(r,yT+§7L(r))7 y(T) + En(T))
0 0
2a

_ _ ~, T
- f(Ta yp(T,yTJrE(T)) + zp('r,y.,.+§(7’))7 ZU(T) + Z(T)) H drds < MIMQM,% ? g,
where € > 0, ¢ — 0 as n — co. Moreover,

[P2(:m)0) = a0 < MuMaiEs (6= ) [ir[a2(67) = 2(60) |+ [5G 00) = B0 )]

ti
T

+ Ms /(T - T)a_le(Tv Y(ryetz (7)) T Zprys 430 (r)» Y(T) + Z(7))
ti
= F (T Ypryet20)) F Zpryrtz(0))s Y(8) + Z(5)) H df] ds
2a

—~ ~ T« e L
< MM MMy = [[[27(67) = 260 | + 11" (6) = L) ] + MidM - e,

where ¢ > 0, ¢ — 0 as n — oo, for all ¢ € (¢;,t;11], ¢ = 1,...,m,. The impulsive functions I,
k=1,...,m, are continuous, and we get

lim ||Py2" — P2z, = 0.
n—oo

This means that P, is continuous.

Claim 2: P, maps bounded sets of By into bounded sets in By. So, let us prove that for any r > 0,
there exists £ > 0 such that for each z € B, = {z € By : ||z, < r}, | P2z]lB, < & Indeed, for any
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z € B, t €[0,t1], we have

1P2(2)(#)]l S/IISa(t—S)HL<E>||B||L<E)|IU(S)||ds
0

< M, My Mg /t(t —s)e! [||x1|l + Mg /T(T — 1) u(7)
0 0

X w(||y,o('r,y1—+2('r)) +Ep(s,y7—+2('r))‘|5 + ”y(T) +E(T)|D dT:| ds
t T
< MM [(0- 5 [uwln s [0 =t
0 0

< (05 + L)|8lls + Cir +7) dT} s

2a

7o T .
< M1 MyMsg o |21 || + My Mo M3 o Y((C5 + L) ||¢lls + (CT + 1)r /N

0
2

~ T~ ~ T X X
< MyiMzMs — ||| + My My MG 7 ((C3 + Lol + (CF + 1)r)|ull 1

Moreover, when ¢ € (¢;,t;41], i1 =1,...,m, we have the estimate

67

— T« ~ o~ T
[P2(2)(#)]| < My MaMs o lz1]| + My My Mg Mr(r + Q) o

T2a
+ M, M2M§

This implies that

[e3%

~ T= ~ T
||P22||52 S MlMQMS ; ||J,‘1|| + MlMngMT(T + Q) ?

20

AT T * *
+ MMM — 9 ((C5 + L) [@lls + (CT + 1))l -

Claim 3: P(B;) is bounded and equicontinuous. Letting u,v € [0, T], with v < v, we have

IPo(2)(0) — Pa(2)()]| < Q1 + Qs
Q1 = / 1Sa (v — )10y |1 Bll o lu(s)l| ds,

Q2 = [ 115a(0 = ) = Sl = 5) ()| Bl (o) ds.
0

5 O((C5 + L) 6lls + (CF + 1)r) |l -
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In view of (3.4), for t € [0,¢;], we have

Q1 — / 1Sa (v — )l 1Bl llus) | ds

S M]MQMS /(’U — 8)0171

u
T

x [Ilzlll + Mg /(T*T)wlf(ﬂ Yp(ryr (7)) +Zp<r,y7+z<r>>vy(7)+Z(T))d7] ds

~ (v—u)” ~ 1 * *
< w08 I (4 80 (05 4 20l + (05 + 1) ).

Hence, lim @1 = 0. Similarly, for u,v € (¢;,t;41], with u < v, i=1,...,m, we get
u—v

Q1 = / 1Sa v — )| | Bl llus) | ds

< MM s [ (0= s [nmn M+ 9)

u

T
+ Mg /(T — ) (T Yp(rytz(r)) + Zp(riye 20 Y(T) +Z(1)) dr | ds
0
1 (U _u)a AT ~ T * ) *
< Mi{MsMg Y [||$1|| + Mr(r+ Q)+ Mg o w((C2 + L) ¢lls + (CT + 1)7“) ||,u||L1].

Hence, we deduce that liin Q1 =0.
Using (3.4), for all ¢t € [0,¢1] we get

Q2 = [ [18a(v=9) = Salu = 9 1y 1B iy ) s
0
T« . i}
< MMy [l + Vs — (€5 + L)N0lls + (G + Vr) s
X / |Sa(v —s) = Sa(u— S)HL(E) ds.
0
Similarly, when u,v € (t;,t;+1], ¢ = 1, ..., m, we have the estimate
Q2 = [ [8a(v=9) = Salu = 9] ) 1Bl iy ) s
0
N T« i X
< MMy [lfoa]| + MG+ 9) + Ms — (G5 + L) 6lls + (CF + 1) Il
X / HSa(v —5) — Sa(u— S)HL(E) ds.
0

Since

HSQ(U—S) — S (u < QMs(ti — )t

- S)HL(E)
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which belongs to L' (J,R.) and S, (v — 8) — So(u—s) — 0 as u — v, S, is strongly continuous. This
implies that lim ()2 = 0. Thus, from the above inequalities, we have
uU—rv

lim || P(2)(v) — P(2)(w)]| = 0.

uU—v

So, P2(B,) is equicontinuous.

Finally, combining Claims 1 and 3 together with the Arzela—Ascoli’s theorem, we conclude that
the operator P is compact. In fact, by Step 1-Step 2 and Lemma 2.10, one can conclude that
P = P, + P, is continuous and takes bounded sets into bounded sets. Meanwhile, it is easy to see that
a(Py(B,)) = 0, since Pa2(B,) is relatively compact. It comes from P;(B,) C B, and a(Px(B,)) =0
that

a(P(B,)) < a(Pi(B,)) + a(Pa(B,) < a(B,)

for every bounded set B, of By with «(B,) > 0.

Since P(B,) C B, for a convex, closed and bounded set B, of Bs, using Theorem 2.11, P has a
fixed point z in B, C Bs. It is easy to see that x is a fixed point of the operator N which is a mild
solution of (1.1) satisfying x(T") = 1. Thus, system (1.1) is controllable on (—o0, T]. O

4 An example
To apply our abstract results, we consider the impulsive fractional integro-differential system:

of 0?
o 10:0) = 55 0(8: ) + ap(t.)

+ [ arls = 00(s = p@pallo(®D). ) ds + £ cos ot O t€ 0.7, ¢ € o,

v(t,0) = v(t,m) =0, te0,T], (4.1)

U(t7C) = UO(eag)a 0 e (_OO’O]’ C € [0771-]7

23

Av(te)(C) = /pk(tk ) dycos(ut)(©), k=1.2,....m,

— 00

where 0 < ¢ <1, w >0, p:[0,7] X [0,7] = [0,7], pr : R—=>R, k=1,2,...,m, and ay : (—o0,0] = R,
pi [0, 4+00) = [0,400), i = 1,2, vg : (—00,0] x [0, 7] — R are continuous functions.
Set E = L2([0,7]) and let D(A) C E — E be the operator Aw = w” with the domain

D(A) ={w € E: w, w’ are absolutely continuous, w” € E, w(0) = w(r) =0},

then -
Aw = an(w,wn)wn, w € D(4),

n=1
where wy, (z) = \/% sin(nx), n € N, is the orthogonal set of eigenvectors of A. It is well known that
A is the infinitesimal generator of an analytic semigroup {T'(¢)};>0 in E and is given by

Z Yw,wp)wy, forall we E and all t > 0.

From these expressions it follows that {T'(¢)};>0 is a uniformly bounded compact semigroup such that
R(A\, A) = (A — A)~! is a compact operator for all A € p(A), that is, A € A%(0y,wo).
For the phase space, we choose B = Cy x L?(g, X) (for details, see Example 2.6).
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Set

z(t)(¢)
©0)(©)

0

=v(t,¢), t€0,T], C€[0,7];
o = (0
ft,o,z(t)(¢) = / a1(s)p(s, &) ds + t* cos |z(t)(¢)|, t€[0,T], ¢ €]0,7];

v(0,¢), 6 € (—0,0], ¢ €0,n];

p(s,p) =5 — pi(s)p2(]e(0)]);
0
L2 (t0)(C) = / pelts —y) dy cos(@(te)(C), k=1,2,....m:

— 00

Bu(t)(¢) = wplt, ¢).

Under the above conditions, we can represent system (4.1) in the abstract form (1.1). Assume that

the

has

operator W : L?(J, E) — X defined by
T
Wu(-) = /SQ(T — s)wu(s, - )ds
0

a bounded invertible operator W= in L2(.J, E)/ker W.

The following result is a direct consequence of Theorem 3.8.

Proposition 4.1. Let ¢ € B be such that (H,) holds, and assume that the above conditions are
fulfilled, then system (4.1) is controllable on (—o0,T).
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