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BOUNDARY VALUE PROBLEMS FOR FAMILIES
OF FUNCTIONAL DIFFERENTIAL EQUATIONS



Abstract. We consider boundary value problems for all equations from a family of linear functional
differential equations. The necessary and sufficient conditions for the unique solvability and existence
of non-negative (non-positive) solutions are obtained.*
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1 Introduction

In the recent years, the boundary value problems for functional differential equations have been
investigated in many works (for example, [1,6-12]). We offer new conditions for a unique solvability
of boundary value problems and the existence of solutions with a given sign. It turns out, these
conditions are sharp in some family of equations.

Here we use the following notation: AC" 1[0, 1] is the space of functions x : [0, 1] — R for which
there exist absolutely continuous derivatives of order less than n; CJ[0, 1] is the space of continuous
functions x : [0;1] — R with the norm || z|c = tren[goi] |z(t)|; L[0, 1] is the space of integrable functions

) :
z 1 [0;1] — R with the norm || z||r, = [ |2(s)| ds.
0

We consider general boundary value problems for linear functional differential equations

{xw (t) = (Tx)(t) + f(t), te[0,1],

lbir=q; 1=1,...,n,

(1.1)

where T : C[0,1] — L[0,1] is a linear bounded operator; f € L[0,1]; ¢; : AC"_I[O,l] — R, i =
1,...,n, are linear bounded functionals with the representation

n—1 1
lix = Z iz (0) + /goi(s)x(”)(s) ds, i=1,...,n,
j=0 0

@; : [0,1] = R, i = 1,...,n, are measurable bounded functions, a;; € R, ¢,j = 1,...,n; a; € R,
i=1,...,n. A solution of (1.1) is a function from the space AC™ [0, 1] which satisfies for almost all
t € [0,1] the functional differential equation from problem (1.1) and the boundary value conditions
from (1.1).

Such problem (1.1) has the Fredholm property (see, for example, [2]), therefore problem (1.1) is
uniquely solvable if and only if the homogeneous boundary value problem

{xw () = (Tz)(t), telo,1],

1.2
Eil‘zo, i=1,...,n, ( )

has only the trivial solution.

We will use the notation ¢ = {¢1,02,...,4,}, a = {1, a9,...,a,}.

An operator T : C[0,1] — L[0,1] is called positive if for every non-negative function z € CJ0, 1]
the inequality (Tx)(t) > 0 holds for a.a. ¢t € [0, 1].

Here we suppose that p™, p~ € L[0, 1] are the given non-negative functions.

Definition 1.1. Denote by S(p™,p~) the family of all operators T : C[0,1] — L[0, 1] such that
T=T+_-T",
where T+, T~ : C[0,1] — L[0, 1] are linear positive operators satisfying the conditions
TH1 =pt, T71=p.
Definition 1.2. We say that the pair (p,p~) belongs to the set A, , if problem (1.1) is uniquely
solvable for every operator T' € S(p™,p™).

Definition 1.3. We say that the pair (p*,p~) belongs to the set ]B%;@(a, f)if (p*,p7) € Ay and a
unique solution of problem (1.1) is non-negative for every operator T' € S(p™,p~).

Definition 1.4. We say that the pair (p*,p~) belongs to the set B (e, f) if (p*,p7) € A, and a
unique solution of problem (1.1) is non-positive for every operator T € S(p™,p™).
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In this paper, we give an effective description of the sets A, ¢, B} ,(a, f), B ,(a, f) under the

following condition. We suppose that the boundary value problem

{mw(t) — ft), telo1, (1.3)
J4

r=a;, 1=1,...,n,

is uniquely solvable. Then its solution w has a representation
= axi(t) + (GF)(t), te[0,1],
i=1

where the functions x1, s, ..., z, form a fundamental system of solutions to the equation z(™) = 0;
G : L[0,1] - AC"![0,1] is the Green operator defined by the equality

:/G(Ls)f(s) ds, t€|0,1];
0

G(t, s) is the Green function of problem (1.3). Note, that the Green function G(t, s) has a represen-

tation
G(t,s) = C(t,s) + ZZcijxi(t)goj(s), t,s €10,1],
i=1 j=1
where ( -
t—s)""
- <t<L1
Clt,s) =< (n—1!" ~— -
0, 0<t<s<l,

ci; €R, 4,5 €{1,2,...,n}.

2 The unique solvability for all equations with operators from
the family S(p™,p7)

Denote
(Gp)(t), te[0,1],

t)=pt(t)—p (1), v(t)=1-
) SE[O,H, 0<t; <ty <1,

G(t2, s)v(t1) — G(t1, s)v
= lalta _
= e g =
p~) belongs to the set A, ¢ if and only if one of the following conditions

—~

p
gtzﬂflﬂ)(s)

for any a € R.

Theorem 2.1. The pair (p*,
holds:
(1) v(t) >0 for allt € [0,1] and

1
/ gtz,h, ( )]_ +p_(8)[gt2,t1ﬂ)(8)]+) ds < U(tQ) fO’I" all0 <ty <tz < L;
0

(2) v(t) <0 for allt €10,1] and

1
/ gtz,tl U( )]+ +p_(s)[gt2,t17v(s)]_) ds < —’U(tg) fOT all0 <ty <ty <1
0
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For proving Theorem 2.1, we need the following lemma (see [3,4]).

Lemma 2.1. Boundary value problem (1.2) has only the trivial solution for every operators T €
S(p*,p™) if and only if the boundary value problem

2™ (t) = pr(t)z(tr) + p2(t)z(tz), t€(0,1],
| (2.1)
lLix=0, 1=1,...,n,
has only the trivial solution for every functions py, pe and points ty, to such that
p1,p2 € L[Oa 1]7 (22)
prt+pe=p"—p, (2.3)
—p (1) <pit) <p*(t), t€[0,1], i=12, (2.4)
0<t; <ty <1. (2.5)

Proof of Theorem 2.1. Boundary value problem (2.1) is equivalent to the equation
z(t) = (Gp1)()z(t1) + (Gpa2)(t)x(ta), t €]0,1].
This equation has only the trivial solution if and only if the algebraic system
z(ty) = (Gp1)(t)z(tr) + (Gp2)(t1)x(t2),  x(t2) = (Gp1)(t2)z(t1) + (Gp2)(t2)z(t2)

with respect to z(t1), z(t2) has only the trivial solution, that is, when

1= (Gp)(t1)  —(Gp2)(t1)
—(Gp1)(t2) 1 (Gp2)(t2)

1—(Gp1)(t1) w(t1)
—(Gp1)(t2)  v(t2)

A(ty,ta,p1,p2) =

=v(t2) + [ P1(8)gts,t1,0(s) ds # 0, (2.6)
/

We use Lemma 2.1. From the form of the set of admissible function p; (2.4), it follows that
A(ty,t2,p1,p2) does not equal to zero for every ¢;, p;, i = 1,2, if and only if the conditions of Theo-
rem 2.1 are fulfilled. It guarantees the unique solvability of all problems (2.1) under the conditions
(2.2)-(2.5). O

3 Examples

Consider the Cauchy problem

{¢@)=(TwXﬂ-%f@% teo,1],
z(0) = .

As an immediate result from Theorem 2.1, we have

Corollary 3.1. The pair (p™,p~) belongs to the set Ay {20y} if and only if the inequality

1+ ]lp(s) ds(l - ]Zp(s) ds) - /t2p+(3) ds + 7p+(s) ds/t2p+(s) ds >0
0 t1 0 0 t1

holds for all 0 < t; <ts < 1.

Now we can easily get the following known assertion.
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Corollary 3.2 ([5]).

1
(pT,0) € Ay 200y if and only if [pT(s)ds < 1;
0

1
(0,p7) € Ay 120y} if and only if Jp(s)ds < 3.
0

Set pT(t) =T t,p~(t) =T t, t €[0,1], where T+ >0, T~ > 0.
Corollary 3.3. The pair (p™,p~) belongs to the set A1 (2(0)) if and only if
0<Tt<2 0<T <1++5
or

0<Tt<2 T >1+45,
(TP =T NT +2)— (TP A-T)+2T T (TTT —2T+" —4T ) >0.

Consider the Cauchy problem for the second order functional differential equation

{:z(t) = (Tx)(t) + f(t), t€0,1],

(a) = a1, z(a)=as,
From Theorem 2.1, we have
Corollary 3.4.
(0,77) € Ag f2(0),5(0)} if and only if T~ < 16;

(0,p7) € Ay 14(0),2(0)) if P~ (t) <16 for allt € [0,1], p~ # 16.

Consider the Dirichlet boundary value problem

Corollary 3.5.
(TF,0) ¢ A2,{w(0),x(1)} if and only if T+ < 32;

(p+7 O) € AQ,{I(O),E(l)} pr+(t) <32 fOT allt € [07 1]7 p+ 5—'5 32.

4 Non-negative (non-positive) solutions for all equations
with operators from the family S(p™,p~)

Suppose a; € R, i=1,...,n, f € L and

. 1
Z v | +/|f(s)|ds > 0.
i=1 5

For every 0 < t; <ty <1, define

gtz,tl,w(s) = G(tQ’ S)w(tl) - G(th S)w(t2)7 s € [07 1]a
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Ry (t17 t2) = w(tl) + (p+(s)[gt2,t1,w(s)]_ +p (S)[gtz,thw(s)]—‘r) ds,
Ry(t1,t2) = w(ta) + [ (07 (8)[gta,t1,0(9)] T + 07 (8)[gtatr.0(5)] ) ds,
Rs(t1,t2) = w(ty) — [ (07 (8)[gtat2.0(9)]T 4+ 27 (8)[gt2.t1.0(5)] ) ds,

Ry(ty,t2) = w(tz) = [ (PT(5)[gr2t1.0(9)] ™ + 07 (8)[gtat 0 (5)]T) ds.

S O O~ °o—_ _

Theorem 4.1. Suppose (p*,p~) € A, 4.
The pair (p*™,p~) belongs to the set B;e(av f) if and only if one of the following conditions holds:

(1) v(t) >0, w(
(2) v(t) <0, w(

t) >0 for allt € [0,1] and R3(t1,t2) > 0, Ry(t1,t2) >0 for all 0 <3 <ty <1;

t) <0 for allt € [0,1] and Ry(t1,t2) <0, Ra(t1,t2) <0 for all 0 <ty <tg < 1.
The pair (pT,p~) belongs to the set B;’Z(a, f) if and only if one of the following conditions holds:

(1) v(t) <0, w(t) >0 for all t € [0,1] and R3(t1,t2) >0, Ra(t1,t2) >0 for all0 <t; <ty < 1;

(2) v(t) >0, w(t) <0 forallt €[0,1] and Ry(t1,t2) <0, Ra(t1,t2) <0 for all0 <t; <ty <1.

Lemma 4.1. Let (p*,p~) € A, . Then the set of all solutions of problems (1.1) for all operators
T € S(p*,p~) coincides with the set of solutions of the boundary value problem

2 (t) = pr(t)z(tr) + p2(t)a(tz) + f(t), te€[0,1], (4.1)
lix =04, 1=1,...,n, .
for all functions p1, ps and points ty, to satisfying conditions (2.2)—(2.5).

Proof. Let y be a solution of problem (4.1) for some functions p;, ps and for some points t1, to
satisfying conditions (2.2)—(2.5). Then y is a solution of problem (1.1), where T'=T% — T~ and the
positive operators T, T~ are defined by the equalities

(THa)(t) = P (DC(D)a(t) + (1 — C(E)alts), ¢ € 0,1,
(T72)(t) =p~ ()1 = C(¥)x(tr) + p~ ()C(H)a(tz), te€[0,1],
¢ :[0,1] — [0,1] is a measurable function such that
pi(t) =pT()¢(E) —p~ ()1 = ¢(1)), t€[0,1].

Therefore, T € S(p*,p™).
Conversely, let y be a solution of problem (1.1) with T € S(p™,p~). Let

iy = vt gy =ue)

Then for positive operators T+, T~ such that TT1 = pT, T—1 = p~ the following inequalities hold:

pT()y(t) < (TTy)(t) <pt(t)y(ta), t€[0,1],
p (Dy(t) < (T y)(t) <p (Hy(te), te[0,1].

Therefore, there exist measurable functions ¢, ¢ : [0,1] — [0, 1] such that

(TTy)(t) = p* ()1 = C)y(tr) + T (O)C(H)y(t2), t € [0,1],
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(T7y)(t) =p~ @)1 = &()y(tr) +p~ (O)E[@)y(t2), t € [0,1].

So, the function y satisfies problem (4.1) for the functions

pi(t) = (TTL)(O)(1 = ¢(t) — (T71)(1)(1 - £(1), te€[0,1],
p2(t) = (TT1)(1)¢(t) — (T71)()E(), t € [0,1].

It is clear that equality (2.3) and inequalities (2.4) hold. If ¢; > t3, then by renumbering p;, pa, t1,
t2, condition (2.5) will be valid. O

Proof of Theorem 4.1. Find when solutions of (1.1) retain their sign for all T € S(p™,p~). Use
Lemma 4.1. The maximal and minimal values z1 = x(¢1), 2 = z(t2) of a unique solution of problem
(1.1) satisfy the system

{”1 = w(ty) + (Gp1)(t1)1 + (Gpa)(h)as, (4.2)

z2 = w(t2) + (Gp1)(t2)z1 + (Gp2)(t2)x2

for some p1, p2 € L[0, 1] such that conditions (2.3), (2.4) are fulfilled.
Note that w £ 0.
From (4.2), we obtain

_ Aq(t1,t2,p1,p2) o — As(ty,ta,p1,p2)

X 2 _—
YAt e, prpa) Alt1,t2,p1,p2)

where the functional A(tq,ts,p1,p2) is defined by equality (2.6) and retains its sign (the condi-
tions of Theorem 2.1 are fulfilled, therefore sgn(A(t1,t2,p1,p2)) = sgn(l — Gp)); the functionals
Aq(t1,ta, p1,p2) and Ag(ty,ta,p1,p2) are defined by the equalities

Cwt)  —Gp)t) | /
Aq(t1,to,p1,p2) = w(ts) 1— (Gpo)(ts) —w(tl)—/p2(5)9t2,t1,w(3)d5a
01 (4.3)
_ 1= (Gp1)(t) w(t)]
Dot toprpn) = | T = i)+ / P1(S)0ta10(5) ds.

Find the maximum and the minimum of Aj (¢, s, p1,p2), Aa(t1,te, p1,p2) with respect to p1, po
at the fixed rest arguments. From representations (4.3) we have

Ryi(t1,t2) = max  Aq(ty,t2,p1,p2), Ra(ti,t2) = max  Ag(ty,t2,p1,02),
—p~ <p2<p* —p~ <p1<p*
R3(t1,t2) = i Ai(t1,t2,p1,p2), Raltr,t2) = i Ag(ty,ta, p1,p2),
that proves the theorem. O
5 Example

As an illustrative example, consider the Dirichlet problem

{i(t) = (OTx)(t) +1, telo,1], (5.1)

x(1) =0.

From Theorem 4.1 we immediately obtain a sharp condition for the existence of non-positive solutions
of (5.1).

Corollary 5.1. If p*(t) < 11 4 5v/5 for all t € [0,1], then (p*,0) € B, (2(0) 3:(1)}((0,0),1). The
constant 11 + 5v/5 is sharp.
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