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Abstract. The sufficient conditions for the existence of an asymptotically stable invariant toroidal
manifolds of linear extensions of dynamical system on torus are obtained in the case where the matrix
of the system commutes with its integral. New theorem requires the conditions to hold only in a
nonwandering set of the corresponding dynamical system in order to guarantee the existence and
stability of the invariant manifold. Additionally, the proposed approach is applied to the investigation
of invariant sets of a certain class of discontinuous dynamical systems.
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1 Introduction and preliminaries

One of the important questions within mathematical theory of multi-frequency oscillations is the
problem of the existence and stability of invariant toroidal manifolds of the systems of differential
equations that are defined in the direct product of a torus and Euclidean space. Such manifolds serve
as carriers of multi-frequency oscillations in the system. The basics of this theory are systematically
developed in [8,13].

In this paper, we establish new sufficient conditions for the existence of an asymptotically stable
invariant torus of a particular class of dynamical systems subjected to Lappo—Danilevskii condi-
tion [1, Chap. II, §13]. We propose an approach that relaxes conventional constraints and requires
the conditions to hold only in nonwandering set of the corresponding dynamical system in order to
guarantee the existence and stability of invariant manifold. This extends the result in [3], where the
analogous conditions are being imposed on the whole surface of the torus. In the last section, we
extend this approach to a certain class of discontinuous dynamical system [4] defined in the direct
product of a torus and Euclidean space.

We consider the following system of ordinary differential equations defined in the direct product
of a torus T, and Euclidean space R"

dﬁ_ dxr

o e, = P(p)x + f(), (1.1)

where ¢ = (¢1,...,0m)t € Ty @ = (21,...,2,)T € R, P(p), f(¢) € C(Tim); C(T,,) stands for a
space of continuous 2m-periodic with respect to each of the component ¢,, v = 1,...,m, functions
defined on the m-dimensional torus T,,. The function a(¢) € C(7T,,) and satisfies the Lipschitz
condition

la(e”) = ale)ll < Lll¢" — &'l (1.2)

for any ¢, ¢” € T,, and some positive constant L > 0.
Condition (1.2) guarantees that the system

2 — (o) (1.3)

generates a dynamical system on the torus T,,, which we will denote as ().
Along with system (1.1), we consider a linear system of equations

X = PlooDe + F(ole)), (14)

that depends on ¢ € T,,, as a parameter.

Definition 1.1 ([13]). A manifold M is called an invariant manifold of system (1.1) if M is defined
by = u(p), ¢ € T, with the function u(p) € C(T,,) such that z(t,») = u(p:(p)) is a solution to
(1.4) for any ¢ € Ty,

The main approach to investigate the properties of invariant toroidal manifolds of system (1.1)
is based on the notion of a Green—-Samoilenko function [13]. Consider the homogeneous system of
differential equations

dx
=~ _p 1.
= P(aule))e, (15)
that depends on ¢ € T,, as a parameter and denote by Qf(p) the fundamental matrix of (1.5)
satisfying Q7 (¢) = E.

Let C(¢) be a matrix from the space C(T,,). Denote

Golr. ) = {ﬂwcwm r <0,
T RE - Cler(9)), T>0.
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Definition 1.2 ([13]). The function Gy(7, ¢) is called a Green—Samoilenko function of the system

dfgpi dx

T —alp) G =P,

+oo
it [ ||Go(r, )| dr is bounded uniformly with respect to ¢,

—0o0

+oo
sup / |Go(, )] dr < co.
©ETm

—00

The existence of the Green—-Samoilenko function guarantees the existence of an invariant toroidal
manifold of system (1.1) for any inhomogeneity f(y) € C(7,,) and can be presented as [13]

+oo
= u(p) = / Golr, 0)f(+(¢)) dr, € T,

— 00

2 Main results

Consider system (1.1) for the case when the matrix P(¢:(¢)) commutes with its integral (the so-called
Lappo-Danilevskii case [1, Chap. II, §13]): for any t > 7,

t

P(@t(@))/P(@tl(@)dtl = /P(@tl(W)dtl < P(pi(0))- (2.1)

T

Then the equality
QL () = o1 Pl (9)) dia

is actually the fundamental matrix of the homogeneous system (1.5) that depends on ¢ € T, as a
parameter. Really, taking into account that

t
d
5 [ Plentondn = P,
we have
&0t (p) = o7 PN 9 P, (p)) = Plpu(p))el PO = (o)) ().

Additionally, Q7 (¢) = E.
Note also [2] that a (2 x 2)-matrix of the form

_p(ei(e))  alei(w))
P@@) = 14o0) nler(@)

satisfies the Lappo—Danilevskii condition (2.1).

Definition 2.1 ([9]). A point ¢ € T, is called a wandering point of the dynamical system (1.3) if
there exist a neighbourhood U(p) and a time T' = T'(¢) > 0 such that

Up)Np(U(p) =2 Vt>T.

Let W be a set of all wandering points of the dynamical system (1.3) and let M = T, \ W be a
set of all nonwandering points. Since T, is a compact set, it is known [9] that M # & is invariant
and compact subset of T,,. Moreover, the following theorem holds.
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Theorem 2.1 ([9]). For any € > 0, there exists T(g) > 0 such that for any ¢ ¢ M, the corre-
sponding trajectory () remains outside the e-neighbourhood of nonwandering set M for a time, not
exceeding T'(e).

Now we are in position to state the main result of the paper.
Theorem 2.2. Let the Lappo—Danilevskii condition (2.1) hold and uniformly with respect to ¢ € Ty,

there exist ,

tim = [ Plou(o) ds = Alg). (2.2)

t—o0

If for every p € M
ReA(A(p)) <0 (2.3)

for all eigenvalues N(A(p)) of the matriz A(p), then system (1.1) has an asymptotically stable invariant
toroidal manifold for any f(¢) € C(Tm)-

Proof. From condition (2.1) it follows that for ¢ > s > 0,

t t

m%w»/Pwammnz/Pwﬂanfmmw» (2.4)

After differentiating equality (2.4) by s, we get P(¢:(¢))P(ps(v)) = P(ps(v))P(et(¢)). Hence,

t s

[ Penenan - [ Penan = [ [ Pen@)Peutednd,

T T

= [Pentonpiea@nasan =" [ Penienan. [P,

e—

Taking the limit s — oo in the last equality, we get

t t

/Hw&mﬁrM@:Aw%/PWAan (2.5)

T T

¢
It means that the limit matrix A(¢) commutes with its integral [ P(¢y, (¢)) dt1.
T
Due to (2.2), we may introduce the matrix B such that

~+ | =

/Pwu@muzmw+3ww,

where
sup ||B(t, )| — 0, t — oc.
PETm
The next step of the proof is to prove that the matrices A(p) and B(t, ) commute. Indeed, from
(2.5) we get
t

Alp) Blt.) = A0 |7 [ Plont)dn - 45|

T

= %/P(‘Ph(‘»@))dtl - A(p) — A%(p) = B(t, ) A(p).
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Then from the equality
t

[ Pleatonds = Ate) - t+ Bt -4
0
we derive that the fundamental matrix of the homogeneous system (1.5) has a representation

Qb () = elo Plon (@) din — otA(R)FB(he) — ¢tA) . otB(t:0) (2.6)

The aim of the further steps of the proof is to prove that condition (2.3) guarantees the following
estimate
126(e)]| < Ke™™ ¥t >0, (2.7)

for any ¢ € T,, and for some positive constants K,n > 0 which do not depend on ¢ € T,,.
Due to the uniformity of the limit in (2.2), we find that

map ¢ — A(p) is continuous on T,.

Then, from [5], the eigenvalues of A(y) depend continuously on ¢. Hence, from (2.3), it follows that
there exist v > 0 and ¢ € (0,7) such that

Vo € 0-(M), ReA(A(p)) < —27,

where O (M) is an e-neighbourhood of M.
By a picked € > 0, we choose T7 = T1(¢) such that

sup ||B(t, || <e Vit>T. (2.8)
PE€Tm

Next we prove that there exists K7 > 0 such that for any ¢ € O.(M) and for any ¢ > 0 the
inequality
€A < Ky -e™ (2.9)
holds.
Choose some ¢y € O.(M). Due to the properties of the exponent, there exists C(pp) > 0 such
that for any ¢ > 0,

A < Clpo)e = . (2.10)
Due to the continuity of A(yp), there exists § = d(po) > 0 such that for any ¢ € Os(po),
gl
A —A < . 2.11
1A(p) = Awo)l 3C(p0) (2.11)

The matrix X (t) = eA(¥) is a solution to the Cauchy problem

X = A(p0)X + (A(p) — A(po)) X,
X(0) = E.

Using the variation of the constant method, we obtain
t
X(t) = ettt / (t=A00) . (A(p) — A(0)) X (s) ds.
0

Then from (2.10), (2.11) we get

g

t
3
IX@ < Clon)e ¥ 4 [ %09 T X ds,
0

t
3y Yo sy,
X @) e tSC(wo)+/§'e2 [ X (s)]l ds.
0
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Applying the Gronwall inequality to the last inequality, we finally get

Vt>0, Vo€ Os(po) [le@] < Clpo)e .

From a cover {O(;(W)(goo)}%em of the compact set O (M) let us pick a finite subcover
{0540 (i)}, Letting Ky = max C(p;), we get (2.9).

Finally, for ¢ € O-(M), due to equality (2.6) and inequalities (2.8), (2.9), we get: for all ¢ > T7,

||efot P(s@s(w))dsH = ||eA@HBLR| < [ (-7 Het, (2.12)

In the case for ¢ ¢ O.(M), we use Theorem 2.1, which says that there exists 7 = 7(p,e) < T'(g) such
that ¢, () € O (M). Hence, for t > T(e) + 11,

o8 PoaoNds|| = ||eJd Plec(eds . of PlosoDds| < (dT(E) . ||fa™™ Ploslor(e))ds)

< e TE) R e(-7He) (=) < (A7) T(e) [¢ (=7 +e)t (2.13)

where d = max [|P(p)].
PpET,
From estimates (2.12), (2.13) we derive the desired inequality (2.7).

2(p), 7<0
0, T7>0
|Go(r,0)|| < Ke™"7l, 7 € R, and it is a Green-Samoilenko function of the invariant tori problem.
Moreover, estimate (2.7) is sufficient for the existence of an asymptotically stable invariant toroidal
manifold of system (1.1) of the form

From (2.7) it directly follows that the function Go(7, ) = { " satisfies the estimate

0
= u(p) = / (o) (pr(9) dr, 0 € T

This completes the proof. O

Remark 2.1. From the proof of Theorem 2.2 it follows that the constant n > 0 in (2.7) can be
chosen as
=— Re A;(A —¢,
n=-max max Re i(Alp)) —¢

where € > 0 is arbitrarily small.

Remark 2.2. Since V¢ > 7, V0 € R QL(pg(p)) = Qii%((p), from (2.7) it follows that
Vi>T, YoeTn || (e ||< Ke "7,

Example 2.1. Consider the following system:

d—(p = —sin? (f),

dt 2
@ 2.14
dt ( cosp  sing > (fl(cp)> (2.14)
= . T+ )
dxo sing  —Cosy f2()
dt

where ¢ € T1, © = (21, 72) € R?, f(¢) = (fi(¥), fap)) € C(T1).

Note that the symmetric matrix P(p) = (;;?jf —Sizrcl);ogo

dition (2.1).

> satisfies the Lappo—Danilevskii con-
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For the dynamical system %‘f = —sin2(§) on the torus 77, the set M of nonwandering points

consists of a single point ¢ = 0. The point ¢ = 0 is a fixed point, and all other trajectories tend to 0
as t — +oo. Hence, uniformly with respect to ¢ € T,

((JOS(sDt(so)) sin(¢(¢))

im Plee(e)) = . { gin(er(p)) —cos<¢t<s0>>):<01 —01)

t—o00 t—o00

and
t

g (-1 0
A= lim — [ Ppi, () dts = ( 0 —1>'

t—o00

Since

Re ;A = Re ), <_01 _01> =-1<0, j=1,2,

system (2.14) satisfies the conditions of Theorem 2.2 and has an asymptotically stable invariant
toroidal manifold.

3 Application to discontinuous dynamical systems

Let us apply the proposed approach to a certain class of discontinuous dynamical systems [6,7,12,14]

dy B

E - a((p)’ ® € va

d

dff =Plp)z+ flp), ¢¢T, (3.1)

Az| = 1(0)z +g(p),

where T' C T, a(p) € C(T,,) satisfies (1.2), P(p), f(¢) € C(Twm), I(p),g(p) € C(T).

We assume that the set I' is a smooth submanifold of a torus 7,, of dimension m — 1 and is defined
by the equation ®(¢) = 0, where ®(¢) is a continuous scalar 27-periodic with respect to each of the
components @, v = 1,...,m, function.

Denote by t;(¢), i € Z, the solutions of the equation ®(¢:(¢)) = 0, which are the moments of
impulsive perturbations in system (3.1). We assume that for every ¢ € T, the corresponding solutions
t =t;(p) exist, 2~1>1§|:noo t;(p) = £oo, and uniformly with respect to ¢t € R and ¢ € T,

1 1 = 2
m T p <o, (3 )
where i(a7 b) is the number of points ti(go) in the interval (a, b).

Along with system (3.1), we consider a linear system

% = P(pu(@))x + f(pe(9), t# Li(p),

(3.3)
Az, o = Lt (9)T + 9010 (9));

that depends on ¢ € 7,, as a parameter.

Let Cr(7,,) be a space of piecewise continuous 2m-periodic with respect to each of the components
Yy, v =1,...,m, functions that are defined on the m-dimensional torus T,,.

Definition 3.1. A set M is called an invariant set of system (3.1) if M is defined by z = u(p), ¢ € Th,
where a piecewise continuous function u(yp) € Cr(7T,,) is such that z(¢, ¢) = u(¢i(p)) is a solution to
(3.3) for any ¢ € Ty,
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The problems of the existence and stability of invariant toroidal sets of (3.1) have been studied
in [10,11]. Consider the homogeneous system of equations

dx

E = P(@t(@))xa t 75 ti(go)a (34)
Aa:|t:ti((p) = I(goti(@)(go))x.

Let X!(¢) be a fundamental matrix of (3.4) with X7 (¢) = E.
Let C(¢) be some matrix from the space Cr(7,,). Denote

GW.):{@wmwwa <o,
’ ~X2(p)(E — Clp- (), T>0.

Definition 3.2. A function Go(T, ¢) is called a Green—Samoilenko function of the impulsive system

de _

= Tm,
o a(p), ¢ €
dx
Z_p r
o (@), &T,

A‘T|¢er = I(p)z,
if
IXE(P)|| < Ke™71 1,7 € R, (3.5)
for some K > 1, n > 0, not depending on ¢ € T,.

Then the invariant toroidal set of system (3.1) can be presented as

+oo
z = u(p) = /Go(mo)f(wr(tp))dﬂr > Golti() +0,90)9(214)(#), © € T

—oo<t;(p)<oo

Conditions (3.2), (3.5) guarantee the convergence of the integral and sum. Hence, the existence of the
Green—Samoilenko function G (T, ¢) is a sufficient condition for the existence of invariant toroidal set
of system (3.1).

Theorem 3.1. Let for system (3.1) conditions (3.2) hold, the matriz P(p) satisfy conditions (2.1)
and (2.2), the matrices A(p) and I(¢) commute ¥ ¢ € Ty, and, additionally,

Y+ plha <0,

where
Y= max max ReXj(A()), a=sup|[E+ ()]
weM j=1,...,n el

Then system (3.1) has an asymptotically stable invariant toroidal set.

Proof. Choose € > 0 such that v+ plna + 3¢ < 0. The fundamental matrix of the impulsive system
(3.4) can be presented in the form [14]

X =% TI B+ Ienm@))2 Y, @), (3.6)
0<t; (p)<ti ()

where to(p) = 0, t;(¢) < t < tir1(p), QL(p) is the fundamental matrix of unperturbed system for
which the estimate

sup [|QL ()| < K10+ for ¢ > 1 (3.7)
©E€ETm
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holds with an arbitrarily small e and some constant K1 = K;(¢) > 0 (see Remark 2.1). Due to (2.6),
we have

() = ef TE I mnater(0) | - Bl-Ter ()
From a commutativity of the matrices A(¢) and I(yp) it follows that matrices E + I(¢,_, (©)) and

Qtj (¢)

lt_71(@(@) commute. Then from representation (3.6) and estimates (3.7), (2.8) we get the estimate

| XE ()| < Ko 29100 for ¢ >0,

where Ky = Ka(e) > 0 does not depend on .

From the existence of the uniform limit (3.2) it follows that there exists some K3 = Ks(e) > 1,
not depending on ¢, such that o0t < KseletPIne)t  Then for the fundamental matrix we get the
estimate

IXE ()] < K - eCtromalt for 4>,

X2(p), T<0,
0, T>0

is a Green—Samoilenko function of the invariant tori problem. Hence, system (3.1) has an asymptoti-
cally stable invariant toroidal set defined by

where K = K(g) > 0 does not depend on . This means that the function Go(7, ) =

0
= ufp) = / XU @ dr+ S X0 o @)9(@ni(@)): 9 E T

—00<t;(¢)<0

This completes the proof. O
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