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1 Statement of the problem

In a plane of variables x and ¢ we consider the hyperbolic second order system of the type
Lu := ugy — uge + Az, t)uy + Bz, t)ug + C(z, )u + f(x,t,u) = F(x,t), (1.1)

where A, B, C are the given square n-th order matrices, f = (f1,..., fn) and F = (Fi,..., F,) are
the given and u = (uq,...,u,) is an unknown vector functions, n > 2.

By D7 we denote an angular domain lying in the characteristic angle {(x,t) € R? : ¢ > |z|} and
bounded both by the characteristic segment v; 7 : = =%, 0 <t < T, and by the noncharacteristic
segments yor: ¢ =0,0<¢t<T,andvsr: t=T,0<z<T.

For system (1.1) in the domain Dp, we consider the boundary value problem which is formulated
as follows: find in the domain D7 a solution u = u(x,t) of system (1.1) by the boundary conditions

o =P =12, (1.2)
where ¢;, ¢ = 1,2, are the given on ; p vector functions satisfying at their common point O = O(0, 0)
the agreement condition ¢1(0) = ¢2(0). When T = oo, we have Do, @ ¢ > |z|, z > 0, and
Moo : T=1,0<1<00,Y200: ©=0,0<?<o0. In ascalar case, where n = 1, problem (1.1), (1.2)
is known as the first Darboux problem.

If in a linear case for a scalar hyperbolic equation the boundary value problems, in particular, the
Goursat and Darboux problems, are well studied [4,6,7,10,15,16], there arise additional difficulties
and new effects in passing to a hyperbolic system. First this has been observed by A. Bitsadze [5] who
constructed examples of second order hyperbolic systems for which the corresponding homogeneous
characteristic problem had a finite number, and in some cases, an infinite set of linearly independent
solutions. Later on, these problems for linear second order hyperbolic systems became a subject of
investigations (see [8,9]). In this direction, the work [3] is also noteworthy, in which by simple examples
the effect of lowest terms on the well-posedness of the problems under consideration has been revealed.
As is shown in [1,2,11-13], the presence of a nonlinear term in a scalar hyperbolic equation may affect
the well-posedness of the Darboux problem, when in one case this problem is globally solvable and
in other cases there may arise the so-called blow-up solutions. It should be noted that the above-
mentioned works do not contain linear terms involving the first order derivatives, since their presence
causes difficulties in investigating the problem, and not only of technical character.

In the present work, we investigate the Darboux problem for the nonlinear system (1.1) in the
presence of lowest terms involving the first order derivatives. The results obtained here are new even
in the case when (1.1) is a scalar hyperbolic equation.

Definition 1.1. Let 4, B,C,F € C(Dr), f € C(Dr x R") and ¢; € C*(vi 1), i = 1,2. The vector
function w is said to be a generalized solution of problem (1.1), (1.2) of the class C in the domain D,
if u € C(D7) and there exists a sequence of vector functions u™ € C?(D7) such that ™ — u and
Lu™ — F in the space C(Dr), and u™|,, , — ¢; in the space C* (v, 1), i = 1,2, as m — oo.

Remark 1.1. Obviously, the classical solution u € C2?(D7r) of problem (1.1),(1.2) is likewise a
generalized solution of that problem of the class C' in the domain Dp. Moreover, if a generalized
solution of problem (1.1),(1.2) of the class C' in the domain Dy belongs to the space C?(D7), then
this solution will likewise be a classical solution of that problem. It should also be noted that a
generalized solution of problem (1.1),(1.2) of the class C' in the domain Dy satisfies the boundary
conditions (1.2) in an ordinary classical sense. In case g2 = 0 in Definition 1.1, we will assume that
u™ € C3(Drive,r) = {v € C*(Dr) : v|y, , = 0}.

Definition 1.2. Let A, B,C, F € C(Dy,), f € C(Ds xR") and ¢; € C1(7;.00), i = 1,2. We say that
problem (1.1), (1.2) is locally solvable in the class C, if there exists the number Ty = To(F,v,72) > 0
such that for any T < Tp, problem (1.1), (1.2) has at least one generalized solution of the class C' in
the domain Dr.

Definition 1.3. Let A,B,C,F € C(Dw), f € C(Doo x R") and ¢; € Cl(vi00), i = 1,2. We say
that problem (1.1),(1.2) is globally solvable in the class C, if for any positive number T, problem
(1.1), (1.2) has at least one generalized solution of the class C in the domain Dr.
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Definition 1.4. Let A,B,C,F € C(Dy), f € C(Doo x R") and ¢; € C'(7i.00), i = 1,2. The vector
function u € C(D4,) is said to be a global generalized solution of problem (1.1), (1.2) of the class C,
if for any positive number T, the vector function U|p, is a generalized solution of that problem of
the class C in the domain Dry.

2 A priori estimate of a solution of problem (1.1),(1.2)

Let us consider the following conditions imposed on the vector function f = f(x,t, u):

| filx, t,w)|| < My + Msl|jul|, (z,t,u) € Dp xR™, i=1,2...,n, (2.1)

n
where M; = M;(T) = const >0, j = 1,2, |lul| = > |u|.
i=1
Assume

My = sup  max ((max {4 (e, t)], By (e, 0)],1C: (. 0)]} ).

(¢,)eDr 1<i,5<n

Lemma 2.1. Let F € C(Dr), ¢1 € C' (1), p2 = 0, and the vector function f € C(Dr x R")
satisfy condition (2.1). Then for a generalized solution uw = u(x,t) of problem (1.1),(1.2) of the class
C' in the domain Dt the a priori estimate

lule@,y < allFlle@m,) + e2lleillcrn r) +es (2.2)

is valid, where the nonnegative constants ¢; = ¢;(My, M1, M>,T), i =1,2,3, are independent of u, F
and @1, where ¢; >0,1=1,2, and

||UHC(ET) = Z ||UiHc(5T)7 ||F||c(ﬁT) = Z ||Fi|\c(ET)v
i=1 i=1

lerller e = D leniller o
i=1
Proof. Let u = u(x,t) be a generalized solution of problem (1.1),(1.2) of the class C' in the domain

Dyp. Then, according to Definition 1.1 and Remark 1.1, the vector function u € C(Dy) and there
exists a sequence of vector functions u™ € Cg (Dr,v27) such that

i " — oy, =0, lim [Lu” = Fllag,, = 0. (2.3)
,ﬂ}gnoo ||U |’)’1,T - S01“01('y1,rp) =0. (24)

Consider the vector function u™ € C3(Dr,~2.1) as a solution of the problem

Lu™ = F™, (2.5)
|“/1,T BREE vor 0. (26)

Here

F™ = Lu™, o =u™| (2.7)

Y1,7°
Multiplying both parts of system (2.5) scalarwise by ag—: and integrating over the domain D, :=
{(z,t) e Dp: t<7},0<7<T, we have

%/%(agij’agi:) dxdt/(é);z;n,a;;n) d:cdt+/(A(x,t) ag—:,ag—;n) dx dt
D, b, Fd
—I—/(B(x,t)a?gi:,a;itm) dxdt—|—/(c(x,t)um,8;7:) dx dt

D, D,

+/(f(x,t,um),ag:) da dt = / (Fm,ag;n) drdt,  (2.8)

D. D.
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n
where (v,w) = > v;w; is a scalar product in the space R™, v = (vy,...,v,),w = (wy,...,w,) € R™
i=1
Integrating by parts and applying Green’s formula, we obtain

[ = [ (G (55 e
:_a[[T (%ﬂ,%ﬂ)%dwél (%—:,%‘—:)W ds, (2.10)

where v = (v, 1) is the unit vector of the outer normal to the boundary 9D, of the domain D;.
Taking into account the fact that 0D, = 1 ; U, Uw,, where v; » = v, N{t <7}, i=1,2, and
wr=0D,N{t=71}={t=7, 0<z <7}, we have

1 1
(l/z,l/t)|7“ = <\ﬁ,*\ﬁ), (2.11)
(uw,yt)\mf =(-1,0), (Vm,yt)’wT =(0,1), (2.12)
(V2 — u3)|m =0, (2.13)
Vt‘vl,f < (2.14)

In view of (2.11)-(2.14) and the fact that u™|,, ., = 0, from (2.9) and (2.10) we arrive at

2 [ Cor ) =3 [ (G ) oy | (G e

b wr Yi,7
-3/ (iwz) dot g | (i(um?)utds, (2.15)
wro . T
‘/(igﬂ’%) da dt = ;/(iw;)?) da
D, o=l
+;/(zn:(uﬁ)2)ytds— / (Zn:u:gu:?)yids (2.16)
Y1, i=1 1.r i=1

By virtue of (2.13), it follows from (2.15) and (2.16) that

L] e [ (525 e

D. b,
= ;d[ <i—1 ((u?i)? + (%?)2)) dx —|—ny QLVt (; [(UZZ;Vt _ ugyzy + (u?t@)2(yt2 _ 1/3)]) ds
= %/ (Zn:l ((uf)® + (%?)2)) da + / 2% <§:1(ugyt - u;’;um)z) ds. (2.17)

Since (v % — Uy %) is the derivative to the tangent, i.e., it is an inner differential operator on
1,7, taking into account (2.6), we find that

|(uipve —uitva)|, | < lelillern. < Ifillor(m- (2.18)
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In view of (2.18) and the fact that v|,, = —% , (2.17) yields
1 0 sou™ Ou O2um u™
5/@(&’&)‘“” /<8x2’8t>dxdt
D, D,
1 - m\2 m\2 1 - m||2
> [ (30 (e + i ))daz—ﬁ / >l e 5

n

25 [ (X (i + ) ) do meb%TZH@ Wi (219)

W i=1

Let E = E(x,t) € C(Dr) be a square matrix of order n and u,v € R™.
If mg= su max |Ej;(x,t)|, then
o= o e 180

[(E(z,t)u,v) <Z|u1|) (im)
5 (ZW) +;m0(§:|”1‘|)2 moZluzl + = moZ|vz|2 (2.20)

Analogously, in view of condition (2.1), we have

|(f(x,t,u),v)| < (Ml + M2||u||) Z |vl|

i=1

1 - 2 1< 2
§(M1+M2||U|| (Z|’Uz|) §M12+M22(Z|Ui|) +§(Z|W|)
=1 =1
n n n
< M2+ M2n ui2+—( Vi 2). 9.21
< M;j 3 ;\ "+ 3 ;ll (2.21)

Taking into account inequalities (2.20), (2.21) and the definition of the number My, we obtain

[ (a5 0 o [ () 5
D,

.

+/(C(ac,t)um,ag—tm) dxdt—l—/(f(x,t,um),ag—:) dwdt’
D, D,
our " dup
D/( MOZ‘ Ui gM(J;‘gt’Z> dz dt
| Qi 2 TS R S WQ)
+/<nM0;‘ 3t‘)dxdt+D/T(2M0;|UZ| +2M0;’8t‘ dx dt

M? 4 M2 miz 1 ‘—‘ da dt
+/< i+ 2n;|ul|+2; 5t iy

T

n

< M} mes D, —|—(M2n+ My /Z| V2| dx dt
1=

+ZMO/Z;’6EJU:Z dxdt—&-(ZnMo—&-g)/‘%‘dedt
Fa=

D,
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o7

~ oul |2
< _t —t
M mes D, + (MEn + 200y + )/Z( ‘ ’ +| = ‘)dmdt

i=1
D,

n

_M3+M4/Z m m)2+(u;rtz)2) dl‘dt,

where

M3:M12meSD'r7 M4:M22n+2TLM0+g

By virtue of (2.19) and (2.22), it follows from (2.8) that
ou™
m
/ (F = ) da dt

D,
n 1 n
[ (2 (G + ) do = —= mesonr 3 It

i=1

>

DN | =

wr

n

My — M, / S ()2 + ()2 + (u)?) dadt,

D i=1

whence, owing to the fact that

8 n
Gm,“)g§§jw1 A
we get

n

%/ (D ((wm)? + (ui)?) da < M4/; (™2 + (W) + (u)?) da dt

o =1
1 1 n n
5 e Yl )+ Mt /Z P g [ S ded
D i=1
(M4+ )/Z w™)? 4 (uf)?) da dt
D. i=1
1 n . n
N DO R
D. =1 =1
Since u"(0,t) =0,i=1,...,n, we have

Hence, taking into account the Schwartz inequality, we get

T

(W™)2(z, ) < /12d0/ um) 07)da<x/( m) (JT)da<T/( ™2 o,

0 [

Arguing analogously and taking into account (2.6), we obtain

T

upor) =+ [ e, ds

x

(2.22)

(2.23)

(2.24)

(2.25)
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and, consequently,

(u:”>2<x,f>s2<soh><>+2(/7 (a:s)ds)2<2goh +2/12dt/ () d

x
T

— 2()2(x) + 2 — 2) / (W) (2, 1) dt < 2(}0)% () + 2T / (W) (. ) dt. (2.26)

T x

Integration of inequality (2.26) yields

T T T T

< 2/@;@)2(;1:) d:c+2T/ U(ug)Q(x,t) dt] dx:2/(<p71’})2(x) d:c+2T/(u§’tL)2 de dt
D

T 0 T 0

<22, ) + 2T / () (z, 1) di dt < 2T 2, + 2T / (w)? dedt,
D,

D,

from which it follows that

n

%/(Z(U’?)z) dz < T (167131 (.9 +T/Z(ug})2 dz dt.
i=1 i=1

wr i=1 - D,

Combining inequalities (2.24) and (2.27), we obtain

O =1
1 n
< (M4 3) [ 30 (@ + @ + ) dode
o i=1
1 - m\2 m
+§/Z(FZ )” dx dt + <f meS’YlT+T> Z”SOMHC“(%T)JFMB
D. =1 =1
Assume

T

/Xn: ((uf)? + (W) + (uf})?) dadt = /w(o') do,

D, =1 0

/3

D, =

3

(Fm™)? dxdt<mesDTZ||F 1Z(Dr)»
1 =1
from (2.28), in view of (2.29), we get

T

w(r) < Ms /w(U) do+Ms Y |IF/ G pgy + Mr D 16718 (y 1y + Ms,
5 i=1 i=1

(2.27)

(2.28)

(2.29)

(2.30)
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where
Ms =2M, +2T +1, Mg =mes Dy, M;=+2mesy,,+2T, Mg=2Ms. (2.31)
According to Gronwall’s lemma, it follows from (2.30) that
w(r) < [Mﬁ S NE™ME 0y + Mz > T2 0 1) + Ms| exp MsT, 0<7<T. (2.32)
i=1 i=1

By virtue of (2.25), (2.29) and (2.32), it is not difficult to see that

WP ar) T [ (i) do < Tulr)

wr

n n
< T[MG S IEM S p) + Me Y @t Gy ) + Ms| expMsT, 0<7<T. (2.33)

i=1 =1

3

1

< > Jai|, from (2.33) we obtain
1

Nl

a;)

i=1 i

M=

Taking into account the obvious inequality (

1™ lo@r = D 1 le@n
i=1

n n

<t (N2 ,,) " =n (X s @)

i=1 i—1 (®t)€DT

N
Nl

(NI

IA

n n
1 m m
ot (0T (040 3 VT gy M Y I+ M) x0T
=1 =1

n n 1
<n? (né (TMe)2 Y _IIF oyt n? (TM) 2D @Tllor g, 0 (TMS);) exp 5 MsT

i=1 i=1

yo 1 |
<n(T'Ms)? exp 5 MsT Y F ooy

i=1

: 1 N .1
+ ”(TM7); exp 5 M5TZ ||901i ||C('Yl,T) + ”(TMs); exp 3 MsT
i=1
=allF"™ @,y + e2llet o, + s (2.34)

Here
1 1 1 1 1 1
¢1 = n(TMg)? exp 3 MsT, c¢o =n(TM7)2 exp 3 MsT, ¢33 =n(TMsg)2 exp 3 MsT. (2.35)
By (2.3) and (2.4), passing in inequality (2.34) to the limit, as m — oo, we obtain an a priori

estimate (2.2) in which the constants ¢, co and c3 are given by equalities (2.35), and the constants Ms,
Mg, M7 and Mg in (2.35) are defined from (2.1), (2.23) and (2.31). In addition, ¢; > 0,i=1,2. O

3 Reduction of problem (1.1), (1.2) to a nonlinear system of
integral Volterra type equations

As a result of our passage to new independent variables & and 7:

f=5(+a), n=3(-a) (31)
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the domain D7 turns into a triangle Gp = OP; P of the plane Og¢,, where O = 0(0,0), P, = P;(T,0),
Py = P,(1T,1T), and problem (1.1), (1.2) can now be rewritten in the form

Lyv = ven + Av(§,mve + Bi(§,m)vy + c1 (& mv + f1(§,m,0) = Fu(§,m), (§n) € Gr, (32)
U|OP1:77:0, 0<e<T i(€), 0=<€<T,
U‘OPg:E:n, OSWS%T = ¢2(77)7 0 < n < T7 (34)

with respect to a new unknown vector function v(§,n) = u(§ —n,€ +n). Here

Ar(Em) = 5 (A€ —m €+ )+ BE—n.E + 1)),

Bign) = 3 (BE—n&+m) — A€ —n.€+m), .
Ca(&m) = O(6 —n.E+ ). '
Fl(&vn) :F(f—ﬂaf+77)7

fl(ganvv :f(£7n7§+773ru)7

P1(8) = ¢1(8),  Ya(n) = p2(2n). (3.6)

Below, it will be assumed that u € C?(Dr) is a classical solution of problem (1.1),(1.2), and
according to this fact, v € C?(Dr) is a classical solution of problem (3.2)—(3.4).
Consider first the case when in equation (3.2)

fl(fﬂ?»v) = 07 (37)
and the coefficients A1, B; and C; of that equation satisfy the following condition:
Biy+A1B;1 - Cy =0. (3.8)

When conditions (3.7) and (3.8) are fulfilled, equation (3.2) can be rewritten in the form

0 ov
(877 + 1) (Gg +Bw) =B, (€m) €O (3.9)
If we adopt the notation
0
w = a—z + By, (3.10)

then by virtue of (3.3) and (3.9), the vector function w = w(&, n) for fixed £ will be a solution of the
Cauchy problem

wy + A1 (§,nw = F1(§,m), (3.11)
w(§,0) = ¢1e(§) + Bi(&, 0)v1 (). (3.12)
Since under the above assumptions A; = A;(£,n) € C(Gr), therefore, as is known, there exists

the fundamental matrix X; = X1(§,n) of the corresponding to (3.11) homogeneous system satisfying
both the following matrix equality [14]

Xip+ A1 X1 =0 (3.13)

and the condition
det X1(&,m) #0, (&n) € Gr. (3.14)

Denote by K = K(&,n,() the Cauchy matrix of order n of system (3.13) which satisfies the
conditions
K, + A1 K =0, (3.15)
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where [ is the unit matrix of order n.
As is known, the Cauchy matrix K is given by the equality

where X; = X;(&,n) is the fundamental matrix satisfying conditions (3.13), (3.14) [14].
The Cauchy matrix K for the constant matrix A; is given by the equality [14]

K(&n,¢) = exp(Ai(¢ —n)). (3.18)

By virtue of (3.15) and (3.16), the unit solution of the Cauchy problem (3.11), (3.12) is defined by
the formula [14]

0

Owing to (3.18), in case the matrix A; is constant, formula (3.19) takes the form

n

w(€,n) = exp(—=A1n) (Y1e(€) + Bi(€0)11(€)) + /eXP(Al(C —n))F1(&, ) dC. (3.20)

0

Taking into account equalities (3.9)—(3.12), it follows from the above reasoning that a solution v
of problem (3.2)—(3.4) satisfies the Cauchy problem

%JrBw—w(&n), n<&{<T-n, (3.21)
1
(& me, =v2(m), 0<n< ST, (3.22)

where the vector function w = w(&,n) is given by formula (3.19).
Analogously to the matrix K, we denote by A = A(n, £, 0) the Cauchy matrix of the corresponding
to (3.21) homogeneous system which satisfies the conditions

Ae + Bi1A =0, (3.23)
and which is given by the equality
A(1,€,0) = Xa(n,€)X; ' (n,0), (3.25)

where X3(n, &) is the fundamental matrix for the corresponding to (3.21) homogeneous system.
When the matrix B; is constant, the Cauchy matrix A is given by the equality

A(n7 57 9) = eXp(Bl (9 - 5)) (326)

Owing to (3.23) and (3.24), the unique solution of the Cauchy problem (3.21), (3.22) is defined by
the formula [14]
9

o(Em) = A, €, m)al) + / A(1.€, 8)w(8,7) dob. (3.27)

n
By (3.26), when the matrix By is constant, formula (3.27) takes the form

£
v(€,m) = exp(By (1 — €))ba() + / exp(B1 (0 — €))w(6, ) db. (3.28)
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Substituting (3.19) for the vector function w(&, n) into the right-hand side of equality (3.27), we obtain

v(&,m) = A(n,&,n)a(n)

S

+ [ A0 [K(e,n,m (1c0) + B1(0.0001(0) + [ K0.0,0F2(0.) ¢ ao
0
3
A, €, (n) + / A1, £,0) [I(60,17,0) (11.£(0) + B (6,0)61(9)) ] do+
£ n !
+//An§9 (6.1.0)F1(6,¢) dCd6, (€.1) € G (3.20)
n 0
We rewrite equality (3.29) in the form
& n
//Rf 00, O)F1(6,0) dC dB + Fy(€.n), (6,) € G (3.30)
n 0
where
R(fﬂ??&@ = A(n7£va>K(97n’<)v (331)
3
FQ(&» 77) = A(777 ga 77)"/}2(77) + /A(na 57 9) [K(aa UB 0) (¢1£(0) + Bl(ea 0)1/11 (0))] de. (332)
n

In case the matrices Ay and B; are constant, by virtue of (3.18) and (3.26), equalities (3.31) and
(3.32) take the form

Fy(&,m) = exp(Bi(n — §))2(n)
¢

+ /exp(Bl(Q — &) [ exp(A1n) (v1e(0) + B1(0,0)41(0))] db. (3.34)

n

Consider now a general case when it is not necessary for conditions (3.7) and (3.8) to be fulfilled.
We rewrite system (3.2) in the form

(% +A1> (85 + Blv) = (B, + 1By — Ci)v — f1 + 1. (3.35)

Then, due to representation (3.30), the classical solution of problem (3.2)—(3.4) or, what comes to the
same, of problem (3.35),(3.3),(3.4), is given by the formula

£ n
o(En) = / / R(&, 150, 0)[(Buy-+ Ay By —C)o(6,C)— £1(60,C,0)] dCdb+ Fy(E.m), (€.m) € Gir, (3.36)
n 0

where
13

Fy(e,n) = / / R(&, 150, Q) F1(0,) dC O + Fy(€,m). (3.37)
n 0
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Remark 3.1. Equality (3.36) can be considered as a nonlinear system of integral Volterra type
equations which we rewrite as follows:

v = Lov + L3F1 + lo(v0,2), (3.38)
where the operator Lo acts according to the formula

&
(Lao)en) = [ [ REw0.0[(Bry+ 4181 - C060.0) — £1(6.6.0)] dCdb. (€ € G, (339)
n 0

and the operators L and [y, by virtue of (3.32) and (3.37), act by the formulas

En
(La3F1)(€,m) R(&§m;0,¢)F1(0,¢) dC do, (3.40)
-J]

3
(ZO (1/)1’ 1/)2))(& 77) = A(% fa 77)¢2 (77) + /A(n’ 57 0) [K(aa m, O) ('(/}15 (9) + Bl (97 0)1/}1 (0))] ) (341)
where (¢,7) € Gr.

4 Global solvability of problem (1.1), (1.2) in the class of
continuous functions

Remark 4.1. If we impose on the coefficients and on the vector function f appearing in equation
(1.1) the requirements of smoothness

A,Be C*Dy), CeC Dy), feC (DyxR"), (4.1)

and along with equalities (3.17) and (3.25) take into account the properties dealt with the smoothness
of solutions of the system of ordinary differential equations, we will have [14]

R(&,1;0,¢) € C*(Gr x Gr). (4.2)

Remark 4.2. Under conditions (4.1), in view of (4.2) for the operator Lq acting according to formula
(3.39), we have B B
Lyv € C*Y(Gr), if ve C*Gr), k=01, (4.3)

and, hence, the operator Ly : C¥(G7) — C*+1(Gr) will be continuous.
Arguing as above, we find that
LsFy, € C*Y(Gr), if Fy € C*(Gr), k=01, (4.4)
and -
lo(¥1,2) € CFYH(Gr), if o; € C*(OP),k=0,1,2; i=1,2. (4.5)
In addition, the operators Ls : C*(G7) — C**1(Gr) and Iy : CK(OP;) x CK(OPy) — C*(Gr) will be
continuous.

Remark 4.3. It can be easily verified that if u is a generalized solution of problem (1.1), (1.2) of the
class C in the domain Dy, then the vector function v(&,n) = u(é —n,& + ) will be a generalized
solution of problem (3.2)—(3.4) of the class C in the domain Gz in the following sense: v € C(Gr),
and there exists the sequence of vector functions v™ € C?(Gr) such that

mlgnoo [v™ — U”c ar) =0, mlgnoo [L1v™ — F1||c(§T) =0, (4.6)
=0, i=1,2, (4.7)

n}gnooHv ’ P,-*wichoa)

and the converse statement holds, too.
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Lemma 4.1. Let conditions (4.1) be fulfilled. Then the vector function will be a generalized solution
of problem (3.2)~(3.4) of the class C in the domain Gt if and only if v is a solution of the nonlinear
system of integral Volterra type equations (3.38) of the class C(Gr).

Proof. Let v € C(Gr) be a solution of system (3.38). Since the space C*(Gr), k = 1,2, is the dense
in C(Gr) and the space C*(OP;) is the dense in C'(OP;), i = 1,2, [17], there exists the sequence of
vector functions Fy,, € CY(Gr) (Vi € C?(OPF;), i = 1,2) such that

Jim [Py = Fill o,y =0 ( Jim ([ = dillcrop,y =0, i = 172)~ (4.8)

Analogously, since v € C(Gr), there exists the sequence of vector functions w,, € C?(Gr) such
that

nll)rréo |wn —vlle@,y =0 (4.9)
Let us now introduce the following sequence of vector functions:
Vn = Lowy + L3Fiy + lo(Y1n, Y2n).- (4.10)

By virtue of (4.1)-(4.5), the vector function v,, € C?(Gr), and owing to its construction, we will
have

U"|0P,i = in, i=1,2. (4.11)
Taking into account Remark 4.2 and the limiting equalities (4.8), (4.9), we find that
Un — [Lov + LsFy + lo(1h1,12)] (4.12)
in the space C(Gr), as n — co. At the same time, by equality (3.38), we have
Lov + LyFy + lo(1h1,102) = v. (4.13)
It follows from (4.12) and (4.13) that

n—oo

In view of equality (4.10) and Remark 4.2, as well as of the fact how we have obtained equality
(3.30), from the representation (3.9) we get

((577 + A1> (8811; + B1Un) = (B + A1B1 — Cr)w, — (f1(-,wn)) + Fin, (4.15)
vn|opi = Yin, i=1,2. (4.16)
By virtue of the representation of equation (3.2) by equality (3.35), from (4.15) we obtain
Liv, = (Biy + A1By — C1)(wn — vy) + (f1(+,v) — fi(-wn)) + Fin,
whence, in view of (4.9) and (4.14), we get

nh_}rgo |1 Lyv, — F1||C(5T) =0.
It follows from (4.16) and (4.8) that

Jim {jon|o,p, = Yilcrop,) =0, i=1,2.

The last two limiting equalities show that if v € C(Gr) is a solution of system (3.38), then the
vector function v will be a generalized solution of problem (3.2)—(3.4) of the class C' in the domain
Gr. Thus Lemma 4.1 is proved, since the converse statement can be easily verified. O
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As is known, the space C*(Gr) is compactly imbedded in the space C(Gr). Therefore, taking into
account Remark 4.2 and considering Ly as the operator acting in the space C(Gr) by formula (3.39),
the operator

L2 : C(éT) — C(GT)

will be compact. In addition, for the fixed 1, 12 and F}, the operators Ls and [y acting by formulas
(3.40) and (3.41) are constant, and hence their sum

LO = (L2 + L3F1 + l0(¢1, wg)) : C(éT) — C’(@T) (417)
will likewise be compact. By (4.17), system (3.38) can be rewritten in the form
v = L()U. (418)

Let v € C(Dr) be a solution of equation (4.18), and 1 = 0. Then, since v is connected with
u € C(Gr) by the equality v(&,n) = u(é —n,€ + 1), and u satisfies a priori estimate (2.2), in view
of Lemma 4.1 and Lemma 2.1, an a priori estimate of the same type will take place likewise for the
vector function v,

llle@r < allFllegy) + e2lletllorq ) + s, (4.19)

where the constants ¢;, i = 1,2,3, are defined from equalities (2.35). It should now be noted that
owing to Remark 4.3 and Lemma 4.1, if v € C(Gr) is a solution of equation v = 7Lgv, where
7 € [0, 1], then the same a priori estimate (4.19) with the constants ¢y, ¢3 and c3, independent in view
of (2.1),(2.23),(2.31) and (2.35) of v, F', 1 and 7, will be valid. Therefore, taking into account that
the operator Lo : C(Gr) — C(Gr) is continuous and compact, it follows from the Lere-Schauder
theorem [18] that equation (4.18) has at least one solution in the space C(Gr). This, in its turn, in
view of the above remarks, implies that problem (1.1),(1.2) has at least one generalized solution of
the class C' in the domain Dp. Thus, the following theorem is valid.

Theorem 4.1. Let conditions (2.1), (4.1) and F € C(Dr), ¢1 € C1(y1,7), 2 =0, be fulfilled. Then
problem (1.1), (1.2) has at least one generalized solution of the class C' in the domain Drp.

5 The smoothness and uniqueness of a solution of
problem (1.1), (1.2). The existence of a global solution
in the domain D,

By virtue of (4.3), (4.4) and (4.5), from Remark 4.3 and Lemma 4.1 follows

Lemma 5.1. Let the vector function u be a generalized solution of problem (1.1),(1.2) of the class
C' in the domain Dt in a sense of Definition 1.1, and in addition, the conditions of smoothness (4.1)
and F € CY(Dr), p1 € C*(v1,r), i = 1,2, hold. Then u belongs to the class C?(Dr) and is a classical
solution of problem (1.1), (1.2).

We say that the vector function f = f(x,t,u) satisfies the local Lipschitz condition on the set
ET x R if

| f(z,t,u2) = fla,t,ur)|| < M(T,R)|luz — usll, (z,t) € D, [lui]| <R, i=1,2, (5.1)

where M = M (T, R) = const > 0. Note that if f € C'(Dp x R"), then condition (5.1) will automa-
tically be fulfilled.

Lemma 5.2. If the vector function f € C(Dr xR™) satisfies condition (5.1), then problem (1.1), (1.2)
fails to have more than one generalized solution of the class C in the domain Dr.

Proof. Assume that problem (1.1), (1.2) has two generalized solutions u; and us of the class C' in the
domain Dr. According to Remark 1.1 and Definition 1.1, there exists a sequence of vector functions
ul' € C2(Dr,v2,r) such that

i o sl = im0~ Flewn = m [l = eillao,, =0 (62

m—oo Y1, T (m,71) o
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We introduce the notation w™ = uf* — uf*. It is easy to verify that w™ € C?(Dz) is a solution of
the following problem:

wyy — wie + Az, )wl + Bz, t)w)* + C(z, t)w™ + g™ = F™, (5.3)
wm|%yT = o7, m|72,T =0.
Here
9" = f@,tuz") — fa,t,u"), (
F™ = Luj' — Lul",
o = (g — )],

It follows from (5.2) that there exists a number d = const > 0 such that it does not depend on the
indices j and m, and [|u}"| o5, < d. Hence, by virtue of (5.1) and (5.5), we have

g™l < M(T, d)l[ug" — uy®|| = M(T, d)[jw™|]. (5:8)

Reasoning now for the solution w™ of problem (5.3), (5.4) in the same way as for the solution u™ of
problem (2.5), (2.6), owing to (5.8), we have to take in inequalities (2.1), (2.23), (2.28), (2.30) and
(2.34) the constants, corresponding to My, M3, Mg and c3, equal to zero. Consequently, instead of
inequality (2.34) we will have

lo e < EIE o + &7t (5.9)

Here, unlike (2.35), for the constants ¢; and ¢z we have
~ 1 1 — ~ 1 1 fd
1 = n(TMg)3 exp 3 MsT, ¢ =n(TM7)2 exp 5 MsT,
where Mg and My are defined from (2.31) and, in view of (2.23),
Ms=2M; +2T +1, My=M2(T,d)n + 2nMo + g .
It follows from (5.2), (5.6) and (5.7) that

n}iinm ||wm||C(5T) = ||ug — UlHC(ﬁT)’ mlgnoo HFm”C(ET) =0, (5.10)
mli_r)noo 1T et (a,0) = 0

If now we pass in inequality (5.9) to the limit, as m — oo, then due to the limiting equalities (5.10)
we get [luz — w15,y < 0, which implies that uz = u;. O

The consequence of Theorem 4.1 and Lemmas 5.1 and 5.2 is the following

Theorem 5.1. Let for any positive T conditions (2.1), (4.1) and F € C' (D), ¢1 € C*(71,00),
2 = 0 be fulfilled. Then problem (1.1),(1.2) has the unique classical solution u € C?*(Dy,) in the
domain Dy.

Proof. Tt follows from Theorem 4.1 and Lemmas 5.1 and 5.2 that in the domain Dy, where T =k € N,
there exists the unique classical solution uj, € C?(Dy, of problem (1.1),(1.2). In addition, ujy1|p, is
likewise the classical solution of problem (1.1), (1.2) in the domain Dy. Therefore, by Lemma 5.2, the
equality ug+1|p, = ux holds. This implies that the vector function u constructed in the domain Dy,
by the rule: u(z,t) = ug(x,t), where k = [¢t] + 1, [¢] is an integer part of the number, and (z,t) € Do,
is the unique classical solution of problem (1.1), (1.2) in the domain D. O
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