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Abstract. Boundary value problems of continuum mechanics for the ball
and the entire space with a spherical cavity are considered. Solutions are
constructed in quadratures using their special representations by harmonic
functions. The method enables one to extend easily the results to an arbi-
trary m-dimensional ball (m = 2,4,5...).
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INTRODUCTION

This memoir deals with constructing in quadratures solutions of the
boundary value problems of continuum mechanics for the ball and the entire
space with a spherical cavity. Mainly for the sake of definiteness we consider
the three-dimensional ball BT and B~ = R*\B*. The method by which
the solutions are constructed enables one to easily extend the results to an
arbitrary m-dimensional ball (m = 2,4,5,...).

Solutions are constructed using their special representations by harmonic
functions. In the theory of elasticity for the ball such a representation
was used evidently for the first time in the work of R. Marcolongo. It
is based on the idea of J. Hadamard and V. Cerruti (also see Refs. J.
Boussinesq, E. Almansi, C. Somiliagna, O. Tedone, and G. Lauricella in the
Bibliography at the end of the book). Later this representation was used in
the works of other researchers, in particular, in the work of E. Trefftz, this
perhaps being the reason why some authors (A. I. Lurie, W. Nowacki) assign
it to E. Trefftz. Besides these representations, we also use the harmonic
potential theory, and solutions of ordinary linear differential equations with
constant coefficients. With such simple means, we have succeeded in solving
explicitly, i.e., in quadratures, quite a number of boundary value problems
for the ball BT and B~.

It is nearly half a century that mathematicians have been maintaining
keen interest in these questions. We can cite such names as G. Lame (1852-
1859), Lord Kelvin (1863-1890), H. Lamb (1879-1932), C. W. Borchard
(1880), V. Cerruti (1885-1886), C. Somigliana (1887), G. Lauricella (1895-
1909), E. Almansi (1897), J. Hadamard (1901), G. Grunberg (1925), R.
Sauthwell (1926), A. E. H. Love (1927), N. I. Muskhelishvili (1933-1966),
B. G. Galperin (1942), G. Fichera (1949), E. Stenberg (1953-1958), A.L
Lurie (1953-1970), J. Happel (1965), H. Brenner (1965), N. O. Basheleishvili
(1970-1981), W. Nowacki (1970), A. F. Ulitko (1985), V. T. Grinchenko
(1985), D.G. Natroshvili (1986) and many others (see the Bibliography).
And yet despite the fact that about 500 authors can be entered in this list,
the monograph like this one is not encountered in the literature. Besides,
nearly in all of the works prevalence is given to the method of series (in
spherical functions), and the solutions of the problems are also given in the
form of series (true, in a few papers the authors have succeeded in summing
the series obtained for some problems).

In our memoir series are not used whatsoever. We strictly adhere to
the method of representation of solutions by harmonic functions to define
which we obtain the Dirichlet or Neumann boundary value problems whose
solutions are constructed with the aid of Poisson, Neumann, Bjerknes and
Dini formulas (for the sake of integrity of the method it is shown that one
can as well derive these formula without resorting to series).

The method in question has enabled us to give a clear and concise account
of our results. It takes less than two hundred pages to expose the solutions



of the boundary value problems of elasticity, thermoelasticity, elastic and
thermoelastic mixtures, fluid flow, polyharmonic equations, problems with
concentrated singularities, and, which is the main point, to give analysis of
the solutions obtained.

Furthermore, when potential-type functions are used, this method makes
it possible to obtain solutions directly in the form of quadratures. In that
case the kernels of such potentials are given mainly in terms of elementary
functions, whereas the densities are the known boundary functions. Gen-
erally speaking, it is one of the goals of the memoir to derive the most
convenient and simplest representations. They may evidently be subjected
to a further simplification only by simplifying the Poisson formula.

Potential-type functions representing the solutions of the problems can
conveniently be used both for investigating their behaviour and for con-
structing numerical solutions. In case the boundary functions satisfy the
conditions less strict than the existence and uniqueness theorems, it be-
comes necessary to perform analysis of the constructed formulas. We take
particular care of these questions, alongside with the investigation of the
differential and boundary properties of the solution. This is yet another
feature that makes this memoir differ from the other books available in this
field.

Altogether 70 problems are posed. Most of them are difficult to consider,
as their solutions require rather serious creative efforts and the overcoming
of considerable obstacles of computational nature.

Chapter I is the auxiliary one. It contains the discussion of the basic
boundary and differential properties of harmonic potentials and functions
represented by the Poisson, Neumann, Bjerkness and Dini formulas. Here
we also introduce the terms and notations to be used throughout the memoir
and give the properties of some auxiliary differential operators.

Classical solutions of the boundary value problems and solutions with
power singularities at some points are both constructed in quadratures.
The construction of such solutions requires knowledge of the asymptotic
representation of solutions of the respective equations near singular points.
The reader will find the asymptotic formulas of this kind in Subsection 1.7.

In constructing effective solutions of the problems, the existence theorems
become meaningless, as the uniqueness theorems come to the foreground.
To obtain simple theorems that are easy to prove, one should know the
behaviour of solutions at infinity. These topics are treated in Subsection
1.8.

Chapter II is devoted to the solution of the boundary value problems of
the classical theory of elasticity. Five problems are solved in quadratures
for the ball BT and five for the ball B~. For all the problems we seek
for a continuous solution of the system of basic equations of classical elas-
ticity. The problems have different boundary conditions on the sphere S
(S = 0BT = 0B7): a displacement vector in Problem I, a stress vector in
Problem II, a normal component of the displacement vector and tangent



components of the stress vector in Problem III, a normal component of the
stress vector and tangent components of the displacement vector in Problem
IV, a linear combination of stress and displacement vectors in Problem V.

Problem III is solved both by the technique proposed here and by the
slender method of Hadamard which he applied to this problem in the partic-
ular case (when the tangent components of the stress vector on S are zero).
The combination of the two methods simplifies the solution of Problem III.

In Chapter III our consideration involves the polyharmonic equation.
The Lauricella, Riquier and mixed-type problems are solved in quadratures.
It is a well-known fact that, using the Airy function, the plane problems of
elasticity are reduced to the biharmonic problem, such a connection there-
fore being the key to their solution. The results of this chapter convince
that the representations of solutions can as well be successfully applied to
higher-order equations.

We have to admit that many authors construct the Green functions for
the Lauricella problem and use them to represent the solutions of the re-
spective problems for the polyharmonic equation. But, if the order of the
equation is higher than two, the densities of these representations contain
not the given functions but rather complex local differential operators of the
given functions, which considerably diminishes the practical value of such
representations.

Chapter IV deals with the static problems of thermoelasticity which are
known to be grouped so that we have the boundary value problems sepa-
rately for the Laplace equation for temperature and separately for a system
of equations of elasticity for the stress vector. Temperature is determined
using the Poisson or Neumann formulas, and the problems of thermoelas-
ticity are reduced to the problems of elasticity studied in the the second
chapter. Such a scheme of reduction is well suitable for theoretical investi-
gations and no new problems arise in this connection.

The situation becomes different when effective solutions are constructed.
The found temperature will be contained as volume force in the right-hand
side of the system of equations of elasticity and the problems will involve the
boundary value of the volume potential with the density of the found tem-
perature, as well as the derivatives of the volume potential. These functions
cannot be directly expressed through the boundary data.

The problems of thermoelasticity are solved in this memoir using repre-
sentations similar to the Marcolongo representation.

Our consideration involves mainly the homogeneous equations whose
right-hand sides are zero. It is commonly known that problems for non-
homogeneous equations are solved by the Green function which in turn is
constructed in quadratures by the same formulas as used to represent solu-
tions of the corresponding problems for homogeneous equations. However,
in one case, when the right-hand side of equations of elasticity is a harmonic
function gradient, the problems can be solved in quadratures directly, with-
out resorting to the Green function.



Chapter V is concerned with solving the problems for elastic and ther-
moelastic mixtures. We have omitted the discussion of the mathematical
modelling of mixtures and refer the reader to the founders of this theory
J. Stepan, C. Truesdell, Kh. A. Rakhmatulin, R. Toupun, P.N. Naghdi,
M.A. Biot, A. E. Green, T. R. Steel, A. C. Eringen, R. J. Atkin, P. Chad-
wick, R. J. Knops, H.Tiersten, M. Jahanmir, P. Villaggio, B. Lompriere and
others (see the Bibliography at the end of the memoir).

We consider one variant, of two-component elastic isotropic mixtures and
solve the boundary value problems for BT and B~.

In Chapter VI we derive the solutions of the boundary value problems
for noncompressible fluid flow. A Stokes-linearized system of Navier-Stokes
equations is considered. The solutions of the problems for the ball (mainly of
the particular ones having different applications) can be found in H. Lamb,
J. Happel and H. Brenner, S. M. Belonosov and K. A. Chernous, and others,
as well as in some references cited therein.

In all the known works the problems for the fluid flow sphere are solved
using series and leaving out the necessary analysis of the series obtained.

Chapter VII is devoted to the boundary value problems with concen-
trated singularities. These problems differ from the problems investigated
in the preceding chapters only in that their solutions at the ball centre have
a singularity of a given power order v. The continuous solutions we have
constructed previously will therefore be the solutions of the corresponding
problems with concentrated singularities. In the theory of elasticity these
problems have no new solutions when v < 1. For the case v < 2 the
problems with concentrated singularities have — in addition to the solutions
constructed in Chapter IT — other solutions corresponding to concentrated
forces applied to the ball centre; a general solution depends on three arbi-
trary constants. If 2 < v < 3, then the class of solutions is even wider, since
it additionally includes the solutions corresponding to the so-called “double
forces” concentrated at the centre and a general solution depends on twelve
arbitrary constants. We point out various possible ways of introducing re-
strictive assumptions for the unique solvability.

In the same chapter the Navier-Stokes equations are used as an exam-
ple to illustrate how the two-dimensional problems are directly solved by
Marcolongo-type representations.

In Chapter VIII, the last one, an algorithm is developed for numerical
realizations of the solutions constructed in the preceding chapters. Though
the solutions represented in the form of a potential-type function are con-
tinuous in the closed ball Bt as well as in B, their kernels tend to infinity
as the integration-free point, i.e., the kernel point, approaches the boundary
S. Near the boundary the potential is essentially determined by a neigh-
bourhood of the pole, and therefore the method of integration set division
seems important when using cubic formulas. The algorithm of an automatic
selection of division steps proposed here increases calculation accuracy and
makes the computational facilities more efficient.
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CHAPTER I
NOTATION AND AUXILIARY PROPOSITIONS

1.1. Some Notation and Terms. A Euclidean m-dimensional space is de-
noted by R™ (R' = R) and the points (vectors) of this space are de-

noted by z,y,z,e,.... The base vectors (1,0,...,0),...,(0,0,...,1) are
denoted by el,...,e™ and the coordinates of z,y,z2,e,... in this base by
Ty e T Yloe o o sYm} Z1se - 32m; €1, - .€m; « -+ Tespectively. Therefore e; =

di;j, where d;; is the Kronecker symbol.

Let Q be a set from R™. Then 9Q will denote the boundary of Q and Q
the closure (2 = QU 9Q).

A set of continuous real functions defined on € is denoted by C((2),
while C*(2), where k is a positive integer (k € N), denotes a set of real
functions defined on Q and having in Q all continuous derivatives up to
order k inclusive.

Let Q be a domain from R™, o : @ — R and y € 99Q; ¢ is called a
continuously extendable function at the point y if there exists a finite limit
olm () = 0, (y).

If ¢ € C(2) and ¢ is a continuously extendable function at each point of
the set 0, then ¢ is said to be a continuously extendable function on 99).
¢ is called a function of the class C'(Q) if p € C(Q) and ¢ is continuously
extendable on 9Q. If ¢ € C(Q), then p(y) will imply ¢q(y) when y € 9.

C*(Q) will denote a set of functions from C*()) which, together with
all their derivatives up to order k inclusive, are continuously extendable on
99. For y € 0Q the notation DPp(y) will imply the limit

lim DPp(x) = DPp(y).

Qdz—y
Here 8 = (b1, ..., Bm) is the multiindex, |B| =61 + -+ - + Bm < k and
18]
Dop(r) = 32

81:?1 ---Bas’g{”-

If o € C*(Q) or p € C*(Q) for any k € N, then we will write ¢ € C>(Q)
or ¢ € C(Q).

Let ¢ : @ — R. By definition, ¢ € C%%(Q), 0 < a < 1, if there exists a
number ¢ > 0 such that Vz,y € Q satisfying the condition |z — y| < 1 we
have the inequality

o) — et <o —ol” (1 =sl= (L -u?)").

i=1

If ¢ € C%*(Q), then ¢ is a uniformly continuous function on Q, and if
¢ is a uniformly continuous function on €2, then ¢ € C(Q). p € CH*(Q),
where k is a nonnegative integer number and 0 < a < 1, will denote that



p: Q — R, all derivatives of ¢ up to order k are uniformly continuous on
Q and all derivatives of order k belong to the class C%%(Q).

We will denote by B(z, p) the ball in R™ with centre at the point z and
radius p, and by S(z, p) the sphere bounding this ball. B(0, p) and S(0, p)
will frequently be replaced by the symbols BT and S. Assume that B~ is
a complement of B(0, p) to the entire space. We obtain

Bt ={zeR"| [z -0/ <p}, B ={ze€R"| |z—0]>p},
S={zeR™| |z-0|=p}

If Q = BT or Q = B, then instead of pq we will write o+ or ¢,
respectively. Therefore
)= dim (@), ¢ ()= lim o)

14
Btsz—yeS B->z—yEeS

Let z € S. Consider the local Cartesian system (z) with the origin z. The
me-axis is directed along the external (relative to BT) normal to S drawn at
the point z, while the other axes lie on the tangential to S hyperplane 7(z)
drawn at the point z. Denote by S.(d) the part of S contained within the
ball B(z,d) and by 7,(d) the part of 7(z) contained within the ball B(z,4d).
7,(0) is the orthogonal projection of the surface S, (d) on 7(z) when § < p.

Let f be the function defined on S, y € S,(4), and (n1,...,9m) be
the coordinates of the point y in the system (z). Denote by n the point
(M1,..-,Mm—1) on the plane 7(z). It is the orthogonal projection of the
point y on 7(z). Introduce a function f, defined on 7,(d) by the formula
f-(m) = f(y). By definition, f belongs to the class C*(S) or C*2(S)
if for any point z € S the function f. belongs to the class C*(7.(8)) or
e (1. (8)).

Let n(y) be the unit vector to S drawn at the point y. Obviously, ni(y) =
yr/p and ng € C°(S). In the sequel, when z € R™\{0}, by ny(z) we will
imply ng(z) = z1,/|z| and by n(z) the vector n(z) = (n1(z),...,nm(x)).

The scalar product of vectors ¢ = (¢1,...,0m), ¥ = (Y1,...,0y) is
denoted by ¢- 1. If g is a scalar value, then |g| denotes its absolute value; if
g is a vector value g = (g1, ..., 9gm), then |g] = />~ ¢7; if g is the matrix
9 = llgijllmxm, then |g] = 321", |gij].

1.2. Differential Operators. Let r, ¢, ... ¥,,_1 be the spherical coordinates
of the point z € R™:
r = |z,
1 =rcost =rwy, 0< 9 <m;
To = rsinty cosds = rwy, 0< 1y <m;
Tm_1 =7sinty ...sind,_scosVm_1 = rwm_1, 0<t,_1 <2m,;

Ty =rsinty ...sinY,_1 = rwn,.
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Then r and w = (w1, . . .,wn) will be the radial and the angular coordinate
of the point = (z = rw).
We introduce the differential operators

LI, B 9 9
) =2 o = o Dr=Tar = 2 Tige

i=1

where I is the identical operator;

0f (z)

8:17k

F(z)

Du(f)(@) = et

— ni(x)
Operator Dy, is the Gunter operator (see Gunter [1])

D(f)(x) = (Di(f)(2),- .-, Dw(f)(2)),
D =D, (D, —1)-- (D —(k-1)), D=1,
1

D = (D, +1+

r

1 1
+3)(Pr4+2+3) . (Dr k4 3),

D= = (D, +z+1+;)(Dr+i+2+%)---(Dr+k+%), i <k,
[k]-[0] — plk]

T ro

D D[k] k] — 1.

1.3. Dirichlet Problem for the Laplace Equation. The Poisson Formulas. In
solving the boundary value problems of solid mechanics for the ball and the
entire space with a spherical cavity essential use is made of the well-known
integral representations of the solutions of the Dirichlet and Neumann prob-
lems for the Laplace equation. A continuous solution of the Laplace equa-
tion will be referred to as a harmonic function. The harmonic function is
analytic (see, for example, Petrovski [1]; Bers, John, Schechter [1]). We will
obtain here the solutions of the Dirichlet and Neumann problems for the
ball and show some of their properties needed for our further purposes.

The solution of the Dirichlet problem for the ball B™ = B(0, p) - Prob-
lem DT : v € C(§+); Ve € Bt : Av(z) =0; Vye S :ovt(y =
g(y), g € C(S) is given by the Poisson formula (see, for example, Courant
[1] or Mikhlin [1])

v(z) =TI(g = / — |$|2 d,S (1.1)
T wmp ) T - yl’” ’ '

where w,, is the surface area of the unit sphere in R™.
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The Poisson formula gives also the solution of the Dirichlet problem for
B~ = R™\B(0,p) - Problem D~ : v € C(B7); Yx € B~ : Av(z) = 0;
VyeS:v (y) =gy, g€ C(9),

- Iﬂvl2

v(z) =1'(g)(z) = _wmp/ P y|m dy,S. (1.1

Note that the problem D is uniquely solvable for any function g € C(S)
by (1.1). Problem D~ is uniquely solvable for any function g € C(S) by
(1.1) by imposing additional conditions on the solution v:

‘ l‘im v(z) =0, when m > 2, (1.2)
T|—00

Ve € B™ : |u(x)| < c=const, when m =2. (1.2")

1.4. Neumann Problem. The solution of the Neumann problem for the ball
Bt - Problem Nt : v € C(BY), Vo € BT : Av(z) = 0, Yy € S :

(%)+(y) =g(y), g€ C(S) - is given by the formula

1
1 p —|rx)? 1 \dr
- — — 1.
v() u)mS/g(y)dySO/(|y_m|m pmfz) —+e (13

where ¢ is an arbitrary constant, while that for the spherical cavity B~ -
Problem N~ :v € C(B~),Vz € B~ : Av(z) =0,¥y € S: (2£) (y) = g(y),
g € C(S) - is given by the formula

1
1 o =720 s

=— m 2; 14

v(x) o 9(y)d,S P~ 7%, mo> 2 (1.4)

s

|az:|2 T2p? dr

—-1)— = 2. 1.4/

v(z)= / )d S/ To—ry? ) . +c, m (1.4")

Note that Problem N7V is solvable only if the given function g satisfies
the condition

[swa,s=o. (1.5)

S

When (1.5) is fulfilled, all solutions of Problem N7 are given by (1.3).

When m > 2, Problem N~ is uniquely solvable for any function g € C(S)
by (1.4) if condition (1.2) is imposed on the solution v. When m = 2,
Problem N~ is solvable only if condition (1.5) is fulfilled. If the latter
condition, as well as condition (1.2") are fulfilled, then the solution is given
by (1.4").
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1.5. Remarks. The Neumann and Bjerknes Formulas. In this book we con-
struct classical smooth solutions and therefore the above-given solutions of
Problems DT, D, NT and N~ are sufficient for our purposes. It should
be said for the sake of generality that if g is not a continuous function on
S and only summbale - g € L(S), then v represented by (1.1) satisfies the
Laplace equation at each point of the ball Bt - Vo € BT : Av(z) = 0 and
almost every when the boundary condition Vy € S\S, : vt (y) = g(y),
where mes S; = 0. This remark applies to the other problems as well.

In this book we will never use the expansion of a functions in series
and, to preserve the integrity of our reasoning, we should note that the
Poisson formulas, as well as formulas (1.3), (1.4) and (1.4') can be obtained
without taking recourse to series. Indeed, as can be easily verified, the
Green function of Problem D¥ for the ball BT is given by the formula

)

where ®(|z|) is the fundamental solution of the equation Av = 0:

G(z,y) = ®(|lz —y|) — (|y| ‘

Iyl

1

O T

1
m > 2; Q(t)zﬁlnt, m=2.

Hence we immediately obtain the Poisson formulas.
For m = 3 the Green function takes the form

1L/ 1 ply|
G(z,y :—( — )
) = G\l ™ TwPe— 7]

Formula (1.3) can be obtained by proceeding as follows: If g € C(S) and
satisfies condition (1.5), then the harmonic function v in the domain BT,
satisfying the equation

ov(z)
= pll
r 2 = pi(g)(0),
will be the solution of Problem N*t. The solutioin of this equation is given
by
|| d 1
=p / I(g ? 77 =p / I(g)(rz)— +c
le
0 0

which coincides with (1.3).
To obtain formulas (1.4) and (1.4') note that if v is a harmonic function
in the domain B~, satisfying the equation (and also condition (1.5) when

m =2)
Ov(x)
or

= pIl'(g) (@),
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then v will be the solution of Problem N~. If (1.2), (1.2) are fulfilled, the
solution of this equation is given by

oa) = [ (o) (5)
for m > 2 and by
o) =—p [W)(E) T +c

0
for m = 2 and coincides with (1.4), (1.4").
In the case m = 3 the identities
p? —|rx]? 1 0 < 2

Sin (=7l +0)° = Iral) ).

ly—rz]  p
r€BY, yes, 0<r1<I;
|x|2—T2p2_6< 2T

ly — rz|? p _TBT

1
—n (Ix—yl2—Irl2—pz+2plr—fy|+2p2f)> ,

le—Tyl? 01 \|z—Ty|

re€BT, yes, 0<7<I1,

enable us to easily calculate the one-dimensional integrals in (1.3) and (1.4)
and to write the solutions of Problems N* and N~ in the form

v(z) = N(g)(z) + ¢, |z] <p; (1.6)
v(z) = N'(g)(x), |z]>p, (1.6")

where

N =15 [(G2r - (o=l +0) = 1oF))sw)d,s. (1)

|z -yl
S
1 2p [z —yl+|z[+p
N'(g)(z)= / —In d,S. 1.7
(9)(@) 4””5('f”‘y' e O] (L.7)

Formula (1.6) is called the Neumann formula (see Neumann [1], Mikhlin [1])
and (1.6") the Bjerknes formula (Bjerknes [1], Koshliakov, Gliner, Smirnov
[1)-

In the case m = 2, using the identities

2 _ 2 a 1

p~—lIral —1=21—In——, z€B", yes, 0<7<1;
ly — 7z|? or |y — 7|
jz” —7%p°

1
—1=27r—In—, z€eB, ye s, 0<7<1



14

and calculating the one-dimensional integrals in formulas (1.3) and (1.4'),
the solutions of Problems N* and N~ are written in the form

1
o@) =~ [Inlo = slg)d,S +e. la] <. (18)
S
1
o) =+ [l = ylowid,S+e, ol > . (18)
S

(1.8) and (1.8') are called the Dini formulas (see Mikhlin [1]).

1.6. Harmonic Potentials. Let V(g) and W(g) be the simple- and double-
layer potentials with density g (m = 3):

/|x_ d,S, W(g /an |x_y|) 9(y)d,S.

We have the identities Vo € BT, Yy € S:

i:ﬁﬁz_@%ﬁ_+o_iﬁ

|z —y[? n(y) |z — yl
2 _ |x|? 1
r =l _op, 1)L
|z -yl |z -yl

1
(D, +1) 0

=—-p )
|z -yl n(y) [z -yl
using which one can readily establish that the following formulas are valid
Vr e BT:

1(7)(2) = ~5-W (D) = 7=V (o) (1.9)
Hm@Fj%@&+DWﬁ®, (1.10)
IWﬁw=—5u+DWﬁ@. (1.11)

We would like to point out some differential properties of the simple- and
double-layer potentials and also those of the Poisson integral (see Gunter

[1])-

Theorem 1.1. If g € C(S), then V(g) € C(B* U B™), W(g) € C(B*),
li(g) € C(B*), and if p € C**(S),0< a <1,k =0,1..., then V() €
Ck+he(BE), W(g) € CH*(B%*), Il(g) € CH*(B*). If ¢ € C*(S), then
Di(p) € C*=12(8S), where Dy is the Gunter operator (see Subsection 1.2).

Assuming ¢ € C'(S), we have

2
/Dk dS—;/mﬂw%& (112)
S
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V(D(p)) = grad V(p) + %V(ngo) + W(nyp). (1.13)

If p € C1(S), v € C?(9), then

agaif) = —W(nip) + V(Di(ap) - %nicp), (1.14)
avgz(jb) =W(Di($) + V(Mi(¥)), (1.15)
where
M;(y) = f;Dj (n,;Di () — niD; (1))

In the sequel the summation sign ) will frequently be omitted and the
index repetition in the monomial will imply summation from 1 to m.
The above formulas readily yield the proof of

Theorem 1.2. If ¢ € CP(S), p € N, then the derivatives of the simple-
layer potential DV (p), where 3 = (B1,-..,0m) is the multiindex and |5 <
p, are represented as the sum of the simple- and double-layer potentials with
continuous densities.

Theorem 1.3. If ¢p € CPTY(S), p € N, then the derivatives of the double-
layer potential D°W (), where 3 = (B1,- .., Bm) is the multiindez and |3| <
p, are represented as the sum of the simple- and double-layer potentials with
continuous densities.

1.7. Asymptotic Representation of Solutions of the Basic Equations of Elas-
ticity in the Neighbourhood of Singular Points. Below we will construct not
only the classical solutions of the boundary value problems of elasticity but
also the solutions having singularities at some isolated points. Such solutions
correspond either to forces concentrated at these points or to concentrated
sources of various nature. To construct such solutions we will need to es-
tablish the behaviour of solutions in the neighbourhood of singular points.
It is exactly these aims that will be dealt with in this subsection.

In order to solve more general systems of equations than the system of
basic equations of elasticity, we have to establish asymptotic representations
(properties) of solutions near singular points. Let us consider a system of
differential equations in R™

Ai(Op)ur =0 (A(0)u=0), i=1,...,n. (1.16)

Here summation is taken over the index k from 1 to n; m and n are natural
numbers. First assume that m > 2. Unless stipulated otherwise, the lower
indexes i, k and s will in the sequel vary from 1 to n and the other lower
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indexes from 1 to m; x = (x1,...,%m); u = (U1,-.-,Uy,) is the unknown
vector;

82

1wt
I 0w ;0

Air(0:) = C; (1.17)
Summation in (1.17) is taken over the indexes j and ! from 1 to m; Cjjk
are the constants which, without loss of generality, can be subjected to the
condition Cjjp = Cygj. Assume further that these coefficients satisfy the
restrictions

VE= (&, .. ,6m) € R™\{0}: det A(E) =det||Ait(E)|lnxn #0, (1.18)

implying the ellipticity of system (1.16).

Setting m = n = 3 and Cjjrr = Criyj = Cji in (1.16), we obtain
(see Nowacki [2]; Burchuladze, Gegelia [1]) a system covering the basic
static equations of elasticity in terms of displacements for a homogeneous
anisotropic medium. If

2
61‘i61‘k ’

where A is the Laplace operator, d;; the Kronecker symbol, A and p the
elastic Lamé constants, u > 0, 3A\ + 2u > 0, i,k = 1,2,3, then we obtain
the basic static equations of elasticity for a homogeneous isotropic medium.

When A;;, are defined from (1.19), for system (1.16) we construct explic-
itly, in terms of elementary functions (see Kupradze el al. [1]), the matrix
of fundamental solutions (Kelvin matrix)

Aik (0z) = GirpA + (A + 1) (1.19)

N play

Dik(z) = , ,k=1,2,3,
o A¥3m o Atk
drp(\ + 2u)’ Arp(N + 2p)
The matrix I' possesses the following properties:
].) T € COO(]R3\{0}), Vz € ]R3\{0} : A,k(aa:)st(a:) =0;
2) Vt # 0, Vo € R*\{0} : (0°T)(tx) = t~1oI=1(9°T)(z), where
a = (aq,...,qn) is an arbitrary multiindex;
Vo e i [ Tu,0w)lhsly - 2)d,5 = .
—
OB(z,8)

where B(z,6) is the ball with centre at = and radius §, dB(z, ) the ball
boundary, and T(9y,v) = ||Ti(9y,v)|| the stress operator:

o 0
T (9, v(y) = Mily) g =+ woin s

v(y) the unit vector of the normal to the sphere dB(x, §) at y, external with
respect to B(z,J).
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When (1.16) in a system of the basic equations of a transversally isotropic
elastic medium, one can also construct, in terms of elementary functions,
the matrix of fundamental solutions (see Kroner [1]).

In the general case, under the assumptions (1.18) there exists (see John
[1]) a fundamental matrix ® = ||®4s||nxn of the operator A%, (0z) conjugate
of the operator A (dx):

A*(0z) = || A7, (02) | nxn,
. 82 82 (1.21)
A*(0z) = Ckzijm = ijilm = Ay (0z).

The matrix ® possesses the following properties:
1) @5 € C*(R™\{0}), Vz € R™\{0}: A% (0x)®ps(z) = 0;
2) Vit £0, Yz € R*"\{0} : (8°®)(tz) = t~|*1+2-"(9*®)(z), where

a=(ay,...,qm,) is an arbitrary multiindex;
Hvee Rt lim [ TH(0000) Bl - 2)d,S = 0,
—
8B(x,5)

where T3 (0y,v) is the ”stress” operator corresponding to the operator

A*(0z):

ay’ - || ik ay’ ||n><n’
0 (1.22)
T30y, v) = ijilea— = T}y (0y, v),
Y
T(dy,v) = || T By, v) |, - (1.23)

The main aim of this subsection is to prove

Theorem 1.4. Let Q be a domain from R™, y € Q, u = (ug,...,Un)
be a solution of the class C* of system (1.16) in the domain Q\{y} and

Vo € Q\{y}:

c
wlz)] < ———, 1.24
)| < = (1.2

where ¢ = const, v > 0. Then Yz € Q\{y}:
u@) =u®@ + Y (958 —y))al, (1.25)

la]<[v]+2-m
where u® is a classical solution of system (1.16) in the domain Q, u(® €

C?*(), a= (ai1,...,am), is the multiindex, [y] is the integer part of the
number v, al®) = a@, e a%a)), aga) = const. Note that if [y]+2—-m <0,
then the second term in (1.25) is missing.

If condition (1.24) is replaced by

u(z) = o(#) (1.247)

|z —yl
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where q is a natural number, then representation (1.25) holds, where sum-
mation is performed up to g+ 1 —m

Note that the coefficients a(®) in representation (1.25) are expressed in
quadratures in terms of wu.

Proof. Since the proof of Theorem 1.4 is available only in the periodic lit-
erature in the Russian language (see Buchukuri, Gegelia [1]), we have made
up our minds to give it here.

The proof is based on the Green and Somigliana formulas. Let 2 be a
bounded domain from R™ with a smooth boundary 09Q, u = (u1,...,uy)
and v = (v1,...,v,): @ — R” belong to the Class C?({2). Then the Green
formula is valid:

/ (vk(2) Api (O )ui(z) — ui(x) Afy, (0z) vk () dx =

Q

= [T (Orr @) ) - w50y w) o) 4,5, (126
o0
where v(y) is the unit vector of the normal to the surface 9§ at the point
y, external with respecr to (2, dz is a volume element, d,S is an element of
the area of 0f).
Let u € C2(Q) N CYQ) and Vo € Q : A(Ox)u(xr) = 0. Then the
Somigliana formula is valid Vz € Q:

ur(o) = [ (wsty) 25 (00 v0)) Bualy — ) -

o0
— By — )Tki (9, v(y)) i (y) ) S. (1.27)

The proof of the Green formula (1.26) is immediately obtained from the
following equalities which are easy to verify:

[ o0t = / 3 O git)de = [ oTiu(@y.v)uds -
Q o0
6’Uk a’u,l
Chji
/ kj la a l

6’Uk Bul
/u A% (Oz)vpda = /ul T5.(0y,v)vrdS — /Ck zlaxJ o, dzx.

Q oQ

The Somigliana formula (1.27) is proved, using property 3) of the funda-
mental matrix ® which can then be written in form

Cklzg i 0 y—=r — 4.

8B(z,0)
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Let 2 € Q, B(2,0) CQ,6>0,Vz € Q: A(0x)u(z) =0, u = (u1,...,up),
up € C2()NCYQ), v = (vi,...,v,), vp(z) = Pps(z — 2). Then Vz €
O\B(z,9) : A}, (0z)vg(z) = 0 and, using the Green formula for the domain
O\ B(z,9), we have

(ui () T3, By, v(y))ok(y) — v (V) Tki By, v(y)ui(y))dy S =

S —

= / (v () Tri By, v(y))ui(y) — wi(y) T3, (By, v(y)) vk (y))dy S
OB(z,0)

Moreover,

z

Cc y—
/'Uk(y)Tki(ay:V(y))ui(y)dys Smsip /“I’ks(w)‘dysﬁc&

8B(z,0) OB(z,6)

ui(y) T By, v(y)) vk (y) dyS =

8B(z,5)

- / (usy) — wi(2) T3 By () Braly — 2)dyS +
8B(z,)

i) [ Ta0uvw) iy - 24,5
8B(2,0)
‘ [ (o) = ) T3 (00 v0) sy - 21,3 < sup fusly) - w2l
9B(2,0) (2:9)
i) [ T (00 00) sy — )y = ).
8B(z,)

These formulas yield (1.27).

Now we can immediately proceed to proving Theorem 1.4. Let the con-
ditions of this theorem be fulfilled. Choose positive numbers r and rg such
that 3r < ro and B(y,r9) C Q. Then Va € B(y,r9)\B(y, 3r), from (1.27)
we obtain

w@) = [ ()T ) Bz - 3) -
OB (y,r0)
— Ops(z — 2)Tki (0, V(z))ui(z))dZS —
- / wi(2) T35, (02, v(2))Prs (2 — x)d. S +

OB(y,r)
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+ [ G- @ () dS (1.29)
OB(y,r)

Denote the first integral on the right-hand side of (1.29) by ul? ().
Obviously, u® = (u{”,... ul”)) belong to the class C> (B(y,r0)) and
Yz € B(y,ro) : A(dz)u'® (z) = 0.

Transform the last two integrals in (1.29). Since |z —y| > 3r (z €
B(y,m0)\B(y,3r)), the function z — ®4(z — z) belongs to the class
C*(B(y,3r)) and can be represented in B(y,3r) by means of the Taylor
formula

Srs(z—2)=Ps(y—z+2—y) =

= Y I peay )y - ) + B @2,

la|<p (1.30)
B wu= Y C e - aroy),
la|=p+1 '

where 0 < # < 1, p is an arbitrary nonnegative integer number and « is the
multiindex.

Let us estimate the additional expansion term R,(f; . Note that for z €
B(y,2r) we have

ly—z+0(z—y)|>ly—z[—|z—z[> |y —z[-2r >

ly—z| |y—=z|
-2 - .
3 3

> |y — =

Therefore if z € B(y,2r), then |(Da¢>ks)(y —z+0(z — 1)) | < C, and thus
we obtain

|RE) (2., 2)| < Calz =yl (1.31)

In the sequel, in addition to estimate (1.31), we will need the estimates
of the derivatives of the additional term. We will prove that R,(fq) (z,y,) is

analytic in the ball B(y,3r) and Vz € B(y,2r) is written as
IDERY) (2,y,2)| < Cpalz — y|PT 17, (1.32)

where 8 = (B1,...,8,) is the multiindex satisfying the inequality |3| < p.
Estimate (1.32) is obtained from the following simple proposition:

Let f € C*(B(y,r1)) and D*f(y) = 0 for |a| < k—1, then Vz € B(y,r1)
we have

D2 f(2)| < Calz —y|*=lol. (1.33)
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This will be proved using the induction method. For £ = 1 we have
f € C'(B(y,m)) and f(y) = 0. Introducing a function g : [0,1] — R,
g(t) = f(t(z —y) + y), we can write

F6) = 1) - 1) = 9~ g(0) = ¢ (0) = Y. LEE DD,y

and therefore Vz € B(y,r1) we have

)‘. (1.34)

SISl —sl, =30 max o
=1 13

117"1)

Assume that proposition (1.33) is proved for k and prove that it holds for
k + 1. In other words, estimate (1.33) is fulfilled and we have to prove that
for f € C**1(B(y,r1)) and D* f(y) = 0, when |a| < k, we have [D* f(2)| <

Cylz — y|F*t1-1el. It is obvious that Bf € C*(B(y,m)), D° Bf(y) — 0 for
|8l < k — 1. Applying estimate (1. 33) to 5L, we obtain Vz € B( )

)

| < Cplz—y* Pl 1B <k -1 (1.35)

Assume ¢, = DPf. Then ¢, € C'(B(y,r1)) and ¢,(y) = 0. Now by
virtue of (1.34) we write Vz € B(y,r) :

DPf(2)| = I% 2)| <00|2—y|,
e 9, (2 9 s
Co = ; y“) 0z; ‘ n n;aji leD 1z )‘

Hence on account of (1.35) we obtain Cy < Cjlz — y|*=18l, DA f(2)| <
Cslz — y|k+1"5|, where (3 is an arbitrary multiindex whose absolute value
is not greater than k£ — 1. It remains for us to prove the validity of this
inequality in case || = k or, which is the same, the validity of the relation
D2 f(2)| < Culz—yl, |a] = k. But if |a| = k, then ¢ = Df € C'(B(y,r1))
and p(y) = D*f(y) = 0. Thus we conclude that (1.34) is fulfilled for ¢.
This completes the proof of the validity of estimate (1.33).

Let us now prove the validity of estimate (1.32). Let 2r < ry < |z — y|
and (see (1.30))

=) - Y E poa) ) = R (e, 2),

la|<p
Then f € C*(B(y,r1)) and D*f(y ) = 0 for |a| < p. Now by virtue of

estimate (1.33) we have Vz € B(y,r1) |Df(2)] < calz —y|PH! lol o) < p,
which is actually inequality (1.30).
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Let us turn our attention to representation (1.29). Using expansion
(1.30), us is written as

(D)~ )
ol

us(z) = ugo) (z) + Z

la|<p

X ( / (z = 9)*Tki (2, v(2)) ui(2)d=S —

OB(y,r)

- [ T @) - 0)°dS) + 1P (),
OB(y,r)

ul®(z) = / (ul(z)T:;c (02, v(2))®ps(z — ) — (1.36)
0B(y,ro)
— Bps(z — )Ty (82, V(z))ui(z))sz,
I (r,a,y) = / (R @y, 2)Thi (2, v(2))ui(2) -
OB(y,r)
—u;(2)T], (z, I/(Z))Rl(ci) (z,y, z))dZS.

We are to prove that if p > v —m + 1, then

lim IP) (r, z,y) = 0. (1.37)
r—0

We introduce a function w(® : R™ — R possessing the following prop-
erties: w(©® € C®R™); 2] < 1: wO(2) =1; |2] > 2: w®(2) = 0. Let
w¥ (2) = WO (*=). Then it is obvious that

W € C¥(R™); z€Bly,r) :wW(2) =1

r

1.38
2@ B(y,2r) :wM(2) = 0;  [Dw¥)(2)| < Car™ 1, (139

where « is an arbitrary multiindex and C, = maxgm |D"w7(«0) (2)].

Introduce a function z — é,(fs) (z,y,2) = w (z)R,(fq) (z,y,2). It is obvious

that
R (x,y,) € C®(R™); z € B(y,r) : R (w,y,2) =R\ (2, y,2);
2 € OB(y,r) : Tj; (92,v(2)) RY) (2, y, 2) =T}, (92, v(2)) RY) (2, y, 2);
2 ¢ B(y,2r) :ﬁ,(f;) (x,y,2)=0; 2z€0B(y,2r): T}, (8,2, I/(Z))E,(f;) (z,y,2)=0.

Applying the Green formula (1.26) to the functions u = (u1, - . ., u,) and
v = (Rg) (z,9,-),... ,Rffs) (z,y, )) in the domain B(y, 2r)\B(y,r), we arrive
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at
. * () _
U’l(z) ik (aZ)Rks (:Ea Y, Z)dZ—
B(y,2r)\B(y,r)
= (ul(z) ol (3,2, V(Z))R,(f;) (z,y,2) —R,(ci) (z,y,2)Tki (Bz, V(Z))UZ(Z)) d.S.
OB (y,r)
Therefore

I®(r,2,y) = / ui(2) A5 (02) R (2, y, 2)dz.
B(y,2r)\B(y,r)

Since A;‘k(az)ﬁ,(fs) (z,y,2) = A;k(az)w,(ay)(z)R,(fs) (z,y,z), due to (1.32) and
(1.38) we obtain Vz € B(y, 2r) :

| A5 (82)R,(€’;)(a:,y,z)| <clz—yP ez —yPrt + ez —yPHr 2,
which for Is(p ) yields the estimate

|Is(p)(r,a:,y)| < Pt / |u(2)|dz (1.39)

B(y,2r)\B(y,r)
and by virtue of (1.24) we obtain

2r
|IS(”) (r,x,y)| <erPt /p*ﬁ”m*ldp < erptm=r—L (1.40)

r

Inequality (1.40) implies that (1.37) is fulfilled for p > y —m + 1. In
particular, (1.37) is fulfilled for p = [y] — m + 2.

Now we will consider representation (1.36). The first term on the right-
hand side of (1.36) does not depend on r. The left-hand side of this equality
does not depend on r either. Therefore for p = [y] — m + 2 we have

us(2) = ul® (@) + lim >~ ) (1) (DB (y - @), (1.41)
le|<p

where
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Now to complete the proof of Theorem 1.4 it remains for us to prove the
existence of constants cia) such that
; () o o = (@) (ya _
lim 0 e () (D) (y — ) = Y " (D Dpo)(y — 7).
la|<p la|<p
The validity of this equality immediately follows from the following propo-
sition which is easy to prove:
Let f*) = (fl(k),..., ,(Lk)) Q> R, where Q C R™ and k=1,...,q;
flz,r) =30 ap(r) fO(z), ar(r) € R. If there exists a limit
lim f(z,7) = £ (),

r—0

then there are constants aio) such that

q

VeeQ: fO4) = Za,(co)f(k)(z).

k=1

Replacing in Theorem 1.4 condition (1.24) by (1.24"), the validity of
representation (1.25), where summation is performed up to ¢ + 1 — m, can
be proved exactly by the same technique as was used for the first part of
this theorem. After obtaining formula (1.39), its right-hand side should be
estimated in a somewhat different manner. Namely, since |z — y|?u(z) =
o(1), (1.39) yields

1) (r, 2, )| < erp! / 12—y~ o(1)|dz <

B(y,2r)\B(y,r)

2r
<erPt sup lo(1)] /pmflfqdp <erttmalo(1) =0, r =0,
B(y,2r)\B(y,r) .

ifp=q+1-m.
Theorem 1.4 is completely proved for m > 2. For m = 2 the matrix of
fundamental solutions ® = ||®;||nxn is Written as (see John [1])

;1. (z) = ay, In|z| + by (),
A = —i A»ﬁl(f)dgs bir, = —i A7l In |£f|d55
¢ 27 ik U 27 ik || ’
8B(0,1) 0B(0,1)

where ¢ = (&1,&), A" is the inverse of A matrix, A;;' is an element of this
matrix, z - £ = x1 - & + x2& is the scalar product of the vectors = and £.
One can easily verify that det ||a;k||nxn # 0, bir are homogeneous func-
tions of the 0-th order: bjx(Ax) = by (z) and D¥®y(tr) = t~1DY®(z),
where a = (ai,as) is the multiindex (Ja| > 0). Moreover, the Green and
Somigliana formulas also hold in the case m = 2. These facts considered,
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the proof of Theorem 1.4 for the case m = 2 differs in no way from the case
m>2. N

We would like to mention some immediate corollaries of the proved the-
orem.

The theorem on a removable singularity is applicable to the theory of
elasticity as well. Indeed, let m > 2 and the conditions of Theorem 1.4
be fulfilled for |y| < m — 2. Then from this theorem it follows that Vz €
A\ {y} : u(z) = ul (), where (%) is an infinitely differentiable solution of
system (1.16) in the domain Q. In such a situation there exists a finite limit

lim u(z) (1.42)

Y

and, if we complete the determination of u at the point y by a formula
u(y) = u®(y), then u will be the classical solution of system (1.16) in the
entire domain {2 including the point y.

This proposition can be somewhat strengthened taking into cosideration
condition (1.24"). Finally, as a corollary we arrive at

Theorem 1.5. Let Q be a domain from R™ (m > 2), u = (u1,...,u,) €
C?(Q\{y}), where y € Q and Vz € Q\{y} : A(Oz)u(z) = 0. Let, further-
more, Vo € Q\{y} : u(z) = o(®(z — y)). Then y is a removable singular
point for u, i.e. there exists limit (1.42) and if u is defined at y by the
formula u(y) = u®(y), then u will be the solution of system (1.16) in the
entire domain Q including the point y.

Theorem 1.5 remains valid if the formula u(z (®(z —y)) is replaced
by w(z) = o(In|z — y|) when m = 2, and by ( ) = (|a:—y|2 ™) when
m > 2.

Representation (1.25) immediately implies the validity of

Theorem 1.6. Let the conditions of Theorem 1.4 be fulfilled and in (1.24)
v >m—2(m >2). Then for any multiindex o we have

| Du(z)| < colz —y| D710 (1.43)
In particular, for stress we have the estimate
IT(8,, v)u()| < clo — y| P11 (144)

uniformly with respect to v.

Theorem 1.6 remains valid for v > m — 2 > 0.
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1.8. Character of Solutions of the Basic Equations of Elasticity at Infini-
ty. In constructing effective solutions of the boundary value problems the
questions as to the existence of solutions lose their importance and it is the
uniqueness theorems that come to the foreground. Indeed, we must make
sure that we have constructed all the solutions of the problem posed and
the solution we seek for has not been left out of consideration. Such a draw-
back is encountered in the papers, where effective solutions are construted
in the form of series. Moreover, in verifying whether the constructed effec-
tive solution satisfies the uniqueness theorem it is important to have simple
conditions to be used for verification. With this end in view, we will some-
what refine and simplify the well-known uniqueness theorems (see Knops,
Payne [1]; Kupradze et al.[1]).

Our first step will be to investigate the behaviour of solutions near the
point at infinity of the basic equations of elasticity in terms of displacements.
We will prove

Theorem 1.7. Let Q) be a domain from R™ containing the point at infinity,
u be the solution of system (1.16) in the domain 0 (u € C2(Q)) and anyone
of the following conditions be fulfilled:

lim 1 / lu(z)|dz =0, (1.45)

r—oo pm+p+1
B(0,r)\B(0,r/4)

|u(2)|
=0 1.46
|z] oo |z|PHT ’ ( )
|u(z)|dz

where p is a nonnegative integer number. Then in the neighbourhood of
|z| = +o0

us() = Y a2 + N d Db (2) + vi(2), (1.48)
la|<p 1B1<q
where cga) =const, dgﬁ) = const, a = (a1,...,am), B = (B1,.-.,8m) are

the summation multiindezxes, q is an arbitrary nonnegative integer number,
‘|x|m+\7|+q—1pv¢s(x)‘ < ¢ = const, (1.49)
¥ = (v,---,Ym) @8 an arbitrary multiindex. In that case everyone of the

three terms on the right-hand side of representation (1.48) is a solution of
system (1.16) in the neighbourhood of the point at infinity.

Note that the coefficients c.*) and d,(ca) in (1.48) are expressed by quadra-
tures in terms of u.
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Proof. Tt can be assumed without loss of generality that the origin (the
point 0) does not belong to the domain Q and u € C?(Q) N C' (). Let
m > 2, x be an arbitrarily chosen point of 2 and r be a large positive
integer such that z € B(0,7/8) and (R™\B(0,r/8)) C Q.

Write the Somigliana formula (1.27) for the domain Q, = QN B(0,r):

ur(o) = [ (us0) T (00 v(0) Bualy — ) -

o0

— By — )T (99, () uiy) ) 4, S +

+ [ ()T 00 0) Bty - ) -
6B(0,r)

— Ops(y — )T (By, I/(y))u,(y))dyS (1.50)

Using the Taylor formula, we represent ®(y — ) in the neighbourhood
of the point y as

_1ylalga
(I)ks(y - :L‘) = Z % (Daq)kS)(y) + RkS(xay)a

la|<p

_1)lalga
Roy) = Y T 0wy ),

lor|=p+1

(1.51)

where p is an arbitrary nonnegative integer number, « is a multiindex and
0 €]0;1[.
First we have to prove that Yy € dB(0,r)

D) Ris(,9)] < 7 (@) y| 7727, (1.52)
where 8 = (81, ..., Bm) is an arbitrary multiindex and ci’;”g) (z) is a positive

integer which is independent of y.
Indeed, using Taylor formula we can represent (D°®;,)(y — ) in the
neighbourhood of the point y as

_ \a|xa L
Do)y = Y T Depi@,,)) + B (e.0),
‘algf o (1.53)
Rl(cls) (a:’y) = Z % (DQDB‘I’ks)(y — 9117), 0<6; <1.

laj=p+1
The differentiation of (1.51) gives

_1)lel g
Doy —2) = Y % (D*DP®4,) (y) + DY Ris (, y)

la|<p
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and therefore Dngs(w,y) = R,(c? (z,y). Hence by virtue of (1.53) and
property 2) of the matrix ® we obtain the estimate

|x|P+1 1

o Yy 012’,‘
Dy Ris(z,9)| < D0 = m—\a|—|m—2‘(p wq”“)(ﬂ B ﬁ)"
N 1yl wow

But Vy € 0B(0,7) : |y| = r and, besides, |z| < §, 0 < 6; < 1. Therefore

9117 912’,‘ 9112 9

o122 <L -2 < | L ~< | L <3
‘Iyl‘ |yl _‘Iyl ly| _‘Iyl‘ 8_‘Iyl Tyl
Since ®;; € C> (R™\{0}), we have Vy € dB(0,r) and |z| < %

bro

— ——)| < c,cs = const.

63:
(0" 81) (7 = 1)

We have derived estimate (1.52) which obviously also holds for any y €
B(0,7)\B(0,r/4) and |z| < r/8.
Estimate (1.52) implies, in particular, that Yy € dB(0,r) and |z| < r/8

i (90, v(9)) Ras (2,9)| < )yl 7. (1.54)

Let us now turn our attention to representations (1.50) and (1.51). We
write

_ acga) r
us(z) = ul® () + Z M%“ + Is(p,7, z),

al
|| <p
@) = [ ()T 00, vw) By - 2) -
o0
— ®ps(y — ) Thi (y, Vy))uz(y))dyS,
= [ (s @)DV e - 15)
6B(0,r)

— D(a)(}ks(y)Tki (By, V(y))ul(y))dysa

Is(pa r, :I',‘) = / (ul(y)T:;c (ayay(y))Rks(yax) -
6B(0,r)
— Ris (9, ) Thi (99, v(y)) wi(y) ), S.
We have to show that in representation (1.55) the coefficients ct) (r) are
independent of r. Indeed, let r1 > r and apply the Green formula (1.26)

to the vectors u = (u1,...,up) and v = (D*®4,,..., D*®,,) in the domain
B(0,r1)\B(0,r). When z € B(0,r)\B(0,r), we have Ay;(02)u;(z) = 0,
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and A7, D*®;,(z) = 0 and thus the volume integrals vanish in (1.26). This
results in

/ (D) B () Tis (9, () s ) —

6B(0,r)

—ui(y) T (9y, V() D P (4) ), S =

- / (D(Q)‘I’ks(y)Tki(ayaV(y))“i(y)_

8B(0,T1)

~ui(y) T By, () D) B (y) ) dy S.

Here the normals to B(0,r) and 0B(0,r;) are assumed to be external with
respect to B(0,r) and B(0,7).

The above equality shows that ¢\ (r) = ¢{® (r1). We have proved that
e (r) is independent of Is(p,r,z). Now (1.55) implies that Is(p,r,z) is
independent of r, too.

Below we will subject u to the condition whose fulfulment leads to

lim I;(p,r,z) =0. (1.56)

r—-+oo

Thus, if (1.56) is fulfilled, then we obtain (see (1.55)) the representation

us(z) = ul(z) + Z g (1.57)
la|<p
where ¢\ is independent of r and ¢& = (_L—),la‘ ) (r). Now we will establish

criteria for the validity of (1.56). To this end we have to transform its
representation as follows:
Let w: R™ — R and possess the properties

we C*®(R™), suppw C B(0,3)\B(0,1/3),
Yy € B(0,2)\B(0,1/2): w(y) =1.

Then the function w(™) (y) = w(%) possesses the properties
suppw'”) C B(0,3r)\B(0,r/3),
Yy € B(0,2r)\B(0,7/2) : w(y) =1.
Obviously, by = supgm |[D*w(y)| < 400 and therefore

[e% r 1 [e% y — |
|D w! )(y)| = |W(D w)(;)| < bor~lel,
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Introduce the notation R\"(z,y) = w™ (y)R\” (x,y). Then R\") will have
the properties
Wy € OB(0,r/4): Ry (w,y) =0, Ti(0y,v(y) Ry (w.y) = 0;
vy €OB(0,r): Ry (3,y) = Ruslw,y), Tii(9y,v(y)) By (2,) =

Applying the Green formula (1.26) to the vectors u = (ug,...,u,) and
v= (Rg’;) (x,),..., R (z,-) in the domain B(0,7)\B(0,r/2), we will have

(B (@, 2) Aki(02)ui(2) = ui(2) A3y (92) R (v, 2)) d= =

B(0,r)\B(0,r/4)

_ / (RS @) Thi (By, v () wily) -

OB(0,r)USB(0,r/4)
—ui(y)T5 By, v(y)) R\ (2, y)) d,S.

By virtue of the properties of the function R,(c’;) the integral on 0B(0,r/4)

will vanish. In the integral on 0B(0,r) : R,(CZ) = Rps. Moreover, if z €
B(0,7)\B(0,r/4), then A;;(0z)u(z) = 0. The above equality takes the

form
Lpra) = / w(2) AL (02)R) (2, 2)dz. (L58)
B(0,m)\B(0,r/4)
Let us estimate this integral. Obviously,

0°R\) (z,y) _

O?Rps(x,2) 0w (2) ORps(, 2)
— (7") ks ) ks )
920 w\"(z) + +

aziazj 621 BZ]'
N 0w (2) ORys(x, 2) N 2?w() ()
BZ]' 821 622823

Rys(z, 2).

Hence, on account of (1.52), using the above estimate for D*w(")| we obtain

Ry, @.2)) _ _ois(a)

Vz € B(0,r)\B(0,r/4) : |

02;0%; = |r|mtet+l
and, finally,
Cks(2)
|Is(p,r,x)| < W:W / |u(2)|dz.
B(0,r)\B(0,r/4)
Thus, if
. 1
R e / [u(2)|dz = 0,

B(0,r)\B(0,r/4)
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then condition (1.56) is fulfilled and therefore representation (1.57) holds.

One may obtain more convenient criteria for the validity of (1.56). Let us
prove that if (1.46) is fulfilled, then (1.45) holds and therefore representation
(1.57) is valid.

Indeed,
1 1 u(z)
FmAp il lu(z)|dz < ey / |W|d2’ <
B(0,r)\B(0,r/4) B(0,r)\B(0,r/4)
u(z)
<c¢ sup — 0.
r/a<|z|<r | [2[PT oo

Now we will prove that if (1.47) is fulfilled, then (1.45) holds. Assume
the opposite is true. Let (1.47) be fulfilled and (1.45) be not fulfilled. Then
there exists a positive integer ¢ and positive integers ry (k = 1,...) such
that rg4q > 4rp > 1, R™\B(0,r/4) C Q and

1
AP+ lu(2)| dz > e.
"k B(0,r)\B(0,r1/4)
Therefore
lu(2)] 1
am+p+1 dz > ,’_m+p+1 |’LL(Z)| dz > €.
B(0,r)\B(0,r1 /4) k B(0,r)\B(0,r1,/4)

Since (B(0,ry) \ B(0,r/4)) N (B(0,rk41) \ B(0,744+1/4)) =0 and
Q >N, (B(0,rk)\B(0,71/4)), we have

o0
luz)| .
/ |Z|m+p+1 > / [t 42 = oo,

k=1B(0,r)\ B(0,ri/4)

which is the contractiction.

Thus if anyone of conditions (1.45), (1.46) or (1.47) is fulfilled, then u
will take form (1.57).

Write the function u§°> from (1.57) in a more convenient form, or, to be
more exact, find an asymptotic representation of u(?)(z) near |z| = 4o0.

Let a number 7y be chosen such that (R™\B(0,r9)) C Q, |z| > 2rg. By
the Taylor formula @ (y — x) is represented in the neighbourhood of —z as

Bpoly —7) = 3. %Da%(—xH Y %(D%ks)(ay—x), (1.59)
jal<g jai=g+1 &

where « is the multiindex, ¢ an arbitrary nonnegative integer number, 6 €
10,1[.
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We will show that for the function
_ y°
¢ks($;y) - Z J (Daq)ks)(ey_x)a
lal=g+1

when y € 9Q and |z| > 2rg, we have the estimate

Cha ()
|D Vs (T, y | > W: (1.60)

where cfs is the bounded nonnegative function defined on 9.

Indeed, due to (1.59) the function DP®y, is determined by
Y e 1
DB(I)ks(y - x) - Z JD (Dﬁ(ﬁks)(_x) + ZZ)/(CS) (xay)a
al<g

U@y = Y LD (D) By — ).
lal=g¢+1

(1.61)

Applying the differentiation operation (—1)I°ID? to both parts of (1.59)
and subtracting the result from (1.61), we obtain (—1)I1D3yy,(z,y) =

@Z),(iq) (z,y). But because of the homogeneity of ®

|| 0 1
(1) Z ly['™! ‘ amyB ( 1?/__)‘7
|,(/}ks (:L'ay)| S W al (D D q)ks) |£IZ'| |£IZ'| |z|m—2+|a‘+|ﬁ‘ .
al=q

These estimates are to be used for the representation of u( )( ) given by
(1.55). Here y € 09 and, moreover, (R™\B(0,79)) C € and thus |y| < ro,
|z| > 2r¢. That is why Yy € 0Q and |z| > 2ry

il = T < = <+ 1 3 < -l <3
|| || lz|  faf | = 1z lz| 72 = 2| ol 1 2
Therefore
(8)
2 (1) _ s ()
|D 1/}ks Zr,Yy | = |¢ | > |w|m_1+q+w|7

- W™ e by =
4= Y H—|rpia, )(|1| m)‘§c<+oo
lo|=q+1

and we have obtained estimate (1.60).

Let us now transform the representation of ul? (see (1.55)). Replacing
here the expression T}, (Oy, v(y)) ®rs(y — z) by =T (9z,v(y)) ®rs(y — )
and introducing an expression for ®;4(y — ) from (1.59), we obtain

@) == Y [ (uil) S Tin (0,0(0)) (0B () +

lal<gg0
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+ %C;D“t}ks(—x)Tki (ay, I/(y))ui(y))dys _

_ / (wi )T (92, v (1) s (,y) +

oQ
o+ ko (2, 9) Thi (0, v(y) ) uiy) ) dy S.

Since

* 0
T (0%, v(y)) = Chuij Vj(y)é)_a:l

we have

) =— Y PPID s LS +

|a]<g—1 80

n Z Daq>ks /yaTki (8y’y(y))uz(y)dys+¢s($)a

la|<gq 50

w@=-Y [ m(y)%n*k (0, v(0)) (D 1) () S

lel=a50

— [ (w7302 s a.0) +

o0
+ Prs (2, y)Thi (Oy, v(y) ) uily)) dy S.

Now u}” (x) can be represented as

ul® () = 3 diV DB (2) + vs(2),

la|<q

where d,(ca) are some constants depending on v (note that we may write out
their explicit expressions), and for 1s(x) we have the estimate (see (1.60))
Cg'v)

¥ .
|D 1/}s(x)| < |x|m+h|+q71’

) = const, v=(V1,---,7m) is an arbitrary multiindex.

To summarize the foregoing reasoning, we conclude that if {2 is a domain
from R™ containing the neighbourhood of the point at infinity, 0 is a
smooth surface, u € C2(Q) N CH(Q), Vz € Q: A(dr)u(z) = 0 and anyone
of conditions (1.45), (1.46), (1.47) is fulfilled, then representation (1.48)
holds near the point at infinity. The theorem has been proved for m > 2.
If m = 2, then we have to modify the proof of Theorem 1.7 as we did in
proving Theorem 1.6 for m = 2. In that case, however, we should keep in
mind that unlike the case m > 2 the second term on the right-hand side of
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(1.48) does not vanish at infinity for m = 2. That is why it is sometimes
convenient to write representation (1.48) in the form

ug(z) = Z g 4 +de<1>ks(a:) +
k=1

la|<p
+ Y A DBy () + (). (1.48")
1<]81<q

The proof of Theorem 1.7 is completed. W

Note that to provide the uniqueness of solutions of the basic static prob-
lems of elasticity in the case of infinite domains (domains with a spher-
ical hole), the solutions have to be subjected to additional restrictions.
Such restrictions given by the Green formula can be found, for example,
in Kupradze et al.[1]; Knops, Payne [1]; Fichera [1]; where the restrictions
are imposed both on the solution and on its derivatives. Theorem 1.7 en-
ables us, however, to considerably weaken these restirictions. Thus, for
example, the requirement for the damping of solution derivatives becomes
unnecessary. Indeed, consider, for example, the first basic problem:

Find a vector uw in the domain Q containing the neighbourhood of the
point at infinity by the conditions

Ve e Q: A(Ox)u(z) =0, (1.62)
Vy € 09 ul,g(y) = ¢(y), plmu(@) =0, (1.63)

where A is the differential operator of elasticity (see, Kupradze et al. [1])
and ¢ is the known vector on 9%2.
Theorem 1.7 implies

Theorem 1.8. Problem (1.62), (1.63) has one solution at most.

The uniqueness theorems for the rest of the basic problems of elasticity
are formulated similarly.

* kX%

The material of the initial Subsections 1.1 to 1.6 can be found in many
works devoted to the theory of harmonic potentials and equations of math-
ematical physics. We would like to mention just a few of them: Goursat [1],
Kellog [1], Gunter [1], Koshlyakov, Gliner, Smirnov [1], Courant [1], Sobolev
[1], Petrovski [1], Miranda [1], Mikhlin [1], Wermer [1], Liapunov [1].

The results of Subsections 1.7 and 1.8 repeat those from Buchukuri,
Gegelia [1,2].
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CHAPTER II
BOUNDARY VALUE PROBLEMS OF STATICS
IN THE CLASSICAL THEORY OF ELASTICITY

2.1. Formulation of the Problems. It will be assumed below that a homo-
geneous isotropic medium occupies either the domain BY, i.e. the three-
dimensional ball with centre at the origin and radius p, or the domain B~,
i.e. the space R® with cavity B¥.

For a static state, when there is no mass force, the system of equations of
classical elasticity is written in terms of displacement components as (see,
for example, Love [1], Sneddon, Berry [1], Kupradze et al. [1])

pAu(z) + (A + p) graddivu(z) =0, (2.1)
where = (71, 72,73) € R®, A = ;—; + ;_:3 + ;—é is the Laplace operator,

u = (u1, ua, us3) is the displacement vector, A and p are the Lamé constants:

3A+2u>0, p>0. (2.2)

Let 7(") (2) = (Tl(n) (1‘),T2(n) (a:),TBEn) (z)) be a stress vector at the point
applied to an area with the normal n = (n1,n2,n3). The relation between
displacement and stress has the form

Bui 8uj

(") — \n, di (Gt
T; n; 1vu+,un](axj + Bz,

) (i=1,2,3). (2.3)

In this chapter, for the domains BT and B~ we will derive solutions in
quadratures of the following boundary value problems:

Find in B a continuous solution u of system (2.1) satisfying one of the
boundary conditions below:

Vye S ut(y) = fy) (24)
— Problem (I)*;

vy e S: (™) () = f(y) (2.5)

— Problem (II)*;
VyeS:(n-u)t(y) =g@), ™ -nn-1)* () =1y (26)

— Problem (III)T;
VyeS:(n-m") () = gy), (w-nm-w)*y) =iy (27

— Problem (IV)*;
¥y € S (1 + oou)*(y) = f(y) (2.8)

— Problem (V).
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Here S is the boundary of the domain B i.e the sphere with centre at
the origin and radius p, og is a positive real number, f = (f1, fo, f3), | =
(I1,12,13) and g the values given on S. It is assumed that the condition

VyeS:(n-l)(y)=0 (2.9)

is fulfilled.

Therefore on the sphere we are given a displacement for Problem (I)*,
boundary stress for Problem (IT)*, a normal displacement component and
a tangential stress component for Problem (III)*, a normal stress compo-
nent and a tangential displacement component for Problem (IV)*, a linear
combination of displacement and stress for Problem (V).

The problems for the domain B~ are formulated in the same way. They
will respectively be denoted by (I)~, ..., (V).

We are interested in deriving classical and regular solutions of the said
problems. The function u is called a regular solution in B+ if u € C'(BT)N
C?(B*). The function u is called a classical solution if u € C'(BT)NC?(B*)
and, additionally, if (7("))* € C(S) in the case of Problems (IT)*, (IIT)*,
(IV)™*, (V)*. A regular and classical solution in the domain B~ is defined
similarly.

The boundary value problems of the theory of elasticity for arbitrary
domains have been studied with sufficient completeness by the methods of
a potential and integral equations in the monograph Kupradze et al. [1]
(see also Fichera [1]; Knops, Payne [1]; Burchuladze, Gegelia [1]). The
existence and uniqueness of regular solutions have been investigated, and
the necessary and sufficient conditions have been found for the boundary
value problems to be solvable. For our purposes we will need mainly the
uniqueness theorems and solvability conditions.

2.2. Uniqueness Theorems and Solvability Conditions. In this subsection
we are going to present some results from Kupradze et al.[1] which will be
needed in the sequel.

Theorem 2.1. Problems (I)*, (IV)*, (V)T admit one reqular solution at
most. The difference between any two regular solutions of Problem (II)*
can be equal only to a vector of the form

u(z) =[a x z] + b,

where a = (a1,a2,a3) and b = (by,ba,b3) are arbitrary constant vectors.
The difference between any two regular solutions of Problem (IIN)* can be
equal only to a vector of the form

u(z) = [a x z].

Here and in the sequel the symbol [u x v] denotes the vector product of
the vectors u and v.
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Theorem 2.2. Problems (I)~, (I)~, (III)~, (IV)~ and (V)™ admit one
reqular solution at most satisfying the condition (see 1.8 of this book)

lim wu(z) =0.
|z|—00

We will give yet another theorem from Kupradze et al. [1].

Theorem 2.3. Problems (I)*, (II)~, (IIT)~, (IV)*, (V)* have regular so-
lutions for arbitrary sufficiently smooth boundary functions.

For Problem (1Nt to be solvable it is necessary and sufficient that the
main vector and the principal moment of external force be equal to zero:

/ F(y)dyS =0, / [y x F()]dyS =0, (2.10)
S

S

and for the solvability of Problem (II)* it is necessary and sufficient that
the principal moment be equal to zero, i.e.

/[y x 1(y)]dyS = 0. (2.11)
S

2.3. Special Representations of Solutions of System (2.1). In constructing
solutions of Problems (I)*,...,(V)* essential use is made of a special rep-
resentation of displacements by means of harmonic functions. Namely, the

theorem below, which is easy to verify, is valid.

Theorem 2.4. If

u(z) =v(z) + i

grad ¢ (z), (2.12)

where the vector function v = (v1,vs,v3) and the scalar function 1 are
defined in the domain BT or B~ and satisfy the conditions

(D, + a)p = Bdive, Av=0, Ay =0, (2.13)
p A+ p

= = 2.14

S v AN A eyl (2.14)

r = |z|, the operator D, is defined in Subsection 1.2, then u is a solution of
equation (2.1) in B* or B~.

The converse statement is likewise valid.
Theorem 2.5. If u is a continuous solution of equation (2.1) in BT (B™),

then there exists a vector function v and a scalar function ¢ defined and
continuous in BY(B™) such that equalities (2.12), (2.13) are fulfilled.
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Indeed, let u be a continuous solution of equation (2.1) in BT, then
u € C®(BT). Applying the operation div to equation (2.1), we obtain

Adive = 0. Let
/\+'u/d1vm u(Tz)

It is easy to obtain

A
Ap =0, (2D, + 1) =""Fdivu. (2.15)
I
Let us set , R
v=u- 2T grad ¢

and verify that equalities (2.12), (2.13) are valid. For this it suffices to show
that Av = 0 and (D, + o)y = Bdive. Taking into account (2.1) and
(2.15), we have

Av = Au + 3grady + 2D, grady =
= —/\;ugraddivu+2gradDr¢+grad¢ =
= grad ((2D, + 1) — /\_‘;H divu) = 0.
2u
d1vv-d1vu+D¢— ¢+—¢+D¢—
_ /\+3u
T A tp Do+ /\+,u¢

ie. (Dp +a)y = Bdivo.

This completes the proof of Theorem 2.5.

We can show the uniqueness of representation (2.12), i.e. if u is repre-
sented by formula (2.12) and by a similar formula

2 _ 2
grad ¢ (z),

then vy = v and ¥ = .

By a similar technique we can consider the case when u is a solution of
equation (2.1) in the domain B~.

Though we will use Theorem 2.5 nowhere, it guarantees us a possibility
of constructing solutions in form (2.12) for all the boundary value problems.

For doing this job Theorem 2.4 is of essential importance. Formula (2.12)
is not new. It was given evidently for the first time in 1904 by Marcolongo
in [1]. This representation is also encountered in other papers, for example
in Trefftz [1], without references to the original sources. In some subsequent
papers (for example, Lurie [1], Nowacki [1]) it is called the Trefftz represen-
tation. It was the famous Italian mathematican Gaetano Fichera who sent
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us Marcolongo’s paper which has led us to solving many boundary value
problems and to writing this book.

Formula (2.12) will be used to solve Problems (I)*, (III)* and (V)¥;
Problems (IT)* and (IV)* are solved by other similar representations to be
given below.

Theorem 2.6. If

p? — 12

u(z) = v(z) + (2D, + 1)(z) — r’ grad ¢ (z) + grady(z), (2.16)

where
Av =0, Ay =0,

2 3A 42 2.17
2D2¢+2/\++HDT¢+ /\iuuzp:—divv, 217)

then u is a solution of equation (2.1) in R*\S(0, p).

Theorem 2.7. If

u(z) = v(x) + (2D, + D(x) + (p* — r?) grad p(z) +
2 _ 2 (2.18)

+ 221 grade(a),

where
Av=0, Ap=0, AY=0,

2.19
(D) + a)yp = B(dive + 2D2p + 5D, + 3p), (2.19)

then u is a solution of equation (2.1) in R*\S(0, p).

It is easy to verify that if ¢ is a harmonic function, then so are z(2D, +
1)o(z)—r? grad p(z) and (2D, +1)p(x) + (p> —r?) grad ¢(z), and therefore
representations (2.12), (2.16) and (2.18) are equivalent.

2.4. Solution of Problem (I)*. First we shall derive a formal solution of
Problem (I)*, assuming that all the operations applied are valid. After
constructing the formal solution we shall prove that the obtained formula
provides a classical solution of the problem for a continuous boundary func-
tion and show that uniqueness theorem holds for classical solutions.

A solution u of Problem (I)* is to be sought for in form (2.12). To this
effect in the domain BT we find the vector function v and the scalar function
1 satisfying conditions (2.13); moreover, on the boundary S (S = dB™) u
defined by (2.12) takes the value of f, i.e.,

o) = T _
VyesS :ut(y) = B+1;I;1_}yu(z) B+1;r;1_}yv($) +

" rad (@) = £(y).

—-Tr

+ lim
Btsz—y



40

When z — y, we have r = |z| — p and for v we obtain the Dirichlet
problem

Vz € BT : Av(z) =0, YyeS : v (y) = f(y), (2.20)

which is solved by the Poisson formula (1.1)

(z) = I(f / iy d,S
a =~ 4np Iy—wl3 '

The substitution of the obtained value of v in (2.13) gives us the differ-
ential equation with respect to 1

,«g_@f tay = BdivI(f) = F (2.21)

This is a linear equation with respect to the variable r whose general
solution is given by the formula

(o) = ¢ Jo (191,192) jip(t%)efﬁd“dt) (2.22)

To

where ¢ is an arbitrary function of its arguments, r, 1,9 are the spherical
coordinates of the point z, and r¢ is a constant, 0 < ro < p, ¢ and r¢ should
be defined so that ¢ be a harmonic function in BT.

The function ¢ can be represented as the sum ¢ = ¢y + 1)1, where

To

dolz) =17 (c(191,192)r8‘ - /F(t%)to‘_ldt>,

r

1 (z) :r*“/F(t%)t“*ldt.

0

By virtue of (2.2) a > 0 and for the continuity of 1o at the point 0 it is
necessary that ro = 0. Then ¢4 = 1.
By substituting 7 = t/r, the function 1) = ¢ is reduced to the form

1

W(z) = / F(ra)rodr.

0

Hence due to (2.21) and (1.1) we have

_ —|”3|2 _
_ﬂ/<md1/|y P )d5>2a_
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1

8 pP—lral® 1y _dr
" drp d1v/</( ly —ra]® ;)72_a>f(y)dy5‘ (2.23)
) .

0

Substituting the found values of ¢ and v = II(f) in (2.12), we obtain

Z//C(w,y)f(y)dyS, (2.24)
s
where K = [|K;l3x3,
1 (p* =z B(p* — |=|*)
ij Ly (5
Kij(z,y) = 47rp< g — 2 + 5 X
1
9? p?—|rz? 1\ dr
- = . 2.2
X 81718117] /( |y — 7-3;|3 P) 7—2—a> ( 5)
0

The solution of Problem (I)* is therefore constructed.

2.5. Analysis of the Constructed Solution (2.24). The goal we have set be-
fore ourselves in this subsection is to prove that if in (2.24) f is a continuous
function on S, then (2.24) provides a classical solution of Problem (I)", i.e.
u given by (2.24) satisfies equation (2.1), is continuous in the closed domain
BT and Vy € S : uT(y) = f(y). Besides, we shall prove that Problem (I)*
has the unique classical solution. Note that such conclusions do not follow
from the general theory (Kupradze et al. [1]).

Let us make a remark on the permutation of the integration order used in
formula (2.23). In constructing expressions (2.23) we employed the equality

p PP —lrz? 1\ dr
)d, S ! -
/ / ly —raf p) e

- [ [ Yyons

To convince ourselves that this formula is valid it is sufficient to show
(see, for example, Saks [1] or Rudin [1]) that

—|rz* 1 dr
/“/‘ PR O

It is easy to verify that the following equalities hold:

(2.26)

2 2 1
Ve BT, yeS :lim (w——):(),
=l
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d p? — x> 3wy
im — = :
=0 01 |y — T3 p?

Therefore Vo € BT, Vy € S, Vr € [0,1]:

1/p>—|rz)> 1
‘—(73 — —)‘ < c = const.
ly—7z[* p

Now, keeping in mind that f € C(S) and a > 0, we easily find that (2.26)
is valid.

Here to derive the estimate we have used the simple proposition which
will be useful for our further reasoning as well. If f is a function defined on
]0; 1], has on this interval all continuous derivatives up to order k inclusive,

}grg)f<i>(t) =0, i=0,1,....k—1, limf k) — ¢,
where ¢ is a (finite) real number, then
F(&) = O(t*) (2.27)
in the neighbourhood of ¢ = 0.

Problem 1. Prove the above-formulated proposition.

We will present some auxiliary estimates and propositions. It is easy to
obtain

V€ BT, Vye S, Vre[0,1/2]: |y —1x| > p—|rz| > p/2; (2.28)
Ve e BY,Vye S, Vre[l/2,1]: |y — x| > @ (2.28")

Consider the integral

1
2 2
_ p? — |tz 1\ dr
I(way):/( 3 __) 2’
) ly—7z®>  p/T

which by virtue of (2.28) can be rewritten as

rz|? dr
(=, y) /|y Ira] + F(z,y),

— Til',‘|3 72—

where F' and its derivatives with respect to the Cartesian coordinates of the
point = up to the second order inclusive are bounded functions.
Using the identities

N B N -
ly =7z |y —7a ot ly — ra|’ '
1 1 - 2 _ |7gf?
_ __7_2 In (ly — 7z + p) || (2.29')

ly — 7] p Ot 27
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and inequality (2.28'), we obtain the representation

2
o =yl
where ,

c
Oz;0z; Tz -yl
Here and in our further estimates ¢ will denote a positive finite constant

which does not always have the same value.
Taking into account representation (2.30) and the equality

0 1 @iyl —y) by
dz;0z; |y — x| |z =y |z —y[*’

Zo(a: y)| <

we obtain for K (see (2.25)) the estimate

Vze Bt WyeS: |K < Pl 2.31
z€BT,Vye€ -I(:v,y)l_c|y_$|3 (2.31)

and the representation

K=KV +K® 4 £, (2.32)
where
KD (z, _Hlp—MP
47rp ly —z3 " llsxs’
K@) _Hﬂ WH 9 ‘
Ox;0xj |z — y|ll3xs’

K )(way) = 1(p* ~ |35| )Xij (2, 9)ll3x3
Xij(z,y)| < —. 2.33
| J( )| |.’L' _ y|2 ( )

Theorem 2.8. If f € C*°(S), then u defined by (2.24) is a regular solution
of Problem (I)*

Proof. Under the conditions of the theorem the inclusion II(f) € C*7(B*),
0 < v < 1, holds (Theorem 1.1). Therefore for the integrals

1

_ 1 _|7_a:|2 o _

EA@Z_/(T 6x6x1/|y—713|3 i(w)dy S) =
0

4
- 0/7' B(Txi)a(ij)H(fJ)(Tz)dT,
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1

1 — |ra? 4o, _

4mp /<T3 8%8%83:] / ly — T3 f](y)dyS>T dr =
0

83

Tl—i—a
O(ray)0(rz;)0(Tx;)

(fj)(rz)dr

Il
o _

we have the estimates Vz',z" € BT:

|E;i(z") — Ei(z")] < c/|7’z' — 12 |r%dr =

=cl|z' — 2" /Tl"'adr <clzg' —2"|,

1
|Lik(z") — L (2")] < c/rl+a|7'a:' —r2'"Vdr < clg’ —2"|7.
0

Therefore u € C*(BT) and ut = f. Obviously, u € C?*(B*) and u is a
regular solution of equation (2.1). W

Theorem 2.9. Vz € BT :

K, = s, (2.3)
S

where IC;; are defined from (2.25).

Indeed, the vectors 111,121,13, where Yz € BT : %(x) = 0im; t,m=1,2,3,
are regular solutions of the following Problem (I)*:

pAT 4+ (A + p) graddiv e = 0,
. (2.35)
W = i=1,2,3.

Since for regular solutions of Problem (I)* Uniqueness Theorem 2.1
holds, these solutions will coincide. Theorem 2.9 is proved.

Theorem 2.10. If f € C(S), then u defined by (2.24) is a classical solution
of Problem (Nt: u € C(BT)NC?*(BY), ut = f and u satisfies equation
(2.1) at each point of the domain BT .

Proof. If f € C(S), then it is clear that u defined by (2.24) is continuous
and has derivatives of all orders in B*. It is likewise clear that u satisfies
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equation (2.1). Let us verify that the boundary condition u* = f is fulfilled.
By virtue of (2.24), (2.34), Vo € Bt and Vz € S:

- / KGe,)(F(0) = ()48
and on account of (2.31)

2
Ju( |<c/ = ol )= F()dy S — el f (=)= £(2)], when 31— 2.

a:|3

Therefore

lim  |u(z) — f(2)] =0.

Btsz—z€S
Thus u* = f. Hence, in turn, it follows that v € C(B*). W

Let us now prove that the classical solution of Problem (I)* is unique.

Theorem 2.11. Ifu € C(BY)NC?(B*), u is a solution of equation (2.1),
ut =0, then Vo € B* : u(z) = 0.

Proof. The function u is uniformly continuous because it is continuous in
BT, Therefore, by virtue of the condition ut = 0, for any € > 0 there exists
a number § > 0 such that |u(y)| < e when y € S(0, po), where po = p — o
and 0 < Jy < §. Let z be any fixed point of the domain B*. It can be
assumed that § < p — |z|. Then z € B*(0, po).

From the conditions of the theorem it follows that u € C°°(B™*(0, p)).
Hence, in particular, we conclude that the inclusions u € C*7(S(0, po)), 0 <
v <1, ue CY(BT(0,p0)) NC*(B*(0,po)) are valid. By virtue of Theorem
2.8, keeping in mind that the uniqueness theorem holds for regular solutions
of Problem (I)* (see Theorem 2.1), from (2.24) we obtain the representation

u(z) = / K, 1) u(y)dy S.
S(0,p0)

Hence due to (2.31) we have

2 2
¢ e — |z
ul s o [ B=E s <

5(0,p0)
2 2
ce / o |Z| dyS = ce
4mpo ly — 22
5(0,p0)

Therefore u(z) =0. W
Combining Theorems 2.10 and 2.11, we obtain

Theorem 2.12. If f € C(S), then u defined by (2.24) is the unique clas-
sical solution of Problem (I)T.
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Using the results from Kupradze et al. [1], we can establish that solu-
tions obtained by (2.24) are regular under less rigorous restrictions on the
boundary function than in Theorem 2.8. The following theorem is valid.

Theorem 2.13. If f € CY7(S), 0 < v < 1, then u defined by (2.24) is a
reqular solution of Problem (I)*.

2.6. Solution of Problem (I)~. The solution of Problem (I)~ is similar to
that of Problem (I)*, and all the properties of the latter apply to Problem
(I)~. We shall dwell only on the facts characteristic of Problem (I)~.

The solution of Problem (I)~ is written in the form

Vo€ B- = R\B* : u(z) = /K'(z,y)f(y)dyS, (2.36)
S

where K'(z,y) = [[K};(z,y)[laxs,

1 2 _ 2
’Céj(ﬂf,y) —<|$|7p5ij+

" amp\ [z —yP
1
el =) B [P
dr ). 2.37
+ 2 0z;0x; |z — Ty|? T T (237)

0

Using the estimate Vo € B~, Yy € S:
1w =pr (2.38)

we prove the following auxiliary theorem:

Theorem 2.14. If f € C°°(S), then u defined by (2.36) is a regular solu-
tion of Problem (I)~ and

ui(xz) =0(1), i=1,2,3, (2.39)
in the neighborhood of the point at infinity.

Theorem 2.15. Vx € B~ :

//C'(z,y)dyS = x(z), (2.40)
s

where () = ||54;(x)lsxs,

p Ap |z =p> & p
(x) = L6y L
%ij () lz| + 2N+ 5p 2 0z;0x; |z
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Proof. If we consider the vectors 114,124,132, where u;(z) = s (x), then it is
easy to note that they satisfy equation (2.1), conditions (2.39) and have

the properties & € C'(B~) N C2(B~), (1)~ = 8 € C(S). Then 1 is
the unique regular solution of Problem (I)~. Therefore by Theorem 2.14
formula (2.36)

sin(z) = / Kij (2,)8;1dy S,
S

coinciding with (2.40) holds for 4. M

Theorem 2.16. If f € C(S), then u defined by formula (2.36) is a classical
solution of Problem (I)~. It is unique in the class of functions satisfying
the condition u(z) = o(1) in the neighbourhood of the point at infinity.

Proof. The proof of this theorem repeats in the main the proof of the
corresponding Theorem 2.12. We shall verify only the boundary condition

lim  u(z) = f(2).

B~ 2>xz—z€S
Due to (2.36)-(2.40) we have

ule) — @) f(2)] = \ [ - 18| <
S

2> — p°

<c
- |z —y[?

£ (y) — f(2)]dyS.

Hence by virtue of the Poisson integral

li — =0
pdim (1) = ) (2)
and therefore

B—alirgzesu(x) - B—alirgzes #@)f() = fz). .

2.7. Solution of Problem (II)". A solution u of Problem (II)" is sought for
in form (2.16); then, on performing simple calculations, for the stress vector
7™ defined by formula (2.3), we obtain by virtue of (2.16) and (2.17)

7™ (z) = gh(x) + M D, grad ¢ (z), (2.41)
where h = (h1,h2, h3),
dv; 0v; .
hi(z) = a:j( g;f) + 1(;25;;)) —z;divo(z) (2.42)

(with summation taken over j). Thus to find the solution we have to define
h,v and .
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It is easy to verify that h is a harmonic function in B*, and, due to (2.41)
and the boundary condition of Problem (IT)*, we obtain

pt =21 42
uf (2.42')

Thus h is the solution of the Dirichlet problem for BT and it can therefore
be represented by the Poisson formula (1.1), which by virtue of (2.10) can
be rewritten in the form

W) = —

Ty (®o(ew) + ?ny)f(y)dyS, (2.43)

where

2 2
p°—lz 1 3axy
Po(z,y) = ﬁ T (2.44)

From (2.42) it follows that

divh = —divo, (2.45)
(Ovi(z) | Ovj(x)\ _
i (6—% + a—xl) = ¢i(v), (2.46)
where ¢ = (q1,42,4s),
qi(z) = hi(z) — z; div h(z). (2.47)

Applying the operation r% to both parts of (2.46) we have

(Ovi(z) | Ovj(x) . O%vi(z)  0%vj(z)y _  Ogi(x)
:E]( aill'j + Barl )+$k$] (aa:kaarj + Ba:kaa:,) -7 or )

A scalar multiplication of equality (2.46) by = with a subsequent differ-
entiation gives us

(P o)y | Oile) 1 0e - ale)

g = _

x
Ba:j 617, ki aa:kaa:, 2 83:1
Now, taking into account the formula

D*vi(z) 0 0Ovi(x) vi(z) 5 0%vi(x)

kL] Ba:kaa:j_ or  Or " or 4 or? ’

the above equalities yield for v the equation

2
r? 681;(;:) =r 8(]8(:3) - %grad(a: -q(x)), (2.48)
and to define ¢ we obtain by virtue of (2.17) and (2.45) the equation
2\ A+2
D242 22 gy BT i, (2.49)

A4 p A+
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Our further aim is to solve equations (2.48) and (2.49) and to construct
the solution of Problem (IT)* in form (2.16). Let us begin with equation
(2.48).

The second condition of (2.10) implies

/ yif;()d, S = / yifi)d,S, ij=1,2,3. (2.50)
S

S
By virtue of (2.43), (2.47) and (2.50) equation (2.48) can be rewritten as

.2 9vi(x) 1 /((QrM _ q’o(w,y))5ik _ sz _

67‘2 - % 67' 61172
s
. a 8<I>0(w,y) 282q>0(,’17’y)
2,5 (r =0~ @o(ay) R ) fu(w)d, 5. (251)
Consider a simpler equation
0w
v = %0 (2.52)

whose particular solution is given by the formula

r r T dt
w(z,y) = /dt/@o(t;,y)ﬁ.
0o 0

Due to the Dirichlet formula we can write it in the form

w=o®? — o) (2.53)
where
/ d
-
@(m)(a:,y):/tbo(Ta:,y)T—m, m:172
0
The substitution of (2.53) in (2.52) gives us the identity
29 (52 _ g
by =r"— (&Y —D'/). 2.54
0= Br2 ( ) (2:54)

Taking into account (2.54) and the relations
D,V =&, D,d3% =3 4§, (2.55)

we obtain the equalities

2

2D, — 1)®y = 12 % (62 4+ o), (2.56)
2

(D, — 1)®y = 1> %qﬂ). (2.57)
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Now applying the formulas

02 0? 02 0?
2 M(r2 ﬁ) — 2 W(TQ M)

and keeping in mind (2.54), (2.56) and (2.57), we rewrite equation (2.51) as

0? 1
2 () (1) (2) )
v e <vz(w) 7 ((‘I’ (z,y) + 2% (2, )0 +
S

o} 09 (z,y)
(1) _ (2 _9p 2=\ J)
T (@ (z,y) — 89 (z,y)) — 22; R

2
(a0 5 -0

Hence for the sought for vector v we obtain the representation

1
- 87
s

+Tp

+r?

vi(z) ((#0) ) + 8@, )15 + 0 o (#0(a,)

K3

29 (z,y) o?
_3® 9 ’ 2 (2) _
80z, y) - 2m T U 2B (a0

- @(1)(a:,y)))fk(y)dy5 + cijry + by, (2.58)

where ¢;;, b; are arbitrary constants.
The additional term ¢;;x; +b; in (2.58) is due to the fact that the general
solution of the equation
, O%w
or2
with respect to the harmonic scalar function w is given by the formula
w(z) = arzy, + b, where a; and b are arbitrary constants.
Note (see (2.41)) that 1 exerts no influence on the boundary condition
of Problem (IT)*, and from (2.41), (2.42). (2.42") we obtain

i Ovi(z)  Ovj(x) . _p
B+91916111>yes <zj( 9z + aj—xl) -z d1vv(a:)> = f(y). (2.59)

Thus the constants ¢;; and b; are to be chosen such that condition (2.59)
be fulfilled. By virtue of (2.55) and (2.58) the bracketed expression in (2.59)
takes the form

(Ovi(z) | Ovj(z) o _
a:]( oz, + 6—12,) —x;dive(z) =

1
- / Bo(z,y) fi(y)dy S + (cij + 55 — Cordiy ).
S
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Therefore for (2.59) to be fulfilled, due to (2.44) it suffices that
3
Cij + ¢ji — cprdij = FE /Z/jfi(y)dys-
5

Hence

Cij +¢cj; =

/ (W £iW) — Sy fe@)dyS, 017 =1,2,3.
S

dmpip
Taking the latter equality into account, we have

1 1
cijrj = 5 (cij + cji)ej + 5 (cij — cji)ej =

2 2
1 0 0 \ 3zy
h m (xka_;gl o x’a—xk) ka(y)dys + €ijra; Ty,
s

201 = c32 — 23, 2a2 =cC13 — €31, 2a3 = C21 — Ci12,
where €;5;, is the Levi-Civita symbol.
Finally, for v; defined by (2.58) we obtain

1

S

vi(z)

0
5 (20w -

0

3x
Ty ——
3 ¢ Ba:k

_3® STYN _
o a,y)+ =7

2
So.0m (@7 @ y) = @@, p)) fily)dyS +

+ €ijra;zy + bi. (2.60)

(2<I>(1)(a:,y) + 3/:)13_314) +

+ 72

Let us now solve equation (2.49). We rewrite it in the equivalent form

22+ p 3N+ 2
2D (1) — 222 "2 D.(yp — —¢o)=F, (261
CW—c)+ N (h—c)+ pp (v—c)=F, (2.61)
where
o . A +p
F(z) =divh(z) —divh(0), c= T 2 div h(0),
. 3 1 [3z-y (2.62)
Avh(0) = = [v- £, = g-div [Z22 f(5)a, 5.
S S

Equation (2.61) is the Euler equation for the variable r. Introducing the
variable ¢ by means of the formula t = Inr, —oc0 < t < Inp, we obtain
r=2r=¢'2,

(268_; +22)\)\-:':% + 3?112!”)(@&(%6)&) —c) :F(%et), (2.63)
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whose characteristic equation

2)\+,uk+3)\+2u_0

2k% + 2
A4 p A+p

(2.64)

has the roots

—(2X + p) £ /=222 — 6Ap — 3p2

2N+ )
We shall apply a separate treatment to each of the three cases
2 3-3 3-3 3-3
—§u<x\< \/_2 1, /\:\/_2 B, A> \/_2 I

In these cases the characteristic equation has either two different real roots
or a real multiple root, or two complex-conjugate roots. Let A > (\/_ —
3)p/2. This case is related with the situation A > 0 and g > 0 which
occurs for nearly all real elastic media (Hungtington [1]). In the case under
consideration equation (2.64) has the complex-conjugate roots ki1 + iks and
k1 — iky, where

22X + 1 V202 + 6\ + 32
T AN .\ 2 = )
1
—1<k1<§, ks > 0.

ki =

Now it is not difficult to write out the general solution of the homogeneous
equation (2.63) in the form

Yo (%et) —c= e’“t(cl cos kot + o sin kot), (2.66)

where ¢; and ¢y are arbitrary functions of the spherical coordinates ©¥; and
Y2 (or, which is the same thing, of the point z/r).
The particular solution of (2.63) can be written as

t
@b(%et) —c= 2—;2 /ekl(t—g) sin ko (t — f)F(egé)dﬁ. (2.67)
— 00

This solution can be combined with the general solution (2.66) of the
homogeneous equation. But the latter solution must be a harmonic function
in BT and that is why it is necessary that ¢; = 0 and ¢ = 0.

Keeping in mind that ¢ = Inr in (2.67) and introducing the variable
T =r"'ef, we obtain

1

() = —— /F(Ta:) sin(kz In7) 7_1(1% te
0

A similar treatment is applied to the cases —2u/3 < A < (V3 — 3)u/2 and

A= (V3-3)u/2.
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Noting that F' and ¢ are defined by (2.62), we eventually have

Atp bry
3N+2u p?

w(w) = % div/(\l!(a:,y) +

S

)W, (268)

where

1
1 pP—lrzl? 1 3z-yry\ . dr
U(z,y) = _k_2 /(m - ; - e ) sin(ke In 1) ohr (2.69)

0

Problem 2. Using estimate (2.27), prove the validity of the integration
order permutation formula that was used in deriving (2.68).

Now, by virtue of (2.16), (2.60), (2.68) we can proceed to constructing
the solution of Problem (II)*:

1 0
- (1) (2) . (1) _
S

3z 0
_3® Y . _ _
& (z,y) + D ) +z; o7 ((2Dr D¥(z,y)

A Bayy , pP—r? P
— 92 _ oTY o
82
2 — CIJ(Q) — (I)(l) — v
T Snon (2% (2, ) (z,y) — U(z,9)) fe(y)dyS +
+ €ijrajxy + b;. (2.70)

By virtue of (2.41) the stress vector 7(") takes the form

1 2 _ 7“2
()= — [P
S
o2 — 12
- grad div /(D,a —2)¥(z,y)f(y)d,S. (2.71)
Y

S

Problem 3. Construct the solution of Problem (IT)* when the Lamé con-
stants satisfy the conditions
2 V3 -
—— <A
35457
Problem 4. Construct the solution of Problem (II)* when the Lamé con-
stants satisfy the conditions

By > 0.

= \/5_3

A
2

By > 0.
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2.8. Analysis of the Obtained Solution. Let us investigate the solution of
Problem (IT)* when the boundary function f is continuous on S. It will be
proved that the inclusions v € C'(B*), (r(")* € C(S) are valid for v and
7" defined respectively by (2.70) and (2.71).

We begin by transforming ®®), &) and ¥ defined by (2.53) and (2.69).
Applying the formulas

/ t2—1 i@t 2 Hl Vit2—2at+1+1—at
= n ,
(t2—2at+1)3/2 \/t2—2at+1 t
2 -1 1 2
+z )dt _—_— 2.72
/(t2(t2 — 2at + 1)3/2 W12 —2at + 1 (2.72)

3Vt2 —2at+1-1
+ j_‘_ +3aln(v/t? —2at+14+1—at), |a| <1,

&) and 2 can be represented as

2 1
oW (z,y) = e o ((lz =yl +p)? = 2%) —
Ayl 1n(4p2 _9), (2.73)
p°
2 3zy
3|z —y| zy 1
I 3Indp? —5)=L 4+ =, 2.74
7 T4 -5 4 (2.74)

It is easy to verify the validity of the equality
DU = (14 k)T + ¥y,

where

1
— 2 1 3 d
p |Tx| - = - ﬂr) cos(ks In T)—T .
Iy —rzP p P T3tk
0

Applying identities (2.29), (2.29'), we obtain the following representa-
tions for ¥ and ¥;:

U(z,y) = _% In ((Jz —y|+p)* — |z*) +

+ / I ((fre — gl + 0)* — lreP)or (Tdr + W(zy),  (2.75)
1/2
Ty(a,y) = —— = 22y (g =yl 4 p)? — o) +

=yl (A +up



55

+ / In (72 — yl + p) — [r2l2)pa(r)dr + Ty (2y),  (2.76)

1/2

where ¥' and ¥/ and their derivatives with respect to the Cartesian coor-
dinates of the point z, and also ¢; and ¢- are the bounded functions.
Now the solution of Problem (II)* represented by (2.70) can be written
in the form
12 3
u=u+u+u,

where
bz) = / LO(2, ) f(5)d, S,
S
Ae) = / (0 — [2[)L®) (2, ) f (4)d, S,
S
Sa) = % [19G0 1w,

S
L0 = ||L{" |lsxs, m=1,2,3,

LW z, < ¢ , L® z, < ———,
| (z,y)| < | vl | (z,y)| < | ME

(3)( )= i ( (2)( ) — (1)(917 ) —¥( ))
Lij T,y 02,0z, e\ (z,y ¢ Y U(z,y)).

It is easy to show that u € C(B™), i e C(B7T). We shall prove the
inclusion 4 € C(B7). By virtue of equalities (2.73)-(2.75) we have
@(2)($,y) - Q(l)(x,y) - \I’(xay) = @(xay) +
1
+ [ (e = yl+9)? =~ raf)o(ryar,
1/2

where ¢, as well as ® and its derivatives up to the first order are the bounded
functions and

i,j=1,2,3.

2
‘Bafaarj @(z,y)‘ = |z —y|’

Thus to prove the inclusion = C(B7) it sufficies to show that xy € C(BY),
where

x(z) = /< jgraddiv In ((|7'a: — gyl +p)? — |T:L‘|2)(p(‘l')d‘l'> fy)dy,S. (2.77)
/2
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Obviously, x € C (BT); therefore it is sufficient to prove that x €
€ C(BT\B(0,p/2)). let p/2 < x < p. Since for z € BT, y € S:

Zi — Yi
(lz —yl+p)? — |2I” > 2p|z — yl, |;_yl| <Lyl <o,
we have
T (i =yl + ) [raf?)| < —
n((|7x — —|TT T (27
8xi6xj y P o |T:L‘—y|2

For the expression

1
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Ao = [ g llire =yl + ) = el o(r)dr
10T

1/2

the above estimate yields

1

dr
Ay <e [ 4 =
|Aij (2 y)|_0/|m_y|2

1/2
c ( el ¢ 121 =200 )
=——— (arctg ——— —arctg — ——),
plz|v1 —a? g,0\/1—a2 g2,0\/1—(12
where a = % = cos~y. Therefore

c
Vi—a?'

Let z € BT and zp be a point of the sphere S such that |z — xo| =
min.es |z — z|. Then

|Aij (2, y)] <

w—wdz2pﬁn%, w+md=246%%

)

and therefore

ly — 2olly + 2o

V1—a?=/1—-cos?vy = |siny| = 2

Thus
c

A T, P —
| l]( y)| — |y_$0||y+l'0|

and for xy we have the estimate

el <o [ TOL__qs

ly + @olly — ol
s

Keeping in mind that |[y—xzo| > pif |[y+x0| < p and, conversely, |y+zo| >
p if [y — 20| < p, and applying the arguments used in proving the continuity
of the harmonic simple-layer potential (see Mikhlin [1] or Gunter [1]), it is
easy to establish the inclusion y € C'(B*). Thus u € C(BY).
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Now we shall prove the inclusion (7(™)* € C(S). Using representations
(2.75) and (2.76), for 7" defined by (2.71) we have

7 () :in(f)(a:)er/graddiv W 4 4@, (@78)
S

|| 4r|z| |z —yl
where
li =0.
praes )
Now let us prove that if F' = (Fy, Fy, F3) and F; € C(S), then

. . F(y)

1 2 — |z|?) gradd / d,S = 0. 2.79
B+9910111>265(p []") grad div |z —y| ” ( )

s

Indeed, from the property of the Poisson integral, from formulas (2.31),
(2.32), (2.33) and from the estimate

VreR® : /|a: —y|73%d,S < e, (2.80)
s
where ¢ depends only on p, it follows that

Btsz—zeS

i (KO () ), = F),
S

Bt>z—z€eS

lim //c<3> (z,y)F(y)d,S = 0.
S

By virtue of Theorem 2.10

lim /IC(a:,y)F(y)dyS = F(z).
S

Bt3z—zeS
These formulas yield (2.79).

Now, using (2.78), (2.79) and the property of the Poisson integral, we
easily convince ourselves that

li (") (p) =

B+9alzrgzes7- (@) = f(2)

and therefore the inclusion 7(" € C(S) is valid.
Thus we have

Theorem 2.17. If f € C(S) and conditions (2.10) are satisfied, then u
defined by (2.70) is a classical solution of Problem (IT)*.

Note also that for classical solutions of Problem (IT)* we have a unique-
ness theorem similar to Theorem 2.1 which is a corollary of the validity of
Green formulas in the theory of elasticity for classical solutions.
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2.9. Solution of Problem (II)~. No new difficulties arise in constructing and
solving Problem (II)~, since it is solved exactly by the same procedure as

above.
The solution of Problem (II)~ has the form

1 ~ ~ 0 =
() =— [(—(pW (2) , 2 (3® —
ule) =g [(~ @V @)+ @) 715 (F )
s
~ o ~ ~
k
2 2 2
p-—3rt 97 = 2 32
g2 “ g — & —
LI (z,y) —r axiaxj( (z,y)
— 30 (z,9))) fuly)dy S, (2.81)
while the stress vector has the form
1 7.2 _ A2
Mp)y=— [~
s
o® — 12 ~
+ Sor /graddiv(Dr —2)¥(z,y)f(y)dyS, (2.82)
Y
s
where
F2 2 2
H(m) (z,y) = Mﬂnfldﬁr, m=1,2;
|z — Tyl
1 f2 200
~ x| =71 .
U(z,y) = T 2" =" |a|: — Ty|§ 1R sin(ky In 7)dr,
0
20+ 1 V202 4+ 6\ + 32 1
k= ———, = , —1<ki <<, ke >0.
T2+ P 20\ + ) LSg ™2

Theorem 2.18. If f € C(S), then u defined by formula (2.81) is a classical
solution of Problem (II)~. It is unique in the class of functions satisfying
the condition u(z) = o(1) in the neighbourhood of the point at infinity.

Problem 5. Prove Theorem 2.18.

2.10. Solution of Problem (IIT)*". To solve this problem by the method to
be proposed below it is convenient to replace the boundary conditions (see
(2.6)) of Problem (IIT)*

(n-w)t =g, (™ —nn-r")* =

by some equivalent condition as it is done when investigating this problem
for an arbitrary domain (Kupradze et al. [1]).
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Replacing 7(") in (2.6) by its expression from (2.3), we obtain
Ou;  Ouy
B—yj B yi
where D; is the Gunter operator. On account of the first condition of (2.6)
we obtain

(njDi(u;))™ = (Di(n - u))™ — (u;Di(n;))" = Di(g) — (u;Di(n;))".

7 ni(n - ") = /mj(

(2

) + 2un;D;(u;),

Since ng(z) = z/|z|, we have

Hence, taking into account the first condition of (2.6), we obtain

u;Di(n;) " (y) = 1 w)t(y) — L
(u;Di(n;))™ (y) p( )" (Y) p2g(y)-
Therefore
(Ti(n) —nin-TMNT(y) = %(yj(g;z — ZZ:) — 2ui)+(y) +

+2uDi(g)(y) + Qp—‘;yig(y)-
Now the second condition of (2.6) can be replaced by
(H(9y)u)" = F,
where F = (Fy, F», F3),

F() = 21y) - 20Du00) ) - Eyig@), (2.83)
H(0,) = || Hij (0:)|laxs,
Hl](é)z) = 5ij(Dr — 2) — 13]% (284)

Thus instead of Problem (III)* we have an equivalent problem (the equiv-
alency will be proved below) with the boundary conditions

(n-u)* =g, (2.85)
(H(9y)u)t =F. (2.85")

Note that by virtue of (2.9) and the identity nyDy = 0 we have
ukFi(y) = —2pg(y). (2.86)

Moreover, by virtue of the Stokes formula

/ (0D — 1D) (@) (W), S = 0,
S
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(2.11) yields

/ WiFL(y) — wF)dyS =0, ik=1,2,3. (2.87)
S

A solution of Problem (IIT)* is sought for in the form of (2.12). Then
H(9;)u can be represented as

H(8,)u(z) = h(z) + "(”%lf') grad v(z), (2.88)
where h = (hl, hg, hg),
hi(z) = z; (agij:) - 61(;3_1;33)) — 2vi(z) + 2Dy (x) +

K 2 o(x) _ A+ 2!"02 (z)
A+ 17 ox; A+ % ox; '
From (2.88) and (2.85') ht = F. Using (2.13), it is easy to show that

Vo € Bt : Ah(xz) = 0. Therefore h is the solution of the Dirichlet problem
and is expressed by the Poisson formula

(2.89)

h =TI(F). (2.90)
Let us calculate div h from (2.89); we have
3A\+5
divh = (D, 2)dive + D2+ = i M“Drz/;.

Hence, excluding v by means of (2.13), to define ¢ we obtain the equation

A L
D, —
v A+ 2p

b= —2TE Givn (2.91)

D2
ot 2 2N+ 2p)

203 +2u)

Let us now derive an equation for defining v. A scalar multiplication of
(2.89) by x gives

1 A+ 20
z-v(a:)———z-h(a:)—m

(p® —r*)r (2.92)

2
Rewriting (2.89) in the form

(Dr — Vvi(z) = hi(x) +

dr;  A+p Oz;
o A+2p 5 OY(z)

and taking into account (2.92), to define v we obtain the equation

(D, — v =g, (2.93)
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where ¢ = (q1, g2, ¢3),

Ohula)y_ 2 00(0)

dr; ) N+p Oz
A +2p pP—r? 61/1(93))
/\+u 2 8.’)31 '

gi(z) == (hl(a:) —xp

+(D,—1) (L= 2iv(a)

2.94
p (2.94)

Let us solve these equations.
Consider (2.91) and rewrite it in an equivalent form

DA — ) + g Dol o)~ s W)=, (295)

(A +2p) A+ 2
where
At
c=— o div h(0),
A+ p .
n(x) SNt (div h(z) — div h(0))
Note that

div h(0) =

Therefore due to (2.86)
3N+
o= 2250 [4)a,s,

dmpp?
Atp / pP—lz* 1 3ay
=———-—d — —— — — | F(y)d,S.
() 8mp(X + 2p) IVS ( ly—z> p p® ) w)d,

Introducing the variable t = Inr, equation (2.95) can be rewritten as

ot? 20 +2u) Ot A+2p '
The characteristic equation

A 1%
K+ k— =0
20+ 2p) A+2u

has the roots

“A+ /A2 + 162 + 322

kl = B}
4N+ p)

b — —A = /A2 + 162 + 322

2 4N+ p) '

(2.96)
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Note that by virtue of condition (2.2)

A 160+ 320% = A2+ 16u(\ + 2u) > 0,

2.97
0<k <1, —-1<ky<O. ( )

It is not difficult now to write out the solution of equation (2.91) taking
into account the fact that ¢ is a harmonic function in B*:

1

2 2
_ 0 g el L I S W S
¢(z)_4ﬂpdlv/</(ly—ml3 p P T)(T
S

0

o 3N+ )
2— ks
- ) Fd,S + 2 ) [awa ). o)
where
A4
= . 2.99
7= 90k — k) (3 + 2p0) (299)
We introduce the notation
1
(m) _ dr
o™ (z,y) = [ ®o(ra,y)—, 0<m <3, (2.100)
T
0

where @ is defined by (2.44). Then h and ¢ defined respectively by (2.90)
and (2.98) can be written in the form

1 1 3z
h(z) = o (<I>o(a:,y) +ot p—f)F(y)dyS, (2.101)
S

Y(@) = g div (359 0) - 80 (@,1)) F@), S +

+ 732:;) /g(y)dyS- (2.102)

Now we shall proceed to solving equation (2.93). Let us first rewrite in a
convenient form the right-hand side ¢ defined by (2.94). By virtue of (2.100)
it is easy to obtain

(D, — 1)) = (m — 2)®™) + &,
Hence follow the identities

®y = (D, —1)®?), (2.103)

PFk) _ g2k = (D, — 1) (kiqﬂ?*’“) -
1
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1 ky —k
— — k) L TLT 2 §(2)) 2.103'
s Tk ) (2.1037)

Taking into account (2.87), (2.101), (2.103) and the equalities

0 0 1 1
xka_xipr—prxka_xia (DT_I);__,;,
we have
o) = D = Lo, ) [ (09,00 - L) -
s
)
—xkax‘(b (x,y) ) Fr(y)d,S. (2.104)

Next, calculating r2% from (2.102), taking into account (2.103') and
the equality

82
Ox; 0z’

2 07

— — — 2
r 07,008 (D.-1)= (D, - )r

we obtain

p(z) 7o 0 / 1 (
277 = —1) 22 — 2+k1) _
" Ox; (- 1)47rpr 0x;0xy, (kl(I> (@,9)

S

ki —k
—%@(2+k2)(a:,y)+ 1k ’ 2<I>(2)(:1:,y))Fk(y)d@),S.

2 12 (2.105)
Now by virtue of (2.94), (2.104) and (2.105) we rewrite equation (2.93)

(Dy — 1)(vi —pi) =0,

where
3 = — (2) I L (2) _
pi() =T /(2 ((<I> (z,y) p)élk T a@@ (a;,y))
s
fo o 07 1 (2+4k1) 1 (2+k2)

- —d 1 —— P 2
Ntpu' Owdxy, (k1 (@,y) T +
el p A+ 2p
7(}(2) — 5

e (a:,y))+70(/\+ua: 2(/\+u)(p

o\ 0
—r? - (2+k1) _ & (2+k2)

(2.106)

Note that the general solution of the homogeneous equation

(D, — 1)) =0
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in the class of harmonic functions in BT has the form
[¢)
vi(x) = cij;,

where ¢;; are arbitrary constants.
Thus the solution of equation (2.93) will be written in the form

vi(z) = pi(x) + cijz;. (2.107)

Therefore the solution of Problem (III)* can be constructed by represen-
tation (2.12) using (2.102), (2.106), (2.107):

1 1 1 0

() — z (2) — )5 — (2) _
u;(z) I (2 (((I’ (z,y) p)5zk T, axiq) (3«"72/))

5

Yot o 0% 1 oik L o (24ks)
— - _q) 1 _ _q) 2

A+ ,Ur 8:1:16:1:,6 (kl (17, y) k2 (.’17, y) +
2

ki — ks - (o) Yokt 0 p?—r2 092

x (@(2+k1)(x,y) — @(2+k2)(x,y))>Fk (y)dyS + cij. (2.108)

Formula (2.108) contains arbitrary constants ¢;; which have to be chosen
such that the vector u represented by this formula satisfy the boundary con-
ditions (2.85) and (2.85'). To this effect we shall establish some properties
of the function &™) defined by (2.100).

Applying (2.29) and (2.29'), we obtain the representation

¥(a,9) =2 B (ol )=o) ¢
1

+/ n((|rz — y| + p)> —|rz|?) o1 (r)dr + 8™ (2, y),
1/2

(2.109)

where @gm) and its derivatives with respect to the Cartesian coordinates of
the point x, as well as p; are the bounded functions.
In particular, (2.109) yields the equalities

2
) (2, y) = + 0™ (,y), (2.110)
|z -yl
where
0 ¢
(™ T, << , ‘—<I>(m) T, ‘ < ,
0° _ Hm c
o™ (a, ‘ < :
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2(ks — k1)

SEH (2, y) — @ (2,y) =
p

In((|z — y| + p)* —

1
—Jal?) + / In((|rz — y| + p)? — Ira)pa(r)dr + Ba(a,y), (2.111)
1/2
ko @R (2, y) — By @O () + (k1 — ko) @) (w,y) =
1
= [1al(irz = s+ 9 = lralpa()dr + Ba(oy), (2112
1/2
where @5, ®3 and their derivatives with respect to the coordinates of the

point z, as well as 2 and @3 are the bounded functions.
From (2.108) we have

1 (02—|:v|2 3zy

z-u(z) = —=— ek -
8w
Ps

Hly—ap T
_kika(p? —J2*) 9

2(]{71 - k2) Ba:k
ey ®Hh) (g, y)))Fk(y)dyS ¥ CinTiT. (2.113)

(ke @CHFD) (2, y) —

But by virtue of (2.110)
9 P’ — |z|?
2 2\ Y k (}(2+k1) —k (}(2+k2) ‘ <M
(p |x| )83716( 1 (Z‘,y) 2 (xay)) ScC |y_$|2
Therefore, if F € C(S), then
. 0
lim  (p*—|z[*) / a—wk(k1<1><2+’“><a:,y)—kyb”*’“z)(a:,y))ﬂ(y)dys =0.

Bt>z—zeS
S

Moreover, taking into account the property of the Poisson integral and
(2.86), we have

I Fey)d,S = —5Fi(2) = po2).

Thus to satisfy condition (2.85) it is necessary that

3z;x
CikTiTh = —# /yiFk (y)d,S. (2.114)

S

By virtue of (2.87) the symmetrical part ¢;; has the form

1 3
S
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whereas the asymmetrical part %(cik — ¢k;) remains undefined.

To satisfy (2.85') equality (2.114') is also sufficient. We introduce the
notations 2a; = ¢33 — Ca3, 2a9 = ¢13 — €31, 2a3 = 21 — ¢12. Due to (2.96),
(2.99) the function v defined by (2.108) will take the final form

1 1 3z
ui(z) = 87/) <(¢’(2)($ay) T p—gy)@k -

8 r? 0?
(2) -
axl(} (x,y) + kl - kg Ba:,(?a:k

— k@) (2, ) + (ky — ko) @) (2,)) —
k1ks 0 pror’
~ o _ H(2+k1) —
ky — ko (= orp 2 axiaxk)( o)

- q><2+k2>(x,y))>Fk(y)dyS+sijkajxk, (2.115)

(k2@ F) (2,y) —

— T

where a1, as, az are arbitrary constants.

2.11. Properties of the Constructed Solution of Problem (III)* in the
Closed Domain B*.

Theorem 2.19. If I € C(S), g € C'(5) (i.e., F € C(S)), then the inclu-
sion u € C(BT) holds for u defined by (2.115).

Proof. Using (2.110)-(2.112) and the inclusion y € C(B™) (see (2.77)) it is

easy to show that u € C'(B+), where 1 = u — i,

2 1
ui(r) = “8mp ) " om
S

N z,y)Fr(y)dy,S.

Due to (2.83), (2.86) the function #; can be rewritten as

2 1

0
(@) = g [ - 0 50 ) Few)dy S +
S

il (2)
— [ 50 @g)d, .
S

By virtue of the estimates

e~ )5

aii (@(2)(”3 D y|)‘

and Theorem 1.1 we find that @ € C(B*). nm

- Ix—yl

I AN

w—yl
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Theorem 2.20. If [ € C%7(S), g € C17(S), 0 < < 1, then u defined by
(2.115) satisfies the condition D(x-u) € C(B+\{0}), and the stress T cor-
responding to this displacement u satisfies the condition 7™ € C(B+\{0}).
Moreover, the second condition of (2.6) and condition (2.85") are equivalent.

Proof. Tt is easy to verify that the inclusion D(z - u) € C(B1\{0}) will be
proved if —(a: u) € C(B™1), but for this, by virtue of (2.110) and (2.113)

it suffices to prove the inclusion G; € C'(B™), where

Gi0) = [[(or =L b o el o Y S
S

" o ly—z|>  A+2u Ba: 0z |z — vyl

Taking into account (2.86) and the equality

(zr — yk)aii% == - |2)6$?;1'k |z i Yl
> g2
- —|$||3 i +2$’6%|xiyl
we have
Gi(x) = /<\-:r2u( ~lal’) 6@?;:/6 |z — : |F( DS
%Fi(y)dlﬁ + 2z; /Bia:k ﬁFk(y)dl’S B
s
ey iwg(y)dys.

Ox; |y —z|?
s

Hence due to (2.79), Theorem 1.1 and the property of the Poisson integral
we easily conclude that G; € C(B™).
Now we shall prove the second part of the theorem. By (2.3)

7™ (z) = An(z) div u(z) + g(H(ax)u(az) + 2 grad(z - u(z))),

where H(0,) is defined by (2.84).
On account of (2.115)

1 —|z)?
Hii,(02)u 4_//) ||3 dike +
x|
s

ki k p2 —|z]2 82
k1 1—2]{?2 2| | 0x;0xy, ((}(2+k1)(x,y) a (}(2+k2)(x’y)))Fk(y)dyS’

1 (Syk 1 0
p° — ko azk

+

div u(z) = ((1+ 2k1) @R (z,y) —

87rp
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~(1+2k) 8 (2,9) ) Fi(4)d, 5.

Due to estimate (2.110), Theorem 1.1 and the property of the Poisson
integral we conclude that H(8,)u € C(B™), divu € C(B*). Hence we
easily obtain the proof of the second part of the theorem.

Using the equality

(@) = n(@) (n(z) - 7" (2)) = EH (@, u(z) +

+2uD(n - u)(@) + 2 n(e) - u(e))n(z),

Theorem 2.19 and the proved parts of Theorem 2.20, it is easy to establish
the validity of the second part of the theorem. M

Thus, using Theorems 2.20 and 2.19 and the fact that a uniqueness the-
orem similar to Theorem 2.1 holds for a classical solution, we obtain

Theorem 2.21. If I € C%7(S), g € C*(S), 0 < v < 1 and condition
(2.9) is satisfied, then u defined by (2.115) is a classical solution of Problem
(TIIN)*. The difference between any two classical solutions of this problem

can be equal only to the rigid rotation vector &(a:) = [a x z].

Keeping in mind Theorem 2.21 and the investigation of Problem (III)*
by the methods of a potential and integral equations (Kupradze et al. [1]),
it is easy to verify that under the conditions of Theorem 2.21 the function
u defined by (2.115) is also a regular solution of Problem (IIT)*.

When solving Problem (IIT)", we do not manage to weaken the conditions
imposed on the boundary functions as it is done during the investigation
of this problem for arbitrary domains (Kupradze et al. [1]) and as we have
succeeded in doing for Problem (I)* and (II)™.

Problem 6. Find out whether the conclusion of Theorem 2.21 is valid or
not when [ € C'(S) and g € C1(S).

2.12. Two Other Representations of Solutions of Problem (III)*. The dis-
advantage of the solution of Problem (IIT)* represented by formula (2.115)
is that its density contains not the given functions g and [ (see (2.7)) but the
function F' = (F}, F», F3) which is defined by formula (2.83) and contains a
derivative of the given function g. We must get rid of this drawback, since
this lessens the effectiveness of representation (2.115).

It is easy to show that

YmDPr(9)(y) = Dr(ym9)(y) — (5km - y';‘zm)g(y)-
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Hence due to (1.12) we have

3
/yka(g)(y)dyS = /ykymg(y)dys — Okm /g(y)dyS-
s s s
Therefore

3
/<m-y>D(g)<y)dyS=p2 /(:u Wye(y)dyS — S/g 4,5, (2.116)

S
/(% 3”) y)d,S = / xy x)g (2.117)
S

By virtue of (1.12), (1.13), (2.116) and the equality

1 1p—z? 1 1
only—=  2ply—z> 2ply—a|

/(ﬁ - % - %y)m(g)(y)dys: /(% ~
; S

2 2
Te—y y — |z 3yr(z -y TE — 2y
Tk — Yk Ol e /1 )+ £ k)g(y)dys.(2.118)

Vee Bt,Vye S :

we have

lz -yl 20 ly—af? p° p
Consider the expression

/ 3™ (2, ) Dy (g) (y)dy S =

S

e e S A

ly—raP  p

1 1 z-y dr
2D, +1 - — D dy,S —.
* / ly—rz] o p T) wo)) dyS T

-/
|

Hence, taking into account (2.118) and replacing therein z by 7z, we obtain

/‘P(m) (z,9)Dr(9)(y)dy S = /P,ﬁm) (z,y)g(y)d, S, (2.119)
S S

where

[

Yk =TTk Yk p? — |rz|?
Iy —ralP 2p? |y —Taf

P™ (z,y) =(2D, + 1)
0
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3y yp(z - y)T | TIR — ka) dr

+ - .
202y — T p° pro S (2.119')

Finally, using (2.83), (2.117), (2.119), for u defined by (2.115) we have

1 1 3z-y
ui(z) = 8rp <(‘I>(2)(93ay) T —)5ik -
s

2 2
0 5@z, yy 4 2

ko @ (21k1) —
8zi kl — kQ 8.’1%8.’17]6 ( 2 (a:,y)

— Ty

kyk 0
ey ®(2Hk2) key —k2) @) — (@i -
1 (z,y)+ (k1 —k2) 2 (2,y)) ki —ko (a: Oz,

2 2 2
B L A YL T
5 Ba:iaark) (® (z,y)

_ ¢(2+k2>(a¢,y))> (ﬁlk(y) - %g(y))dﬁ -

_ i/((P,?)(a:,y) _ 2yp — 3z 9(ar-y)yk)6ik _
s

A 03 PE

0 (2) 7‘2 62
P,
Ba:i k (.’17,:1/) + kl - kg Ba:,(?a:k

— ki PO (2, y) + (k1 — ko) P (2, ) —

k1ko 0 p>—|z|* 27 (2+k1)
B kl — kg (wla—a:k B 2 axlaxk) (Pk (.’17,:[/) B

— P,£2+k2)(a:,y))>g(y)dy5-I-Eijkaja:k. (2.120)

(k2 P (2, y) —

—xp

This completes the solution of Problem (III)*.

Formula (2.120) contains only the given functions g and [, but to derive
it we had to perform rather lengthy calculations. The same type represen-
tation of the solution can be obtained by combining our method with that
of Hadamard [1]. In the latter approach we do not have to transfer deriva-
tives from the kernel to the density and, conversely, from the density to the
kernel as we did in deriving (2.120). Below we shall discuss the solution of
Problem (III)* with the aid of Hadamard formulas.

The solution of Problem (III)*, i.e. of Problem (2.1), (2.6), can be

written as the sum of © and 124, where 1 is the solution of this problem when
g = 0 and [ is an arbitrary function; i is the solution when [ = 0 and g is
an arbitrary function. Denote the former problem by (III)O”LJ and the latter
by (III);O.

The solution of Problem (III){, is evidently given by formula (2.115).
However, in the latter formula by virtue of (2.83) the expression F' no longer
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contains derivatives of the given functions. In that case F; = l;p/p and
(2.115) takes the form

1 1 1 3z
u;(z) ((‘}(2) (z,y) — b p3y)5ik -

= m
S
3} r? 0?
_ (I>(2) - k @(2+k1) _
Tk 8.’171 (a:,y) + k'l — k‘2 81718% ( 2 (xay)

— k1<I>(2+k2)(z,y) + (ky — kQ)CI’(Q) (w,y)) -

klkg 0 p2 — 7'2 62
_ f— — — (}(2+k1) _
k1 — kg (x 8:17k 2 Ba:laa:k ) ( (x, y)
— k) (g, y))) Ik (y)dyS + eijrajzy. (2.121)

Problem (III);0 was solved by Hadamard in [1], but the condition ! = 0 is
rather restrictive. The solution can be expressed by only one scalar function

¢:

A+3 3A+4
a(a:) :a:( * uDr+1)(DT—1)C(a:)—r2grad (Dr— 2-; M)C(Z‘)+
22
pt—r A4 Atp
+F " grad ( D425 e D, 1)((93), (2.122)

where ( is a harmonic function in BT and satisfies the equation

A DMk
A+2p) " A+2u

2 ©
(DT +3 )C(a;) =07 2N)p2H(x), (2.123)
and H is a harmonic function in BT satisfying the condition H+ = g.

Hadamard’s consideration is limited to the derivation of formulas (2.122)
and (2.123); he notes that Problem (IIT)/  is solved by (1.122) and (1.123)
to within an additive vector of rigid displacement. There are no other results
in Hadamard [1].

To establish the solution uniqueness and to study the differential prop-
erties in the closed domain B it is necessary to solve equation (2.123) and
to investigate the obtained solution. Obviously, H is given by the Poisson
formula H = II(g). Taking the latter fact into account, equation (2.123)
can be expressed in form (2.98) (see (2.91), (2.95)-(2.98)).

Problem 7. Construct the solution of Problem (III)~ in quadratures.

2.13. Solution of Problem (IV)". This problem is solved by the same pro-
cedure we used to solve Problem (IIT)T. First, the boundary condition of
Problem (IV)* (see (2.7))

(u—n(n-u))+ =1, (2.124)
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(n M)t =y (2.125)

is replaced by its equivalent form.
In (2.125) instead of 7(™) we put its expression from (2.3) and obtain (the
summation sign is omitted)

n-r™ = /\divu+2un% = (A +2p)dive —

— 2uDr(ur, — ni(n - u)) — 2uDy(nk(n - u)),
where Dy, is the Gunter differential operator which on account of the equal-
ities Dy(ng) = 2/p, nk Dy = 0 takes the form
(n) . 4p
n-7" =(\+2u)dive — 7(11 -u) — 2uDg(up — —ng(n - u)).
Therefore

(<A+2u)divu—‘;—Z@-u))*(y):h(y), h=g+2uDi(ly). (2.126)

Thus instead of the boundary conditions (2.124), (2.125) we have conditions
(2.124), (2.126).
The solution of Problem (IV)" is sought for in form (2.18):

u(@) =v(z) + (2D, + Dp(x) + (p* — r*) grad p() +
N p2 ;,,,.2

grad ¢ (z), (2.127)

where v, ¢ and v are the wanted continuous functions in the domain BT,
satisfying the equations (see (2.14))

Av=0, Ap=0, Ap=0, (2.128)
(Dy + a)yp = B(divv + 2D2p + 5D, + 3p). (2.128")

Note that representation (2.127) contains five harmonic functions vy, vs,
v3, ¢ and v interconnected by the same relation (2.128'). Thus the degree
of freedom of harmonic functions is equal to four while in other represen-
tations (see (2.12) and (2.16)) it is equal to three. Therefore, when using
representation (2.127), an additional relation, say,

(n-v)t = (2.129)
has to be introduced to reduce the degree of freedom to three.

By virtue of

ui(x) — %xkuk(a:) = v;(z) — %xkvk(a:) +
(o 3 ) @)+ 2000)
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from (2.129) and (2.124) we have v™ =1, Av = 0, and v is therefore given
by the Poisson formula v = TI(I).

Note that condition (2.129) is fulfilled by virtue of (2.9). Thus the vector
v is found.

Let us now find the functions ¢ and . By virtue of (2.128")

: %
divu = —2— 2D, + 1)1,
ivu )\‘1'#( )LV

Moreover,

z - u(@) =z - v(@) + 22Dy + Dp(z) + T

Therefore

(\-+ 20) diva(z) — (- u(e)) = (&) ~ (o -v(a)) -

— 22D, (@) + 20(2)), (2.130)

where

(A +2u)p

ﬁiﬁ(l”) - 4#@(35))

and from the conditions Ap = 0, Ay = 0 we obtain the equality Vz € BT :
A((z) = 0, from conditions (2.126), (2.130) the equality (T = h.Therefore
¢ =T(h).

Hence

(@) = 2D +1)(

(2D, + 1)x = 7II(h), (2.131)
X=1v%—np, n=4A+p)A+2p)"",
7=+ ) (e +2p) 7"

Treating (2.131) as a differential equation with respect to the harmonic
function y, we obtain its unique solution and write it in the form

(2.131)

1

o dr  ~
x@) =7 / M) (ra) - = TV ()(a),

where V' is a simple layer potential (see 1.6). Hence

V(x) = ne(x) + %pvuw(z). (2.132)

Substituting ¢ and v = II(I) in (2.128'), we obtain a differential equation

A—2 3\ +2
9Dy + A+2ZDM+ )\+2:<p:F, (2.133)
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where
. A+3u A+ p
F=—-divll(l) + ———(h) — ————V(h).
L) 2p(A +2p) (%) 8mpp(A + 2p) (%)
Rewrite this equation in an equivalent form
A—2u 3A+2u
2D%(p — D, (¢ — —c)=F', (2134
Ho— o)+ SanDrlp =+ S qgr (o -0 = F, (2130

where ¢ = F(0)(A + 2p)(3X + 2u) !, F'(z) = F(z) — F(0),

1

F(0) = TN 2 /g(y)dyS.
s

In equation (2.134), replacing the variable r by ¢ defined by the formula
t = Inr, we obtain

Plp—c) A=2udlp—c) 3X+2u

2
ot2 A+2u Ot A+2p

(QO_C)ZFla

whose characteristic equation

A—2u 3A+2u

2k> =0
+)\+2u A+ 2p

has the roots

—X+2u £ /—23)2 — 68\ — 28u2
4(A+ 2p) '

In common with Problem (II)* we shall now consider separately three
cases:

2 16v2 — 34 16v2 — 34 16v2 — 34
—= AL ————p) A=———p, A>————.
S 23 M T3 M
Below a detailed consideration will be given to the case A > w\g# I3

and p > 0. A similar treatment can be applied to the other cases.
Thus in the considered case the characteristic equation has the roots
k‘l + ’LkQ and k‘l — ikQ, where

22— _V/23X% 4 68Au + 2842 1 1
h=toro BT apazn 0 3 Shi<g k>0

Now, repeating the arguments used in solving equation (2.61), equation
(2133) can be rewritten as

o(@) = [ (a1 div ¥, )i) + (0:Q(a,y) +
S
+ agM(z,y) + as)h(y))d,S, (2.135)



where ¥ is given by (2.69),

1
1 . dr
Qz,y) = T /Lo(mz,y) sin (ko lnT)m,
0
1
1 . dr
M(z,y) k—Z/L(Tz,y) sin (ko lnr)m,
0
L(z,y) 2 2
PR
2 2
p T 1
L()(.’E,y)_ |y—|:13||3 _;
N b . S
YT 8y’  16mpu( N +2p)’
A p 1

@ = 32mpp(A + 2u)’ = Ap? (3N +2p)

Clearly, to construct the solution of Problem (IV)* in form (2.127), be-
sides v and ¢, it suffices to find ¢ + 2¢. Due to (2.132) and (2.135) we
have

(z) + 20(x) = / (61 div ®(z, )I(y) + (BoL(z,y) +

S

+ B3Q(x,y) + BaM (z,) + B5)h(y)) dy S, (2.136)

where

_ 3A+4p
= dmp(N +2p)°
GO
P == 8mpp(A +2u)% bi=

_ A+
P2 = 8mpp(\ +2p)’
(A +p)(BA +4p)
16mpu(X + 2u)2
32 + 11y + 10p2
Bs

- A p? (X + 20) (3N + 2p)

Thus the solution of Problem (IV)* has the form

u(z)

=I(l)(z) + z(2D, + V)p(z) +
. 0% — 2

grad(¢(z) + 2¢(x)),

(2.137)
where ¢ is defined by (2.135) and ¢ + 2¢ by (2.136).
Problem 8. Construct the solution of Problem (IV)~ in qudratures.

Problem 9. Analyze the constructed solution of Problem (IV)~ and (see
(2.137)) prove a theorem similar to Theorem 2.21.
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Problem 10. Solve Problem (IV)* when —2p < X < 16‘/2_%34/1 and \ =
16\/573411
23 :

2.14. Analysis of the Solution of Problem (IV)™. Let us discuss some prop-
erties of the functions @, L and M. We introduce the notations

1
dr
Qu(o.9) = = [ Lolra,y) cos(la )7
0
1
M —_— oy In 7)—F
1(z,y) = = [ L(rz,y) cos(ky InT) .
0

The following identities
(2Dr+1)L: 2L07 (Dr _kl)Q :Qla (Dr _kl)M:Ml

are valid.
Using identities (2.29), (2.29'), transform @, 1, M and M, as follows:

Qa,y) = 2‘5(?‘”) + [sepein + ),

1/2
1

2 (A + 6p)d(z,y) +/5(m,y)¢2(7)d7+c2(a:,y),

e -y 2(A +2u)p

Ql(xay) =

1

M(z,y) = / 5(re, y)ps(r)dr + ea(z, ),
1/2

+ /6(Tx,y)<p4(r)dr + ca(z,y),

1/2

20(x,y)
p

Ml(xvy) =

where
8(z,y) =In ((|z —y| +p)* — |zI*),

c1, ... ,cq4 and their derivatives with respect to the coordinates of the point
x, as well as @1, ..., are the bounded functions.
Similarly to Theorems 2.19 and 2.20 we prove

Theorem 2.22. If g € C%7(S), 1 € C'(S), 0 < v < 1, then the inclu-
sions u € C(Bt), 7" € C(BT\{0}), Di(up —np(n-u)) € C(BT\{0}) are
valid for u defined by (2.137).

Now it is easy to prove
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Theorem 2.23. If g € C%7(S), [ € CY7(S), 0 < v < 1 and condition
(2.9) is satisfied, then u defined by (2.137) is the unique classical solution
of Problem (IV)T.

Problem 11. Find out whether the conclusion of Theorem 2.23 is valid or
not when g € C(S) and [ € C'(S).

Finally, note that in common with the case of Problem (III)* the solution
of Problem (IV)* written in form (2.137) can be represented in a form where
the density contains no derivative of the boundary function.

2.15. Solution of Problem (V)*. The solution u of Problem (V)% is to be
sought for in form (2.12). By virtue of (2.3) and (2.12)

M (2) + opu(z) = %(h(aﬁ) + %7‘”(37)) +
2 2 2 2
=) — ") D, grad(z) + w gradd(z),  (2.138)
where h = (hy, ha, hs),
AL a0 A
hilw) = S ib(e) —r* =g = + S e Drb(e) +
+$j(8gia§§r) N 81(;]'957:))_ (2.139)
J (2

Consider the vector ((z) = h(z)+ov(z), 0 = oop/u. Taking into account
the relation (2.13), it is easy to verify that A{(xz) = 0.
Moreover, by virtue of (2.138) and the boundary condition (2.8) we have

t=pf/p

Therefore ( is given by the Poisson formula. Thus

h+ov = LI(f). (2.140)
W
Hence due to relations (2.13) and (2.139) we obtain

divh+ odive = gdivﬂ(f),

N+ 2t oAt 30) A (0 + 2 (2.141)

2\ + p) 2(A + )
Multiplying scalarly (2.140) by x, we obtain by virtue of (2.139)

D2y + Dot + =L divii(f).
2p

Do 0(@) + T (e v(@) = Lo THA@) +

2 /\2
+ M D r

Al - m?‘%(ﬂf)- (2.142)
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Keeping in mind (2.139), equality (2.140) can be rewritten as

& (Bgij:) * a%f)) +ovi() = ¢i(2), (2.143)

where ¢ = (q1, g2, q3)

asa) = £11() (0 A @)+ 2D ATl D ).

A+ I3 0x; A4 p
Applying the operator D, to (2.143), we obtain

(Ovi(z) | Ov;(=) (OPviz) | 0Pvi(x)
xj( Oz + Ox; ) + kT (8zk8xj + Ba;kazi) +
+ 0Dywi(z) = Drgi(z), (2.144)

and a scalar multiplication by = and differentiation give us

(Ovi(x) | Ovj(z) O%vj(x)
z ( + ) +z

"\ Oz Ox; " G0z
10
=30z, (ox-v(x) — - q(x)). (2.145)
Subtracting (2.145) from (2.144), we have
0%v;(z) .
TRT; Dr0; + 0Dyvi(x) =
10
= D,qi(z) + 5%(012 ~u(z) —x - q(z)). (2.146)
o P00 0,
Tk Or0r; BT 0z ¥ or; T "

and therefore
D2v(z)+ (0 —1)D,v(2) :qu(a:)-l-% grad(oz-v(z)—z - q(x)). (2.147)

Now we can find the harmonic function v from (2.141), then z-v(z) from
(2.142) and, finally, v from (2.147). Thus we have shown that the solution
of Problem (V)T can be constructed in form (2.12). We can also prove

Theorem 2.24. If the boundary function f € C(S), then the solution con-

structed in the above manner is the unique classical solution of Problem
W)*.

Problem 12. Find in quadratures a continuous solution v = (uy,us, us3)
of system (2.1) in the domain B*, by the boundary conditions:

VyesS uf(y) = fily), ()W) = fy), (@) W) = f),

where f1, fo and f3 are the continuous functions given on S.
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Problem 13. Find in quadratures a continuous solution u = (u1,us, us)
of system (2.1) in the domain B*, by the boundary conditions

WS ufy) = AW, ufl) =L, #)0) =)
where f1, fo and f3 are the continuous functions given on S.
Indication. For Problems 12 and 13 see Marcolongo [2].

Problem 14. Find in quadratures a continuous solution u = (u1,us, us)
of system (2.1) in the domain B~, by the boundary conditions

VyeS tur(y) = L), #H) W) =), @) ) =)

and by the condition at infinity

Here f1, fo and f3 are the continuous functions given on S.

Problem 15. Find in quadratures a continuous solution v = (u1,us, u3)
of system (2.1) in the domain B~, by the boundary conditions

Vyes ur(y) =fy), uy@) =rfly), #) (1) =rfy)

and by the condition at infinity

Here f1, f2, f3 are the continuous functions given on S.

Indication. Problems 12-15 can be solved by the method described in
Subsection 2.15.

Problem 16. Write out the final form of the solution of Problem (V)T
and prove that if the boundary function f is continuous on S, then the
constructed solution u is the unique classical solution of this problem.

Problem 17. Find in quadratures a continuous solution of system (2.1)
in the domain B~, by the boundary conditions

Vyes : (r'™ —oou)(y) = f(»)

and by the condition at infinity

Here oy is a positive number and f is the continuous function given on S.
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In Chapter II we have solved in quadratures all the basic boundary value
problems of elasticity, which enables us to construct in quadratures the
Green tensors (Kupradze et al. [1], Ch. VII, 1.2) of the corresponding
problems.

The matrix G defined on the product Bt x Bt is called the Green tensor
of Problem (I)* if for any fixed y from BT the function G(-,y) satisfies
system (2.1) in the domain B*\{y} and the boundary condition

li G =0.
B+9alg§zes (z,9)

Moreover, the matrix G is representable in the form
G(Z’,y) = F(a: - y) + U(xay)a

where I' is a matrix of fundamental solutions (see (7.1)), and v(-,y) is a
regular solution of equation (2.1) in the domain B™.

Problem 18. Construct in quadratures the Green tensor of Problem (T)™
for the domain B™T.

Problem 19. Construct the Green tensors for Problems (II)*, (III)*,
(IV)*, and (V)7 in the domain BT .

Indication. For the Green tensor definition see Kupradze et al. [1],
Chapter VII, 1.2.

X k X

The statement of the problem solved in this chapter (Problems (I)* to
(V)*), as well as the uniqueness theorems and conditions of solvability are
given in the monographs Love [1], Muskhelishvili [2], Kupradze et al. [1],
Fichera [2], Knops, Payne [1], Burchuladze, Gegelia [1], Buchukuri, Gegelia
[1, 2] and others. Problem (I)* for B* was for the first time solved in the
well-known memoirs Lamé [1] (1852) after deriving the basic equations of
the theory of elasticity. G. Lamé obtained the solution in the form of a series
in spherical functions and in spherical coordinates. Lord Kelvin (1863) gave
the solution of Problem (I)* in the form of a series in Cartesian coordinates
(see Thomson [3]). Subsequently, the results of G. Lamé and Lord Kelvin
were repeated and used in the specific problems by various researchers, who
sometimes represented them in a different form (for more detailed relevant
information see Grinchenko, Ulitko [1]). Evidently the first work where the
solution of Problem (I)* was obtained in quadratures was that by Borchardt
[1] (see also Cerruti [1], Tedone [1], Somigliana [1])). Using representation
(2.12), R. Marcolongo gave a simple derivation of formula (2.24) without
making a recourse to series (see Marcolongo [1]). The solutions of Problem
(I)* were constructed also in Love [1], Trefftz [1], Lurie [1], Muskhelishvili
[2], Natroshvili [1] and others.
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In Thomson [1], Love [1], Trefftz [1] a method is indicated for construct-
ing the solution of Problem (II)* with the aid of series. In Lurie [1, 2] the
solution is constructed in the form of a series in spherical functions. All
the above-mentioned works contain a formal discussion as to the conver-
gence of series without verifying or indicating the necessary conditions for
the validity of the results. In Natroshvili [1] the summation of a series rep-
resenting the solution is performed. D. Natroshvili’s formula is somewhat
more complicated than representation (2.70).

Problem (III)* was solved by J. Hadamard for one particular case when
tangential components of the stress vector S are zero (see Hadamard [1]).
This restriction is essential for J. Hadamard’s method.

Problems (IIT1)* and (VI)* are solved by means of series in Natroshvili
[2]. By the summation of series D. Natroshvili obtains the solutions in
quadratures, but these formulas differ essentially from the ones derived in
the this book.

The mentioned problems, as well as particular problems for ball having
applications are treated in Basheleishvili [1-3], Kupradze et al. [1], Love [1],
Muskhelishvili [1], Lurie [1], Weber [1], Sternberg, Rosenthal [1], Fichera [1],
Timoshenko, Goodier [1], Natroshvili [3,4], Galerkin [1], Giorgashvili [2].
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CHAPTER II
BOUNDARY VALUE PROBLEMS
FOR A POLYHARMONIC EQUATION

3.1. Formulation of the Problems. Auxiliary Formulas. Consider a poly-
harmonic equation

A"y =0, v=1,2,..., (3.1)

where AVT! = A(A¥), A' = A is the Laplace operator.

It is well-known (see, for example, Petrovski [1], Courant [1], Miranda
[1], Bers, John, Schechter [1]) that any continuous function having in the
domain © € R™ all derivatives from the expression A’*! and satisfying
equation (3.1) is analytic in Q. We will call it a polyharmonic function of
order v + 1.

Note that for our purpose it is quite sufficient to call a function polyhar-
monic of order v + 1, if in Q it has all continuous partial derivatives up to
order 2(v + 1) inclusive and satisfies equation (3.1).

The boundary value problems for a polyharmonic equation were inves-
tigated by quite a number of researchers (see Nicolesco [1], Vekua [1,3],
Miranda [1] and the references cited therein). Here we are going to consider
the boundary value problems of three types for the three-dimensional ball.
As will be clear from the reasoning below, all our results apply as well to
an arbitrary m-dimensional ball.

Problem (I)*. Find a polyharmonic function u of the v + 1-th order in
the ball BT by the boundary conditions

dFun+
where fy, ..., f, are the functions given on S.

As previously, it is assumed that BT is a three-dimensional ball with
centre at the origin and radius p, and S is its boundary, i.e., the sphere with
centre at the origin and radius p.

Problem (II)". Find a polyharmonic function u of the v + 1-th order in
the ball BT by the boundary conditions

VyeS : (Aku)+(y):fk(y), k=0,1,...,v. (3.3)

Problem (III)*. Find a polyharmonic function u of the v + 1-th order in
the ball B T by the boundary conditions:
dh
vyes(ﬁ)+(y):fh(y)a hzoala"'a}fa 1§%<V7

Yy e S :(Aqu)+(y):fq(y), g=»+1,...,v.

(3.4)

Problem (I)* is also referred to as the Lauricella problem, Problem (IT)*
as the Riquier problem (Vekua [3], Riquier [1]). The problems with zero
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data (for fo = 0,...,f, = 0) will be called homogeneous and denoted by
the symbols (I)F7, (1), (IID)g .

In solving these problems, we will use the representation of a polyhar-
monic function by harmonic functions. For a polyharmonic function of the
v + 1-th order we have the representation (Vekua [3], Nicolesco [1]) known
as the Almansi formula

u= Z P,
p=o0

where ug,...,u, are harmonic functions.
Obviously, this representation also yields, in B, the representation

u(z) = Zap(r2 — p*)Pu,(z), (3.5)
p=0

where a4, ...,a, are arbitrary constants, r = |z| = \/2? + 23 + 23.
We will give some formulas needed for our further reasoning. It is easy
to verify that

AD, = (D, + 2)A,

and therefore for the harmonic function i we have the equalities

ADy () = Dy Ag(z) =0, (3.6)
ADF () = DI Ay(z) = 0, (3.7)
ADMy(z) = DHAY(x) = 0, (3.8)

where DF, D,(ak),D,[ak] are the operators defined in Subsection 1.2.
The method of mathematical induction enables one to easily prove the
identities

0"

o =DP k=12, .; (3.9)
dhr? (20)! i

= - i,h=0,1,..., h<2i 3.10
d"'h (21’ _ h)! r ) l? b ) ) — l? ( )

A’“(r2i1/1(a:)) — 4k — 1) (i =+ 1)T2(i7k)D7[ni]*[i7k]w(a;),

. . (3.11)
Lk=1,2,..., k<i,

where 1) is a harmonic function.
Using the Leibnitz formulas

P o0) g Ao (ci=—" )

drk < ‘ drk—=i dri
J:
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and the Newton formula, it is easy to show due to (3.9), (3.10) that

o 7 = ) (o) =

k P p—i(9 o
—ZZC C ﬂpﬂpﬂ)rml)ﬁ”up(x). (3.12)

7=0 =0 k +'7)

Hence, taking into account the equality (Prudnikov, Brichkov, Marichev

[1]),
Z(—l)iC]zC;; % - k_' (_1)p22p7k+j05,j7p,

1l
i=0 J:

ok
] _ p —
el o gy (7~ ) (@) =

min{k—p,p}
k' C? ) +
_ p 2p—k E : P (k—p—1t) .

i=0

k
. (w2 _ 2\p _
B+991Er3yes ok (r* = p*)Puy(z) =0, p>k. (3.14)

Applying (3.11) and the Newton formula, we obtain
AF(r? — p?)Pu,(z) =

a ; 4Fp! 2p—i),.2(i—k) i) —[i—k
=LV iy R ), (19

where u,, is a harmonic function.
It is likewise easy to prove the equality

p
Z(_l)p—imm i~k — grkpl—lr—H |} < p < 2k,

i=k
Taking the latter equality into account and setting Awu, = 0, we obtain
from (3.15)

lim  AF(? — p?)Puy(z) =

Btsz—yeS
= (4Fplp? PR Cp DI =Hy )T (), k<p<2k,  (3.16)
lim ARG — p?)Puy(z) =0, p<k, p>2k. (3.17)
Bt>z—yeS

The latter equalities immediately yield

min{v,2k}

(A0 ) = (33 62— ) =

p=0 p=k
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min{v—k,k} i
=(a% Y - u) @), 1<k<e (318)
i=0

3.2. On the Uniqueness of a Regular Solution. Below we will construct in
quadratures the solutions of Problems (I)*, (II)*, (II)*. Thereby we will
surely prove the existence theorems, but it will remain for us to show that we
have constructed all solutions and for that we need the uniqueness theorems.
We begin by deriving some identities of the Green formula type for regular
functions which will underlay the uniqueness theorems.

The function u defined in the domain Q will be called regular of the k-th
order, if u € C?*(Q), k € N. Tt is obvious that if u is a regular function of
the k-th order, then it will be regular of the k& — 1-th order (k¥ > 2), and the
regular function of the first order will also be regular by the definition from
Subsection 2.1.

We write the Green formula in the form

[tesv—vape = [ (o5 - 05 ds.

Q o

It is assumed that 2 is the bounded domain with a smooth boundary 012,
and u and v are the regular functions of the v + 1-th order in Q. Applying
successively the Green formula to the functions ¢ = uand ¢ = A¥v, p = Au
and ¢ = A’ u,..., o = Ay and @) = v, combining the obtained formulas
we will have

:i/ (Aku da"to dﬁnk“ A”*ku)ds. (3.19)

This identity is called the Gutzmer formula (Gutzmer [1]). It is used instead
of the classical Green formula in the theory of polyharmonic functions.
Let v and v be any regular functions of the v 4+ 1-th order in the domain
B*. The Gutzmer formula yields the identities (Vekua [3]):
19 For v +1 =2k

/uA2kvda: /AkuAkvda:—

k-1 2k—1—1i i N+
- Z/ Aly dA v_da LAI) s, (3.20)
S

, dn
=0
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20 Forv+1=2k+1

OAFy OAFYy  OAFu OAFY
2k+1 .
/UA vde /( 8.’)51 8.’)51 + 8.’152 8.’152 +

Bt Bt
Ay OAFy — dAZR=iy Ay N\t
= 7= " \dr = Al _ AQk—z ds —
+83:3 ng)x ,0/(udn dn U)S
= S
dAFpy+
_ k
/(A u— ) ds. (3.21)
S
The function
1 _
vo(z —y) = |z —y* ! (3.22)

4m2v!(2v — D!

is the fundamental solution (John [1]) of equation (3.1) in the space R®.

Let z € B*(0,p) and € be a number such that B(z,e) C B*(0,p). If in
the domain BT (0, p)\B(z,¢) we apply the Gutzmer formula to the regular
polyharmonic function u of the v+ 1-th order and to the function v : v(z) =
vo(z — 2) and take into account the equalities

— dn dn
T S(z,)
lim @A"Ugds =0,
e—0 d’n
S(z,¢)
. dAYvo(y — 2) . d  u(y) _
lim o uty,s = ~tim [ G- Pd, S = (),
S(z,¢) S(z,¢)

then we will obtain the integral representation of a regular polyharmonic
function of the v + 1-th order

uwz—i/Omeﬂgﬂﬂiﬁ—

=04 dn
ku
- (dﬁn )" (y) A Py (y — x))dyS. (3.23)

In proving the uniqueness of the regular solutions of Problems (I)* and
(TI1) ™ we use

Lemma 3.1. If the function u defined in Bt satisfies the boundary condi-
tions
d*u

+
Vyes : (W) () =0, k=0,...,v, (3.24)
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then the equalities

WyeS : (D%u) () =0, |8<v, (3.25)
are fulfilled.
Proof. Consider more general conditions than (3.24)

ku
%)+(y):fk(y), k=0, ... (3.26)

Let f, x € C*¥(S), k = 0,...,v. Then at each point of the surface S we
can calculate the derivatives of u in the tangential plane along two mutually
perpendicular directions 71 and 72 (see Subsection 1.1). Moreover, by (3.26)
we have the normal derivatives of the function u. Therefore at each point of
S the derivatives of v along any direction are expressed linearly in terms of
the derivatives along the directions 71, 75 and n. Therefore, given conditions
(3.24), equalities (3.25) are fulfilled. W

vyes:(

Theorem 3.1. Problems (I)*, (I)*, (III)* can have one solution at most
in the class of reqular functions of the v + 1-th order.

Proof. Tt is suffices to show that the homogeneous Problems (I)g, (II){,
(IIT)§ cannot have a solution different from zero. Let ug be a regular
solution of the v + 1-th order of anyone of Problems (I){, (II)g, (IIT)7.
Given the boundary conditions for the homogeneous problems (see also
Lemma 3.1), from identities (3.20) and (3.21), for v = v = ug, we have
Vz € Bt : Afug(z) = 0 when v + 1 = 2k, and Vz € Bt : Akug(z) = const
when v 4+ 1 = 2k + 1 (therefore A¥*lug(z) = 0). Repeating the forego-
ing arguments, we may claim that the equality Vo € BT : Aug(z) = 0
is valid and, together with the condition Vy € S : u™(y) = 0, it yields
Vo € Bt :up(z) =0. N

3.3. Solution of Problem (I)". The solution of this problem is sought for
in the form (see (3.5))

—~ (Jz* = p*)”
u(z) = Z W up(z), (3.27)
p=0
where ug, . . .,u, are the wanted harmonic functions in the domain B¥.

Since for the function uy we have the Dirichlet problem V& € BT :
Aug(z) =0, Yy € S : uf (y) = fo(y), uo is given by the Poisson formula
(see (1.1))

- Iﬂvl2
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Due to (3.13) and (3.14), for u represented by equality (3.27) we have

aku + N k—1 min{k—p,p} 2_ipp_kk! ' N

=75 ) W=u )+ T — (DE=P=D4,) " (y),

(Gr8) W= 0L X gty ) W)
k=1,...,v.

Taking into account the boundary conditions of Problem (I)T (see (3.2)),
the latter formula yields

k—1 min{k—p,p} 2—ipp—kk!

ul (k=p=1)y, VT (y) = _

The function Wy, where

k—1 min{k—p,p} 27ipp7kk' ( )
Wi (z) = up(z) + - - — ) (G
k( ) k( ) p;o P Z'(p—l)'(k_p_l)' r P( )

is harmonic in B* and W, (y) = fi(y), can therefore be written by virtue
of the Poisson formula Vz € B as

Wi (x) = TI(fr)(2)-

Hence

up(z) = I(fi)(z) —
k—1 min{k—p,p}

Thus uy is expressed by quadratures (formula (3.28)), whereas to calcu-
late uq, ..., u,, we have to additionally use differentiation. The function wuy
is expressed by means of uo,...,ur_1. Relations (3.28) and (3.29) are the
recurrent formulas for defining ug, uy, ..., u,.

The solution of Problem (I)* is provided by (3.27) in which we substi-
tute uo,...,u, from (3.28) and (3.29). Therefore u is given by recurrent
relations. We can however do without them. Indeed, if we introduce the
notation

2-ipp k] ,
p DEP Dy, (). (3.29)

pas il(p— i)k —p—1)!

min{k—j,5} —i j—k
27 L -
P, (D,)=— pk—i=i)
A D DI o, o
then it becomes obvious (see Subsection 1.2) that Py ;(¢) is a polynomial
of the k — j-th order. Now we can claim that the functions wug,u1,...,u,
will be represented in the form

k
ug(r) = ZPé'_j (D)) (), (3.30)
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where P}/ ;(¢) is a polynomial of the k — j-th order.
Substituting the values of uy from (3.30) in (3.27), the solution of Prob-
lem (I)* can be written as

v k
}j (|2 = p*)* Po_s (DT fi) (), (3.31)
0 2=0

where Py_;(£) is a polynomial of the k — i-th order with respect to .

To write the solution in its final form we need define polynomials Pj_;.
For this we are to proceed as follows.

Write the solution u of Problem (I)T as the sum

u=>"1, (3.32)
k=0

k. .
where u is the solution of the problem

Vz € BT :AV—H?]i(.’E) =0, veEN,

dqu

Vyes : (dq

) W) = bk filw), ka=0,..v,

k
— Problem (I)* , where 4, is the Kronecker symbol.

k
The solution of Problem (I)* is sought for in the form

Z_: kiz (|$|2;p )kﬂk( ), (3.33)

where ’{CLO, ’51, .. ,Zy,k are the harmonic functions for which on account of
(3.28) and (3.29) we obtain

q—1 min{g—j,k+j} i
k k 2 Zp] q(k + q) ( )
bo=nh, h=-5 S 2 -y
2 2 g0kt

qg=1,...,v—k.

But by (3.30) we have the representation

bo(@) = PyDOI(f) (), q=0,...,v— k. (3.34)
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k
For these two representations to be identical polynomials P,(¢) should
be chosen as follows:

Po(6) =1,
. g—1 min{qg—j,k+j} 2—ipj7q(k+q)| N
_ : (¢—i—9)p.
i DR DI M

0
k=0,1,....v, ¢q=1,2,...,v—k,
where
P =¢e-1)...(E-(p—1). (3.36)
k
Taking (3.33) and (3.34) into account, the solution of Problem (I)* takes

the form

ki k
Pi(Dp)I(fk)(x) (3.37)

by S L (2P =
”(x)_z(kn)!( 20 )

i=0
and by virtue of (3.32) we finally obtain

2

k 5 ;
ue) = X5 p (M) Poonioe,  Gay

where the polynomials Iqu are defined by the recurrent relations (3.35).

Thus we have constructed the formal solution of Problem (I)*. We do
not know what minimal restrictions have to be imposed on the function f;
in order that u defined by (3.38) give the solution of Problem (I)*. We do
not know either whether the problem has or has not other solutions. It is
true that if u defined by (3.38) is a regular solution of the v + 1-th order,
then it is unique (Theorem 3.1), but it still remains for us to investigate
under what restrictions imposed on the functions fy,...,f,, u will be a
regular solution of the (v + 1)-th order. To elucidate these questions we
need one property of the Poisson integral.

3.4. On One Property of the Poisson Integral. The main goal of this sub-
section is to prove

Theorem 3.2. If f € C(S), then
lim  (p? —|af*)*DETI(f)(2) = 0,

Btsz—zeS
p=0,1,...,k; keN
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0
To this end we will first consider the following auxiliary Problem (I)*

Vz € BY : APM(z) =0, peN,

0 (3.39)
= o (T ) o
YyeS:(w)7(y) = foly), (dnq) (y)=0,¢=1,...,p,
and write its solution (see (3.37)) in the form
P
/K (z,y) foly (3.40)
S
where
p 1 &1 fz]? = p2\io |z|? — p?
K =—) 5\l——) PiDr) —— - 41
(z,y) 47rpi20:i!( 20 ) i(Dr) EEE (3.41)

0
The polynomials P; (see (3.35)) are defined by the relations

q—1 min{qg—j,j}

10%(5)2—2 > W 2p" ' cai-ipe), (342

j=0 i=0

g=1,...,p
We easily obtain
P = -5 Pao =S+,
.7 P’ (3.43)
P3(§) = —5(E+2)(§+4).

Problem 20. Is the equality

?Dk@):(—%)’“f(uz)---(uz(k—l)), F=1...

fulfilled or not?

0
Lemma 3.2. In the polynomial P (£) the coefficient of &* is equal to
1k
(=2
Proof. The lemma will be proved by the induction method. Assume (see
(3.43))

0 1NG .
Pj(g):(—;) a4 ah, j=0,1,... k-1, (3.44)
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and prove the equality

Iojk(f) = (- %)kfk + a1 + -+ ao.

0
The polynomial P () defined by (3.42) can be written as

k—1

0 k! .,
Pk(f)z—;mf(k 9) J(f)+ak )

or, by virtue of (3.36) and (3.44), as

]03 (f)_—kilki! (—l)jfk‘i'a ¢y ta
k Sk =DYN o v
Therefore
k-1
0 1 R
Pk(f):__kfk E (_1)]? +ap_1EF N 4 tag =
= (k —5)l!

1
= (_;)k5k+ak715k71+'“+ao- u

Lemma 3.3. The estimate Vo € BT, Vye S :

‘( —J2f?) "2‘ p _| 0k keN, (345)
,’L'|3 — ,’L'|3 ) A ) ) N
is valid.
Proof.Using the formulas
2 2
p> — |z
E 2 @D +1)—— 3.46
y—ap = P Uy (340
» ¢ 3.47
o=l < (247
we easily obtain
> ke P (p* —|z[*)*
_ P ‘
o - tor =] < e
<c(ﬁ—lﬂcl )PP p —Irl2' -
- ly — x| T ly—zpP

Now we can proceed to proving Theorem 3.2. Let p < k. Then from
(3.46) and (3.47) we obtain

2
xr
(6 ~ laf) / e 14,5 <
ly —
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Cha d,S
S C(p2 _ |a’;|2)k p M/ky_yw, (348)
S

where 0 < a < 1, M = ma§c| f(y)|. Taking into account the inequality
ye
k —p— a > 0 and the estimate

Ve e BT : ——<ug,
ly —z2~2
S

we readily conclude that Theorem 3.2 holds for p < k.
Let now p = k. Then we have to prove the equality

lim _ (p? = |2[*)*DITI(f)(x) = 0. (3.49)

Btsz—zeS

First we will prove that

lim (o - 2D II(f)(x) = 0. (3.50)

Bt>z—z€S
To this effect we will consider the problem Vz € B*:
A%y(z) =0,

1 (3.51)

C(BVF () = Aoyt
vyes: 0w =1 (3) @=o.
Due to (3.40) and (3.43) the solution of this problem can be written in the
form

bz) = / K(z,9)f(4)d, S, (3.52)
S

where

: L PP P el
K(z,y) = m(u T Dr) R

We must show that the equality

e 81 = 160 @50

is fulfilled for f € C(S). For this we, in turn, have to prove

/Ilﬁ'(aj,y)dys =1 (3.54)
S

The function Yz € B* : v = 1 is actually a regular solution of the second
order of Problem (3.51) for f = 1, and, by Theorem 3.1, it is unique. On
the other hand, the solution of the same problem can be represented by
(3.52), and for f = 1 it is also a regular solution of the second order and
hence unique. The coincidence of both solutions gives us equality (3.54).
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Using (3.54) and Lemma 3.3, we have

b(@) - f(2)| = \ / K@ 9)(f() - f(Z))dyS‘ <

- Iﬂ«”l2
<e / W)~ £()Id,S,
ly
which yields equality (3.53). From (3.53) we conclude that

iim (M@ + 55 = DA @) = £(). (3.55)

Bt>z—z€S8

By virtue of the property of the Poisson integral the latter equality implies
(3.50).
Let us assume that (3.49) is fulfilled for K = 1,...,p — 1 and prove the
equality
lim _ (p? = [«*)"DPII(f)(z) = 0. (3.56)

Btsz—zeS

To this end we have to consider the problem

Vz € Bt : AP*(z) =0,

N d'oy+
YyesS : v (y) = fly), (%) (y)=0, 1=1,2,...,p,

whose solution due to (3.40) has the form

B(z) = / K (z,9) £ (v)d, S.

s
Repeating the same reasoning as for problem (3.51) in deriving (3.55),
we easily find

lim /Ka:y y)dy,S = f(2).

Bt>z—z2€8

Hence, remembering the fact that K is given by (3.41) and equalities
(3.49) are, by assumption, fulfilled for £k = 1,2,...,p — 1, we conclude by
virtue of Lemma 3.2 that (3.56) is valid. Theorem 3.2 is proved.

The following similar assertions hold for harmonic simple- and double-
layer potentials : if f € C(S), then

li P — |z DRV =0,
om0 = ) DRV () () -
p=0,1,...,k+1, kEN;
li ? — e Diw =0,
pedm  (p7 = |2 D W (f)(2) (3:58)
q=0,1,...,k, keN.
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Due to (1.9) and (1.10) these formulas are a corollary of Theorem 3.2.
Using (3.57) and (3.58), we readily convince ourselves by virtue of The-
orems 1.2 and 1.3 that the following theorem is valid.

Theorem 3.3. If f € CP*1(S), p=1,2,..., then

li 2 _ |zI2YkpaterD —
godm  (p7 = [2[)" D PI(f) () = 0, (3.59)

q=0,1,...)k, keN.

3.5. Analysis of the Constructed Solution of Problem (I)*. In Subsection
3.2 we introduced the notion of a regular solution of Problem (I)* and
proved the theorem of the solution uniqueness. To establish the regularity
of the solution of Problem (I)* expressed by (3.38) we need to impose an
increased smoothness on the boundary functions. To weaken this restriction
we introduce the notion of a classical solution and prove its uniqueness.

The solution u of Problem (I)™ will be called classical (or a classical
solution of the v + 1-th order) if

Ok

W S C(B+), kZO,l,...,V. (360)

We begin by proving

Lemma 3.4. If fi, € C>®(S), k=0,1,....v, then u defined by (3.38) is a
regular solution of the v + 1-th order in B™T.

The proof readily follows from the fact that under the assumptions of
the lemma we have the inclusion II(f;) € CP7(S), where 0 < v < 1,
p=1,2,....

Theorem 3.4. If u is a classical solution of Problem (1), then Vz € BT :
u(z) =0.
Proof. Let z be any point from BT. Since u, %, SN g:,’f are continuous
in Bt for any ¢ > 0 there exists, by virtue of the boundary conditions of
Problem (I){, a number § > 0 such that Yy € S(0,p) : |%| < ¢ for
k=0,1,...,v, where p' = p—¢', 0 < 0’ < 4. Assuming ¢’ < p — |z|, it is
obvious that z € BT (0, p').

Under the conditions of the theorem u € C*°(B¥(0, p')), and therefore,
due to Lemma 3.4, u is a regular solution of the v + 1-th order in BT (0, p')
of Problem (I)* with the boundary conditions

(((ZICTZ)+(Z/) = fr(y),
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where fi(y) = (22)(y), when y € S(0,p'). Thus (3.38) is fulfilled in the
domain B*(O,p') :
v k ’ .
_ Ll =p2y\ki
A=Y (F5r) P,

Now by virtue of Lemma 3.3 we have

2 v
z
/| |Z|l Z|fk )|dyS < ce.

Thus,Vz € BT : u(z)=0. ®
Theorem 3.5. If f; € C**17i(S), i =0,1,...,v—1, f, € C(S), then u
defined by (3.38) is the classical solution of Problem (I)*.

Proof. The function u defined by (3.38) has form (3.5) and it is therefore a
polyharmonic function of the v + 1-th order. As for condition (3.60), it is
obtained from Theorems 3.2 and 3.3 and from the fact that if f € C*+1(S),
then TI(f) € C*(B*), k € N, and if f € C(S), then II(f) € C(B*). One
can also see immediately that condition (3.2) is satisfied. W

Combining Theorems 3.4 and 3.5, we arrive at

Theorem 3.6. If f € C*T1=¥(S), i = 0,1,...,v -1, f, € C(S), then u
defined by (3.38) is the unique classical solution of Problem (I)*.

We have completed the investigation of the Lauricella problem (Problem

(DF).
3.6. Solution of Problem (II)*". In the first place we have to solve an aux-
iliary differential equation
k
Ve e BY : DFy(z) = F(z), keN, (3.61)

where the operator D is defined (see Subsection 1.2) as follows:

o= (0 (o3 (o 257,

We introduce the notation

/ (1=7) F(rz)y/rdr, k€N, (3.62)
0

and prove
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Lemma 3.5. If F' is a harmonic function in B, then in the class of har-
monic functions equation (3.61) has the unique solution defined by the for-
mula

k k
v(z) = J(F)(z). (3.63)
Proof. Consider the equation

0 2k+1
r%-&aw(aj):F(aj), a= 2+

It is easy to find that in the class of harmonic functions it has the unique
solution (see the solution of equation (2.21))

, keN (3.64)

:/F(Ta:)rafldr (3.65)

Hence it follows that in the class of harmonic functions equation (3.61)
has, for & = 1, the unique solution

1 1

() = J(F) ().

Thus Lemma 3.5 holds for £ = 1. Assume now that (3.63) is fulfilled and
prove that in the class of harmonic functions the equation

DIy (z) = F(x) (3.66)
has the unique solution
k+1 k1
¥ ()= J (F)(2). (3.67)
Indeed, since
pli+1] = pl (D L2k ; 3)

and, by assumption, the solution of (3.61) is uniquely defined by (3.63),
from (3.66) we obtain

1

2 k+1

(Dr+ k2+3)¢( '/Fra: )(1—)"=/rdr
0

or

(Dr+2k;3)k@7}1(z)= L '/TF(tE) (1—;)k71r*%\/£dt.
0
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Hence, due to the fact that the solution of (3.64) is given by (3.65), it is
easy to establish that the representation

r t1
k+1 1 _ 243 T _
Y (z) = N 5 /dtl/F(t;)(tl — )t dt
0 0

is unique.
Applying here

1
/dtl/tl—tnlf E/r—t
0

we readily convince ourselves that representation (3.67) is valid. W

k
We will mention some of the properties of the operator J defined by
(3.62). If F' is a harmonic function in B, then the following equalities are
valid Vo € B*:

DHJ(F)(x) = IOV F)(z) = F(o), (3.68)

IOV F) (@) = D0 S (F) () = J(F)(x), (3.69)
p<k, k,peN

Now we proceed to solving Problem (IT)*. Its solution is sought for in
the form (see (3.5))

Z 4,,  (l2* = p*) up (), (3.70)

where u,,, . ..,up are the desired harmonic functions in BT.
By virtue of (3.16) and (3.17), from (3.70) we obtain

(A"u)*(y) = (DMu,) T (y).

Hence, taking into account the boundary condition of Problem (II)* (see
(3.3)) we have

vy €S : (DYu,)t(y) = fu(y).

Since u,, is sought for in the class of harmonic functions, DLU]U,, is harmonic
in Bt (see (3.8)) and therefore for u, we have

D, (2) = TL(f, ) (). (3.71)
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Let k be a natural number 1 < k < v. Then, by virtue of (3.16) and
(3.18) we have from (3.70)

min{v—k,k} 1 +
ko \+ — k(.2 24\ ki . _
(A%u)™ = ; mA (r = p7)" " upti =
min{v—k,k} p2 i . +
N Z (Z) CiD gy | =
=0
i +
min{v—k,k} 20 '
— [ Dy, + Z (Pz) Cipk Ty,

i=1

By the boundary condition of Problem (II)T the latter equality yields

. +
min{v—k,k} 200 ‘
DMy + Y (f’Z) CipMllyy i | = fi.

Hence, by virtue of the fact that the function

min{v—k,k} 2
DMy, + Z (/’Z) Cipk=lily,

i=1
is harmonic in Bt, we obtain
min{v—k,k} p2 i .
DMy =T(fi) — (Z) Cipl—lily, ., 1<k<wv. (3.72)

i=1

From (3.71) and (3.72) we now obtain, due to Lemma 3.5 and formula
(3.69), the representations Vo € B¥:

uy (z) = J(T(f,)) (@), (3.73)

min{v—p,p} 9

pP2\E o pl k
which are recurrent relations for defining the functions w,,, ..., u1, contained

in (3.70). It remains for us to define ug. This can obviously be done using
the Dirichlet problem Vo € BT : Aug(z) = 0, Vy € S : (uo)T(y) = foly).
Therefore ug can be represented by the Poisson integral

up = II(fo). (3.75)
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Thus the solution of Problem (II)™ is given by (3.70), where the functions
Uy, ..., uy are defined by (3.73)—(3.75).

3.7. Alternative Representation of Solutions of Problem (IT)™. To investi-
gate solutions of Problem (IT)* it is of importance to represent solutions
in the form showing explicitly the role of each of the boundary functions
fo,---, fu. To this end we will consider the special boundary value problems

Ve e BT : Ak"'lﬁ(x)zo, k=0,1,...,v;
k
VyeS : (APu)T(y) = Skpfp(y), p=0,1,...,k,

k
and denote them by (IT)*.

k
It is obvious that if & is the solution of Problem (I1)*, then

u(z) = Z u(z) (3.76)

k=0
is the solution of Problem (IT)*. It is likewise obvious that
0

u(z) = TI(fo)(x)- (3.77)

k
Write the solution of Problem (II)* in the form (see (3.5), (3.70))

k )
k 1/lz> —p?\ik
u(z) = jE_l 7l (T) uj(x), (3.78)
where 1’31, .. .,f% are harmonic functions. By virtue of (3.73), (3.74), the

latter functions are defined by

k k
ug(z) = J(I(fe))(2),
min{k—j,j} d 2 .
ko) — _ _J PNk (3.79)
i = ; G —a(4) @),
j=1,2,... k1.

Hence

k ak .

uj(z) = Y aad JAUfR))(2), j=12,....k, (3.80)

la|=k—j

where @ = (a1,...,a—1) is the multiindex, 0 < «; < k — j, a, are the
constants,

a1 Q9 Ak —1
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0
J is the identical operator, and

Dk

TIE) @) = TI(E)) () =

1 1
(1-— (1- k
:// Tl T]Q-)) F(TlTQQZ)\/TlTQdTldTQ.
0 0

k
Now the solution of Problem (II)* takes the form

k 2 _ 20 o
5(9:):20%(""7”) S a @A), (381)

loe|=k—3

Thus (see (3.76)) to solve Problem (IT)™ we have

ZZ LEEZ2Y S i@, 68

k=0 j=0 7 la|=k—j
3.8. Uniqueness Theorem for Problem (II)*. First we should indicate some

properties of the functions {CLJ- and 1 represented by (3.80) and (3.81).
Lemma 3.6. If fi, € C(S), then the inclusion

DMi; € C(BY),

(3.83)
k=1,2,...,00 j=1,2,...k h=01,...,2k—j
is valid for the function 1];]' defined by (3.80).
Proof. 1t is easy to verify the validity of the equality
k k-1 2%+ 1k
D, J(I(f)) = J (II(f)) — JI(f)), keN,
which, in turn, yields
k p=1k I+ 17
D g =" ) - 2L 1), (3.84)
p=1,2,..., k=0,1,....

But if f € C(S9), then II(f) € C(B*) and therefore v € C(B*), where

F_ |
v(z) = / %H(Tﬂ:)ﬁdﬁ

It is likewise easy to establish that

Dk _
JJ(I(f)) € C(BY), p,k=0,1,....
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Hence, using the induction method, we conclude by virtue of (3.81) and
(3.84) that inclusion (3.83) is valid. W

Lemma 3.7. If fi, € C(S), then the inclusion
A™ € C(BY), mk=0,1,...,v, (3.85)

is valid for the function % defined by (3.81).
Proof. By Lemma 3.6

D™y € O(BY), k=1,...,v; m,j=0,...,k.
Hence on account of (3.15) we have

A™(G? — )it € C(BY), k=1,2,...v; m,j=0,...,k

Now (3.78) yields

A™G e O(BY), k=1,2,...v; m=0,1,....k (3.86)
Moreover,

Ve e BY @ A™i(z) =0, k=0,1,...t; m>Fk. (3.87)
Therefore inclusion (3.85) follows from (3.86). W

Lemma 3.8. If fi. € C(S), then we have the estimate

Yz € BT : |Am§(z)| < cmeaé(|fk(y)|, m,k=0,1,...,v, (3.88)
y

forft defined by (3.81).

Proof. On account of formulas (3.15), (3.78)

k J i—i .
k 1 (=175 oy 2(i-m) il —li-ml k
mk _ : S\ J 7 1 mDZ —m .
AMy Z— Z (i—m)!(j—i)!p T - Uj
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Note that DL"]*“*’“] is a polynomial of order m with respect to D,.. There-
fore taking into account (3.84) and the estimate

1 1
1_ q
Tl T2) VT1T2 H(fk)(T1T2a?)dT1dT2 S
q'
0 0

11
(1- q
S// 7'1 q|7-2) /T1 T2 glg§(|fk(y)|n(l)($)d7'1d7-2§
0 0

11
1—7)P (1 -—m)?
<max|fk |//( '1) ( '2) VTiT2 dridry < cmax |fr(y)],
p! q! yeSs
0 0

one can readily establish that
Vz € BT : |Am (z )|§cm€a§(|fk(y)|, k=1,...,v; m=0,...,k, (3.89)
y

which by virtue of (3.87) yields (3.88). W

Let us introduce the notion of a classical solution of Problem (II)".

The solution u of Problem (II)* will be called classical (or a classical
solution of the v + 1-th order) if A*yu € C(B*), k=0,1,...v

For the classical solution we have

Theorem 3.7. If u is a classical solution of Problem (I1){, then Vz € B :

u(z) = 0.
Proof. Assume z to be arbitrarily chosen in BT, Since u,Au,...,A"u are
continuous in BY, for any € > 0 there exists a number § > 0 such that
|AFu(y)| < e, k =0,1,...,v for y € S(0,p'), where p' = p—4',0 < §' <.
Besides, if the condition §’ < p — |z| is imposed on ¢', then z € B*(0, p')
The problem
Vz € B(0,p") : AV tu(x) =0,
vy € S(0,p) : (A*u)*(y) = fuly), k=0,1,...,v,

where fi(y) = AFu(y), for y € S(0,p'), has, due to (3.82), the solution

u(z) = Zq’i(x) =
k=0
_ZZ ('m| ol ) > aa35(ﬂ(fk))(a:). (3.90)
lal=k—j

Under the conditions of the theorem f € C*°(S(0,p')). Now it is easy to
find that this is the regular solution of the v + 1-th order in B*(0, p') and
therefore it is unique (see Theorem 3.1).
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Now by virtue of Lemma 3.8 (3.90) yields

lu(2)| < ce.

ThusVz € Bt : u(z)=0. N

Lemma 3.7 and Theorem 3.7 provide the proof of

Theorem 3.8. If f;, € C(S), k = 0,1,...,v, then u defined by (3.76)-
(3.79) is the unique classical solution of Problem (II)*.

3.9. On One Algorithm of the Solution of Problem (II)". This subsection
will deal with an algorithm of constructing solutions of Problem (IT)T that
differs from those discussed above. We begin by considering an auxiliary
problem

Vo € BY : Ab(z) = (jz” = p*)PFp(x), o)
VyesS :vt(y)=0, p=0,1,..., '

where F), is a harmonic function in BT, for the nonhomogeneous Laplace
equation.
The solution of this problem is sought for in the form

bR (2P =)
v(z) = E 1 i (z), (3.92)
=1

where v; are the desired harmonic functions. It is obvious that b satisfies
the boundary condition of problem (3.91).
The equality

A = oY) = 417 = ) (Dt 2 Y+

+4l(l = 1)p*(r* = p*)' P

enables us to readily conclude that b defined by (3.92) is the solution of
equation (3.91) if the functions 91, ... ,1¥p4+1 satisfy the conditions

2p+3
(Dr + )¢p+1 = Fp,
2m+1
(DT‘ + 2 )¢m = _mp2¢m+17 m = 1727' - P
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But, as shown above, in the class of harmonic functions equation (3.64)
has the unique solution u represented in form (3.65). Therefore we write

1
0 (3.93)

(@) = —mp? / s ()7 A, m=1,2,...,p,

where

i=1,2,....,p+1.

Thus the solution of problem (3.91) is given in form (3.92), where the
functions tpy1, ..., are defined by the recurrent relations (3.93).
Let us now turn our attention to Problem (II)*

Vo € BT : AV lu(z) =0, veEN,
vyes : (Au)t(y) = fily), k=0,1,...,v

Introducing the notation, v; = Afu, i = 0,1,...,v, it is obvious that vy = u,
Av;y =wv;,1=1,2,...v — 1, Av, = 0 and the condition

Yye s : U,j'(y) = frly), k=0,1,...,v,
is fulfilled. Therefore for v,, we have the problem
Vo € BT : Av,(z) =0,
Yy €S v (y) = fuly),
whence we obtain
vy (x) = T0(f,) (). (3.94)
Now for the functions v, _1, ..., vy we have the following recurrent, problems:
Ve € BT : Avp(z) = vpy1 (),
; (z) = vk (2) (3.95)
VyeS v (y) = fely), k=v—-1,...,1,0.

Considering these problems successively and remembering the fact that the
solution of equations (3.91) is represented in form (3.92), problems (3.95)
can be replaced by the problems

Vz € BT : Awvg( arp(|z])? — p*)P Fy(z),
ik ( Z kp|| ) p() (3.96)
Vye S v (y) = frly), k=v—1,...,0,

where F}, are the known harmonic functions and ay, the defined constants.
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To solve problems (3.96) it suffices to solve problem (3.91) and to write
the solution of (3.96) as

v—k—1
Vg = Z akp5+H(fk), k=0,1,...,v —1,
p=0

where © is defined by (3.92).

Thus the proposed algorithm actually reduces the construction of solu-
tions of Problem (IT)T to problem (3.91), i.e. to the Dirichlet problem for
the nonhomogeneous Laplace equation whose special right-hand side con-
tains the zero boundary condition and is, in turn, reduced to finding the
functions 1, ...,¥py1 from the recurrent relations (3.93).

It should to be said that the solution of Problem (II)* by the algorithm
in question is effective for small v. For an arbitrary v the problem of con-
structing solutions of Problem (IT)* by this algorithm in the closed form
and of finding the differential properties of solutions is evidently a difficult
one.

3.10. Solution of Problem (III)*. Let us consider the following two prob-
lems:

Problem (III){. Find a polyharmonic function u' of the v + 1-th order
in BT by the boundary conditions

dhu'\ +
(dnh) (W) =fuly), h=0,1,....5c, 1<3<v,

(3.97)
(AT )T (y) =0, g=sx+1,...,v. (3.98)

Problem (III); . Find a polyharmonic function u” of the v + 1 -th order
in BT by the boundary conditions

dhull +
(dn—h) () =0, h=0,1,...,%, 1<x<u, (3.99)
(A% (y) = f,(y), g=3+1,...,0. (3.100)

Obviously, these problems are the particular cases of Problem (IIT)"
whose solution u is representable as the sum

u=u'+u". (3.101)

Thus the solution of Problem (III)T reduces to the solution of Problems
(I and (TTT)3 .
The solution of Problem (ITI)] is sought for in the form

! _ = $|2—,02 i
u'(z) = Z Wup($)7
p=0
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where uy, . .., ul, are the desired harmonic functions. It can be easily verified
that Vo € BT : A%/(z) =0, for ¢ = 5+ 1,...,v and therefore conditions
(3.98) are fulfilled automatically. Just like in the case of deriving the solution
of Problem (I)™ (see (3.35), (3.38)), conditions (3.97) enable us to construct
solutions of Problem (IIT){ in the form

x k 2 2 i
v@ =33 5 (o) b, @)
where

k k
PO(&):L Pl(f):

__1—21 min{lik+j} 27 I~ (k +1)! g(l—j—i)lkD.(g)

= - B (S U ] 7357 (3.103)
k=0,1,...,3¢; 1=1,2,...5¢—Fk;

€M =g(e—1)--(E—p+1).

Now consider Problem (IIT) . Its solution is represented by

v
(lzl” = p)?
HOESY BT up (), (3.104)
p=x+1
where u), |,...,u, are the desired harmonic functions.

We observe that by virtue of (3.14) conditions (3.99) are automatically
fulfilled for u' if

Diul € C(BT), k=0,1,...,5 p=3x+1,...,v. (3.105)

Like in the case of Problem (IT)T (see (3.73), (3.74)), to satisfy conditions
(3.99) we have the following recurrent relations for w,, ..., Usi2, User1 :

ull(z) = J(I(f,) (@), uf(z) = f}(H(fj))(a;) -
min{v—j,j} >
- (B) eIl @), j=s+1,.,v=1.  (3.106)

Note that if f; € C(S,), i = >+ 1,...,v, then inclusion (3.105) holds
(see the proof of Lemma 3.6) for the functions w,.y1,--- ,uy.

Thus the solution of Problem (III)* has form (3.101), where ' is defined
by (3.102), (3.103) and u” by (3.104), (3.106).

The regular solutions of Problem (ITT)* were defined in Subsection 3.2,
wherein their uniqueness was also proved. But the uniqueness theorem
applies to a wider class of functions than the class of regular functions.
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The solution u will be called the classical solution (or the classical solution
of the v + 1-th order) of Problem (III)* if

—h € C(BT), h=0,1 1<x<v
lh’ ) ) ) ) ) — )

Alu e C(BY), gq=»+1,...,0.

Like for the classical solutions of Problems (I)* (II)* (see Theorems 3.6
and 3.8), one can prove

Theorem 3.9. If f; € C**1=4(S), i = 0,1,...,—1, f; € C(S), j =
»#,...,v, then u = u' + u", where v’ and u'" are respectively defined from
(3.102), (3.103) and (3.104), (3.106), is the unique classical solution of Prob-
lem (II)*.

Problem 21. Give a detailed proof of Theorem 3.9.

3.11. On the Green Functions. The solution of Problem (I)* (Lauricella
problem, see (3.2)) for a polyharmonic equation can be represented by
means of the Green function. The Green function of Problem (I)* for
equation (3.1) is denoted by G,4+1 and described as the function defined
on the product BT x B*. Note that for any fixed y € BT the function
Gu+1(+,y) is a continuous solution of (3.1) in the domain B™\{y}. Thus
Vo € BT\{y}:

AYFLG, 4 (2,y) = 0.
Moreover, Vz € S:

(GV+1 ('7 y))+(z) = 07

(o)’

and hence we have the representation

Guii(z,y) =vollz —y|) + guy1(z,y),

where vg is the fundamental solution (see (3.22)) of (3.1) and g,4+1(-,y) the
continuous solution of (3.1) in BT.

Problem 22. Construct the Green function of Problem (ITI)* (Riquier
problem, see (3.3)) for the domain BT.

Indication. See Markhasev [1] and Nicolesco [1].

Problem 23. Construct the Green function of Problem (III)* (see (3.4)).
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Using the Green function G, 1, the solution of Problem (I)T is written
in the form

(5] v—k
uw) == [ (@t S
k=0 S "
dAFy
( dn
where [§] is the integer part of the number .

This formula is given for the case m = 2 in Nicolesco [1], Vekua [3], and
for any m in Nicolesco [1]; Bremerkamp, Bottema [1], Boggio [1,2]. It can
be obtained from (3.23) if vy is replaced by G, 1.

In addition to u and %% given on the boundary (see (3.2)), this formula
also contains Au, %, ...; which are not directly given on the boundary.
It is true that all these functions can be expressed by means of the given
functions fj, but such a connection is of local character, decreasing essen-
tially the effectiveness of representation (3.107). It was Bremerkamp and
Bottema who paid attention to this fact. In some particular cases (v = 2
and m = 2, v = 1 and m is arbitrary) these authors succeeded in express-
ing the integrand in (3.107) through the known functions. Note that our
solution representation formulas are free from this drawback.

+
) 0) AL G (y,2)) S, (3.107)

Problem 24. Find a polyharmonic function u of the v + 1-th order in the
domain B~ by the boundary conditions

dRuy -
wes: (35) =AW, k=017

where fo, ..., f, are the known functions on S (Problem (I)7).

Problem 25. Find a polyharmonic function u of the v + 1-th order in B~
by the boundary conditions

vyES : (Aku)_(y):fk(y)7 k:0717"'7y7
where fo, ..., f, are the known functions on S (Problem (II)~).

Problem 26. Find a polyharmonic function u of the v + 1-th order in B~
by the boundary conditions

d"uy—
vyES(W) (y):fh(y)7 h:07177%7

(A%)~(y) = fo(y), g=»+1,...,v,
where fy, ..., f, are the known functions (Problem (III)7).

Problem 27. Find a condition (at infinity) that provides the uniqueness
of the solutions of Problems (I)~, (II)~, (III)~.
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X k X

In conclusion, we observe that the polyharmonic equation (3.1) becomes,
for v = 0, the Laplace equation which was dealt with in Chapter I. In
Chapter III consideration was given to the case v = 1,2,.... When v = 1,
equation (3.1) is called biharmonic. Using the Airy stress function, one can
reduce systems of equations of plane elasticity to the biharmonic equation.
When v > 1, the polyharmonic equation is the simplest differential equation
of a higher order. Evidently this and other reasons explain special inter-
est, of the researchers in this equation. Among numerous works devoted to
the polyharmonic equation we would like to mention Mathieu [1], Gutzmer
[1], Venske [1], Almansi [1-3], Lauricella [1-3], Volterra [1], Levi-Civita [1],
Goursat [2], Marcolongo [3], Boggio [1], Quintilli [1], Pizzeti [1], Riquier [1],
Riesz [1], Nicolesco [1,2], Saks [1], Muskhelishvili [3], Picone [1], Privalov
[1], Vekua [1-4], Schréder [1,2], Tolotti [1], Miranda [1,2], Fichera [1], Bre-
merkamp [1-3], Bremerkamp and Bottama [1], Markhasev [1], Chicinadze
[7,8] and others.
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CHAPTER IV
BOUNDARY VALUE PROBLEMS OF THERMOELASTICITY

4.1. Formulation of Problems and Auxiliary Propositions. Consider a sys-
tem of static equations of thermoelasticity (Nowacki [1], Kovalenko [1],
Kupradze et al. [1])

pAu(z) + (A + p) grad div u(z) —ygrad 8(z) =0,

Af(z) =0, (41)

where x = (z1,z2,23) is a point of the Euclidan space R?, A the Laplace
operator, u = (u1,us,u3) the displacement vector, § the temperature, A
and p the Lamé constants, v = a(3\ + 2u), « the linear thermal expansion
coefficient. The constants A, u and v satisfy the conditions

3AN+2u>0, pu>0, v#0. (4.2)

System (4.1) contains the unknown displacement u which is a vector
value and the unknown temperature # which is a scalar value, i.e. we are
to find the pair (u, @) or the four of scalar values (uq,us,us,8).

The vector determined by

P = (") _0n, (4.3)

where 7(") = (Tl(n),rén),rén)),

8.’)5]' + 8.’)31
is the stress vector in the theory of elasticity, is called the stress vector in
the theory of thermoelasticity.

As previously, BT denotes the ball with centre at the origin and radius
p, B~ denotes the entire space with a spherical cavity BT (B~ = R*\B™),
S=0B*=0B~ ={z e R®||z| = p}.

This chapter is totally devoted to solving in quadratures the following
boundary value problems:

Find in Bt and in B~ a continuous vector u and a continuous function 6
such that the pair (u,#) satisfy in BT and accordingly in B~ system (4.1),
using the boundary condition

Ou; Buj) (4.3)

Ti(n) = An;divu + ,unj(

W*=f O =n (4.4)
— Problem (I.I)*; or
WE=1 () =n (4.5)

— Problem (L.II)*; or
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— Problem (ILI)*

(r® —gn)* = 7, (a_n)i _ (4.7)
— Problem (ILIT)*
(n- u)i =g, ("™ —n(n- T(”)))i =1, O)F=n (4.8)
— Problem (IIL.I)*; or
(n ) (T(")—n(n-T(”)))i:l’ (g_z)i:n (4.9)
— Problem (III. II)
(n- r(n )i =g, (u—n(n- u))i =1, OF =y (4.10)
— Problem (IV.I)%;
(n- T 70) g, (u—n(n-u))i =1, (%)i =n (4.11)

— Problem (IV.IT)*

Here f = f = (f1, f2, f3), I =1 = (I1,12,13), g and n are functions given
on S.

If f=0,1=0,g=0,n=0, then the corresponding problems will be
called homogeneous and denoted by the same symbols adding to them the
subscript “zero”: (LI)F,--- ,(IV.IT)F.

A solution (u, ) of system (4.1) will be called regular if u,0 € C'(B*)N
C?(B%*). A solution (u,6) of system (4.1) will however be called classical if
u,0 € C(B*) N C?(B*) and, additionally, if (%)jE € C(S) in the case of
Problem (LIN)*, if (r(")* € C(S) in the case of Problems (ILI)*, (ITLI)*,
(IV.D)*, and if (r(M)*, (%)i € C(9) in the case of Problems (ILII)¥,
(ITLIT)*, (IV.IT)*.

The uniqueness theorems are proved in Kupradze et al. [1] and Nowacki
[1]. Moreover, regular solutions of these problems exist if the boundary
data satisfy — in addition to certain conditions of smoothness — conditions
of solvability as well.

The results obtained in Kupradze et al. [1]; Buchukuri, Gegelia [1,2]
readily imply the following theorems needed for our purposes.

Theorem 4.1. If regular solutions (u,8) of the homogeneous Problems

(LIDg ,
, (IV.IL), satisfy, near the point at infinity, the conditions

u(z) =o(1), 0(z) =o(1),
then these problems have only trivial solutions

Vee B™ :u(z)=0, 6(z)=0.



113

Theorem 4.2. The homogeneous Problems (LI)§ and (IV.I){ have only
trivial regular solutions Yz € BT : u(z) =0, 6(z) = 0.

Theorem 4.3. All regular solutions of Problem (I.II)[)" are given in the
form ¥z € BT :u(z) =0, 6(z) = 0y, where 6y is an arbitrary constant.

Theorem 4.4. All reqular solutions of Problem (ILI){ are given in form
Ve € BT :u(x) = [a x 2] +b, 0(x) = 0, where a and b are arbitrary
three-dimensional constant vectors.

Theorem 4.5. All regular solutions of Problem (ILII)I are given in form
Vo € BT :u(z) = v0ou(x) + [a X z] + b, where Oy is an arbitrary constant; a
and b are arbitrary three-dimensional constant vectors, and w is a solution
of the problem

pAu + (A + p) graddive =0,

(T(n))+ — (4.12)

Note that the latter problem is solvable and, as one can easily verify, its
solution is given by

o 1

- ! '
u(z) = T 2’ua: +[a" x 2]+, (4.13)

where a’' and b’ are arbitrary three-dimensional constant vectors.

Theorem 4.6. All regular solutions of Problem (IILI)I are given in the
form Vz € Bt : u(z) = [a x z], 6(x) = 0, where a is an arbitrary three-
dimensional constant vector.

Theorem 4.7. All regular solutions of Problem (III.II)(T are given in the
form ¥z € BT :u(x) = [a x z], 6(x) = by, where a is an arbitrary three-
dimensional constant vector and 6y an arbitrary constant.

Theorem 4.8. All regular solutions of Problem (IV.IL)] are given in the
form Yz € BT : u(z) = 790114(35), O(xz) = 0o, where Oy is an arbitrary

constant and 1 is a solution of the problem
Ay + (A + p) graddivu =0,
)+ +
(™) W) =1, (u—n(n-u)’ @ =0,

given by the formula

(4.14)

1()_ 1
uE _3)\+2u$'

(4.15)
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Theorems 4.1 to 4.8 are easily proved if one takes into account the fact
that the static problems of thermoelasticity are divided into problems for
0 (boundary value problems for the Laplace equation) and problems for u
(boundary value problems of classical elasticity). For example, if (u,#) is a
regular solution of Problem (IL.IT){, then

00\ +
o) =
pAu + (A + p) graddive — ygradf = 0, (T(”) - 7911)+ =0.

A9 =0, (

)

The former of these problems is the Neumann problem for the Laplace
equation and has the solution 8 = 6y, where 6y is an arbitrary constant.
The latter problem, upon substitution 6 = 6, takes the form

pAu + (A + p) graddive =0, (7'(”))+ = v0pn.

This actually is the second problem of classical elasticity, and keeping in
mind the uniqueness of its solution, as well as the fulfilment of the solvability
conditions

[rwas=0. [xnwida,s=o
s s
one can easily make sure that Theorem 4.5 is valid.
Let us discuss in a more elaborate way the conditions of solvability of
the boundary value problems.
Problems (LI)*, (I.II)~, (ILI)~, (IILI)*, (IILII)~, (IV.I)* and (IV.II)~
are solvable for any sufficiently smooth (see Kupradze et al.[1]) boundary

data (i.e. for any smooth f,1, g and n).
Consider Problem (ILI)*:

pAu + (A + p) graddive — ygradd = 0,
(T(”) - 79n)+ = f,
AG=0, (O)T =n. (4.17)

(4.16)

Problem (4.17) is the Dirichlet problem for the Laplace equation and it
is solvable for any continuous 7. Substituting 6 from (4.17) in (4.16), we
obtain the second boundary value problem of classical elasticity

pAu+ (A + p) grad divu = &, (7'(”))+ =F, (4.18)

where ® = ygradf, F = f +~yn(6)*.

For this problem to be solvable (see Kupradze et al. [1]) it is necessary
that the main vector and the principal moment of external force be both
equal to zero:

/@(m)da:— /F(y)dyS =0,
S

B+
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[lox #@)de~ [l x F@)d,5 =0
B+ S

or, taking into account the expressions for ® and F', that

/ f()dyS =0, / v % £(1)]dyS =0. (4.19)
S

S

These conditions will be regarded as fullfilled for Problem (IL.I)™.
The conditions of solvability are

/ f(y) dyS =0, /[yXf(y)]dySZO, / () dyS =0 (4.20)
S

S S
for Problem (IL.II)";

[ xwna,s =o (4.21)
S
for Problem (ITL.I)";
Juxiwnas=o. [awa,s=0 (4.22)
S S
for Problem (ITL.IT)*, and
[nwra,s =0 (4.23)
S

for Problems (LII)* and (IV.ID)*.

4.2. Special Representations of Solutions. In constructing in quadratures
the solutions of the problems stated in the preceding subsection, we make
use of special representations of displacements by harmonic functions that
are similar to (2.12), (2.16), (2.18). The theorems below are easy to prove.

Theorem 4.9. If

2 _ 2

u=uv+" grad, (4.24)

where Av =0, Ay =0,
(D, + a)yp = B(divo — §6), (4.25)

p is a positive integer constant, 6 any solution of the equations A = 0,

r = |z|, D, ET% :a:ka%k,

1% Atu Y
= = 0= —— 4.26
=3 PE T A+ p (4.26)
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then the pair (u,0) is a solution of system (4.1) in R*\S(0, p).
Theorem 4.10. If

p2 _ 37.2
u(z) = v(z) + (2D, + )(x) + — grad ¢ (z), (4.27)
where Av =0, Ay =0,
220+ 3N+ 2u .
2D%) + 2 D, =6 — divo,
A W S v (4.28)

A6 =0,
then (u,0) is a solution of system (4.1) in R3\S(0, p) and

(1" — ynb) = h+ (p* — r*)D, grad ¥, (4.29)

=1

where n(x) = %, and h = h = (h1, ha, h3),

I

hi(x):arj( a%:j + a;:i )—xidivv(a:). (4.30)

Theorem 4.11. If

w(z) =v(@)+22D, + Do(z)+ 2" grad(v(z) +24(2)), (4.31)

where Av =0, Ap =0, Ay =0,

(D, + a)y = B(divv — 60 + 2D + 5D,¢ + 3¢),

4.32
AB =0, (432)

then the pair (u,0) is a solution of system (4.1) in R*\S(0, p).
Problem 28. Prove Theorems 4.9 to 4.11.

Representation (4.24) will be used to prove Problems (LI)*, (LI)¥,
(ITLI)*, (IIL.IT)*. Representation (4.27) is convenient to prove Problems
(ILI)* and (ILII)*, whereas Problems (IV.I)* and (IV.IT)* are solved by
(4.31).

Note that in dealing with the problems of thermoelasticity for # we have
the Diriclet or Neumann problem and therefore 6 can be regarded as deter-
mined. Our task is to determine wu.

In the rest of the subsections of this chapter we will concern ourselves
mainly with the construction of solutions of the boundary value problems
of thermoelasticity and formulate the main properties of solutions without
proving. These properties (as will be clear from the form of solutions)
readily follow from the corresponding properties of solutions of the boundary
value problems of classical elasticity and from the properties of solutions of
the Dirichlet or Neumann problems for the Laplace equation.
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4.3. Solution of Problems (L.I)*, (L.II)*. We are to find the displacement
vector u in form (4.24). Then in the case of Problem (I.I)*, we have the
Dirichlet problem for # and v in BT. 8 and v are determined by the Poisson
formulas

0=1(n), v=I(f) (4.33)

Substituting the found values of # and v in (4.25) and treating the latter
as a differential equation for 1), we obtain

(Dr + a)yp = F, (4.34)

where

F = B(divII(f) — 6TI(n)).

The solution of (4.34) in the class of harmonic functions has the form

-2 p—|7'a:|2_1 dr B
¢ 47rpdv// |y—ra:|3 p) T2*04'f(y) dyS
- |7'a:|2 dr
47r,, |y T 1Y) dyS. (4.35)

Using (4.24), (433) and (4.35), the solution of Problem (L.I)* can be
written as

/Ka:y dS—l—'y/@a:y n(y) dy,S,

(4.36)
0(x) = H(n)(l‘),
where K is determined by (2.25) and
0 =0 = (01,0,,03),
Al / ~lraf? _dr
© =- .
k(xay) (/\+3u p ailﬁk |y_7.$|3 rl-—a
Problem (L.IT)" is solved similarly by the formula

/Ka:y dS—l—'y/@zy(y)dS,

(4.37)

6(z) = N(n),
where K is determined by (2.25) and N by (1.7), ©O=0= ((:)1,(:)2, (:)3),

1
2 2
N pm =z 0 / 20
@ = s N 4 N A v — 12|
k(@,y) 8t(\+ 3p)p Oz, (Iy—ml
0
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d
—In((jrz =yl + p)* = I7al?) ) =

Theorem 4.12. If f,n € C(S), then the pair (u,0) determined by (4.36)
is the unique classical solution of Problem (LI)*.

Theorem 4.13. If f,n € C(S) and n satisfies condition (4.23), then the
pair (u,0) determined by (4.37) is the classical solution of Problem (III)*.
In this case u is determined uniquely and 0 to within an arbitrary constant.

Problem 29. Prove Theorems 4.12 and 4.13.

In a manner similar to the above one the solution of Problem (I.I)~ is
given by

/K'a:y dS—l—'y/@'zy n(y) dyS,

(4.38)
0(z) =1I'(n)(z)
and the solution of Problem (L.II)~ by
/K'a:y dS—l—'y/@'zy n(y) dyS,
(4.39)
0(z) = N'(n)(=),
where K’ is determined by (2.: 37) IT' by (1.1') and N’ by (1.7"), ©'=0" =
( I (_)I) @I — (_)I ( I (_)I)
Z2 - p* 8 1| 2 = 722
, z2 —p e
—___m=pr 9 [P TT —ay
Ok, y) 8m(A+3u)p azk |z — Ty|3 Toan
1
5 CzP=p* i/ 2or | lr—Tyl+ e[+ 7oy dr
Ok(z,y)= 87r(/\+3,u Oxy, |a:—7'y| |a:—7'y|+|a:| —Tp) rlita’

0

Theorem 4.14. If f,n € C(S), then the pair (u,0) defined by (4.38) [(4.39)]
is the unique classical solution of Problem (I.I)~ [(III)~].

Problem 30. Prove Theorem 4.14.
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4.4. Solution of Problems (ILI)*, (ILII)*. The solution is to be found in

form (4.27). One can esily verify that h determined by (4.30) is a harmonic

function in B*, whereas from (4.29), (4.6), (4.7) we obtain (h)* = £ f.
Thus h is the solution of the Dirichlet problem and is written as (2.43).
To find v we obtain equation (2.48) whose solution is given by (2.60), i.e.

! 9
vile)= 8mp /((q)(l)(x’y)+‘1’(2)(ﬂf,y))5ik +tohg (@M (2,y)—
S
_3® 3zoy, 0 o) 3y
5z y) + =5 )~ g, - (200 y) + 3 ) +
62
o Oz 0z, (2? (@y) - Q(l)(x,y)))fk(y) dyS +
+ €ijra;Tr + bi, (4.40)

where ay, as, as, by, ba, bg are arbitrary constants, ®(1) and ) are deterem-
ined by (2.53).

Formula (4.30) implies div v = — div h and to determine ¢ we obtain (see
also (4.28)) the equation

20+ 1 3N+ 24 .
2D%) + 2 D, = 4.41
)+ p U+ )‘+H¢ 00 + div h, ( )
which can be rewritten as
220+ 3N+ 2u
2D% (¢ — 2 D, (¢ — ——— (W —¢)=F
F(z) = 6(0(x) — 6(0)) + div h(z) — div h(0), (4.41")
At .
c= T2 (69(0) + div h(()))

The latter equation actually coincides with (2.61), both equations differ-
ing only in their right-hand sides. Therefore the solution of equation (4.41")
can be immediately written when p > 0, A > ‘/52*3 u, and if, besides, we
take into account the fact that 6 is expressed by the Poisson formula in the
case of Problem (IL.I)* or by the Neumann formula in the case of Problem

(ILIN)*, we will have

- 1
Vo) = gt [P S+ o div [ 9w f0) 4,5+ o
S
for Problem (ILI)*, or

_ v L
Vo) = g S/ Pala,y)nly) S + oo div S/ W) f0) dyS +

for Problem (IL.IT)".
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Here ¥ is determined by (2.69),
1 [ |rz]2 1 d
B p°— |tz ) T
Pi(z,y) = s /(m - ;) sin(ks 1nr)—7_1+k1 )
0
1

_ 1 2p (Irz—yl+p)* =z’ . dr
Ps(z,y) s /(|y—7'a:| —2—In v ) sin(ky In7) T
0

Y 3(A+p)
S S— d,
4rp? (3N + 2u) /n(y) St I ur+ 20 AP (3N + 2u) / 1y

/\+u /f
47rp,u3/\+2,u

20+ . V202 + 6 + 32
2N+ T 2N +p)

C1

1
1<k <=

klz— 2’

ko > 0.

Hence for the solution of Problem (IL.I)* we finally obtain

6 =Tl(n),
]‘ 1 2 6 1
ui(x):%s/((q)( (a,9)+ 82 ,) i1 (81 )~
—<I>(2)(z,y)+3$y)+wz 9 (2D, = 1) (z, ) — 28D (z, ) —
p? Oz,

L sy o @
3IN+2u p? 2 0x;0xy,

7(4)(2)(%@ _ <I>(1)(a:,y) — \I’(w,y)))fk(y) dyS +

+ % /(a:((wiﬂ‘) + Py (z,y) + 2D, Py (a:,y)) +
S

U(x,y)+

3+ 2u)p

+

2 2
p?—=3r* 0
5 5. P @) (W) S + 2ijpasai + b (4.42)

and for the stress vector (see (4.29), (4.3))

) (@) A8y = —— [ pyas

dmlz] ) |z —yf
S

2
+ % grad div /(Dr - 2)¥(z,y)f(y)dy,S +
s

Vel GO NIV
+87rp(/\+,u)|$|g dS/(Dr DP1(z,y)n(y) dyS.
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The solution of Problem (ILII)" is written as

0(x) = N(n)(z) + bo,

1 9
ule) =g [(@ @)+ 8 (@,0) g (30 02) -
S’ (3
3y 0
_ 5@ 3ryy, 0 _ 23 () —
®3) (z,y)+ e )+xla$k (2D, —1)¥(z,y)—20W) (z,y)
A Bayy g P O
3N +2u p3 ) 2 Ba:iaa:k\p(x’y)-i-
82
17 g (80 y) — 80 (@,y) ~ V() ) felw) dyS +
gl
S
2_3r2 9
pT ax/’z(ﬂf,y))n(y) dyS +
760 ) o )
It 2,u$l + gijrajTr + b; (4.43)

and the stress vector as

(n) 1 p’ — |zl
S

Nl C P [0, 145 +
87|z grac dv r z,y)f(y) dy
S
yup? — |z*) /
300+ el 8rad [(Pr—1 ; d,S. 4.44
FSnpr e B (P~ D) 45 (4.44)

Theorem 4.15. If f,n € C(S) and conditions (4.19) [(4.20)] are fulfilled,
then (u, ) determined by (4.42) [(4.43)] is the classical solution of Problem
(ILD)* [(ILID*].

Problems (IL.I)~ and (IL.II)~ are solved quite similarly.
Problem 31. Prove Theorem 4.15.
Problem 32. Construct the solutions of Problems (IL.I)~ and (ILII)".

Note that for the classical solutions of Problems (IL.I)* and (IL.IT)* we
have uniqueness theorems similar to Theorems 4.1, 4.4 and 4.5. They are
corollaries of the Green formulas for classical solutions.
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Remark. Consider the problem
pAu + (A + p) graddive =0, (1 — 700n)+ =0, (4.45)

where 6 is an arbitrary constant.
Solve this problem by the method proposed above. The solution u should
have form (4.27); then for v and ¢ we obtain the equations

821)
2
2\ + 1 3N+ 2u y
2D%) + 2 Dy + = 0
r¢ 2\ T¢ 2\ ¢ 2\ 0>

whose solutions in the class of harmonic functions have the form

_ 1 ! _ 700
U(a:)—axa:-i-b, 1:[](1‘)_3/\_‘_2”7

where a’ and b’ are any three-dimensional constant vectors.
Now, by virtue of (4.27), the solution of problem (4.45) takes the form

z+a xz+b.

u(z) = 7o
3A+ 2

The latter circumstance explains why the term - )ﬁ‘;” x; has appeared in

(4.43), since in the case of Problem (ILI)* 6 is determined to within an
arbitrary constant term 6.

Also note that we have constructed here the solution of problem (4.12)
in form (4.13).

4.5. Solution of Problems (IIL.I)*, (IILIT)*. In common with the case of
Problem (IIT)* of classical elasticity (see Subsection 2.10), to solve Problems
(IILI)*, (IIL.IT)* it is convenient to replace the boundary condition

(r™ —n(n-7™)" =1
by
(H(d,)u)" =F, (4.46)
where F = F = (Fy, F», F3),

F(0) = L1y) - 200:0) ) - Eyig@),
0

H(0,) = [[Hij(0:)|l3x3, Hij(9:) = 0ij(Dy —2) — Ti gy
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Let us consider Problem (IIL.I)*. Remember that in that case 6 is the
harmonic function satisfying the boundary condition (§)* = 7 and therefore
given by the Poisson formula

/ i d,S (4.47)
" dmp | Ty —af 1) S '
Finding v in form (4.24), we write H(0;)u as

H(d,)u(x) = I (z) + ﬁ(p —1?) grad ¢)(z) — 626(=),

where h' = h' = (h!, by, h}),

tita) = 5T = ) —2uu(0) + D)+

A+ p 8wi /\+u 83:

Applying relation (4.25), it is easy to verify that Vo € BT : Ah/(z) = 0.
Moreover, by virtue of (4.46) and the condition (§)* =5, we have (h')* =
F' | where F'(y) = F(y) + dn(y)y. Therefore h is expressed by the Poisson
formula h' = TI(F").

Let us now derive equations to determine 1 and v, assuming h' to be
known.

Applying the operator div to (4.48), we obtain due to (4.25)

Atp Y
= B _ 79D, + 1), 44
A= 02w W o B0 Y (4.49)
where
A
A, =D+ L (4.50)

D, — :
200+2p) " A +2u

Using the same procedure as in solving Problem (ITT)* of classical elas-
ticity (see Subsection 2.10), we obtain for v the equation

(Dr = D)v; = gj, (4.51)
where
ah’ B 5 0¢(x)

] ! _
i) = 5 (1) ~m Tl ) ~ T

0 ,00(x) ]

3" o, (+,u$l¢
/\+2,u oY(x)

(/\+'u)(p —r?) oz, (4.52)
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Write the solution of (4.49) as the sum

Y =191+ ¢, (4.53)
where
At L,
Ar¢1 == m div h , (454)
_ Y
Arpy = 72(/\ 2 (2D, + 1)8. (4.55)

A solution of (4.54) in the class of harmonic functions is given to within
a constant term by (see (2.98))

Wi () = %’p div / (@CH) (2, y) — 8B (2, 9)) F'(y) d, S, (4.56)
S

where o is the constant determined by (2.99) and ®(™) is obtained from
(2.100).
Finding the solution of (4.55) in the form

Yy =P+ %0, (4.57)

we obtain for 1; the equation
AT’(Z = (CllD?n + agDr)O,

where a1 = —y(2u) 71, as = —y(\ + 4p) (4p(\ +2p)) L.
The solution of this equation in the class of harmonic functions is given
by the formula

~x:71 a1D? +a UHk) (5 —
¥(=) dmp(ki —k2)( 1Prt 27)7«)5/((} T (z,y)
— &) (@, ) n(y) d, S, (4.58)

where

1
2 2
~im _ p? — |tz 1\ dr
8w = [( =)
0

k1 and ko are expressed by formulas (2.96).
By virtue of (4.57) and (4.58) we have

2 12
o) = 2 [y s ¢

= 7 (D} +
Smon ) ly — =z "

1
47Tp(k1 — k2)

+ ayD,) / (@) (2, y) — @HR) (2, 4))n(y) d,, S. (4.59)
S
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Thus the solution of (4.49) has form (4.53), where v; and v, are deter-
mined by (4.56) and (4.59).

Now proceed to solving equation (4.51). Write its right-hand part deter-
mined by (4.52) as the sum ¢} = ql(l) + q@)

(3

1 on; i)
o) = 5 (1) -0 S ) - S S+

, where

2 .2
+(Dr—1)(iwi¢1(x)—§:2: r - 6%;(2?)), (4.60)
® () = Afiu i (¢2( ) - %0(3:)) +
A 212 9
+(Dr—1)(mxi¢2(az)— ;f:p 27" %i(f)). (4.61)

Like in solving Problem (IIT)* of classical elasticity (see (2.106)), qu)
can be represented as

(1) )
q¢i(z) = (Dr — 1) Pi(), (4.62)

1 1 1 0
Pi(z) = - /(5 (<I>(2)(a:,y) — ;)52'1@ — Tk 81:1'(}(2) (a:,y)) -
s

Yol 2 9 L = (24h) L 2+ks)
- (} 1 __(} 2
(B0, y) = B4 0, ) +

A+ u 0x;0xy “k
ki—ks 2o oo A 2n o, 5 O
xS0 (@) (1) 0 (0,) ) FL() S (469
k

Substituting ¢ from (4.59) in (4.61) and using

0 o
2 U _ 1.2
r oz, Dy = (D —1)r oz’ (4.64)
we obtain
(2) 2)
qi(z) = (Dr —1)P;(2), (4.65)
where
(2) —1
() = H1+k1) —
z(a:) 471'p(k'1 . k2) /\ +N alp + a2 (xay)
'S
~ A+ 2p
— p(l+k2) d S H T — _
(@ 9)n() +(A+ el
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9 1
—r2 1 )

+2p,) / (<1><1+’“><a:,y> — B ) () d, ).
S

Now it is obvious that the solution of (4.51) has the form

(1) 2
vi(z) = Pi(z) + Pi(x) + cijzj,
where ¢;; (i,j = 1,2,3) are arbitrary constants.

Substituting the found values of v and ¢ in (4.24), we obtain the classical
solution of Problem (IILI)T when 5, € C%%(S), g € C**(S),0 < a < 1
and condition (4.21) is fulfilled. In that case, too, like in the theory of
elasticity (see (2.114) and (2.114")), the symmetrical part of the matrix
llcij| is determined uniquely, whereas the nonsymmetrical part

1
§(Cij — Cji) = Eijk Ok
remains undetermined.

And now consider Problem (ITLIT)*. Using representation (4.24) write

H(0;)u as

H(O,)u(r) = W'(@) + 51— (0 = %) grad () +

s -y B

where ' = (h{, h}, h}),

+22:D,6(x )) (4.66)

h;I(CIY) =z (ag’—afj) — a,lg—z(j)) — 2vi(a:) + szr¢($) +

h_p00(E) 20000 g

St 0w a+u” Tom
. 06(z)
)azz +22D,8(z)). (4.67)

Due to (4.25) it is obvious that h” is harmonic in BT and, moreover,
from conditions (4.1) and (%V =1 we have (h'')T = F", where F"(y) =
F(y) — 2pdyn(y). Therefore h" = II(F").

Proceeding as above, we obtain for ¢» and v the equations

_ATR _ 7 _@D?+3D,+2)0, (4
st o) WV gy B0 T3P 26, (468)

(D, — 1)v; = ¢, (4.69)
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where A, is determined by equality (4.50),

i0) = 5 (1(0) -0 TEI) - S D)
— o2 azg) + (D — 1) (A—i;ﬁ“/’(x) -
e
g(;ﬂ + 7“2)%5:) + 593,»9(91:)). (4.70)

12
The solution of (4.68) is written as the sum ¢ = ¢ + v, where

1 A+ p

= ——-——divh”, 4.71
A SNt 20) iv (4.71)
2
Y 2
Ay = ——(2D; + 3D, + 2)6. 4.72
Y= s ) (472)

The solution of (4.71) is given by

W(z) = %p div / (BCHH) (2, y) — BT (¢, y)) 7 (y) d, S, (4.73)
S

2
If ¢ is represented as

2 _
=1 — 10, (4.74)
7
then we obtain for @Z the equation
AMZ = ﬂO(QD?“ + Dr)ga (475)
where
YA +3p)
= ——=. 4.76
Bo 2T 200 (4.76)

Keeping in mind that in the case of Problem (IILII)* @ is expressed by
the Neumann formula

1 2p 2 2
=iy (5257~ (G =1+ 0)* = Ja) )) . (4.77)

the solution of equation (4.75) is written in the form

- Bo
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x / WU (@,y) = N (@, ) n(y) dy S, (4.78)
S
where k1 and ks are determined by (2.96) and

1

N“”)(a:,y)E/( 20 —2—1n(|y_”°|+”)2_|”3|2)d_T.

[y — al I "

Thus the solution of equation (4.72) is given in the form

b= —4:[)# /( 2 ((Jy — = +p)* — IwIQ))n(y) dyS +

ly — |
s
+¢(2D2 +D,)) x
4’/Tp(k1 — k2) T "
X /((N(Hkl)(%y) — NU*E) (g )Y (y) dy S (4.79)
s

12 1 2
and that of equation (4.68) in the form ¢ = ¢ + ¢, where ¢ and 1 are
determined by (4.73) and (4.79).

Let us consider equation (4.69) whose right-hand part can represented as

1 2
¢’ = (q)i n (q)i, where

ony(z)

Do) = 2 ()~ DY 2000

_/\+u Ba:l

HO D) (a0 - (P - 5), @0

@, . W 0 (2 Y
44() = =5 g (V@) + 10@) +

+ (D, — 1)(%12,1?)(1:) - %(ﬁ —r?)
- g(p2 + 7"2)%2—;?) + 6@0(2})). (4.80")

Similarly to (4.62) we write
(é)i — (D, - 1)(7{)1.,
where

W o= 2 (L@@ (@) — Vs — 2 Lo _
Pio) = 7 [ (5@ @) = D)o = 018w )
S
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You o O L = (2th) L o (24ks)
— —  (— 1 ——® 2
A+/,Lr awzawk kl (a:7y) kQ (.’I;,y) +
kl —kg 1 A+2/.L 0
L= K2 g2) - 2 _ 2
+ k1ko (x,y)) +'70(/\+u37 2(/\+/l) (P )Ba:l) X

0

X — (<I>(2+k1)(a:,y) - <I>(2+k2)(a:,y)))F,£'(y) d,S.
Ba:k

Using (4.77), (7.79) and identity (4.64), we obtain for ((2])i determined by
(4.80)

(2) (2)
qi:(DT‘_l)ria
where
0
(?)i(z) _ ©Bo 2

== (1+k1) _
dmp(kr — k2)(A + N)r oz; S/(QD’" + WV (z,y)

_ AS(1+E2) ﬂ[) = -
N @ y))n(y) dy S + dmp(ky — k) (/\ +p

A+2p p* —1r® 9 2 (1+k1)
S

— NOFE) (2 )Y p(y) dy S +

v

2 r2 0 2p _
+87rpu(A+u)((A+”)p (A+3u) )8wi5/(lw—y|

—n ((ly = 2l + p)* = o) ) n(y) d, S.

Thus the solution of equation (4.69) has the form

1 2
v; = (T')i + (T)i + cijxj,

where ¢;; (i,j = 1,2,3) are arbitrary constants.
To construct the solution of Problem (IIL.II)" in form (4.24) is now quite
a simple matter. It is likewise easy to verify that the solution obtained

is the classical one if the boundary data satisfy the conditions (4.22) and
n,1 € CO%(S), ge CH*(S),0<a<1.

Problem 33. Prove the proposition that we have just formulated.

Problem 34. Construct the solutions of Problems (III.I)~ and (IIL.II)".
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4.6. Solution of Problems (IV.I)*, (IV.II)*. Like in the case of Problem
(IV)®* of classical elasticity, the boundary condition

should be replaced by an equaivalent one (cf. (2.126))

(3 + 2p) divu - i—é‘(y u)—18) () = ¢ W), (4.81)

where
9' =g+ 2pDy(Ik).

Assuming additionally that the condition (n - v)* = 0 is fulfilled, we are
to find w in form (4.31). Since

T T
u;(z) — r—;a:kuk(z) = v;(x) — r—;a:kvk(w) +

L (e — 2 )W) + 20(0)),

then from the boundary conditions (n - v)* =0 and (u —n(n-u))*t =1 it
follows that v™ = [. Thus v = II(]).
Further, on account of (4.31) and (4.32) we have

0+ 20) div ) = 22 (0 ule) —1(a) =

. 2 2

= ((z) — 4u$“;’2(”“") — b %(@b(z) F20(x),  (4.82)
_ A+ 2p) i

(=5 CDr+ DY —4u@Dr+ Do+ 0. (483)

Since ¢, 1 and € are harmonic, it is easy to note that (, too, is harmonic
in BT. Moreover, by virtue of (4.81), (4.82) and the condition (n -v)* =
we have for ¢ the condition (* = ¢’ and therefore ¢ = II(g').

Now equality (4.83) can be treated as the equation

M(g') — —L ¢ (4.84)

A1
2D Dy =
(2D, + 1)x p 2

(A + 2p)
for x = ¢ —4(A 4+ p) (A + 2p) .
To solve this equation we have to consider Problems (IV.I)* and (IV.IT)*

separately.
For Problem (IV.I)" equation (4.84) can be rewritten as

Atp Y
(/\+2u)g /\+2,/7'

2D, +1)x =10(§), &= p (4.85)
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Identity (2.29) enables us to write the harmonic function y satisfying
(4.85) as

4.86
47rp Iy—xl (486)

For Problem (IV.II)* the function 6 is given by the Neumann formula
(see (1.6), (1.7)) and therefore (4.84) takes the form

Atp ' Y
mﬂ(g ) — N(®). (4.87)

2D, + 1)y =
(2D, + 1)x 2

Write the solution of this equation in the form

! ’y "
=Y — 4.
X=X 3 X (4.88)
where
A+ p

2D, + 1)y = L _TI(¢"), 4.89

(2D, + )Y = 0TI (4.89)

(2D, + 1)x" = N(n). (4.90)

Equation (4.89) actually coincides with (4.85) and thus its solution can
be written as

A+ p / 1
"(z) = "(y)d,S. 491

As to (4.90), its solution in the class of harmonic functions is

=3 [N

0

(4.92)

Using the identity

0 2 oy 1
5= 10 ((ly = 72l + p)* = |raf?) = et

we obtain

=2In ((Jy — z| + p)* — |z]*) +

1
dr
(2
0

S‘&
3]

/m«w—fﬂ+pf—vﬂ%
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By virtue of the latter equality and the condition

/n(y) dyS =0,
S
(4.92) yields
¥ (x) = —ﬁ 5/ In (g - 2] + p)? — |2 P)n(y) d, 5.

Thus the solution of equation (4.87) is given by the formula

A+ p /
y) dy
x(@) = drp( A+ 2u) ) |y — S+

2 9 5
+m5/m ((y =zl +p)* = |2*)n(y) dyS.

From now on constructing the solutions in form (4.32) for Problems
(IV.I)* and (IV.IT)* and establishing their boundary properties (theorems
similar to Theorems 2.22, 2.23) can be conducted as in the case of Problem
(IV)* of classical elasticity.

Problem 35. Derive the final form of the solutions of Problems (IV.I)*
and (IV.ID)*.

Problem 36. For Problems (IV.I)* and (IV.II)* prove theorems similar
to Theorems 2.22 and 2.23.

4.7. A Remark on Solutions of Boundary Value Problems of Thermoelas-
ticity and on Solutions of Boundary Value Problems for Nonhomogeneous
Equations of Classical Elasticity. As said above, the boundary value static
problems of thermoelasticity are divided so that we have boundary value
problems separately for the Laplace equation for the temperature 6 and
separately for the system of equations of classical elasticity for the displace-
ment vector u. To clarify our reasoning we will consider, as an example,
Problem (IV.II)* solved in the preceding subsection. It is formulated as
follows:
Given the necessary condition for the problem to be solvable

/n(y) dyS =0, (4.23)

s
find a pair (u, ) satisfying in BT the system

pAu(z) + (A + p) grad div u(z) — ygrad #(x) = 0,

AB(z) = (4.1)
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and the boundary condition

(n-7™ —28)" =g, (u—n(n-u)" =1, (%)Jr:n, (4.11)

where [ =1 = (I1,l2,13), 1, and g are functions given on S = OB™.
Thus to determine # we have the Neumann problem

06
Af = 07 (%)+ =1,

whose solution is given in quadratures by the Neumann formula (see (1.7))
6= N(n).

Substituting the found value € in (4.1) and the boundary condition (4.11),
we obtain Problem (IV)™ of classical elasticity

pAu + (A + p)graddive = F,
(- @) =g, (w—nmn-w)" =1,

where F = ygrad N'(n), g1 = g+~(N(n)"

Thus the problems of thermoelasticity are reduced to the problems of
classical elasticity and no new difficulties arise here from the viewpoint of
theoretical research. That is why the static problems of thermoelasticity
have no theoretical interest of their own.

We have quite a different situation in constructing effective solutions. The
above-proposed methods are not adequate for this purpose. The reason is
that in problem (4.93) the system of equations is nonhomogeneous, whereas
we can solve immediately only a homogeneous system; moreover, the right-
hand part F and the boundary condition (the function g;) depend on 6.
To have a clear idea of the difficulty arisen let us discuss this question in
greater detail.

(4.93)

Write the solution u of problem (4.93) as u = v + %, where « is the

particular solution of system (4.93). Then for v we obtain the problem
uAv 4+ (A + p) graddive =0,

o+ 4 (4.94)

(n-ré )) :fa (U—TL(TL"U)) =X

where 7™ is the stress corresponding to the displacement v (see (2.3))

f=g—(n-7")7" x=i-@-nmn-u)"

u

(T§”> is the stress corresponding to the displacement u (see (2.3)).
We know how to solve problem (4.94) (see (2.137)). We can also construct
n explicitly, i.e. in quadratures:

u(r) = — /F(ar —y)F(y)dy = —g /F(ar —y) grad V' (n)(y) dy,

B+ B+
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where T' is the Kelvin matrix (Kupradze et al. [1]), but we do not know
how to express explicitly f and x in terms of the known functions g and .
One may invent other ways of dividing the problems, but they will make
the question even more difficult.
It should be noted that the method used to solve the problems of ther-
moelasticity enables one to solve the problems of classical elasticity for a
nonhomogeneous system

pAu + (A + p)graddive = F (4.95)
in the particular case when the right-hand part F' is given in the form
F = gradw, (4.96)

where w is a harmonic function.

Let us investigate this question more thoroughly. Consider, for example,
Problem (I)* for system (4.95): Find u in BT, satisfying (4.95) and the
boundary condition ut = f. (4.95) can be rewritten as

AU+ (A + p) graddive — ygradd = 0, (4.97)

where 6§ = © (7 > 0). Then (4.96) implies A¢ = 0. Moreover, u™ = f and

9+ = < are the known functions. Thus we have obtained Problem (LI)*
of thermoelasticity whose solution has been derived above.

Other problems for a nonhomogeneous system like (4.95), (4.96) are
solved in a similar manner.

The above reasoning enables us to conclude that, in addition to their
independent interest, the solutions of the boundary value problems of ther-
moelasticity yield the solutions of the boundary value problems of classical
elasticity in the presence of mass force if the latter is representable as (4.96).

We would also like to note that the discussed effective solutions of the
problems of elasticity make it possible to construct effectively the Green
functions of the corresponding problems and to use the Green functions to
construct effective solutions of the problems for nonhomogeneous equations
with an arbitrary right-hand side.

Problem 37. Find in quadratures a solution (u,#), continuous in the do-
main BT, of system (4.1) by the boundary condition

(r™ +oou—~8n) " = f, @) =1
— Problem (V.I)*.

Problem 38. Formulate Problems (V.II)*, (V.I)~, (V.I[)~ and find their
solutions in quadratures.



135

Problem 39. Find in quadratures a solution (u,#), continuous in the do-
main BT, of system (4.1) by the boundary conditions

(W)t =fi, ()t =fo, (B —20n3)" =fs, O =1

Problem 40. Find in quadratures a solution (u,#), continuous in the do-
main B*, of system (4.1) by the boundary conditions

n + n
(1™ =8m)" = fi, (" =)t = fo, ()" =fo, (O)F =n.
Problem 41. Solve Problems 39 and 40, where the boundary condition

(0)* = n is replaced by the condition (%)Jr =1.

Problem 42. Solve Problems 39 to 42 for the domain B~.

* k X

General questions of the theory of thermoelasticity, as well as boundary
value problems (formulation of the problems, uniqueness and existence the-
orems, solvability conditions) are investigated in the monographs Lebedev
[1], Melan, Parkus [1], Chadwick [1], Nowacki [1-3], Kovalenko [1,2], Timo-
shenko, Goodier [1], Ilyushin, Pobedrya [1], Boley, Weiner [1], Kupradze et
al. [1] and others.

Particular boundary value problems for the ball are considered in Griin-
berg [1], Kowalenko [2], Lurie [2], Timoshenko, Goodier [2], Mahalanabis
[1], Natroshvili [3] and others. The results of Chapter IV are published in
Chichinadze, Gegelia [1].
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CHAPTER V
PROBLEMS OF THE THEORY OF ELASTIC MIXTURES

5.1. Statement of the Question. Our discussion here will involve one of
the versions of the basic static equations of the linear theory of elastic
mixtures for two isotropic materials (Khoroshun, Soltanov [1]; Natroshvili,
Jagmaidze, Svanadze [1]; Truesdell, Toupin [1]; Green, Naghdi [1]; Steel
[1]; Green, Steel [1]; Atkin, Chadwick, Steel [1]; Knops, Steel [1]; Tiersten,

Jahanmir [1]; Villaggio [1]). In this theory two displacement vectors i =

111 2 2 2 2 . . .
(u1,us2,us) and u = (u1,u2,u3) are introduced at every point of the domain
occupied by the mixture, and the static equations are written in the form

a1 At + by grad div u + cAt + dgrad div i = 0,

2
u =
1 1 2 2 (5.1)
cAu + dgraddivu + asAu + by grad divu = 0,

where a1, as, b1, bs, ¢, d are the elastic constants of the mixture.

It will be assumed that the elastic mixture of two isotropic materials
occupies the domain Bt or B~ . For these domains we will solve Problem
(D*

Find vectors u and % which are a solution of system (5.1) in BT or B~
ifvy e S:

@ W =F@) o (%) @) =71@), m=1.2, (5.2)

m m m m
where f = (fl, fas f3) are the vectors given on S.

The solution t, i of Problem (I)* [(I)~] is called regular if % € C (B*+)n
C2(BY) [ € C/(B~) N C*(B™)], m = 1,2. On the other hand, the so-
lution 114,1% of problem (I)* [(I)~] will be called classical if % € C(B*) N
C2(BY) [u e C(BT)NC2(BY)], m=1,2.

As is well-known (Natroshvili, Jagmaidze, Svanadze [1]; Knops, Steel [1];
Atkin, Chadwick, Steel [1]), if the constants aj,as,b,bs,c and d satisfy
some conditions (necessary and sufficient conditions for potential energy to
be positive-definite), then the uniqueness theorem of a regular solution of the
first boundary value problem is valid. As to the question of the uniqueness
of a classical solution of this problem, it will be considered further on.

In deriving solutions of Problems (I)* and (I)~ our main task is to rep-

1 2. . .
resent the vectors u and u in terms of harmonic functions. We have

Theorem 5.1. If

m m p2 — 72 m
u=uv+ 5 grady, m=1,2 (5.3)
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and there are

((2a1 +b)Dy + )b + ((2c + YDy + )ir = div (byd + d3),  (5.4)

(2e+d)D, + )b + (202 + b)Dy + az)ip = div (db+ bad),  (5.5)

m
where AU = 0, Ap = 0, m = 1,2; D, = r% = zk%; r |z| =

Vi +z3+ 22, p is an arbitrary nonnegative constant, then 111, @ is the
solution of system (5.1) in R3\S(0, p).

Problem 43. Prove Theorem 5.1.

5.2. Solution of Problem (I)". We seek u and 1 in the form of (5.3). Then,

by virtue of the boundary conditions (5.2), for v and ¥ we obtain the Dirich-
let problem in BT and hence they can be expressed by the Poisson formula

m — |£L‘|2m
= H y)d =1,2. .
v(x) 47rp/ = $|3 yS, m = (5.6)

1
Substituting the obtained values of v and ¥ in (5.4), (5.5), to define ¢
2
and ¢ we obtain a system of differential equations

1 2 1 2
((2a1 + b1)Dy + a1) + ((2¢ + d)Dy + ¢)yp = divIL(by f + df), (5.7)

1 2 1 2
(2c+d)Dy + )Y + ((2a2 + b2)Dy + az)yp = divII(df + baf). (5.8)

Applying the operator (2as + b2)D, + az to (5.7) and the operator (2¢ +
1
d)D, + ¢ to (5.8) and performing subtraction, we obtain for ¢ the equation

(((2a1 +b1)D, +a1) ((2a2 + b2) Dy + a2) —
(e +d)D, + ) (20 + d)D, +¢) o = (5.9)
where
F' = ((2a2 + b2)D; + as) leH(blf + df)
- ((2¢+d)D; +¢) divl'[(df+b2f). (5.10)

Equation (5.9) can be written in the form

1 1 1
D24 4 2aD,0p + Bip = yF', (5.11)
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where
_ 1 4a1a2 + a1b2 + a2b1 — 402 — 2cd
a= - s
2 (2@1 + bl)(2a2 + b2) — (20 + d)2
_ 22
8= tias — ¢ : (5.12)
(2@1 + bl)(2a2 + b2) — (20 + d)2
. 1
Y=

(2(11 + b1)(2a2 + bg) — (20 + d)2 '
2
Similarly, from systems (5.7) and (5.8) we obtain for ¢ the equation

Difp + 2041),42# + ,312p =~F", (5.13)
where
F'" = ((2&1 + bQ)Dr + al) leH(d} + bQ}) —
— (2c+ d)D, + ¢) div H(bl} + d}). (5.14)

Thus the left-hand sides of equations (5.11) and (5.13) coincide. Note

1 2
that due to representation (5.3) it is sufficient for ¢ and 1 to be defined to
within an arbitrary constant term. Therefore instead of equation (5.11) or
(5.13) it is sufficient to solve their equivalent equation

D2 () + 20D, (x) + Bib(x) = 7 (F(x) — F(0)).

Introducing the variable ¢ instead of the variable r by the formulat = Inr,
we obtain the linear equation

(25 +202 1 8)u(Ze) = (r(2e) - FO).  (15)

r

Let us consider the corresponding characteristic equation
k> +2ak+ =0 (5.16)

and assume that a® > 3 (the case a® < 3 is treated quite similarly); then
equation (5.16) has two different real roots

ki =—a++va? -3, kh=—-a—-+a®2-p (5.17)

and the solution of equation (5.15) in the class of harmonic functions is
given by the formula (see the solution of equation (2.91))

P(z) = kljb /(5*1*’“ — ¢ k) (F(éx) — F(0))d¢.  (5.18)
0
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By virtue of the identity D, div = div(D, — 1), for F' and F" defined

from (5.10) and (5.14) we have
F' = div (D,TI(F) + TI(F")),

= div (D,1I(F) + T(F")),

where

!
i

(2as + o) (buf + df) — (2¢ + d) (df + bo ).
F'= —(ay +bo) (o] +df) + (c+d) (df + baf),
F' = (2a1 + ) (df + bof) — (2¢+ d) (5] + df),

2 1 2 1 2
F'"=—(a1 +b1)(df +b2f) + (c+d) (b f + df).

1 2
Replacing F in (5.18) by F' and F"', we obtain for ¢ and ¢

m _ f)/ . .
P(x) = 747rp(k1 7 div (Dr /(@(Q-Hc )(aj’y) _
s

—3CH) (2, ) B (y)dy S + / (8C+H) (g, y) -
S

B (3,4)) F (), S), m=1,2,

where

1
<I>(‘5 (z,y) :/<I>OTa:y 7-; 0=k +2, ky+2,
0

Taking into account the identity
qu)(d) (17, y) = (6 - 1)q>(6) (17, y) + (I)()(.’E, y):
we finally obtain from (5.19)

2
gl : 7
) = gy & [ S @ F ) 4,5
5 p=l1

<3

m 1 2
where F(*») is a linear combination of the vectors f and f:

(5.19)

(5.20)

(5.21)

(5.22)

FO2) = (a4 (2as + bo)ky) (b1 f + ) — (c-+ (20 + d)ky) (0] + baf),
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2
F¥) = (c+ (2c+d)k )(blf +df) - (a1 + (2a1 + 1)k )(df bof).
Now, from formulas (5.3), (5.6), (5.22) we obtain the solution of Problem

O+

_ |a;|2m
y)d,S
~amp / ly — w|3 "

%&addw/i@(”k (HJ,Z/)F( '(y)dyS, m=1,2. (5.23)
sp=1
We have

1 2
Theorem 5.2. If f € C(S), f € C(S), then w,u defined by (5.23) are the
unique classical solution of Problem (I)*.

1 2
If f e CH1(S), f e CV"(S), 0 < h <1, then 111,73 defined by (5.23) are
the unique regular solutions of Problem (I)T.

Problem 44. Prove Theorem 5.2.
Problem 45. Construct the solution of Problem (I)* when o? < 3.

5.3. Solution of Problem (I)~. The procedure of solving Problem (I)~ is
the same as for Problem (I)* . We seek for the solution in the form of (5.3).
Then, with the boundary conditions (5.2) taken into account, we have for

v and © the Dirichlet problem for B~ and therefore they are given by the
Poisson formula

Ba) = 0 (f) = 4@ T fwas m=12 G2

After substituting the obtained values of  and % in (5.4), (5.5), to define
1 2
1 and 1 we have the equations

D2 + 20D, + Bl = 4F, m=12,
where «a, 8 and 7 are defined by (5.12) and

F = divD,II'(F) + divIU(F"), m=1,2,

%’ = (2a2 + b2)(b1]1f + d;) — (2¢+ d)(d} + b2]2f),
F'= @y +b)0i T +df) + e+ d)df + b)), (5:29)
JQT’ = (2a1 + bl)(d} + b2}) - (2¢+ d)(bl} + d]%),

2 1 2 1 2
F" = —(a1 + b)) (df + baf) + (c+ d) (b f + df).
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Consider the equation
D) 4 2aD,) + By = v F (5.26)
and replace the variable r by ¢:
—Inr,—oo<t< —=lnp, p<r<oo.

Then (5.26) transforms to the equation

(5 2+ ) v (e ) =7 (5 ),

whose solution assuming that a® > 3 has, in the class of harmonic functions,

the form
1

V) = 5 O/(T_l_kl - (D) i

r

where

ki=a++Va2—-08, ks=a—+a%—-}.
1 2 1
If here we replace F by F and F defined by (5.25), we obtain for ¢ and
2
1) the equation

2

o ko) ( kp) =
Y(x)= T k1— d1v/2<1> (z y (y)dyS, m=1,2, (5.27)

5 p=1

where
Flky) = (c+d+ (2c+d)k )(df+b2f)
— (a2 + b + (245 + o)k )(blf +df),
Flky) = (a1 + by + (201 + b1k )(df + b2f)

—(c+d+ (2c+d)k )(b1f+df)

1
|z[> — p?
/‘I’o 1+5, By (v,y) = IEETE
0

D80 (z,y) = =02 (2,y) — o (x,y).

Now due to formulas (5.3), (5.24), (5.27) the solution of Problem (I)~
can be written as

|z = p*m
drp ) |z —yl? Fw)dys +
S

u(z)
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L= e [ F () B (), S, m = 1,2, (5.28
)gra iv Z (z,y) (y)dyS, m =1,2. (5.28)

87T,0(k1 — k'2 % =1

Taking into account the identity

|z|> — 72 p? 1 0 1
e T,
|z —ryl> |z -7yl o1 |z — 7y
1 190 2 2, 2 2
= ———In(— |z —yP’ + [z + p* + 2plz — Ty| + 27p°),
r—TYy porT
we obtain the representation
~ 2
0 (z,y) = + 00 (,y), (5.29)
|z —yl
where
o} c 0? c
30 < 3 < —
oz, (z,9) ST |amon (z,y)| < PR
We have

12
Theorem 5.3. If f,f € C(S), then 114,124 defined by (5.28) are the unique
classical solution of Problem (1)~ provided that

1
= O(m

1, dulx)

THL o ), k=12, i=1,2,3.

i(z) = Of
Problem 46. Prove Theorem 5.3.
Indication. Make use of representation (5.29) and the formula

F@)%S:m
ly — =

li 2 p? d di /
podm (o = ) grad div

5
where F' = (Fy, F», F3), F; € C(S). By virtue of the results of Subsection

2.6 the last formula is proved similarly to (2.79).

Theorem 5.3 can also be proved similarly to Theorem 2.16 (see Theorems
(k) o (k)
2.14 and 2.15). One should bear in mind that the pair U ,13 , where

k
B @) = Bale), k=123 m=1,2,

2 2 g2

m p pF—lzl* 0% p
ik = —0ik + Ap————— —,
ik |z] i 2 Oz;0xy ||

Ay = m((b2 +d)(3c + 2d) — (b1 + d)(3az + 2b2)),
Ay = m((b1 +d)(3c + 2d) — (by + d)(3a1 + 2by)),
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satisfies system (5.1) in B™, the conditions at infinity

(k) 0 m®)
aa:i

(2) = O(lz|7), (@) = O(jz| ™)

u
and the boundary conditions
(&) (y) = -

Problem 47. Construct in quadratures the solution of Problem (IT)T (see
Natroshvili, Jagmaidze, Svanadze [1]).

5.4. Boundary Value Problems of Thermostatics of Elastic Mixtures. Con-
sider a simplified system of thermostatic equations of the linear theory of
elastic mixtures for two isotropic materials (Khoroshun, Soltanov [1])

1
a1 At + by grad div u + cAw + dgrad div &t — v grad 8 = 0,

2
cAl + dgrad div i + agA’?L + be grad div i — Y2 gradf = 0, (5.30)

1

Af =0,
2

Af =0,

1 101 1 2 2 2 2 .
where u = (uy,us,u3) and 4 = (u1, U2, u3) and are the displacement vectors,

1 2
0 and @ the temperature values, a1, as, b1, b2, ¢, d,y1 and 2 the constants.
For this system we will formulate the following problems:
12
Find a quadruplet (11L,12L,9,9) which is a solution of system (5.30) in BT
or in B~ by the boundary conditions

@ =% (6) =% m=1>2
— Problem (L.I)* | or
=7, =% m=12

— Problem (LII)*, where f = (fl, fa f3) and 77, m = 1,2, are the given
functions on S.
It is easy to prove

Theorem 5.4. If
2 |zf?

W) = () + =2

5 gradii(z), m=12,

where AU = 0, Az =0,

1 2 1
((2ay + b1)Dy + a1) ¥ + ((2¢ + d)Dy + ¢) ¢ = div (byv + db) — 16,
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1 2 2
(2 + d)D, + )b + ((2a + b2)Dy + a3) ) = div (dv + bat) — 6,

1 2
p is an arbitrary positive constant, 8 and 6 are arbitrary solutions of the

12
equation AO = 0, then the quadruplet (111,124,0,9) is a solution of system
(5.30) in R3\S(0, p).

Having the solutions of the thermostatic boundary value problems of
classical elasticity and Theorem 5.4, one can easily construct the solutions
of Problems (LI)* and (L.II)* .

Problem 48. Solve in quadratures Problems (LI)* and (L.II)*.

It has to be noted that when solving these problems, we take it for
granted that we have the solutions of the static problems of two isotropic
elastic mixtures (I)* and (I)~ for the nonhomogeneous system (5.1) in the
particular case (see 4.7) when the right-hand sides of (5.1) are represented
in the form grad F', where F' is a harmonic function.

* %k x

Similar investigations are carried out in a sufficiently great number of
works by the well-known scientists J. Stefan, C. Truesdell, X.A. Rakhmat-
ulin, R. Toupin, P.N. Naghdi, M.A. Biot, A.E. Green, T.R. Steel, A.C.
Eringen, R.J. Atkin, P. Chadwick, R.J. Knops, H. Tiersten, M. Jahanmir,
P. Villaggio, B. Lampriere and others. A relevant survey and bibliogarphy
can be found in Rakhmatulin [1], Atkin, Crain [1], Cryer [1], Khoroshun,
Soltanov [1], Filippov [1], Natroshvili, Jagmaidze, Svanadze [1], Rushitsky
[1] (see also Giorgashvili [1], Chichinadze [4]).
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CHAPTER VI
PROBLEMS FOR LINEARIZED STATIONARY
NAVIER-STOKES EQUATIONS

6.1. Formulation of the Problems and the Uniqueness Theorems. A ho-
mogeneous system of Stokes-linearized equations for a stationary flow of
noncompressible viscous fluid has the form (Lamb[1])

pAv(z) — grad P(z) =0,

dive(z) =0, (6.1)

where x = (x1, %2, x3) is a point from the three-dimensional Euclidean space
R3, A the three-dimensional Laplace operator, v = (vq,v2,v3) the velocity
vector, P the pressure, p the viscosity coefficient.

Let o(™ (z) = (U;n) (z), aén) (a:)oén) (z)) be the stress vector at the point
x directed towards the (unit) vector n = (ni,n2,n3). The relationship
between the pressure, velocity vector and stress is expressed by
Ovi(z)  Ovj(x)

e, +a—a:,»)’ i=1,2,3. (62

0" (2) = —P(a)ni + juny

It is assumed that some viscous fluid fills up the domain Bt or B™.

Let us formulate the boundary value problems:

In Bt or B~ find a solution (v, P) of system (6.1) by one of the following
conditions on the boundary:

vyeS : () ) = fy) (6.3)
— the first problem (Problem (I)*),
vyes : (")) = fy) (6.4)

— the second problem (Problem (II)*),

WyeS : (n-v)Fy) =g), (0™ —nmn-o™)F(y) =1y) (6.5)
— the third problem (Problem (ITI)*),

Vyes : (n-o™Ey) =g(y), (v-nln-v) @ =1y (66

— the fourth problem (Problem (IV)*). Here f = (f1, fo, f3), | = (I1,15,13)
and g are the functions given on S, n = n(y) is the unit normal vector to
the surface S at the point y, which is external with respect to B and

Vy e S : (n(y)-l(y)) =0. (6.7)
The pair (v, P) is called a regular solution of system (6.1) if v € C'(B*)N
C?(B*), P € C(B*) N C?(B*). The solution (v, P) is classical if v €

C(B*)NC?*(B*), P € C'(B*) and, moreover, (¢(™)* € C(S) in Problems
(ID*, (II)* and (IV)*.
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Problems (I)* and (IT)* were investigated by the methods of a potential
and integral equations in Lichtenstein [1], Odqvist [1], Ladizhenskaya [1].
The necessary and sufficient conditions for the solvability of boundary value
problems are also obtained there. For Problem (I)* and these condition are
written as

[vrwa,s =o, (63)
S
and for Problem (I1)" as
[ rwas=o. [twxswid,s =o. (69
S S

In the case of Problem (IIT)*, in addition to condition (6.7), we have the
conditions

[ swa,s=o, (6.10)

S

/[y < 1(y)]dyS = 0. (6.11)

S

The sufficiency of (6.8) and (6.10) follows from the second equation of
system (6.1). Conditions (6.9) show that the main vector and the principal
moment of external force are zero, (6.11) is the consequence of the fact that
the main moment of external force is zero.

Problems (I)*,...,(IV)* with zero boundary conditions will be denoted
by the previous symbols with the subscript ”zero” added: (I)F, ... ,(IV)F.

For regular solutions of these problems we have the following uniqueness
theorems:

Theorem 6.1. If (v, P) is a regular solution of Problem (I){, then v =
0, P = pg, where py is an arbitrary constant.

Theorem 6.2. If (v, P) is a regular solution of Problem (1), then v(z) =
[@ x z] +b, P =0, where a and b are arbitrary constant three-dimensional
vectors.

Theorem 6.3. If (v, P) is a regular solution of Problem (II1)§ , then v(z) =
[a x x], P = po, where a is an arbitrary constant vector, py is any constant
number.

Theorem 6.4. Problem (IV)] may have only the trivial solution v = 0,
P=0.
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Theorem 6.5. If in the neighbourhood of the point at infinity the reqular
solutions of Problems (I)y, (Il)g,(II)y, (IV)g satisfy the conditions

0v; ()
8:17k

P(z) =o(lz|™), wi(z) =O(lz]7), =o(lz|™"), (6.12)
then these problems may have only the trivial solution v =0, P =0.

One can easily prove Theorems 6.1-6.5 using the Green formulas. For
the regular solution of system (6.1) in B™ the Green formula is written in

the form
L ge M ov;  Ovg\ (Ov;  Ouy,
/v omds =& / (Ba:k + 8wi)(8zk + axi)dz, (6.13)
S B+

and for the regular solution of system (6.1) in B~ that satisfies conditions
(6.12) it has the form

omge P v, Ovp\ (Ov;  Ouy
/v oM ds 2/(azk+8$i)(8$k+8xi)dx' (6.14)

S B~

Note that for the classical solutions of Problems (II)*, (III)* and (IV)*
(when these problems are considered for B~ and satisfy conditions (6.12))
the Green formulas (6.13) and (6.14) are valid and hence so are uniqueness
theorems 6.2 - 6.5. The uniqueness of the classical solutions of Problems
(I)* and (I)~ will be discussed below when deriving their solutions.

To solve these problems by the method we propose it is essential to
represent the solution (v, P) of system (6.1) by means of harmonic functions.
Such a representation can be obtained by the theorem to be given below.
It is assumed as above that r = |z| = /2?2 + 22 + 22 and p is any positive

— .0
number, D, = ry..

Theorem 6.6. If

2 _ 2

v=u+? grady), P = —p(2D, + 1)¢, (6.15)

where Au =0, Ay =0 and u and @) are interconnected by the relation
Dy = divu, (6.16)
then the pair (v, P) is the solution of system (6.1) in R*\S(0, p).
Representation (6.15) will be used to solve Problems (I)* and (IIT)*. In

solving Problems (II)* and (IV)*, it is convenient to use other equivalent
representations.
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Theorem 6.7. If

v(z) = u(x) + (2D, + )y(z) — r? grad o (z) +
+ P grad ¢ (z), (6.17)

P(z) = —p(2Dr + 1)ip(z),

where

Au =0, Ap =0,

6.18
2D24) + 4Dptp + 3tp = — divu, (6.18)
then the pair (v, P) is the solution of system (6.1) in R3\S.
Theorem 6.8. If
v(z) = u(z) + (2D, + Do(x) + (p* — r?) grad p(z) +
0% — 12
+ 5 grad ¢ (z), (6.19)
P(z) = —p(2D; + 1)3)(x),
where
Au=0, AYp=0, Ap=0
(6.20)

Dytp = divu + 2D%p + 5D, + 3¢,
then the pair (v, P) is the solution of system (6.1) in R3\S.

The procedure of solving the boundary value problems for linearized sta-
tionary Navier-Stokes equations is similar to the method used for the cor-
responding boundary value problems of classical elasticity. That is why to
avoid repetition in constructing solutions and establishing their properties
we will note without proofs some principal facts as regards solutions of the
boundary value problems.

In the sequel we will deal mainly with solutions of the problems for the
domain B*. Problems for the domain B~ are solved in a similar manner.

6.2. Solution of Problem (I)". The solution of this problem is to be found
in form (6.15). Then, as can be easily verified, for u we have the Dirichlet
problem for the ball whose solution is given by the Poisson formula

2
Bt = TI(f _|’J| : 21
Vr € u(z) 47rp/ = $|3 d,S (6.21)

After substituting the found value of w in (6.16) and treating it as a
differential equation for the harmonic function ¢ with the right-hand side
F(z) =divII(f)(z), we will have
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Y(x) = /F(En)% +e¢, c= const.

r

The substitution of 7 = n/r brings it to the form

= /divH(f)(Tz)g +ec. (6.22)

By virtue of condition (6.8) 1 can also be written as
p - |7'a:|2 1 3r dr
=—di - —x- dyS
Vi 47rp V// Ty—ralP o P y)ff() e

Taking into account the notation of (2.44), (2.53) and representation
(2.74),we have

1 . 2 3
Y(z) = I leS/ (H - FX(xay))f(y)dyS +c, (6.23)
where

X(@,y) = |z —y| + Tyl ((lz =yl + p)* — [2]?). (6.24)

Now from (6.15), (6.21) and (6.22) it is easy to write the solution of
Problem (I)*

2_| |2

v(@) = I(f) () +

1
grad / div H(f)(ra:)f_—g,

X 0 (6.25)
d
P(z) = —u(2D, + 1)/div H(f)(Ta:)T—;- + po, po = const,
0
or, taking into account (6.21) and (6.23), its equaivalent form

I W i
v(z) = yrl) B e fly)dyS +
S

2 2

P2 — |z| . 1 3x(z,y)

+ e graddlv/ (|a: - + 202 ) f(y)dyS, (6.26)
S

2 2

LY p” — |zl 1 3x(z,y)

P(z) = ——— — _

(z) 37 dlv/(|x_y|3 S 2 )f(y)dy5+p0
S
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6.3. Analysis of the Solution. First we have to derive some estimates needed
for our further reasoning.
The identity

0 L @iy —yy) 0
Ox;0x; | —y| | —yl° |z —yl*’

(6.27)

allows us to represent the vector v determined by (6.26) in the form

o(z) = 20 4;/1”” ) S/ [ =) v

|z —y[>

1 32x(w,y)‘
2p% Oz,;0x;

_fw)d,S. (6.28)

Calculating the second derivatives of the function x and taking into ac-
count the estimates

Ve e BT, Yye s :
lz-y| <P, |z —y| <20, |zi—yi|l <|z—yl, p—lz| < |z -yl
2
20l —yl < (lz —yl+p)" — |z < 8plz —yl,

we obtain
*x(z,y) 32p
< 6.29
0z;0x; ‘ ~ e —y|? (6:29)
(wi—yi)(zj—y;) 1 32X($,y)‘ .
—_— e =1,2,3. 6.30

Now one can readily prove

Theorem 6.9. If f € C>7(S), 0 < v < 1 and satisfies condition (6.8),
then the pair (v, P) determined by (6.25) is a regular solution of Problem

@M.
Theorem 6.10. If x € BT, then

3(p* — |z?) / (@i —y)(x;—y;) 1 Px(z,y) s
o | O ap 29 Owidz; )auS =55, (631)

where x is determined by (6.24).

Proof. Consider the pair (f), ]Ig), where QkJ,(iL‘) = Oik, ]Ig(a:) =0;i,k=1,2,3;
x € BT. Obviously, this pair is a regular solution of Problem (I)* (condition
(6.8) is fulfilled). Then by Theorem 6.9 formula (6.28) is valid and in the
case under consideration it coincides with (6.31). W

Next we are going to consider the uniqueness of the classical solution of
Problem (I)*.
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Theorem 6.11. If the pair (v, P), where P € C'(B*), v € C(B*)n
C?(B7), is a solution of system (6.1) and vt = 0, then Yz € Bt : v(z) =
0, P(x) = po, where py is an arbitrary constant.

Proof. Let z be any fixed point in the domain Bt. Since v is continuous
in BT, it is uniformly continuous. Therefore by virtue of the boundary
condition v = 0, for any number € > 0 there exists a number § > 0 such
that |v(y)| < € for y € S(0, po), where po = p —dp, 0 < Jp < J. One may
assume that dy < p — |z| and therefore z € BT(0, po).

From the condition of the theorem it follows that v € C?(B*(0, p1)),
P € C'(B™(0,p1)), where 0 < p; < po, and thus one easily obtains v, P €
C>(B*(0,p0)). In that case from Theorem 6.9 we obtain the following
(unique) representation:

3(pg — 127 / H (zi —yi)(z —y;) 1 x(2y)
— - dyS.
()] 47 po |z —yl5 2p2 0z;0z; 3X3v(y) v
5(0,p0)
On account of (6.30) we have
302 — 122) & )
(o) < WBZED) S ey =) _
dmpo A= 2 =yl
#1725(0,p0)
1 9°x(z,y)
- d,S <
2p3 020z, ‘|v(y)| e =
891e po — |2
< = 891e. .32
<o / oS = sote (6.32)
5(0,p0)

Hence, remembering that € is arbitrary, we have v(z) = 0. Therefore
Vz € BT : v(z) = 0. System (6.1) now yields grad P = 0 and hence
P= Po- |

Theorem 6.12. If f € C(S) and [ satisfies condition (6.8), then the pair
(v, P) determined by (6.26) is a classical solution of Problem (I)*. More-
over, v is unique and P is determined to within an arbitrary constant term.

Proof. One may easily verify that when f € C(S), v and P determined by
(6.26) have derivatives of all orders in BT and satisfy system (6.1).
By virtue of (6.28) and (6.31) we have

o(z) — f(z) = 3(p24;p|a:|2) / H (i —yi)(zj —y;)
5

|z —y[®

1 x(z,y) ‘
2p% Oz;0x;

fly) = £(2))dyS.

3x3
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Now (6.30) yields

981 [ p? —|z)?
- < — [ — — d,S.
o)~ F < o [ Sl F0) - ),
s
On account of the property of the Poisson integral vt = f. Hence in turn
we obtain the inclusion v € C(B%). As to the second part of the theorem,
its proof follows from the preceding theorem. M

Problem 49. Construct the Green tensor for Problem (I)*.

6.4. Solution of Problem (I)~. The solution will be sought for in form
(6.15). Then for u we have the Dirichlet problem in B~ and therefore
u is given by the Poisson formula

- ' _ 1 |'75|2 -
S

Taking the latter formula into account, from relation (6.16) we obtain for
the harmonic function

1
W(z) = —/divH'(f)(%)dT (6.34)
0
or
1 f |22 — 72p?
— g =T e
P(z) = yo le/ F—— Tdrf(y)d,S. (6.35)
On account of (2.72) ¢ can be written as
1 2 3,
P(x) = “Imp le/ (H + X (a:,y))f(y)dyS, (6.36)
5
where

, oy lr—yl+lz]—p
X (z,y) = |z| — |z —y| + In . (6.37)
=l = e =4 plz—yl+lzl+p

Now taking into account (6.15), (6.33) and (6.34), we obtain the solution
of Problem (I)~ by

o(z) = ' (f)(z) + MT_/) graddiv/n'(f)(f)df,

X 0 (6.38)

P(z) = u(2D, + 1)div/H’(f)(—)dr

T
0
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or, taking into account (6.33) and (6.36), by

L [ |zf -p?
=— [ =P r0pyd,S
drp | e —yl? Flu)dyS +
S

v(x)

2 _ 2 1 !
Il graddiv/ ( 43 (m’y))f(y)dyS,
S

dmp lz -yl 2p? (6.39)
poo |z[> = p° 1 3x'(z,y)
P(z) = ——— - _ _
(=) 2mp dlv/ ( lz -yl |z—yl 2p? )f(y)dys
S

By virtue of identity (6.27) the vector v determined by (6.39) can be
written as

o) = 2= /H ) — )

dmp lz =yl
) (6.40)
19 '(ﬂf,y)
20 Ox; Ox; 3X3f(y)dy5.

6.5. Analysis of the Solution. We begin by giving some necessary estimates.
For ¥’ the following estimates Vz € B~ (0, p) N B*(0,2p), Yy € S hold:

X' (z,y) 48p
—| < 6.41
‘ 0z;0x; ‘ = |z —y? (6.41)
(@i —ys)(@; — ) 1 52x’(w,y)‘ 3
22 < =1,2,3. (6.42
|x_y|5 202 axla.’l,'] |x_y|3’ L) 9“4y ( )

Note that the pair (v, P) determined by (6.38) satisfies conditions (6.12)
and, as a result, we have

Theorem 6.13. If f € C>7(S), 0 < v < 1, then the pair (v,P) deter-
mined by (6.38) is the unique regular solution of Problem (1)~ satisfying
conditions (6.12).

Theorem 6.14. If x € B™, then

3(|=> = p%) /( (@i = y)(@j —y;) 1 PX(xy)
dmp |z —y|® 2p% Ox;0z;

)dyS=xi;(x), (6.43)

where x(z) = [|xij (%)||3x3,

p z?=p* 9
ij(T) = 7055 T
Xii (7) |z| * 4 0z;0x; ||
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k
Proof. Consider the pairs (QkJ,P), k=1,2,3, where

k p |z> =p* 0> p

i(r) = 7-0i T
vil®) |z] E 4 O0z;0x; |z|
k 3 90 p

=5 G o]

k
One can easily observe that the pairs (5, P) are the regular solutions of
system (6.1), satisfy conditions (6.12) and (1’31)+ = d;;. But in that case by

k
Theorem 6.5 the pair (1’3, P) is the unique regular solution of Problem (I)~.
Therefore formula (6.40) satisfied for & coincides with (6.43). W

Theorem 6.15. If f € C(S), then the pair (v, P) determined by (6.39) is
the unique classical solution of Problem (1)~ satisfying conditions (6.12).

Proof. Let us verify whether the boundary condition (v)~ = f is fulfilled.
Due to formulas (6.40), (6.42) and (6.43) we have

R e e L
S

|z —yl?

1 &°X'(z,y)

2_p2 0z;0z; ‘

1971 [ |z|? — p?

T dmp ) |z -yl
S

(f(y) = F(2))dyS| <

3x3

[F(y) — f(2)]dyS.

Hence by virtue of the property of the Poisson integral

Vze S : lim (v(z)—»(x)f(z))=0

B—>z—z

and therefore

VzeS: lim wo(z)= lim x(z)f(z) = f(2).

B~ >z—z B~ >z—z
The remainder part of the theorem is likewise easily proved. W
Remark. Due to (2.79) and the property of the Poisson integral Theorems

6.12 and 6.15 can be proved in a simpler manner if the soluton of Problem
(I)* is represented in form (6.26) and that of Problem (I)~ in form (6.39).



155

6.6. Solution of Problem (II)*. Using representation (6.17) for the solution
of this problem, we will construct the corresponding stress vector (™ by
formula (6.2). Taking into account relation (6.18), we can write

2

o (z) = %h(a:) + M D, grad(z), (6.44)

where h = (h1, ha, h3),

hi(z) = z; (&gx(j) + agjx(f)) —z;divu(z).

The form of stress (6.44) formally coincides with the form of stress of classi-
cal elasticity (2.41). Therefore, taking into account the boundary condition
(6.4) of Problem (II)* and repeating the arguments used in solving Problem
(I1)* of classical elasticity, we can write the sought for vector in the form

1

_ (1) (2) )
8’/T,LL (((I) (.’lf,y)-F(I) (zay))élk +
S

ui(z) =

0 0
(1) —3® — o — D) —

82
— 2 (1) _3®)
r ;0 (@ (z,y)—@ (xay)))fk(y)dys +

+ ik +bi, (6.45)

+

where ¢;;, and b; are arbitrary constants and 1) and @) are determined
by (2.53) as follows:

1
—|rz? 1 3z d
/ p _ITw|3 _ 1 353117)_;, m=1,2. (6.46)
J ly — 7| p P T

Having v in form (6.45), for the harmonic function ¢ we obtain, by virtue
of (6.18), the equation

D24 + 2D,0p + gzp =F, (6.47)

where
_ 2
87ru Iy 93|3

The latter equation is the partlcular case of equation (2.61) whose solution
can be written as

() = % div / (2, 9) £ (4)dy S, (6.48)
S
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where
/ > 1\ . lnrd
Ty \/i/ ” p~—rzl” ——)sinE—T. (6.49)
0

Formulas (6.45) and (6.48) will now be used to construct v and P. We
have

(@ (@) + 82 (2, ) +

b (80 (a,y) — 8 () +
T

0
+ 25— ((2Dr = 1)¥o(z,y) ~ 26 (z,y)) +
T
2 2 2
p-—r 0
2 Bmom, YT
82
2 2 _ &M _
1 (@ (z,y) — 8V (z,y) \I’O(w,y)))fk(y)dy5+
+ cikxp + by,
P( )——i—a /(21) — 1) To(z,y) fu (y)dyS
= 8w Oxy, " o\T, Y)Jk\Y )Gy
S

The expression for v contains arbitrary constants ¢;; and b; which should
be chosen such that the boundary condition (6.4) of Problem (II)* be ful-
filled. The final solution of Problem (II)* can be written in the form

1

m(a:):—/(((b(l)(a:,y)+<I>(2)(a:,y))5ik+a:k 9

(1) —
S

3z -y 0
_ (2 _Z _ _
&%) (z,y) p= )+ @i e ((2D, — 1)Tg(z,y)

2 2

3a:y) p?—r? 9?

— 92 —
(z,9) p3 2 Oz;0z

\I’()(Z',y) +
, 6.50
+ T2%8$k (8 (z,y) — @M (z,y) — ‘I’o(ﬂfay)))fk(y)dys"'( )

(3

+ €ijraj Ty + b;, 1=1,2,3,

Pla) = — = div [0, ~ D¥o(e,1) 10,5,
S

where ag,as,as,bi,bs,bs are arbitrary constants, €;;; is the Levy-Civita
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symbol. The stress vector o(™ has the form

1 2 _ |$|2
() (g) = — [ L —1T0
o™ (z) . y— 2| f(y)dyS +

5

2 _ 2
;. grad div/(Dr = 2)Vo(z,y) f(y)dyS.

m
s

Theorem 6.16. If f € C(S) and conditions (6.9) are fulfilled, then (v, P)
determined by (6.50) is the classical solution of Problem (II)*.

Problem 50. Prove Theorem 6.16.
Problem 51. Construct the Green tensor for Problem (IT)7.

6.7. Solution of Problem (III)*. First of all we replace condition (6.5) by
its equivalent form. Like in the case of Problem (III)* of classical elasticity,
using expression (6.2) for the stress o(™ and the first condition of (6.5), we
obtain Vy € S :

(o) = o)) ") = & (11 (@)0) ") +

24 (6.51)
+2uD(g)(y) + ;yg(y),
where H(0x) = ||H;;(0)]|3x3,
0
H;ij(0:) = 6i5(Dr — 2) — ”’"767 (6.52)

Now by virtue of representation (6.51) replace the second boundary con-
dition of (6.5) by its equivalent form and write the boundary conditions of
Problem (IIT)* in the final form

(n-v)* =g, (6.53)
(H(0y)v)t = F, (6.54)
where F = (Fy, Fy, F3),
Fly) = Z1() = 20D()(5) = 2y o). (6.55)
Note that
yF(y) = —2pg(y), (6.56)

/ WiFo() — e Fi(u))dy S = 0. (6.57)
S
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Formula (6.56) is the consequence of condition (6.7) and of the identity
n;D; = 0, whereas (6.57) follows from condition (6.11) and the formula

/(yka —yiD;i)(9)(y)d,S = 0.
5

The solution of Problem (IIT)* will be sought for in form (6.15). Calcu-
late H(0x)v by

H(0x)v(x) = h(z), (6.58)
where h = (hl, hg, hg),

Ou;i(z)  Ouj(x
hilz) = a;( aa;(j)_ aa:(i))_
2 0y ()
Ba:i '

—2u;(x) + 2;Dpp(z) — p

(6.59)

Due to relation (6.16) it is easy verify that h is harmonic in Bt and,
using conditions (6.54) and (6.58), we have h = F. Therefore h is given
by the Poisson formula h = II(F). On the other hand,

divh = (D, — 2)divu + D%y + 3D,1).

Hence, taking into account (6.16), for 1) we obtain the equation
, 1 1
D2+ 5D =  divh. (6.60)

To derive an equation for u equality (6.59) should be rewritten as

®r = Duite) = 2ED ) — D) + 9720,

o (6.61)

But by virtue of the same equality (6.59) we have
z-h(z) p*—r?
- - D .
! e

The substitution of the value z - u(z) from the latter equality in (6.61)
gives for u the equation

z-u(z) =

(Dr = Nu=gq, (6.62)
where ¢ = (q1, g2, q3),
i(e) = 3 (hite) — e 2D — (0, - )T

To construct the solution of Problem (III)* in form (6.15) we will first
solve (6.60) and then (6.62).
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Rewrite (6.60) in its equivalent form

1
DY+ 5Dt =1, (6.64)

where

1 . pP—lz> 1 3zy
=—d — — —— —=)F(y)d,S.
77(37) 87Tp IV/ ( |y _ $|3 p ,03 ) (y) Yy

To ascertain that equations (6.60) and (6.64) are equivalent, note that
div/(a: -y)F(y)d,S = 0.
5
Indeed, by virtue of (6.10) and (6.56) we write
v [ 9Fw)d,S = [y Fod,s = 20 [ 9,5 =0.
5 5 5

Seeking for the solution of (6.64) (which is the particular case of (2.95))
in the class of harmonic functions in B+, we obtain

b(z) = ﬁp div / (82 (z,y) — 319 (z,1)) F(y)d,S +e,  (6.65)

where ¢ = const,

1

2 2

_fypP =tz 1 3x-y \dr R

(}(m)(x,y)_/( |y_7_$|3 —;— p3 T)T—m, m—1,5,2. (666)
0

As to equation (6.62), following the procedure of solving Problem (III)*,
we can write its solution in the form

1 1 0
() = —— (2) — 2\ — (2) —
uil) = g [ (@9 @o0) =)o — w2 )
S
2
—(p2 — 2 (2) — o3 P
(0 =) 575 (B2 @) = 84 (@,9) ) Fulw)dy S + cijaj, - (667)

where ¢;; (i,j = 1,2,3) are arbitrary constants.
Substituting the function ¢ from (6.65) and the function u from (6.67) in
(6.15) and choosing c;; such that the boundary conditions (6.5) be fulfilled,
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the solution (v, P) of Problem (IIT)* takes the form

1 1 3zy

vi(T)=c— /((‘}(2)(337?/)————)5%—

3 3
) p o p

d
25— (2,y)) Fu(y)d, S+einaja, (6.68)

Hmz—lﬁmy/dmawnw%5+m,
S

where ¢;ji, is the Levy-Civita symbol, a = (a1, a2, ag) an arbitrary constant
vector, pp an arbitrary constant number.

Note that the function ®) determined by (6.66) can be represented as
(see (2.74))

2 3(z-y)

33 (z,y) = - In ((|Jz —y| + p)* — |z|*) —
@) = o = o (= v+ o — o)
3|z —y| -y 1
————+(6ln2p—5)—= +—.

P2 (6In2p )p3 P

Similarly to Theorem 2.21 one can prove

Theorem 6.17. Ifl € C%7(S), g € C17(S), 0< v <1, andl and g satisfy
conditions (6.7),(6.10),(6.11), then the pair (v, P) determined by (6.68) is
the classical solution of Problem (III)*

Problem 52. Prove that the difference between any two classical solutions

0 0
of Problem (III)* has the form (g, P), where g(z) =[a x z], P = po, po is
a constant number, and a a constant three-dimensional vector.

Note that in common with representation (2.68) the density of the so-
lution of Problem (III)* contains a derivative of the function g given on S
(compare with (2.120)). After discarding derivatives from the density, the
solution takes the form

1 1 3z 0
Ui(af):—/((‘}(2)(337?/)—;—%)5%—%8

23 (z,y)) x

8mp T;
S

p 2 / 2y, —3a;
x (Elp(y)-= - SRk

(u k(1Y) pykg >

9
o %xy)(slk o xk—Plg )(a:,y)) (y)d S+ €ijkAj T,

P ? (6.69)

P(a) =~ 5 [ 9 (200) - 2ngw)d,S +
d7tp Ba:k p v

27r81: /P(Q)a:y y)dyS + po,
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where

1
2 2
(2) _ Yk =TTk Yk p° — |1
by (way)—(QDr+1)/(|y_Tx|3 T2 [y — 1 +
0

By 1 _3Z/k($'y)T ka—ka)ﬂ
2p° |y — 7a| P P’ T
Problem 53. Construct the solution of Problem (III)~.

6.8. Solution of Problem (IV)*. Replace the first of the boundary condi-
tions (6.6) by its equivalent form. By virtue of (6.2)

n-a(”):—P+2,un-g—U.
n

Using the identity
2n -
n-a—Z:divv—Dk(vk—nk(n-v))— (npv)’

and taking into account the second equation of system (6.1), we obtain

4
n-o™ = —7“(11 -v) = P —2uDy (vr — ng(n - v)).
The boundary conditions of Problem (IV)* can now be rewritten as
y(y-v)\*
(v- 220 ) = 10, (6.70)
dy-v P\t
(== =) W =hw), (6.71)
where
h= % + 2D (Iy). (6.72)

The solution of Problem (IV)" is to be sought for in form (6.19) and,
additionally, it is to be required that the condition (n -u)™ = 0 be fulfilled.
It is easy to verify that

vi(x) — %xkvk(z) = u;(x) — T—2$kuk($) +

2 ox; r Or

Hence and from (6.70) it follows that u™ = [. Moreover, since u is
harmonic in BT, it can be represented by the Poisson formula u = TI(I).
Let us now find ¢ and ¢. By virtue of (6.19)
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= 207~ D, (0(a) + 20(x), (6.73)

where ( = (2D, + 1)(¢p — 4¢). Since Ap = 0, Ay = 0, it readily follows
that A¢ = 0. Moreover, from (6.71), (6.73) and the condition (nu)* =0
we obtain (T = h. Therefore ¢ = TI(h). Hence we have

2Dy +1)(¥ — 4p) = II(h).

Treating the latter relation as a diffrenetial equation for ) — 4¢p, we can
write its solution in the class of harmonic functions as

1 h dr 1
Y(x) —do(x) = 5 [ II(h)(T2)—= = —V (h)(2),
20/ VT 4w
where ho)
_ Yy
V(h)(z) = S/ T4,
Thus
V(@) = 4p(z) + ﬁpvm)(x). (6.74)

If in (6.20) we replace @ by its expression from (6.74) and set u = II(1),
then for ¢ we obtain the equation

D2 + %Drcp + ggo =F, (6.75)
where
1. 1
F(z) = -5 divII{)(z) + %DTV(h)(a:). (6.76)

In the class of harmonic functions the solution of (6.75) has the form

1
o) = —— /F(TCE) sin (ks In 7)%, (6.77)
2 TR

0

where k = —4, ky = ¥22,
Substituting the value F' from (6.76) in (6.77), we finally obtain for ¢

1

] dr B
o(z)= 87rpk2 / / p)s1n(k21n7')—7_2+k1)l(y)dy5

Iy Tz|?
0

sin(keInT) dr
h(y)d,S 6.78
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which due to (6.74) gives for ¢

] dr
Y(x)= 27rpk2 d1v// = T$|3 —;)sm(kglnﬂm)l(y)dyS—
sin (ko In 7)
d
%pb // y—ra] r1+k1 h(y)d,S+
47rp |y a:| d,S (6.79)

Thus the solution of Problem (IV)* has the form

o(@) =T1(1) (2) + (2D, + Dp(z) + T grad (v(2) +2¢(2)), (6.50)
P(z) = —p(2Dr + 1)3)(z),
where ¢ and ¢ are determined by (6.78) and (6.79).

Theorem 6.18. If g € C°7(S), I € C1(S), 0 < v < 1, and condition
(6.7) is satisfied, then the pair (v, P) determined by (6.80) is the unique
classical solution of Problem (IV)T

Problem 54. Prove Theorem 6.18.

* kX

Solutions of the problems for the sphere, mainly of particular ones, hav-
ing applications are derived in the monographs Lamb [1], Happel, Brenner
[1], Belonosov, Chernous [1] (see the bibliography given therein, also Chichi-
nadze [1, 2, 5]).

In all the works of which we know the problems are solved by means
of series and the solutions are also given in the form of series without a
necessary analysis of the representations obtained.
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CHAPTER VII
PROBLEMS WITH CONCENTRATED SINGULARITIES
AND TWO-DIMENSIONAL PROBLEMS

7.1. Problems with Concentrated Singularities. The class of solutions con-
sidered in the preceding chapters can be essentially widened if we take into
consideraton pointwise singularities. But first we have to make a remark.
Let an elastic homogeneous isotropic medium with the Lamé constants A
and p fill up the entire space R* and the force equal to two unities and di-
rected along the xj-axis be applied to the origin (point 0 = (0,0,0)). Then
(see, for example, Love [1] or Kupradze et al. [1]) the displacement of the
point z = (1,2, 23) produced by this force is calculated by the formula
I/(z) = (T1j(2),T2;(), [35(x)), where

N s .
Tyj(z) = =2 'xkxsj, k,j=1,2,3,
] ] (7.1)
r_ A+ 3u ’u, _ A+ p
T drpu(\+ 2u)’ T Arp(N 4 2p)”
Thus each column (as well as each row) of the matrix
L(z) = (|T(@)llsx3 (7.2)

considered as a vector satisfies the system of basic equations of elasticity
pAu(z) + (A + p) grad divu(z) =0 (7.3)

at each point x of the entire space except the orgin.

T is called the matrix of fundamental solutions of equations (7.3) or the
Kelvin matrix (see Love [1], Kupradze et al. [1]).

Consider the vector

0
u (x) = ;T (z) + eoT%(z) + e3P (2),
where c1,co, and c3 are some constants. The restriction of this vector on

0
the sphere S(0, p) will be denoted by f. Thus

Ve S :f (y) = el () + T>@m) + caT3().

Now let us solve the following problem:
In the ball Bt = B(0, p) find a continuous vector u which in this domain

0
satisfies system (7.3) and on the boundary S takes the value f— f, where
f is the known vector on S.

This problem was solved in quadratures in Subsection 2.4. In the latter

0
formula replace f by f— f. Denote the obtained solution by u and consider
the vector
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Obviously, V' is a solution of the follwing problem:
In BT find a vector V which is continuous in B*\{0}, satisfies system
(7.3) in BT\{0}, takes the value f on S and satisfies the condition

V(z) < — 7.4
vl <o (7.49)
in the neigbourhood of the origin.

Therefore the solution V' of this problem contains the displacement pro-
duced by forces concentrated at the point 0 = (0,0,0) and three arbitrary
constants. From the theorem proved in Subsection 1.7 it follows that there
are no other solutions of the problem.

We can make the class of solutions even wider. For this we have to
elucidate the meaning of derivatives of the Kelvin matrix. Apply force
equal to 2/h of the unity and directed along the z;-axis to the origin and
force equal to 2/h and directed in the opposite to the x;-axis direction to

the point %E (=h,0,0). Then the displacement produced by the action of
these two forces can be calculated by the formula

1 1
%I‘l(w) —%FI(Z‘— 517) _ r (171,:172,173) Z (.’171 +h,.’172,£l?3)-
Passing to the limit as h — 0, we will obtain an expression for the displace-
ment of z produced by the action of the said “double force”. It will be equal
to a derivative of I'"' with respect to z;. Derivatives of ‘?% have a similar
meaning. .

Obviously, everyone of the nine vectors g%: satisfies system (7.3) at any

point z of the space R? except the origin and at this point there is a singu-
larity of the type O( \w\Z)
Consider he vector

3 3 :

. o (x)

— T il Sl

z) = E c; T (z) + E Cij 9z, (7.5)
j=1 3,j=1

where ¢; and ¢;; are some real constants. Denoting the restriction of this

0
vector on S by f, we have

3
Vyes : f ZC]FJ char‘

i,j=1
Let the continuous vector u be the solution of system (7.3) in B* and
0
on S take the value f— f, where f is the known vector on S. The vector u

is given by (2.24), where f is replaced by f— ;. Now V(z) = u(x)+ u (z)
will satisfy system (7.3) at each point z of the domain BT except the origin
and take the value f on S, whereas at the point 0 = (0,0,0) it will satisfy
the estimate |V (z)| < ¢/|z|®. The solution V contains displacements caused
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by the concentrated force and “double force” acting at the point 0; it also
contains twelve arbitrary constants.

We can now formulate the general problem with concentrated singulari-
ties:

Find a continuous solution V of system (7.3) in the domain B*\{0} (the
ball with a hole at the centre) which satisfies the condition V* = f and the
estimate

c

[V(2)] < (7.6)

||

where f = (f1, f2, f3) is a given continuous vector on S, ¢ = const, and v is
a nonnegative number. The problem will be called Problem (I)/,.
The results of 1.7 imply the validity of

Theorem 7.2. Any solution of system (7.3) which satisfies condition (7.6)
is given by the formula

V(z)=u(z)+ »  D°T(x)al, (7.7)
la]<[v]-1
where a = (a1, a9, as) is a multiindez, T' the Kelvin matriz, [v] the integer

()

part of the number v, a(® = (aga), aga), aga)), a; ' = const, u the contin-

uous solution of system (7.3) in BT. Note the absence of the second term
in (7.7) when [v] = 0.

From Theorem 7.1 it follows that the solution of Problem (I)7, is written
in form (7.7). Fix the constants a(®) in any order you like and consider the
vector

i@= > DT(z)a. (7.8)

|| <[v]—1
Obviously, w is the solution of system (7.3) in the domain R*\{0}, satis-
0
fying estimate (7.6). Denote the restriction of f on S by u:
0
VweS: fy)= > 0°T(ya®. (7.9)
ol <[] 1
0
Let u be the solution of Problem (I)* for the boundary function f— f.
0

Clearly, v is given by (2.24), where f is replaced by f— f. In that case the
solution of Problem (I)f; is
Viz)=u(z)+ >  DT(x)a. (7.10)

lo|<[v]—-1

This formula contains arbitrary constants a(® and various-type forces
concentrated at the point 0 = (0,0,0). From Theorem 7.1 it follows that



167

there are no other solutions of Problem (I)7,. Thus the solution of Problem
(I)/, is nonunique. The arbitrary constants contained in the solution can
be determined by imposing various additional restrictions on the solutions.
One may give, for example, the intensity of force applied to the point 0 or
displacements at some points of the domain. But another approach to this
problem seems to us more interesting.

Note that on S: |z| = p = const,x1 = pcos g1, Ta = pCOS Q1 COS P2, T3 =

0
psin g1 sin g3 and therefore f determined by (7.9) is a trigonometric poly-
nomial. Determine the coefficient of this polynomial in such a manner that

0
f be the least deviated from f. Then in the particular case when f is rep-

0
resented in form (7.9) the solution of Problem (I)7, will be u determined
by (7.8) and, clearly, it is given explicitly in terms of elementary functions,
without quadratures. However, in the general case the solution is given in

form (7.10), where the estimate

lu(z)] < cr;lgglf(y)— Wl

holds for u (see (2.31) and the property of the Poisson integral).

We will give some other problems which can be solved by the same
method:

Find in quadratures a solution u of system (7.3) which is continuous in
the domain BT\{0} and satisfies the estimate

c

lu(@)| < (7.11)

||

and anyone of the following boundary conditions with concentrated singu-
larities:
PROBLEM 55.

vyes : (1)) =fy)
-Problem (II)7;

cs?

PROBLEM 56.

VyeS:(n-u)ty) =gw), ™ —n(n-7)" @) =1y
-Problem (III)1;

cs?

PROBLEM 57.

VyesS: (n-7") (y) =g(y), (u—nn-uw) () =Iy)

- Problem (IV)%;
PROBLEM 58.

Vye s : (r" +aou)t(y) = f(y)
-Problem (V)

cs*
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Problem 55. Find in quadratures a continuous solution of system (7.3)

in the domain B+\{al:, ..., &} by the boundary condition ut = f, for which
we have the estimate

ju(z)] < S ——. (7.12)

i1 |z— T |»i

1 n + .
Herez,...,ze B*; vy,...,v, are nonnegative constants, ¢ = const, f =
(f1, f2, f3) is a given function on S.

Problem 56. Formulate and solve Problems (II){,, (II)/;, (IV)f, (V)4
with concentrated singularities when condition (7.11) is replaced by condi-

tion (7.12).

Problem 57. Formulate and solve the boundary value problems with con-
centrated singularities for a polyharmonic equation.

Problem 58. Formulate and solve the boundary value problems with con-
centrated singularities of the thermoelasticity theory.

Problem 59. Formulate and solve boundary value problems with concen-
trated singularities for elastic mixtures and a fluid flow.

7.2. Two-Dimensional Problems. An elastic body undergoes plane defor-
mation parallel to the zizs-plane if the third displacement component
u = (u1,us,u3) is equal to zero: uz = 0, and the first two components
u1 and uy depend only on z; and z>. Then Hook’s law gives us the follow-
ing dependence of the stress tensor ||7;;|| on the displacement vector (see
Muskhelishvili [1], Kupradze et al [1]):

_ Our  Ous Ouq _
i1 _/\(3—3314_6—982)4_2#6—91:1’ iz =0,
8u1 Bug
_Ou  Ou _ 1
T12 IUI(BQEQ 3331 )7 T23 07 (7 3)
- 8u1 8U2 8U2 - 8u1 8U2
2 =AMy on) YU,y =G T o)

The equilibrium equation rewritten in terms of stress components takes
the form

67’11 87'21

- - —= =0
8.271 81:2 ’
oris O ; (7.14)
8.271 81:2 -

and the compatability equation (see Muskhelishvili [1]) in the plane theory
will be written as (there is no mass force)

A(Tll + 7'22) =0. (715)
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From relations (7.14) it follows (see, for example, Love [1], Muskhelishvili
[1]) that there exists a function A such that

T N S
Ti1 = Barg’ T2 = 61218332’ To2 = Ba:%'

Equations (7.15) and (7.16) enable us to conclude that A satisfies the bi-
harmonic equation.

A is called the stress function or the Airy function (G.B. Airy, 1862).
After the Airy function is found, the stress tensor can be found by simple
differentiation. Moreover, the basic problems of plane elasticity are imme-
diately reduced to the boundary value problems investigated in Chapter III.
Let us, for example, consider the second basic problem of plane elasticity
(or the first problem following Muskhelishvili’s notation). It is required here
to determine a plane deformed state of an elastic medium when the stress
tensor is given on the boundary. That is, on the boundary we have

(7.16)

(n) _ _ 9%A 0% A _

T, =T11M1 + Ti2N2 = 81:% ny — 81:18352”2 = f1,
(n) _ _ 9%A 0% A _

Ty = = T21M1 + TaaNe = _81718352”1 + 81:% ny = fa.

Hence
0%A @_1_6214@__][
0x10xy ds ox3 ds b
0%A dxy N 0%A dxy
83:1 ds 0x10x> ds

gf /f2ds — /flds

% _ 0A da:2 BA da:l
d

=f2

and therefore

83:1 ds t oy 83:2 ds’

n
A= | —d dxo
/ CIZ1+62

Thus on the boundary 4 % and A will be expressed as functions of the
arc coordinate s by means of the known functions f; and fs.

To find the Airy function we have obtained here the Lauricella problem
for the biharmonic equation, which was solved in Chapter III.

All plane problems can be solved in a similar manner. But these prob-
lems can also be solved by the method proposed in Chapter II. Special
representations of solutions, Poisson-type formulas and formulas providing
solutions of ordinary linear differential equations are the main tool used in
solving three-dimensional problems. All these means apply as well to the
plane case. Moreover, the resulting ordinary differential equations do not
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actually differ from the corresponding equations of the three-dimensional
problems.

In this book we do not pursue the aim to carry out a thorough inves-
tigation of two-dimensional problems, as they have been solved in quite
a number of works whose survey is beyond the framework of this book.
For sufficiently full information the interested reader is referred to Love [1]
and Muskhelishvili [1]. To illustrate our reasoning, below we will give the
solution of the first problem for the linearized Navier-Stokes system.

The linearized Navier-Stokes system is written in the form

pAv(z) — gradp(z) = 0,

dive(z) =0, (7.17)

where z = (z1,72) € R?, v = (v1,v2) is the velocity vector, p the pressure,
1 the viscosity coefficient,

02 o2 0 0

A= —+— d=(—, ——).
or? + ors’ gra (8271 ’ 81:2)
Theorem 7.3. If
2 _ .2
p°—=r
v=u+ grad vy, (7.18)
p=—2uDy1)

where Au =0, A =0, r = |z| = /22 + 23, D, =rf = a:la%l +a:28%2,
u and 1) are interconnected by the relation

Dy = divu, (7.19)
then the pair (v,p) is a solution of system (7.15).
Problem 60. Prove Theorem 7.2.

Let KT be the circle in a two-dimensional Euclidean space with centre
at the origin and radius p : K* = {z € R?||z| < p} and S be the
circumference S = 0K* = {z € ]R2| |z| = p}.

For system (7.17) we will consider the first boundary value problem:

Find the pair (v,p) which is a solution of system (7.17) in Kt if

lim (@) = f(y), (7.20)

K+t>z—yeS

where f = (f1, f2) is a function given on S.
Note that for this problem to be solvable it is necessary and sufficient
that

/f(y)n(y)dyS =0, (7.21)
S

where n = (n1,n2) is the external normal to S.
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The solution of the problem is to be sought for in form (7.18). Then, as
can be easily verified, for u we have the Dirichlet problem

Vz e KT : Au(z) =0,
VyeS: li =
yes:  Jim u(z)=f)

whose solution is given in the Poisson integral form

_ 1 p2 _ ,,.2
=505 | oy WS (7.22)
S

Introducing the polar coordinates y = (pcosw, psinw) and z = (r cos¥,
rsinf), for the points y € S and z € K™ the Poisson integral can be
rewritten as

2m
2

_ 1 P .
H(f)(=) = o / p? —2rpcos(w — 6) + 12 Fw)de, (7.23)
0

where f*(w) = f(y) = f(pcosw, psinw).
The substitution of (7.22) in relation (7.19) enables us treat the latter as
a differential equation for :

rg—:/j = div II(f).

Solving this equation in the class of harmonic functions, we have

Y(z) = /diVH(f)(T:L‘)i—;, (7.24)

and, due to (7.21),

1 7|2 P d
— |2 T T
Y(z le// [|) - -1-— E a:kyk)ﬁf(y)dyS.
0 Yy P k=1

Now using (7.22), (7.24) and (7.18), the solution of the first problem for the
circle can be constructed in the form

dr

_ PP —|af?
v(z) = T(f)(x) + Tgrad/dlvﬂ HNire)— = (7.25)

p() = ~2udivII(f) ().

Theorem 7.4. If f € C(S) and f satisfies condition (7.21), then the pair
(v,p) determined by (7.25) is a solution of system (7.17), v satisfies con-
dition (7.20) and p € C'(KT), V € C(KT)NC?>(Kt). Moreover, v is
determined uniquely, whereas p to within an arbitrary constant term.
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Problem 61. Prove Theorem 7.3.

Problem 62. Solve the boundary value problems of the classical theory
of elasticity for the circle and the entire plane with a circular hole.

Problem 63. Solve the Lauricella, Riquier and mixed-type problems for
a polyharmonic equation for the circle.

Problem 64. Solve the plane boundary value problems of thermoelasticity
for the circle and the entire plane with a circular hole.

Problem 65. Solve the boundary value problems of fluid flow for the circle
and for the circle exterior.

X k X

Singular solutions of various equations of continuum mechanics were con-
structed as early as the 19th century and were widely used to construct spe-
cial potentials giving particular solutions of the considered equations (see
Kelvin [1], Love [1], Kupradze et al. [1] and others). Singular solutions of
the boundary value problems of continuum mechanics are constructed here
for the first time (see Buchukuri, Gegelia [1,2]).

Vast literature is devoted to problems for the circle. An interested reader
is referred to Muskhelishvili [1], Love [1], Basheleishvili [1, 2, 3]).
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CHAPTER VIII
CALCULATION OF SINGULAR INTEGRALS
OF THE POISSON INTEGRAL TYPE

8.1. Preliminary Remarks. In the foregoing chapters we have constructed
in quadratures the solutions of many boundary value problems of contin-
uum mechanics for the ball and the entire space with a spherical cavity.
These quadratures are integrals on the sphere which is the boundary of
the considered ball. They are expressed mainly by simple combinations of
Poisson integrals or by integrals of the Poisson integral type. Such represen-
tations prove convenient in constructing numerical algorithms of solutions.
Our proposed scheme of constructing numerical solutions of the problems
possesses all the advantages of the method of boundary integral equations
such as: it decreases the problem dimension by unity, makes it possible
to calculate the unknown values at any point without obtaining them at
other points of the considered domain and so on (see Goldstein [1], Rizzo
[1], Lachat, Watson [1], Wendland [1] and others). To apply the method of
boundary integral equations one needs to solve the obtained integral equa-
tions. To substantiate the methods of solving such equations we have to
perform their rather sophisticated investigation; solutions are represented
as integrals of the Poisson integral type whose kernels are given in terms
of elementary functions and densities are the given boundary conditions.
Despite the fact that the methods of calculating such integrals do not actu-
ally differ from those commonly used for calculating multidimensional (in
particular, two-dimensional) integrals, still the former methods need all the
same a certain modifcation.

8.2. Poisson Integral. In calculating the integrals which are the solutions
of the considered boundary value problems one encounters problems of the
same nature as those for the Poisson integral regarded as the simplest one
among such-type integrals.

The Poisson integral

u(pg,ﬁo,cpg) = H(f)(xo)

27 ~

_ P (p* = pp) sindf (¥, )
/ / ( dpdd (8.1)

"~ 4m ) ) (0 = 2ppocosy + p3)3/2
00

is the solution of the Dirichlet problem for the ball B(0, p) = {z € R? | lz] <

p}
Au(z) =0, x € B(0,p); ulypq,,®) = f(y).
Here f is a given continuous function given on 8B(0, p);

f(z?,cp) = f(pcosp sind, psin @ sind, p cos ¥); (8.2)
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(po, Yo, po) are the spherical coordinates of the point 2° = (29,29, 29);

x[l) = po oS g sin Iy,
a;g = pg sin g sin Yy,
a:g = pg cos Yo;
(9, ) are the angular coordinates of the point y on the 9B(0, p):
Y1 = pCos psin ¢,
Y2 = psinpsind,
Y3 = pcosi;
7 is the angle formed by the vectors z° and y.
Introducing the notation 7 = py/p, we rewrite (8.1) in a form better

suitable for calculation

T 2T

1—72 sin ¥
(.o 0) = |- T )dpdd. (53
00

1—27cosy+72)
For our purpose it is convenient to rewrite integral (8.3) in terms of the

iterated integral and to use Simpson’s quadrature formula (see, for example,
Hamming [1] or Collatz [1]) for one-dimensional integrals.

8.3. Simpson’s Method and Runge’s Principle. In calculating the integral

b
7= / Ft)dt (8.4)
its value is approximately replaced by the sum

S(f,a,b,m) = g(f(a) FEM) 42 flat2kh) +
k=1

m—1
+4> " fla+ (2k+1)h), (8.5)
k=0
where h = 52
Note that (8.5) contains the value of f at 2m — 1 points of the segment
[a, b].

Denote the error of Simpson’s formula by R(h):

b
R(h) = / F(t)dt — S(f, a,b,m). (8.6)

If f has, on [a,b], continuous derivatives of fourth order f € C*([a,b]),
then
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— Q)i
R(y =~ 22D g

for some ¢ €]a, b]. Therefore to estimate the error we obtain the formula

— Q)i
< (b—ah max |f(4)(f)|. (8.7)

[B(R)] < 180  a<e<b

Estimate (8.7) is rather rough and its application frequently leads to a
substantial increase of m in sum (8.5). This particularly refers to those
intergrals for which f(4) sharply increases in the neighbourhood of some
point of [a,b]. We are going to show below that such a situation occurs in
calculating integrals of the Poisson-integral type.

In practice, the error is frequently estimated using Runge’s principle con-
sisting in the following: if the condition

UE|S(f,a,b,2m)—5(f,a,b,m)|§8. (8.8)

is fulfilled for some m, then S(f,a,b,2m) is taken as an approximate value
of integral (8.4) and the number e for the error. As has been established,
for Simpson’s formula the error can be estimated by

NO’

8.4. Integral Calculation Algorithm. Program No.1 realizes the afore-men-
tioned method of calculating integral (8.4) as a function integrall() in the
language C.

We wish to note rightaway that the programs given in this chapter are
written in the language C' (the TURBO C version) and realized on the
computer IBM AT with the processor model 80286/80287.

To calculate integral (8.3) it suffices to apply twice the function of calcu-
lating a one-dimensional integral. We will estimate the error for each case
such that the calculation error of (8.3) be not greater than e.

Denote by §(f,a, b,d) sum (8.5) for m such that

R(h) (8.9)

b
‘/f@m—smm@m)ga (8.10)

By Runge’s principle S(f, a,b, ) can be replaced by S(f,a,b,2n), where
|S(f7 a7 b7 2n) - S(f7 a7 b7 n)| S 6'

Denote by F' the function

sind f(d, p)
(1 —27cosy +712)3/2’

F(9,0) =
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and by Z; the integral

On account of (8.10), for Z; (p) we have
I7,(9) — Ty (9)| < &, (8.11)
where _ _
I (19) = S(F(ﬁv ')v 07 271-’ 61)
Let @(po, Yo, o) be an approximate value of integral (8.3):

_7—2~

S(Z,,0,m,5,). (8.12)
47

~ 1
’U/(po, 1907 QOO) =
Then

|’U/(,00,'l90, 900) - ﬂ(p071907¢0)| S

y

1— 72 .
<17 ‘/Il(ﬁ)dﬁ—S(L,O,w,ég) i +
/I8
0
1-72 - .
+ 4 |S(Il,0,7r,52)—5(11,0,71',62)|. (813)
/I3

By virtue of (8.11) the first term on the right-hand side of this inequality
is less than 2. Let us estimate the second term. We observe that

S(f,a,b,m)| < (b= @) max, |f(2)].
Therefore

8(21,0,7,8) = 5(T1,0,7,0,)| < 7 max |T(9) — T1(9)]| < 7.

(8.13) now yields

1—72

|U(P05190:<P0) - ﬂ(p07007¢0)| S (62 + 7T61)-

If
4dre

R ()

(8.14)

then we will finally obtain

[u(po, Do, po) — U(po, o, wo)| < e.

Program No.2 employs the above-described method to calculate integral
(8.3). An approximate value is calculated by means of (8.12) and (8.11),
while the values ¢; and d5 by (8.14). The program also counts up the number
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of nodes (n) at which the values of f are calculated and computes the time
(t) spent on calculation. In this program f is the boundary function given
by the user. f must be a function of the Cartesian coordinates of a point
of the sphere and introduced in the program between the lines /*begin of
boundary function*/ and /*end of boundary function®/. In our case the
function f is given by the formula f(z1, s, 73) = 327 — 23 + 323 — 4. If, for
example, f(x1,x2,23) = 1 — x2 — 1, then this part of the program has to
be changed as follows:

/*begin of boundary function*/,

return (3 x zl — 22 + 4);,

/*end of boundary function*/.

8.5. A Remark on the Calculation of the Poisson Integral Near the Bound-
ary. In practice it is important to know the desired values at points close to
the boundary, but when the point 2° = (pg, o, @o) approaches the bound-
ary OB(0, p), in calculating the Poisson integral at z¥, we observe an sharp
increase in the number of nodes (n) at which the values of f are calculated,
which accordingly brings about the same increase in the time (¢). Let us
find out what reason underlies this phenomenon.
If we assume
A= (1-2rcosy+12)2,

then

A2 =(1-1) +4Tsin2% > (1—1)2

and 1/A < 1/d, where d =1 — 7. Moreover, if

d
sinz <

2 " 2/1-d
then A% < 2(1 —7)? and

1 S 1

A7 V2d
Hence, using the estimate 1/A4 < 1/d, we conclude that 1/A4 has order 1/d
for small ~.

(8.7) implies that to estimate the error of Simpson’s formula it is nec-

essary to estimate derivatives of the integrand function of fourth order. In
our case this function is

F(d,¢) = K(r,9,9)f(9,9),
i i 8.15
K(r, 9, ) = sin ¢ _ s1n19. (8.15)
(1 —27rcosy+72)3/2 A3
(8.3) and (8.7) imply that it suffices to estimate the fourth-order derivatives
of F' with respect to ¢ and ¢. We assume

90 £(9, )

V(0,9) € [0,7] x [0,27]) | =5 5oo

<e, a+pB<4. (8.16)
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Let us estimate derivatives of the kernel . We have

OK(r,9,) _ 37sind 0O(cosy)

e Iyt dp
K(r,9,p) _ 3rsind 9*(cosy) N 1572 sind (B(COS v) )2
Op? Iyt Op? AT e ’
K (r,9, p) _ 3rsing 92 (cos ") N 457%sing  9(cosy) 0%(cosy) N
op? AP op? A7 dp Op?
1057' sin ¢ ( (cosvy )3
A? dp
0K (1,9, ) _ 3rsind 84(005 v) N 1572 sind 3(82(c0s 7))2
Op* A Op* AT Op?
O(cos ") 83 (cos 7 6307' sin ¢ 8(cos ¥)\ 2 0(cos)
H Op + dp ) 0p? +
9457 sin (B(COS ) )
A1 9o ’
OK(1,9,¢)  cosdd . 3rsind  O(cosy)
oY A3 A5 oy
P’K(r,9,0) _sind 37 O(cosy) . . 0%*(cos)
592 =5 +A5(2cosz9 59 +sind 592 )
1572 sin ) /9(cosy)\ 2
= (Ta )
PK(r,9,¢) _ cosd® 3¢ . 3*(cosn) 9 (cos)
b =t (0 g+ eos g
. .O(cosy)\ 4572 d(cos )
— SSIHﬂT) + T cosﬁ(W) +
. .0(cosy) 0%*(cosy)\ 10573 sind ,9(cosv) 3
iy = )t (e )
O'K(r,0,¢) sind 37, 0*cosy) . .0%(cos)
901 =B +E( i 1976194 —6sm1976192
93 (cosy) d(cos )
+4costV———= EE —5cosd 59 )+
1572 . .0(cosy) 83(cos7) d(cos )
+ T <4s1n19 50 o0 +12005197a X
02 (cos ) ) 0?(cos )\ 2
><76192 +351n19(7a192 ) >
1073 d(cosy)\? ) d(cosy)\?2
+ VE (4200519( 59 ) +73sm19( 59 ) X

02 (cos ) N 94574 sin ¥ (B(COS v) )4
0192 All 09 ’
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where
)~ sin sin Yo sin(yp — o),
dp

825967:;:7) = —sin® sin ¥y cos(p — o),
83(6(:7:;:7) = sin 4 sindy sin(p — o),
84557::7) = sin 4 sindg cos(¢ — ¥o),

a((;);w = cos ¥ sinty cos(p — o) — sind cos o,
% = —sind sindy cos(p — o) — cos cosdo,
% = —cos® sintg cos(p — o) + sind) cos o,
% = sind sino cos(¢ — o) + cos cos .

Since v is the angle formed by the vectors z and y, we have either
[9 — o] < and |p — po| <y or 2 — v < |¢ — po| < 2. Therefore

| sin( )< —2 sin(9 — 90 < 1
in(p — _a (B — |
o 2vi=d’ O =91 —d
Hence we conclude that
3
0(cosy) d 0%(cosy) 0
dp DB
W = sin(¥) — ) — 2sin o cos I sin” p—vo d,

3 (cosy) _ 9(cosy) p
o 09 ’

Applying these estimates, we arrive at

0K (1,9, ¢) 1

~ a=0,1,2,3,4;
a(pa da+37 ) ) ) ) b
8.17
0K (7,9, ) 1 ( )
o~ s @=0.1,2.3.4.
Since
O'F(, ) _ W, ) | OK(T,0,0) (9, 0)
T(p‘l = ’C(T,ﬁ,(p) a(p4 + 4 a(p a(p3 +

’K(r,9,p) O*f(0,0)  O*K(r,9,p) Of(Y,p)
- 4
+6 5 57t 5 PR
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64’C(T7 197 (,D) ry
+ wa,@,

_ *f(W,0) | OK(1,9,0) O*f(¥,0)
= Km0 9) =55 t4 53 905
*K(r,9,0) O°f(¥,9)  B*K(1,9,9) (9, )
O Tar T o a0
64’C(T719790)~

+Tf(19,¢),

by virtue of (8.16) and (8.17) we obtain
O*F (9, ) ‘ 1

I'F(, )
9

2ot~ T (8.18)

Ot T d7

BLF (9, ) ‘ 1

for
sin T < L

2~ 2/1-d

(8.7) and (8.18) imply that the lesser d = 1—7 = 1—19¢/4¥, i.e. the closer
the point z° to the boundary 8B(0,p), the greater the number of nodes
at which the values of f are to be calculated in order to achieve a given
precision and, accordingly, the greater the time required for calculation.
The reason of this phenomenon is evident from estimates (8.18) and formula
(8.7): fourth-order derivatives of the integrand function sharply increase as
the point approaches the boundary (the approximation order is equal to

1/(p = po)").

8.6. Calculation of the Integral Near the Boundary. Here we shall discuss
the technique of improving the computation algorithm. Our aim is for a
given error, find ways of decreasing the number of nodes and, accordingly,
the computation time when the point 2° is near the boundary. This can be
done in various ways at different levels.

8.6.1. Method of Separation Singularities. If we consider the Dirichlet
problem for the ball B(0,p) with the boundary function f = 1, then its

solution w is given by the Poisson formula, where we set f = 1. On the
other hand, it is clear that u = 1 and therefore we obtain (see (8.3))

2T
1—72 sind
dodd =1;
47 // (1 — 27 cosy + 12)3/2 v ’
00

(8.3) can be rewritten as

~ 1—72
u(po, Yo, vo) = f(Yo, po) + 1
v

T 27

ind
x / (1 — 27 C§:7 + 7_2)3/2 (f('ﬁ:(p) - f(1907 900)) d(P d19, (819)
0 0
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where the integrand function is

sin ¢
(1 — 27 cosy + 72)3/2

Fi(9,9) = (f(9,9) — F(90,0))-

Lagrange’s theorem implies

|f~(19750) - f~(1907500)| < Y,

e=max (|2, |2]).
dp

This makes it possible to somewhat improve the estimate of the fourth-order
derivative of the integrand function. We now have

where

" 4
TR 1 |TRW,e)] 1 (8.20)
8504 6 o4 db
for
sin J < L
2 T 2y1—-d

Thus, if the value of u(po, %o, o) is calculated by means of (8.19) instead
of (8.3), then with the same number of nodes the precision will be somewhat
improved (compare (8.20) with (8.18)).

8.6.2. Transition to a New Coordinate System. Note that if 2° is on the
Oxs-axis, i.e. o = 0 and Jp = 0, then estimate (8.20) will be improved.
Indeed, in that case v = 1 and the kernel K does not depend on ¢. Therefore

0K (p, 9, p)
09«
‘BQK [N ‘

2

da+2’
=0,1,2,3,4.

With these estimates taken into account, we obtain

'F (9, ) PR, 1
hlluli Stk 4 I it LAk ) 21
‘ ot | © By & (8.21)
for
sin X < L
2 " 2/1—d

Also note that since K does not contain the variable ¢, (8.19) can be
rewritten as

~ 1—72 [ sind
u(p071907§00) —f('l90,§00)+ 4 / (1—2TCOS')/+7-2)3/2 X
0
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< ([ 7.0 o~ 20700, 0)) v, (519)

0

where 99 = 0 and ¢y = 0.

The equality (8.19') is somewhat more efficient than (8.19) because of
the fact that the kernel is calculated in the external integral.

If 2° is not on the Ox3-axis, this can be achieved by rotating the coordi-
nate system. In that case the transformation of coordinates looks like

0,/ 0,/ 0,/ !
y=y + T3Ys — TiY1 — TaYs T Y3 20
! 1+ 29 b
0,/ 0,/ 0,/ !
T3Yz —TiY1 —TYs T U3 20
0 2
1+ a3
0,/

_ 0,/ 0,1
Y3 = T3Y3 — T1Y1 — TaYa-

Y2 = y5 +

Here (y1,y2,y3) are the previous and (yi,y5, y5) the new coordinates of the
point y.

If we introduce the notations g(y1, y5,y5) = f(y1,y2,y3) and g(¢#',¢') =
f(z?, ©), then in the new system v = ',

sin

19/ ! —
K(r, ', ) (1 — 27 cosy + 72)3/2

and (8.19) will take the form

T 2T

~ 1—72 sin ¥’
u(po, Yo, po) = (o, 0) + — // (1= 27cosd + 232 <
00

x (g0, ¢") — g%, ¢p)) de' '

Like above, the kernel can be moved outside the internal integral, which
results in

~ 1—72 r sind' d'
u(po, Yo, v0) = f(Jo,p0) + A / (1— 27'c0s19+7'2)3/2 x
0
27
x (/ﬁ(ﬁ’,so’) dy’ — 27rf(190,soo))dgo’. (8.19")
0

Let us determine how accurate the computation of the internal and exter-
nal integrals in (8.19") should be for the error of computation of u(pg, Yo, o)
not to exceed ¢.
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We introduce the notations

2T

L) = [0 de' - 2nF (0.0,
0
5(,0,2,61) = S(g,0,2m,m)
for m such that (see (8.5))

27
30 de' - S(G.0.2mm)| < b1
0
11(19,) = S(§707 27?',61) - 27rf('l90,Q00)-
Then N
[Z1 (') = 1 (9")] < 61

After an approximate calculation of the internal integral, the integrand
function in the external integral takes the form KC(7,9')Z; (¥'), where

sin ¢/
(1 —27cosd +72)3/2°

K(r,v")

Therefore

//C(T, )T (0" dY' — S(K(,9")L1(9"),0,7,85) | < d.
0
Denoting by @(po, 0, o) an approximate value of u(po, %o, o),

2

L S(K(r, )T (9),0,7,5,),

-~ 1
u(po,Yo,p0) = f(Jo,p0) +

we obtain
~ 1—7° f ! ! T (9!
|u(p071907900)_u(p07007500)| < A ’C(Taﬁﬂzl(ﬁ)_zl(ﬁ”dﬁ'i'
0
1- T2 r NT ’ ’ o NT /
+ 4 ’C(T:'ﬁ)zl('ﬁ)d'l9 _S(K(Taﬂ)zl(ﬂ)aoaﬂ-a&?) .
/I8
0
Since
1—72 / sin ' d’' B
4n (1 —27cos? +72)3/2 7
0
we have

-~ (51 1 —7'2
|u(po, Y0, 0) — w(po, Yo, 00)| < 5= +
27 4

da.
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Setting
4dme
0y =09 = 3_ 2
we obtain the estimate

|u(po, Do, p0) = W(po,do,p0)| < e.

Program No.3 computes the Poisson integral by means of representation
(819"). Note that the time of computation at points close to the boundary
is less than that in Program No.2, though we admit that the proposed
technique does not lead to great success as regards this problem.

8.6.3. Technique of Choosing a Variable Step. One may accomplish a
further improvement of the computational technique for the Poisson integral
by giving up the uniform distribution of nodes on the integration interval.
From the analysis of (8.19") it is obvious that when condition (8.16) is
fulfilled, the approachment of the point z° to the boundary does not much
affect the computation of the internal integral. The computation of the
external integral however becomes more difficult because the kernel

sin ¥’
(1 —27cosd +72)3/2

K(r,9') =

increases and tends to infinity as 2° approaches the boundary. When com-
putation is performed with a constant step, a loss of accuracy occurs (see es-
timates (8.7) and (8.17)) on a part of the integration interval, where deriva-
tives of I sharply increase. Therefore one may improve the effectiveness
as follows: the greater the values of K and their derivatives on this part
of the integration interval, the lesser the division step should be. We will
give a description of the technique realizing this idea for a one-dimensional
integral.
Suppose we have to calculate the integral

b
/f(t) di (8.22)

to within £ when f sharply increases near one of the integration limits. Let,
for example, f tend to infinity at zero, a be a small positive number and
b > a. One may assume, say, that

1
F&)~

in the neighbourhood t = 0.
A positive function § determined on the segment [a, b] so that

/6(t) dt =1 (8.23)

a
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will be called a node’s distribution function.
Let, besides,

Alz) = / S(t)dt. (8.23')

Divide [a, b] by the points a = ag < a1 < as < --- < a, = b into n parts
such that the condition

/ f@t)dt —S(f,ar,ar+1,2)| < e(Alags+1) — Alar)), (8.24)

where S is the sum determined by (8.5), be fulfilled on each part [ak, Gg+1]-
By Runge’s principle for this it is sufficient that

|S(f, ag,ak+1,1) — S(f, ar, agr1, 2)| <e(A(ags1) — Aag)). (8.25)

Then, denoting by g'(f, a,b,e) the sum

n—1

S(f.a,be) = 3 S(f an, by, 2), (8.26)

k=0
we will have

b

* n-1 %
|[r0a=5.an0 <3| [ 10d- 500k 02| <

n—1 b
<e > (Alapr) — Aar)) = 5/5@) dt = .
k=0 a

Therefore S(f,a,b,¢) is the desired approximate value of integral (8.22).
Let the points ag, - , a, be chosen such that for any £k =0, - ,n:

|S(f, ans ans1, 1) = S(f, ap, ars1,2)| ~ e(Alarsr) — Alar)).
The equalities (8.7) and

Alagyr) — Alag) = (agy1 — ag)d(€r), ar <& < a1,

imply

1 (a —ag)®
L O 0T 400 )] (s — )i,

or, which is the same,
180 - 15 - 4%25(&,)

FARIG . (8.27)
ap < fk,nk < Qpy1-

(aps1 —ag)t ~
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Relation (8.27) gives us the criterion for choosing points aj. The inte-
gration step
Ap+1 — O
4
depends on values of § and f*) on a given part of the integration interval.
By an appropriate choice of § one can obtain a various extent of dependence
of the step on f. In particular, if

hi, =

fW(x)
IRIOY
then hy will not almost depend on the behaviour of f on [a,b], i.e. we will
have integration ”with a nearly constant step”.

Consider a simplest case when ¢ is constant on [a,b]. Then by virtue of
(8.23), (8.23") we have

o(x) =

1 T—a
d(z) = T A(z) T (8.28)
and condition (8.25) becomes
e(ags1 —a
IS(F ket 1) = S(frap g, 2)] < SELZW) - (g99)

b—a
Now (see (8.27))

1
hi =0 | ————— | .
’ <</|f<4>(ak>|>

We will give an algorithm realizing the discussed method of computing
integral (8.22). For the function integral2() calculating a one-dimensional
integral by this algorithm see Program No.4.

To provide a given precision the integration interval is divided into a
certain number of subsegments (whose number in the program is determined
by the parameter segnumber).

The procedure of an approximate calculation of the integral under condi-
tion (8.29) is performed for each subsegment in turn. For this the next-in-
turn subsegment [ay, ax1] is divided by the points z; (i = 0,1,2,3,4) into
four equal parts (zg = ap, x4 = ag1) and therefore [ag, ar1] = [zo, 24]-
The sum S(f,ak,art1,2) is calculated at o, z1, 22,3, 24 and the sum
S(f,ak,ar+1,1) at zo,z2,z4. If condition (8.29) is fulfilled, then the ob-
tained sum S(f,ar,art1,2) is added to the sum already evaluated and we
proceed to considering the next subsegment [ag+1, ar+2]. If condition (8.29)
does not hold for the subsegment [a, ar+1], we take [ay,x2] as a new seg-
ment and enter the calculated values of the pairs (z3, f(23)) and (x4, f(z4))
in the stack where they are stored.

The subsegment [ay, z3] is divided by the points ax = yo, y1, Y2, Y3, ¥a =
zo into four equal parts, the entire procedure is repeated and will go on
until condition (8.29) becomes fulfilled on some subsegment [ag,t2]. The
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obtained value of S(f,a, t2,2) is then added to the sum already calculated.
The next subsegment is chosen as follows: the point ¢ playing now the part
of xg is chosen as the subsegment’s left-hand limit; the coordinates of two
points that have been stored in the stack last are retrieved from there and
treated as the points z2 and x4, whereas

To + X2 T2 + 24

ry = 2 , T3 = 2

The previous treatment is applied to the subsegment [zo,z4] and the
procedure is repeated.

Consider two cases: either the stack becomes empty and we proceed to
the next subsegment [ay,ar+1] or the stack becomes overflowed. The latter
case will mean that the algorithm is unable to compute the integral to within
a given accuracy.

Let us determine a maximum possible size of the stack. It is understood
that each entry of the coordinates of two points in the stack brings about a
twofold decrease of the integration step. Let m be a number such that 27™
is equal to machine zero (it is assumed that the initial value of the step h
is 1). Now the entry of the coordinates of 2m points in the stack means
that the integration step has become equal to machine zero. This is the
maximum size of the stack.

In the program in question h is described by the type double and therefore
its minimum positive value is 1.7-1073%% ~ 271024 Thus the maximum size
of the stack is that having enough storage room for the coordinates of 2048
points or 4096 numbers of the type double.

In practice, for a given accuracy the stack size can be taken consider-
ably lesser than the above-indicated one. In particular, due to (8.27) we
see that even for the minimum value e = 1.7 - 1073% and the maximum
value £ (n;,) = 1.7 - 10%°8 the integration step h will be about 10~'%% and
therefore the stack size can be decreased twofold.

The algorithm automatically provides the fulfilment of condition (8.29)
in each integration stage. Among the advantages of the algorithm is that
the calculated value of the integrand function which is not needed at the
moment is saved in the stack to be used subsequently. Since the computer
executes the operations of entering the numbers in the stack and retrieving
them from there much more quickly than the operation of evaluating the
integrand function, one achieves economy of computation time.

The algorithm has certain disadvantages. If f(*) changes but little on
some integration interval, then the algorithm somewhat slows down its work
as compared with the algorithm with an automatic choice of a constant
step (the function integrall(), since a certain time is spent on checking the
fulfilment of condition (8.29), as well as on entering the calculated values of
the integrand function in the stack and retrieving them from there.

The algorithm works well only within a certain accuracy range. Thus for
a relative accuracy about 10~ the stack may get overflowed and, as a result,
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the program may come to an abnormal termination. Such an accuracy is
worse than the theoretical value 1073%® obtained above. The reason lies in
the peculiarity of machine arithmetics. If z° is a sufficiently large and h
a sufficiently small number, then after their addition by the computer an
equality

20+ h =2°,
is obtained. This happens if
h
25 <

where d = 2752 & 10716 for numbers ¢ and h of type double. Thus if |f(4)|
achieves its maximum value at the point zg, then in the neighbourhood of
20 the integration step cannot be lower than d|z°| and there is no sense in
further decreasing the step h. When the step approaches this boundary the
accuracy may worsen due to roundoff errors. As a result, if the accuracy
achieved is not sufficient for the fulfilment of condition (8.29), the stack will
get overflowed.

The situation as described above will not occur if 2° = 0 or 2° is a
sufficiently small number. In that case the accuracy can be increased if by
the transformation of coordinates we will make the function f*) reach its
maximum value at 2° = 0. From this standpoint the application of formula
(8.19") possesses an additional advantage as the kernel K (7/,9") reaches its
maximum value near the point ¢ = 0.

The accuracy can be increased by taking another nodes distribution func-
tion. Substituting then condition (8.29) for (8.25), one may choose a func-
tion d such that the required integration step increase. For example, if

__fO@P
S’

the integration step increases in the neighbourhood of the point z° and the
algorithm will work in a more stable mode.

The analysis we did above makes it possible to construct a very con-
venient algorithm for calculating the Poisson integral. Program No.5 is
obtained from Program No.3 by replacing in the external integral the func-
tion integrall() by the function integral2(). Both in Program No.5 and in
Program No.3 the internal integral is calculated by the function integrall().
This technique saves computation time if derivatives of the boundary func-
tion do not sharply change on the sphere B(0, p).

Observe that in case the boundary function varies considerably on the
sphere, the function integral2() can be used to calculate the internal integral
as well.

As compared with Program No.2, when the point approaches the bound-
ary the computation time in Program No.5 not only increases, but, on the
contrary, decreases. A check for various boundary functions showed that

0

6()

a >0,
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Program No.5 calculates very effectively the Poisson integral with a rela-
tive accuracy up to 107'°. When the point approaches the boundary the
computation time as compared with Program No.2 decreases several dozen
times.

/*PROGRAM No.1x/

8.7. Programs for Numerical Realizations of Solutions. /+ Function calcu-
lating one-dimensional integral by Simpson formula with
automatic selection of constant integration stepx/

#define absval(x) ((x)>=07(x):-(x)) /xAbsolute value of xx/

double integrall(leftend, rightend, delta, segnumber, func)

double leftend, rightend; /xLeft and right limits of integrationx/

double delta;  /*Precisionx/

unsigned segnumber;  /«Number of preliminary subsegmentsx/

double (xfunc)(double x);  /*Pointer to integrand functionx/

{double step, h;  /«xIntegration stepsx/

double x;  /xArgument of integrand functionx/

double s0, s1, s2; /«xParts of integral sumx/

double s_old, s.new; /xOld and new values of integral sumx/
unsigned long i, k;  /xCountersx/

k=segnumber;

deltax=3;  /«xTake into account coefficient 1/3 in Simpson formulax/
h=(rightend-leftend)/(2xk); /*Initial value of integration stepx/
s2=0;

s0=(xfunc)(leftend)+ (xfunc)(rightend);

/*Sum of function values at ends of segmentx/
s1=(xfunc)(x=leftend+h);

for(i=1; i<k; i++)

s24+=(xfunc)(x+=h); /«Sum at evenx/

{sl4+=(xfunc)(x+=h); /xand odd nodesx/

snew=hx(s0+4#s1+2xs2);

do
{step=hx*0.5; /«New value of integration stepx/
kx=2;
s2+=sl; /xNew value of sum at even nodesx/
sold=snew;

s1=(xfunc)(x=leftend+step);
for(i=1; i<k; i++)
sl+=(xfunc)(x+=h); /xCalculate new sum at odd nodesx/
h=step;
snew=hx(s0+4xs1+2xs2);
} while(absval(s_new-s_old)>delta);
/*Compare new and old values of sum.
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Terminate loop if required precision is reachedx/
return(s.new/3); /xTake into account coefficient 1/3x/

}
/*PROGRAM No.2x/

/+* Demonstrating program of calculating Poisson integral by algorithm
with automatic selection of constant inegration step (function integrall())x/

#include <stdio.h>

#include <math.h>

#include <stdlib.h>

#include <conio.h>

#include <dos.h>

#define absval(x) ((x)>=07(x):-(x)) /xAbsolute value of xx/

double r;  /*Radius of sphere centered at originx/

double r0, phi0, thetaQ; /*Spherical coordinates of pointx/

double kernel;  /xvalue of Poisson kernelx/

double th;  /xCurrent value of angle thetax/

double delta, epsilon; /*Required precisionx/

double ratio;

unsigned segnumber=4;  /xNumber of preliminary subsegmentsx/
unsigned long n;  /«Number of nodesx/

unsigned long nl;

struct coords{double x1, x2, x3;} current, pos; /* Cartesian coordinatesx/

double f(double x1, double x2, double x3);
/*Boundary value functionx/

double fix_time(void);
/xFunction fix_time() fizes system time in secondsx/

double integrall(double leftend, double rightend, double delta,
unsigned segnumber, unsigned long #nodes,
double (xfunc)(double x));
/* Function calculating one-dimensional integral by Simpson formula.
It differs from function given in Program No.1 only in that it counts
number of nodes at which function values are calculatedx/

double f1(double phi);
/*Boundary value function in spherical coordinatesx/

double int1(double theta);
/*Function int1() calculates value of internal integralx/
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double int2(double,double,double,double,double);
/% Function int2() calculates value of external integralx/

main()
{double t1, t2;
char ch;
clrser();  /*Clear screenx/
do

{printf("R=");

scanf(”%lf”, &r);  /xEnter radiusx/

printf("R0=");

scanf(” %1f”, &r0);  /xEnter spherical coordinates of pointx/

printf(” phi0=");

scanf(” %1f” | &phi0);

printf(”theta0=");

scanf(” %l1f”, &theta0);

printf("delta=");  /xEnter value of required precisionx/

scanf(” %1f”, &epsilon);

t1=fix_time(); /*Fiz time of beginning of calculationx/

printf("11=%.151f”, int2(r, r0, phi0, theta0, epsilon));

/*Calculate Poisson integral and display its valuex/

t2=fix_time(); /«Fiz time of end of calculationx/

printf(” \nt=%.21f" t2-t1); /*Display time spent on calculationx/

printf("\nn=%ld" ;n); /«Display counted number of nodesx/

printf(” \nI0=%.15lf”, f(r0xpos.x1, r0xpos.x2, r0*pos.x3));

/*Calculate precise value of Poisson integral. Since in our
example f is harmonic function, it coincides with value
of f at point (r0, phi, theta)x/

printf(” \nmore?[Y /N]\n”);

ch=getch();

}
while((ch=="y")||(ch=="Y"));  /xRepeat calculation if "Y'x/
}

double f(double x1, double x2, double x3)
/*Begin of boundary functionx/
return(x1#x1-x2xx2+3%x3-4);

/xEnd of boundary functionx/

double fix_time(void)
/xFunction fix_time() fizes system time of computer in secondsx/

{struct time t;
gettime(&t);
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return(3600x%t.ti_hour+60xt.ti_min+
t.ti_sec+0.01xt.ti_hund);
}

double integrall(leftend, rightend, delta, segnumber, nodes, func)
/#Function calculating one-dimensional integral by Simpson formula.
It differs from function given in Program No.1 only in that it counts
number of nodes at which function values are calculatedx/

double leftend, rightend; /xLeft and right limits of integrationx/
double delta; /*Precisionx/

unsigned segnumber;  /«Number of preliminary subsegmentsx/
unsigned long *nodes; /«Number of nodesx/

double (xfunc)(double x);  /xPointer to integrand functionx/

{double step, h; /xIntegration stepsx/
double x;  /xArgument of integrand functionx/
double s0, s1, s2;  /«xParts of integral sumx/
double s.old, scnew;  /xOld and new values of integral sumx/
unsigned long i, k;  /xCountersx/
k=segnumber;
deltax=3;  /«xTake into account coefficient 1/3 in Simpson formulax/
h=(rightend-leftend)/(2xk);  /xInitial value of integration stepx/
s2=0;
s0=(xfunc)(leftend)+ (xfunc)(rightend);
/*Sum of function values at ends of segmentx/
sl=(xfunc)(x=leftend+h);
for(i=1;i<k;i++)
{s2+=(xfunc)(x+=h); /xSum at evenx/
sl4+=(xfunc)(x+=h); /*and odd nodesx/
}
s-new=hx(s0+4%s1+2xs2);
do
{step=hx0.5; /xNew value of integration stepx/
kx=2;
s24+=sl; /xNew value of sum at even nodesx/
s_old=s_new;
sl=(xfunc)(x=leftend+step);
for(i=1; i<k; i++)
sl+=(xfunc)(x+=h); /xCalculate new sum at odd nodesx/
h=step;
s-new=hx(s0+4%s1+2%s2);
} while(absval(s_new-s_old)>delta);
/+Compare new and old values of sum.
Leave cycle if required precision is reachedx/
xnodes+=2xk+1; /xCount number of nodes on given subsegmentx/
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return(s.new/3); /xTake into account coefficient 1/3x/

}

double f1(double phi)
/#Boundary function in spherical coordinatesx/

{double a, cos_gamma;

current.x2=rxsin(th);

current.x1=current.x2xcos(phi);

current.x2+=sin(phi);

current.x3=rxcos(th);
cos_gamma=cos(th)*cos(theta0)+sin(th)*sin(theta0)=*cos(phi-phi0);
a=1-2sratioxcos_gamma-+ratioxratio;

kernel=sin(th)/sqrt(axaxa); /xValue of Poisson kernelx/

return kernel«f(current.x1, current.x2, current.x3);

double int1(double theta)
/#Function int1() evaluates internal integralx/

{th=theta;

return integrall(0, 2xM_PI, delta, segnumber, &n, f1);
/*M_PI is value of pi defined in file math.hx/

}

double int2(radius, r0, phi0, theta0, epsilon)

/% Function int2() calculates value of external integralx/

double radius;  /xRadius of spherex/

double r0, phi0, thetaQ; /*Spherical coordinatesx/

double epsilon;  /«*Required precisionx/
{r=radius;

ratio=r0/r;

n=0; /«Number of nodes at which function values are calculatedx/
delta=epsilonx4+M_PI/((1-ratioxratio)*(M_PI+1));
pos.x2=sin(theta0);

pos.x1=pos.x2xcos(phi0);

pos.x2x=sin(phi0);

pos.x3=cos(theta0);

return (1-ratioxratio)xintegrall(0,M_PI,delta,segnumber,&nl,int1)/

(4+M_P1);

}

/*PROGRAM No.3x/
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/#Demonstrating program of calculating Poisson integral by
representation (8.19” )x/

#include <stdio.h>

#include <math.h>

#include <stdlib.h>

#include <conio.h>

#include <dos.h>

#define RANGE -0.8

#define absval(x) ((x)>07(x):=-(x)) /xAbsolute value of zx/

double r;  /*Radius of sphere centered at originx/

double r0, phi0, thetaQ; /*Spherical coordinates of pointx/
double f0;  /xValue of function f at point (r, phi0, theta0)x/
double fr0;  /xValue of function f at point (r0, phi0, theta0)x/
double kernel;  /xValue of Poisson kernelx/

double th; /xCurrent value of angle thetax/

double delta, epsilon; /*Required precisionx/

double ratio;

int sign;

unsigned segnumber=4; /«Number of preliminary subsegmentsx/
unsigned long n;  /«Number of nodesx/

unsigned long nl;

struct coords{double x1, x2, x3;} new, old, pos;

/*Cartesian coordinatesx/

double f(double x1, double x2, double x3);
/*Boundary functionx/

double fix_time(void);
/xFunction fix_time() fizes system time in secondsx/

struct coords newcoords(struct coords old);
/+ Transformation of Cartesian coordinatesx/

double integrall(double leftend, double rightend,
double delta, unsigned segnumber, unsigned long *nodes,
double (xfunc)(double x));
/*Function calculates one-dimensional integral by Simpson formula.
It coincides with function from PROGRAM No.2x/

double f1(double phi);
/*Calculates function f() by means of spherical coordinates of xx/

double int1(double theta);
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/#Function int1() calculates value of internal integralx/
double int2(double radius, double r0, double phi0,

double theta0, double epsilon);
/#Function int2() calculates value of external integralx/

main()
{double t1, t2;
char ch;
clrser();  /*Clear screenx/
do

{printf("R=");
scanf(”%lf”, &r);  /xEnter radiusx/
printf(”R0=");
scanf(” %lf”, &r0);  /xEnter spherical coordinates of pointx/
printf(” phi0=");
scanf(” %1f”, &phi0);
printf(”theta0=");
scanf(” %1f” | &thetal);
printf(”delta=");  /xEnter value of required precisionx/
scanf(” %1f”, &epsilon);
t1=fix_time(); /«Fiz time of beginning of calculationx/
printf("I11=%.15lf”, int2(r, r0, phi0, theta0, epsilon));
/*Calculate Poisson integral and display its valuex/
t2=fix_time(); /*Fiz time of end of calculationx/
printf(”\nt=%.21f" t2-t1);  /xDisplay time spent on calculationx/
printf("\nn=%ld” ;n);  /*Display counted number of nodesx/
printf(”\nl0=%.151f", {r0);
/*Calculate precise value of Poisson integral. Since in our example
f is harmonic function, it coincides with value of f
at point (r0, phi, theta) i.e fr0x/
printf(” \nmore?[Y /N]\n”);
ch=getch();

while((ch=="y")||(ch=="Y"));  /*Repeat calculation if 'Y'x/
}

double f(double x1, double x2, double x3)
/*Begin of boundary functionx/
{return(x1xx1-x2+x2+3xx3-4);}

/+End of boundary functionx/

double fix_time(void)
/*Function fix_time() fizes system time in secondsx/
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{struct time t;
gettime(&t);
return(3600x%t.ti_hour+60xt.ti_min+
t.ti_sec+0.01xt.ti_hund);
}

struct coords newcoords(struct coords old)
/% Transformation of Cartesian coordinatesx/
{struct coords current;
double a;
(sign)  /xIf point x is close to pole (-1,0,0), perform transformation

{old.x1=-old.x1; old.x2=-0ld.x2; old.x3=-old.x3;

}
current.x3=old.x3*pos.x3-old.x1xpos.x1-old.x2xpos.x2;
a=(current.x3+old.x3)/(14+pos.x3);
current.x1=old.x1+a*pos.x1;
current.x2=old.x2+a*pos.x2;
return current;

double integrall(leftend, rightend, delta, segnumber, nodes, func)
double leftend, rightend; /xLeft and right limits of integrationx/
double delta; /xPrecisionx/

unsigned segnumber; /«Number of preliminary subsegmentsx/
unsigned long *nodes;

double (xfunc)(double x);  /*Pointer to integrand functionx/

{double step, h;  /xIntegration stepsx/
double x;  /xArgument of integrand functionx/
double s0, s1, s2;  /«xParts of integral sumx/
double s_old, s.new; /xOld and new values of integral sumx/
unsigned long i, k;  /xCountersx/
k=segnumber;
deltax=3;  /x Take into account coefficient 1/8 in Simpson formulax/
h=(rightend-leftend)/(2xk); /*Initial value of integration stepx/
s2=0;
s0=(xfunc)(leftend)+ (xfunc)(rightend);
/*Sum of function values at ends of segmentx/
s1=(xfunc)(x=leftend+h);
for(i=1;i<k;i++)
{s2+=(xfunc)(x+=h); /xSum at evenx/
sl4+=(xfunc)(x+=h); /*and odd nodesx/
}
s-new=hx(s0+4%s1+2xs2);
do
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{step=hx0.5; /xNew value of integration stepx/
kx=2;
s2+=sl; /«New value of sum at even nodesx/
s_old=s_new;
sl=(xfunc)(x=leftend+step);
for(i=1; i<k; i++)
sl+=(xfunc)(x+=h); /xCalculate new sum at odd nodesx/
h=step;
s-new=hsx(s0+4%s1+2xs2);
} while(absval(s_new-s_old); delta);
/*Compare new and old values of sum.
Terminate loop if required precision is reachedx/
xnodes+=2xk+1; /«Count number of nodes on given subsegmentx/
return(s.new/3);  /xTake into account coefficient 1/3x/

double f1(double phi)
/+Calculates function f() by means of spherical coordinates of xx/
{old.x2=sin(th);

old.x1=old.x2xcos(phi);

old.x2x=sin(phi);

old.x3=cos(th);

new=newcoords(old);

return f(rsnew.x1, rsnew.x2, rsnew.x3);

double int1(double theta)
/*Function int1() evaluates internal integralx/
{double a;
th=theta;
a=1-2«ratioxcos(th)+ratioxratio;
kernel=sin(th)/sqrt(axa*a);
return kernelx(integrall(0, 2«xM_PI, delta, segnumber, &n, {1)-2«+M_PI«f0);
/*M_PI is value of pi defined in file math.hx/

}

double int2(radius, r0, phi0, theta0, epsilon)
/#Function int2() evaluates external integralx/
double radius;  /xRadius of spherex/
double 10, phi0, thetaQ; /*Spherical coordinatesx/
double epsilon; /xRequired precisionx/
{r=radius;
ratio=r0/r;
n=0; /«Number of nodes at which function values are calculatedx/
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delta=epsilonx4+M_PI/((1-ratioxratio)*(3-ratio*ratio));
pos.x2=sin(theta0);
pos.x1=pos.x2xcos(phi0);
pos.x2x=sin(phi0);
pos.x3=cos(theta0);
fO=f(r*pos.x1, r*pos.x2, rxpos.x3);
fr0=f(r0xpos.x1, r0*pos.x2, r0xpos.x3);
if(pos.x3<RANGE)  /xIf point is close to (-1,0,0)x/
{sign=1; /xPerform transformation 2’ =-zx/
pos.x1=-pos.x1;
POs.x2=-p0s.x2;
pos.x3=-pos.x3;
}
else sign=0;
return (fO+(1-ratiosratio)*integrall(0,M _PI delta,segnumber,&nl,int1)
J(4+M_PT));
}

/*PROGRAM No.4x/

/*Function for calculation of one-dimensional integral by Simpson for-
mula
with automatic selection of variable integration stepx/
#define STACKSIZE 800 /+Define mazimum size of stackx/
#define absval(x) ((x)>07(x):-(x)) /xAbsolute value of zx/

double integral(double leftend,  /xLeft and %/
double rightend,  /xright limits of integralx/
double delta, /xRequired precisonx/
int segnumber, /xNumber of preliminary subsegmentsx/
double (xfunc)(double x), /xPointer to integrand functionx/
double xstack) /«Pointer to stackx/

{double step, h;  /«xIntegration stepsx/
double s0, s1, s2;  /«Parts of integral sumsx/
double sum;  /+Integral sumx/
double knotsx[5];  /*Coordinates of nodesx/
double knotsy[5];  /* Values of function at nodesx/
double x stackptr; /xPointer to stack topx/
double * topptr;  /«xPointer to end of stack domainx/
register int k, i;  /«Countersx/
if(rightend==leftend) return 0;
deltax=3/absval(rightend-leftend);  /xCorrect value of deltax/
h=(rightend-leftend)/(4xsegnumber); /xInitial value of inegration stepx/
sum=0;
knotsx[0]=leftend; /xDefine initial value of left nodex/
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knotsy[0]=(*func)(knotsx|[0]);
for(k=0; k<segnumber; k++ )
/*Perform integral computation process
on each initial subsegment separatelyx/
{step=h;
for(i=1; i<5;i++) /xArrange five nodes on each initial subsegmentx/
{knotsx[i]=knotsx[i-1]+step;
knotsy[i]=(xfunc)(knotsx][i]);

stackptr=stack; /*Set stack pointer to stack bottomx/
topptr=stack+STACKSIZE; /xCalculate position of end of stack domainx/
while(1)  /xInfinite loopx/

{s0=knotsy[0]+knotsy[4]; /xCalculate values of sums on subsegmentx/
s1=2x%(s0+4xknotsy|[2]);
82=s0+4x(knotsy[1]+knotsy[3])+2xknotsy|[2];
if(absval(s2-sl)<=delta) /+If required precision is reachedx/

{sum+=step*s2; /xfinish to calculate sum on given subsegmentx/
if(stackptr==stack) break; /«If stack is empty, break loopx/
/*Otherwise retrieve from stack coordinates of two nodes and

arrange nodes on new subsegmentx/
knotsx[0]=knotsx[4];
knotsy[0]=knotsy[4];
knotsy[2]= *——stackptr;
knotsx[2]= x——stackptr;
knotsy[4]= *——stackptr;
knotsx[4]= x——stackptr;

else  /xIf error is greater than required onex/
{if (stackptr>=topptr) /*If stack overflowed,
terminate programx/
{printf(”\n Stack is overflowed\n”);
exit(1);

xstackptr++=knotsx[4]; /xStore in stack values of twox/
xstackptr++=knotsy[4]; /xright nodesx/
xstackptr++=Lknotsx|[3]
xstackptr++=knotsy|[3];
knotsx[4]=knotsx[2]; /xArrange nodes on new subsegmentx/
knotsy[4]=knotsy[2
knotsx[2]=knotsx[1
knotsy[2]=knotsy][1
}
step=0.5%(knotsx[2]-knotsx[0]); /* Calculate new value of stepx/
knotsy[1]=(xfunc)(knotsx[1]=knotsx[0]+step); /xand values of x/
knotsy[3]=(xfunc)(knotsx[3]=knotsx[4]-step); Sxmissing nodesx/

’

LW W

I;
I;
].

’
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Y /xEnd of loopx/
knotsx[0]=knotsx[4];  /xValue of left node on new segmentx/
knotsy[0]=knotsy[4];
}

return(sum/3); /xTake into account coefficient 1/3 in Simpson’s formulax/

}

/*PROGRAM No.5x%/

/«Demonstrating program of calculating Poisson integral by
representation (8.19” )x/

#include <stdio.h>

#include <math.h>

#include <stdlib.h>

#include <conio.h>

#include <dos.h>

#define RANGE -0.8

#define STACKSIZE 800

#define absval(x) ((x)>07(x):-(x)) /xAbsolute value of zx/

double stack[STACKSIZE];

double r;  /*Radius of sphere centered at originx/

double r0, phi0, thetaQ; /*Spherical coordinates of pointx/
double f0;  /xValue of function f at point (r, phi0, theta0)x/
double fr0;  /+ Value of function f at point (r0, phi0, theta0)x/
double kernel; /xValue of Poisson kernelx/

double th; /«xCurrent value of angle thetax/

double delta, epsilon; /xRequired precisionx/

double ratio;

int sign;

unsigned segnumber=4; /«Number of preliminary subsegmentsx/
unsigned long n;  /«Number of nodesx/

struct coords{double x1, x2, x3;} new, old, pos;

/*Cartesian coordinatesx/

double f(double x1, double x2, double x3);
/*Boundary value functionx/

double fix_time(void);
/#Function fix_time() fizes system time in secondsx/

struct coords newcoords(struct coords old);
/% Transformation of Cartesian coordinatesx/
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double integrall(double leftend, double rightend,
double delta, unsigned segnumber, unsigned long *nodes,
double (xfunc)(double x));
/*Function calculates one-dimensional integral by Simpson formula.
It coincides with function from PROGRAM No.2x/

double integral2(double leftend, double rightend, double delta,
int segnumber, double (xfunc)(double x), double *stack);
/*Coincides with function from PROGRAM No.4x/

double f1(double phi);
/+Calculates function f() by means of spherical coordinates of xx/

double int1(double theta);
/*Function int1() calculates value of internal integralx/

double int2(double radius, double r0, double phi0,
double theta0, double epsilon);
/*Function int2() calculates value of external integralx /

main()
{double t1, t2;
char ch;
clrser();  /*Clear screenx/
do

{printf("R=");

scanf(”%lf”, &r);  /xEnter radiusx/

printf("R0=");

scanf(” %1f”, &r0);  /xEnter spherical coordinates of pointx/
printf(” phi0=");

scanf(” %1f” | &phi0);

printf(”theta0=");

scanf(” %1f” | &thetal);

printf("delta=");  /xEnter value of required precisionx/

scanf(” %1f”, &epsilon);

t1=fix_time(); /*Fiz time of beginning of calculationx/
printf("11=%.151f”, int2(r, r0, phi0, theta0, epsilon));

/*Calculate Poisson integral and display its valuex/

t2=fix_time(); /«Fiz time of end of calculationx/

printf(” \nt=%.21f" t2-t1);  /xDisplay time spent on calculationx/
printf("\nn=%ld” ;n);  /*Display counted number of nodesx/
printf(”\nI0=%.151f", {r0);

/*Calculate precise value of Poisson integral. Since in our example

f is harmonic function, it coincides with value of f
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at point (r0, phi, theta) i.e fr0x/
printf(” \nmore?[Y/N]\n");
ch=getch();

while((ch=="y")||(ch=="Y"));  /xRepeat calculation if 'Y'x/
}

double f(double x1, double x2, double x3)
/*Begin of boundary value functionx/
{return(x1xx1-x2xx2+43%x3-4);}

/+End of boundary value functionx/

double fix_time(void)
/#Function fix_time() fizes system time in secondsx/
{struct time t;
gettime(&t);
return(3600xt.ti_hour+60xt.ti_min+
t.ti_sec+0.01xt.ti_hund);
}

struct coords newcoords(struct coords old)
/* Transformation of Cartesian coordinatesx/
{struct coords current;
double a;
if(sign)  /*If point x is close to pole (-1,0,0),
perform transformation ¥’ =-xx/
{old.x1=-old.x1; old.x2=-0ld.x2; old.x3=-0ld.x3;
}
current.x3=old.x3%pos.x3-old.x1xpos.x1-old.x2xpos.x2;
a=(current.x3+old.x3)/(1+pos.x3);
current.x1=old.x1+axpos.x1;
current.x2=old.x2+a*pos.x2;
return current;

double integrall(leftend, rightend, delta, segnumber, nodes, func)
double leftend, rightend;  /«Left and right limits of integrationx/
double delta; /xPrecisionx/

unsigned segnumber;  /«Number of preliminary subsegmentsx/
unsigned long *nodes;  /«*Number of nodesx/

double (xfunc)(double x);  /*Pointer to integrand functionx/

{double step, h;  /«xIntegration stepsx/
double x;  fxArgument of integrand functionx/
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double s0, s1, s2;  /«xParts of integral sumsx/
double s.old, s.new;  /xOld and new values of integral sumx/
unsigned long i, k;  /xCountersx/
k=segnumber;
deltax=3; /xTake into account coefficient 1/8 in Simpson formulax/
h=(rightend-leftend)/(2xk);  /xInitial value of integration stepx/
s2=0;
s0=(xfunc)(leftend)+ (xfunc)(rightend);
/*Sum of function values at ends of segmentx/
sl=(xfunc)(x=leftend+h);
for(i=1;i<k;i++)
{s2+=(xfunc)(x+=h); /xSum at evenx/
sl+=(xfunc)(x+=h); /xand odd nodesx/
}
s-new=hx(s0+4%s1+2xs2);
do
{step=hx0.5; /xNew value of integration stepx/
kx=2;
s2+=sl; /xNew value of sum at even nodesx/
s_old=s_new;
sl=(xfunc)(x=leftend+step);
for(i=1; i<k; i++)
sl+=(xfunc)(x+=h); /xCalculate new sum at odd nodesx/
h=step;
s-new=hx(s0+4%s1+2%s2);
} while(absval(s_new-s_old);delta);
/*Compare new and old values of sum.
Terminate loop if required precision is reachedx/
xnodes+=2xk+1; /«Count number of nodes on given subsegmentx/
return(s.new/3);  /xTake into account coefficient 1/3x/

}

double integral2(double leftend,  /xLeft and */
double rightend,  /+right limits of integralx/
double delta, /xRequired precisonx/
int segnumber, /xNumber of preliminary subsegmentsx/
double (xfunc)(double x), /xPointer to integrand functionx/
double xstack) /«xPointer to stackx/

{double step, h; /xIntegration stepsx/
double s0, s1, s2;  /«xParts of integral sumx/
double sum; /+Integral sumx/
double knotsx[5];  /xCoordinates of nodesx/
double knotsy[5];  /* Values of function at nodesx/
double * stackptr; /xPointer to stack topx/
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double * topptr; /«xPointer to end of stack domainx/
register int k, i;  /xCountersx/
if(rightend==leftend) return 0;
deltax=3/absval(rightend-leftend);  /xCorrect value of deltax/
h=(rightend-leftend)/(4xsegnumber); /*Initial value of inegration stepx/
sum=0;
knotsx[0]=leftend; /xDefine initial value of left nodex/
knotsy[0]=(*func)(knotsx|[0]);
for(k=0; k<segnumber; k++ )
/*Perform integral computation process

on each initial subsegment separatelyx/

{step=h;

for(i=1; i<5;i++) /xArrange five nodes on each initial subsegmentx/

{knotsx[i]=knotsx[i-1]+step;
knotsy[i]=(xfunc) (knotsx][i]);

stackptr=stack; /xSet stack pointer to stack bottomx/
topptr=stack+STACKSIZE; /xCalculate position of end of stack domainx/
while(1)  /xInfinite loopx/

{s0=knotsy[0]+knotsy[4]; /* Calculate values of sums on subsegmentx/
s1=2x%(s0+4xknotsy|[2]);
$2=50+4x(knotsy[1]+knotsy[3])+2xknotsy[2];
if(absval(s2-sl)<=delta) /xIf required precision is reachedx/

{sum+=step*s2; /xfinish to calculate sum on given subsegmentx/
if(stackptr==stack) break; /+If stack is empty, break loopx/
/*Otherwise retrieve from stack coordinates of two nodes and
knotsx[0]=knotsx[4];
knotsy[0]=knotsy[4];
knotsy[2]= *——stackptr;
knotsx[2]= *——stackptr;
knotsy[4]= *——stackptr;
knotsx[4]= x——stackptr;

}

else  /xIf error is greater than required onex/
{if(stackptr;=topptr) /*If stack overflowed, terminate programsx/
{printf(”\n Stack is overflowed\n”);
exit(1);

xstackptr++=knotsx[4

[4];  /xStore in stack values of twox/
sstackptr++=knotsy[4

[

[

]

l;  /xright nodesx/
xstackptr++=knotsx|[3];
xstackptr++=Lknotsy|3]
knotsx[4]=knotsx[2]; /«Arrange nodes on new subsegmentx/
knotsy[4]=knotsy[2];

knotsx[2]=knotsx[1];

’

LW W

’
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knotsy[2]=knotsy[1];

step=0.5*(knotsx[2]-knotsx[0]);  /+Calculate new value of stepx/
knotsy[1]=(*func)(knotsx[1]=knotsx[0]+step); /*and values of x/
knotsy[3]=(*func)(knotsx[3]=knotsx[4]-step); xmissing nodesx/
Y /xEnd of loopx/

knotsx[0]=knotsx[4];  /xValue of left node on new segmentx/

knotsy[0]=knotsy[4];

}

return(sum/3); /xTake into account coefficient 1/3 in Simpson’s formulax/

}

double f1(double phi)
/*Calculates function f() by means of spherical coordinates of xx/
{old.x2=sin(th);

old.x1=old.x2xcos(phi);

old.x2x=sin(phi);

old.x3=cos(th);

new=newcoords(old);

return f(r#new.x1, rsnew.x2, rxnew.x3);

double int1(double theta)
/*Function int1() calculates value of internal integralx/
{double a;
th=theta;
a=1-2xratioxcos(th)+ratio*ratio;
kernel=sin(th)/sqrt(axa*a);
return kernelx(integrall(0, 2«M_PI, delta, segnumber, &n, {1)-2«+M_PIxf0);
/*M_PI is value of pi defined in file math.hx/

}

double int2(radius, r0, phi0, theta0, epsilon)
/*Function int2() calculates value of external integralx /
double radius;  /xRadius of spherex/
double r0, phi0, thetaO; /«Spherical coordinatesx/
double epsilon; /«xRequired precisionx/
{r=radius;
ratio=r0/r;
n=0; /«Number of nodes at which function values are calculatedx/
delta=epsilon*4*M_PI/((1-ratioxratio)*(3-ratiosratio));
pos.x2=sin(theta0);
pos.x1=pos.x2xcos(phi0);
pos.x2x=sin(phi0);
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pos.x3=cos(theta0);
fO=f(r*pos.x1, r¥pos.x2, r¥pos.x3);
frO=f(r0xpos.x1, r0*pos.x2, r0xpos.x3);
if(pos.x3<RANGE)  /If point is close to (-1,0,0)x/
{sign=1; /xPerform transformation 2’ =-zx/
pos.x1=-pos.x1;
PO0S.X2=-p0s.X2;
pos.x3=-pos.x3;
}
else sign=0;
return (f0+(1-ratioxratio)xintegral2(0,M_PI,delta,segnumber,int1,stack)
/(4xM_PI));
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