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Abstract. The main aim of the paper is to study the Fredholm property,
essential spectrum, and invertibility of some operators of the Mathematical
Physics, such that the Schrödinger and Dirac operators with complex elec-
tric potentials, and Maxwell operators in absorbing at infinity media. This
investigation is based on the limit operators method, and the uniqueness
continuation property for the operators under consideration.
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ÒÄÆÉÖÌÄ. ÓÔÀÔÉÉÓ ÞÉÒÉÈÀÃÉ ÌÉÆÀÍÉÀ ÌÀÈÄÌÀÔÉÊÖÒÉ ×ÉÆÉÊÉÓ ÆÏ-
ÂÉÄÒÈÉ ÏÐÄÒÀÔÏÒÉÓ ×ÒÄÃäÏËÌÉÓ ÈÅÉÓÄÁÄÁÉÓ ÛÄÓßÀÅËÀ, ÒÏÂÏÒÉÝÀÀ
ÛÒÏÃÉÍÂÄÒÉÓ ÃÀ ÃÉÒÀÊÉÓ ÏÐÄÒÀÔÏÒÄÁÉ ÊÏÌÐËÄØÓÖÒÉ ÄËÄØÔÒÖËÉ
ÐÏÔÄÍÝÉÀËÄÁÉÈ ÃÀ ÌÀØÓÅÄËÉÓ ÏÐÄÒÀÔÏÒÄÁÉ ÀÒÄÛÉ, ÒÏÌÄËÓÀÝ ÂÀÀÜ-
ÍÉÀ ÛÈÀÍÈØÌÉÓ ÈÅÉÓÄÁÀ ÖÓÀÓÒÖËÏÁÉÓ ÌÉÃÀÌÏÛÉ. ÄÓ ÂÀÌÏÊÅËÄÅÀ
Ä×ÖÞÍÄÁÀ ÆÙÅÒÖËÉ ÏÐÄÒÀÔÏÒÄÁÉÓ ÌÄÈÏÃÓ ÃÀ ÂÀÍáÉËÅÉÓ ØÅÄÛ ÌÚÏ×É
ÏÐÄÒÀÔÏÒÄÁÉÓ ÄÒÈÀÃÄÒÈÏÁÉÓ ÖßÚÅÄÔÏÁÉÓ ÈÅÉÓÄÁÀÓ.
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1. Introduction

The main aim of the paper is the study of the Fredholm property, es-
sential spectrum, and invertibility of some operators of the Mathemati-
cal Physics, such that the Schrödinger and Dirac operators with complex
electric potentials, and Maxwell operators in absorbing at infinity media.
This investigation is based on the limit operators method [23]. Earlier this
method was applied to the investigation of the location of essential spectra
of perturbed pseudodifferential operators with applications to electromag-
netic Schrödinger operators, square-root Klein–Gordon, and Dirac opera-
tors under general assumptions with respect to the behavior of real valued
magnetic and electric potentials at infinity. By means of this method a
very simple and transparent proof of the well known Hunziker, van Win-
ter, Zjislin theorem (HWZ-Theorem) for multi-particle Hamiltonians has
been obtained [14,15]. In the papers [19,20,22] the limit operators method
was applied to the study of the location of the essential spectrum of dis-
crete Schrödinger operators on Zn, and on periodic combinatorial graphs.
We also note the recent papers [16–18] devoted to applications of the limit
operators method to the investigation of the Fredholm properties of bound-
ary and transmission problems, and the boundary equations for unbounded
domains.

The paper is organized as follows. In Section 2 we give some notations
and an auxiliary material. In Section 3 we consider the Fredholm property
of strongly elliptic second order systems of differential operators of the form

Au(x) =

n∑
k,l=1

(i∂xk
− ak(x))b

kl(x)(i∂xl
− al(x))u(x)

+W (x)u(x), x ∈ Rn, (1.1)

where ak are real-valued functions on Rn and bkl are N × N Hermitian
matrices, W is a complex-valued N ×N matrix. We suppose that ak, and
the coefficients of the matrix bkl belong to C1

b,u(Rn), and the coefficients of
the matrix W belong to Cb,u(Rn), where Cb,u(Rn) is the class of bounded
uniformly continuous functions on Rn, and C1

b,u(Rn) is the class of functions
a on Rn such that ∂xja ∈ Cb,u(Rn), j = 1, . . . , n. In this section we prove
that if

lim inf
x→∞

inf
∥h∥CN =1

I(W (x)h, h) > 0,

then A : H2(Rn,CN ) → L2(Rn,CN ) is a Fredholm operator of the index 0.
In Section 4, applying the results of Section 3, we study the spectra of elec-
tromagnetic Schrödinger operators on Rn with real magnetic and complex
electric potentials Φ. We prove that if

lim inf
x→∞

I(Φ(x)) > 0, (1.2)

where Φ is the electric potential, then the essential spectrum of the Schrödin-
ger operator does not have intersections with the real line R. If, in addition
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to (1.2),
I(Φ(x)) ≥ 0, x ∈ Rn, (1.3)

then the spectrum of the Schrödinger operator does not intersect the real
line R. Under the proof of the last result we have used the uniqueness of
the continuation for elliptic operators (see e.g. [4,9,10]). Note that there is
an extensive literature devoted to the spectral properties of the Schrödinger
operators (see e.g. [1, 5, 24–26]).

Section 5 is devoted to the investigation of spectra of the Dirac opera-
tors with real-valued magnetic and complex-valued electric potentials. We
suppose here that the magnetic and electric potentials are slowly oscillating
at infinity. We prove here that the conditions (1.2), (1.3) provide us with
the spectrum of the Dirac operator which does not contain the real values.
For the proof we use the results of Section 3 and the uniqueness of the
continuation for some almost diagonal strongly elliptic systems of second
order.

In Section 6, we consider the harmonic Maxwell system on R3 for isotropic
nonhomogeneous media. We suppose that the electric and magnetic per-
mittivities ε and µ are the slowly oscillating at infinity complex valued
functions. We prove that the operator of Maxwell’s system is invertible in
admissible functional spaces if the electromagnetic medium is absorbing at
infinity, that is,

lim inf
x→∞

I(ε(x)µ(x)) > 0.

The proof of this result is based on the realization of the Maxwell system in
a quaternionic form (see e.g. [8,11,12]), applications of results of Section 3,
and the uniqueness of the continuation for almost diagonal strongly elliptic
systems of second order.

2. Auxiliary Material

2.1. Notation. We will use the following standard notation.
• Given Banach spaces X, Y , L(X,Y ) is the space of all bounded

linear operators from X into Y . We abbreviate L(X,X) to L(X).
If X is a Hilbert spaces, then (x, y)X is a scalar product in X of
x, y.

• L2(Rn,CN ) is the Hilbert space of all measurable functions on Rn

with values in CN provided with the norm

∥u∥L2(Rn,CN ) :=

(∫
Rn

∥u(x)∥2CN dx

)1/2

.

• Hs(Rn,CN ) is a Sobolev space of distributions with norm

∥u∥Hs(Rn,CN ) :=

(∫
Rn

(
1 + |ξ|2

)s∥û(ξ)∥2CN dξ

)1/2

,
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where û is the Fourier transform of u.
• We also use the standard multi-index notations. Thus, α =
(α1, . . . , αn) with αj ∈ N∪{0} is a multi-index, |α| = α1 + · · ·+αn

is its length, and

∂α := ∂α1
x1

· · · ∂αn
xn

; Dα := (−i∂x1)
α1 · · · (−i∂xn)

αn .

Finally, ⟨ξ⟩ := (1 + |ξ|2)1/2 for ξ ∈ Rn.
• Cb(Rn) is the C∗-algebra of all bounded continuous functions on Rn.
• Cb,u(Rn) is the C∗-subalgebra of Cb(Rn) of all uniformly continuous

functions.
• Ck

b (Rn) is the C∗-subalgebra of Cb(Rn) of k-times differentiable
functions such that ∂α

x a ∈ Cb(Rn) for |α| ≤ k, and a ∈ Ck
b,u(Rn) if

a ∈ Ck
b (Rn) and ∂α

x a ∈ Cb,u(Rn) for |α| = k.
• We say that a ∈ Ck

0 (Rn) if a ∈ Ck
b (Rn) and limx→∞ a(x) = 0.

• We denote by SO(Rn) a C∗-subalgebra of Cb(Rn) which consists of
all functions a, slowly oscillating at infinity in the sense that

lim
x→∞

sup
y∈K

|a(x+ y)− a(x)| = 0

for every compact subset K of Rn.
• We denote by SOk(Rn) the set of functions a ∈ Ck

b (Rn) such that

lim
x→∞

∂a(x)

∂xj
= 0, j = 1, . . . , n.

Evidently, SOk(Rn) ⊂ SO(Rn).
• If A(Rn) is an algebra of functions on Rn, then we set

A(Rn,L(CN )) = A(Rn)⊗ L(CN ).

• BR = {x ∈ Rn : |x| < R}, and B′
R = {x ∈ Rn : |x| > R}.

2.2. Fredholm properties of matrix partial differential operators
and limit operators. We consider matrix partial differential operators of
order m of the form

(Au)(x) =
∑

|α|≤m

aα(x)D
αu(x), x ∈ Rn, (2.1)

under the assumption that the coefficients aα belong to Cb,u(Rn,L(CN )).
One can see that A : Hm(Rn,CN ) → L2(Rn,CN ) is a bounded operator.

The operator A is said to be elliptic at the point x ∈ Rn if

det a0(x, ξ) ̸= 0
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for every point ξ ̸= 0, where

a0(x, ξ) =
∑

|α|=m

aα(x)ξ
α

is the main symbol of A, and A is called uniformly elliptic if

inf
x∈Rn, ω∈Sn−1

∣∣∣det
∑

|α|=m

aα(x)ω
α
∣∣∣ > 0,

where Sn−1 refers to the unit sphere in Rn.
The Fredholm properties of the operator A :Hs(Rn,CN )→Hs−m(Rn,CN )

can be expressed in terms of its limit operators which are defined as follows
(see e.g. [21]). Let h : N → Rn be a sequence tending to infinity. Since
aα ∈ Cb,u(Rn,L(CN )), the Arcelà–Ascoli’s theorem combined with a Cantor
diagonal argument implies that there exists a subsequence g of h such that
the sequences of the functions x 7→ aα(x + g(k)) converge as k → ∞ to a
limit function agα uniformly on every compact set K ⊂ Rn for every multi-
index α. The operator

Ag :=
∑

|α|≤m

agαD
α

is called the limit operator of A defined by the sequence g. We denote by
Lim(A) the set of all limit operators of the differential operator A.

Theorem 2.1 ( [21]). Let A be a differential operator of the form (2.1).
Then A : Hm(Rn,CN ) → L2(Rn,CN ) is a Fredholm operator if and only if:

(i) A is a uniformly elliptic operator on Rn;
(ii) all limit operators of A are invertible as operators from Hm(Rn,CN )

to L2(Rn,CN ).

Note that the uniform ellipticity of the operator A implies the a priori
estimate

∥u∥H2(Rn,CN ) ≤ C
(
∥Au∥L2(Rn,CN ) + ∥u∥L2(Rn,CN )

)
. (2.2)

This estimate allows one to consider the uniformly elliptic differential op-
erator A as a closed unbounded operator on L2(Rn,CN ) with a dense do-
main Hm(Rn,CN ). It turns out (see [2, p. 27–32]) that A, considered as
an unbounded operator in this way, is an (unbounded) Fredholm operator
if and only if A, considered as a bounded operator from Hm(Rn,CN ) to
L2(Rn,CN ), is a Fredholm operator.

We say that λ ∈ C belongs to the essential spectrum of A if the operator
A − λI is not Fredholm as an unbounded differential operator. As above,
we denote the essential spectrum of A by spess A and the common spectrum
of A (considered as an unbounded operator) by spA. Then the assertion of
Theorem 2.1 can be stated as follows.
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Theorem 2.2 ( [21]). Let A be a uniformly elliptic differential operator of
the form (2.1). Then

spess A =
∪

Ag∈Lim(A)

spAg. (2.3)

3. Fredholm Property of Systems of Strongly Elliptic Partial
Differential Operators on Rn

We consider the system of partial differential equations of second order
on Rn in the divergent form

Au(x) =

n∑
k,l=1

(i∂xk
− ak(x))b

kl(x)(i∂xl
− al(x))u(x)

+W (x)u(x), x ∈ Rn, (3.1)

where

ak ∈ C1
b,u(Rn), bkl ∈ C1

b,u(Rn), L(Rn)), W ∈ Cb,u(Rn,L(Rn)), (3.2)

ak are real-valued functions, bkl are Hermitian matrices, that is, bkl(x)∗ =
bkl(x), and W is a complex-valued matrix. The conditions (3.2) provide
the boundedness of A : H2(Rn,Cn) → L2(Rn,Cn). We suppose that the
operator A is strongly elliptic, that is there exists a constant γ > 0 such
that for every h ∈ CN and ν = (ν1, . . . , νn) ∈ Rn,

n∑
k,l=1

(bkl(x)h, h)CN νkνl ≥ γ∥h∥2CN ∥ν∥2Rn . (3.3)

Theorem 3.1. Let the conditions (3.2), (3.3) and

lim inf
x→∞

inf
∥h∥CN =1

I⟨W (x)h, h⟩CN > 0 (3.4)

hold. Then A : H2(Rn,CN ) → L2(Rn,Cn) is a Fredholm operator of the
index 0.

Proof. Since A is a uniformly elliptic operator, by the condition (3.3) we
have to prove that all limit operators Ag of the operator A are invertible
from H2(Rn,Cn) → L2(Rn,Cn). The limit operators Ag are of the form

Agu(x) =
n∑

k,l=1

(i∂xk
− agk(x))(b

kl)g(x)(i∂xl
− agl (x))u(x)

+W g(x)u(x), x ∈ Rn. (3.5)

The condition (3.4) implies that there exists ϵ > 0 such that for every
x ∈ Rn,

I(W g(x)h, h)CN ≥ ϵ∥h∥2CN . (3.6)



126 Vladimir Rabinovich

Then for every u ∈ H2(Rn,CN ),∣∣(Agu, u)L2(Rn,C)
∣∣ ≥ I(Agu, u)L2(Rn,CN )

=

∫
Rn

I(W gu, u)CN dx ≥ ϵ∥u∥2L2(Rn,CN ). (3.7)

This estimate yields that there exists an inverse in the algebraic sense opera-
tor (Ag)−1, bounded in L2(Rn,CN ). Since A is a uniformly elliptic operator
on Rn, the following a priory estimate

∥u∥H2(Rn,CN ) ≤ C
(
∥Au∥L2(Rn,Cn) + ∥u∥L2(Rn,CN )

)
(3.8)

holds. The last estimate implies that all limit operators Ag : H2(Rn,CN ) →
L2(Rn,Cn) are invertible. Then by Theorem 2.1, A : H2(Rn,CN ) →
L2(Rn,Cn) is a Fredholm operator. Let us prove that indexA = 0. We
consider the family of differential operators Aµ = A + µ2I, µ ≥ 0. As
above, one can prove that Aµ : H2(Rn,CN ) → L2(Rn,Cn) are Fredholm
operators. Note that Aµ is an elliptic family depending on the parame-
ter µ ≥ 0 (see e.g. [3]). Hence there exists µ0 > 0 such that Aµ is an
invertible operator for µ > µ0. Hence indexA = 0 because the family
Aµ : H2(Rn,CN ) → L2(Rn,CN ) is continuously depending on the parame-
ter µ. �

4. Schrödinger Operators with a Complex Potential

We consider the Schrödinger operator

Hu(x) :=
1

2m

(
Dj +

e

c
aj(x)

)
ρjk(x)

(
Dj +

e

c
ak(x)

)
u(x)

+ eΦ(x)u(x), x ∈ Rn,

where Dj = ~
i

∂
∂xj

, ~ is a Planck constant, m is the electron mass, c is the
light speed in the vacuum, a = (a1, . . . , an) is a magnetic potential, and
Φ is an electrical potential on Rn, the latter equipped with a Riemannian
metric ρ = (ρjk)

n
j,k=1 which is subject to the positivity condition

inf
x∈Rn, ω∈Sn−1

ρjk(x)ω
jωk > 0, (4.1)

where ρjk(x) refers to the matrix, inverse to ρjk(x). Here and in what
follows, we make use of Einstein’s summation convention.

We suppose that ρjk, aj are real-valued functions in C1
b,u(Rn) and a com-

plex valued electric potential Φ ∈ Cb,u(Rn). Under these conditions, H
can be considered as a closed unbounded operator on L2(Rn) with domain
H2(Rn). If Φ is a real-valued function, then H is a self-adjoint operator and
H has a real spectrum.

Theorem 4.1. (i) Let
lim inf
x→∞

IΦ(x) > 0. (4.2)
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Then the essential spectrum of the operator H does not contain real
values.

(ii) Let the condition (4.2) hold and
IΦ(x) ≥ 0 (4.3)

for every x ∈ Rn. Then the spectrum of the operator H does not
contain real values.

Proof. (i) According to formula (2.3),

spess H =
∪

Ag∈Lim (H)

spHg, (4.4)

where

Hgu(x) :=
1

2m

(
Dj +

e

c
agj (x)

)
(ρjk)g(x)

(
Dk +

e

c
agk(x)

)
u(x)

+ eΦg(x)u(x), x ∈ Rn.

We set Φλ = Φ− λI, λ ∈ R. The condition (4.2) implies that
inf

x∈Rn
IΦg

λ(x) > 0. (4.5)

This condition implies that the operator Hg − λI, λ ∈ R is invertible with
a bounded in L2(Rn) inverse operator (Hg − λI)−1. Hence R ∋ λ ̸∈ spHg.
Formula (4.4) implies that (spess H) ∩ R = ∅.

(ii) As in the proof of Theorem 3.1, we obtain that Hλ = H + λI :
H2(Rn) → L2(Rn) are Fredholm operators of the index zero. Let us prove
that kerHλ = {0}. Let u ∈ kerHλ. Estimates (4.1), (4.2), and (4.3) imply
that there exists ϵ and R > 0 such that

0 = I(Hλu, u)L2(Rn,CN ) = I

∫
Rn

(eΦ(x)u(x), u(x))CN dx

= I

∫
|x|<R

(eΦ(x)u(x), u(x))CN dx+ I

∫
|x|≥R

(eΦ(x)u(x), u(x))CN dx

≥ ϵ∥u∥2L2(B′
R,CN ). (4.6)

Since kerHλ ⊂ H2(Rn), the estimate (4.6) implies that

u
∣∣
∂BR

= 0,
∂u

∂ν

∣∣∣
∂BR

= 0, (4.7)

where ∂u
∂ν is a normal derivative to the sphere ∂BR. By the uniqueness

of a solution of the Cauchy problem, for elliptic equations with the oldest
Lipschitz coefficients (see e.g. [4,7,9,10]), we obtain that the Cauchy problem

Au(x) = 0, x ∈ BR,

u
∣∣
∂BR

= 0,
∂u

∂ν
|∂BR= 0
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has the trivial solution only. Hence u = 0 on Rn. That is, kerHλ = {0}
and Hλ : H2(Rn,CN ) → L2(Rn,CN ) is an invertible operator. This implies
that spH ∩ R = ∅. �

5. Dirac Operators with Complex Electric Potentials

In this section we consider the Dirac operator on R3, equipped with the
Riemannian metric tensor (ρjk) depending on x ∈ R3 (for a general account
on Dirac operators see, for example, [28]). We suppose that there is a
constant C > 0 such that

ρjk(x)ξ
jξk ≥ C|ξ|2, x ∈ R3, (5.1)

where we use as above Einstein’s summation convention. Let ρjk be the
tensor, inverse to ρjk, and let ϕjk(x) =

√
ρjk(x) be the positive square

root. The Dirac operator on R3 is the matrix operator defined as

D :=
c

2
γk(ϕ

jkPj + Pjϕ
jk) + c2mγ0 + eΦE4 (5.2)

acting on vector functions on R3 with values in C4. In (5.2), the γk, k =
0, 1, 2, 3, are the 4× 4 Dirac matrices, i.e., they satisfy

γjγk + γkγj = 2δjkE4 (5.3)
for all choices of j, k = 0, 1, 2, 3, E4 is the 4× 4 unit matrix,

Pj = Dj +
e

c
aj , Dj =

~
i

∂

∂xj
, j = 1, 2, 3,

where ~ is the Planck constant, a = (a1, a2, a3) is the vector potential of
the magnetic field H, that is, H = ∇ × a, Φ is the scalar potential of the
electric field E, that is, E = ∇Φ, and m and e are the mass and the charge
of the electron, c is a light speed in the vacuum.

We suppose that
ρjk, aj ∈ SO2(R3), j, k = 1, 2, 3, Φ ∈ SO1(R3), (5.4)

and ρjk, Aj are real-valued functions, and electrical potential Φ can be a
complex function. We consider the operator D as an unbounded operator
on the Hilbert space L2(R3,C4) with domain H1(R3,C4).

Note that the main symbol of D is σD(x, ξ) = cϕjk(x)ξjγk. Using (5.3)
and the identity ϕjkϕrtδkt = ρjr, we obtain that

σD(x, ξ)
2 = c2~2ϕjk(x)ϕrt(x)ξjξrγkγt

= c2~2ϕjk(x)ϕrt(x)δktξjξr = (c2~2ρjr(x)ξjξr)E4.

Together with (5.1), this equality shows that D is a uniformly elliptic matrix
differential operator on R3. Hence the following a priory estimate

∥u∥H1(R3,C4) ≤ C
(
∥Du∥L2(R3,C4) + ∥u∥L2(R3,C4)

)
holds which implies that D is a closed operator in L2(R3,C4) with domain
H1(R3,C4). It follows from the conditions (5.4) that the limit operators Dg
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of D defined by sequences g : Z → R3 tending to infinity are the operators
with the constant coefficients of the form

Dg = cγk(ϕ
jk)g

(
Dj +

e

c
agj

)
+mc2γ0 − eΦgE4,

where
(ϕjk)g := lim

m→∞
ϕjk(g(m)),

agj := lim
m→∞

aj(g(m)), Φg := lim
m→∞

Φ(g(m)).
(5.5)

The operator D is unitarily equivalent to the operator
Dg

1 = cγk(ϕ
jk)gDj + γ0mc2 + eΦg,

and the equivalence is realized by the unitary operator Tag : f 7→ ei
e
c ag·xf ,

ag := (ag1, a
g
2, a

g
3). Let Φ ∈ SO(R3), and Φ∞ ⊂ C be the set of all particular

limits Φg = lim
m→∞

Φ(g(m)) defined by sequences R3 ∋ g(m) → ∞.

Theorem 5.1. Let the conditions (5.1) be fulfilled. Then the Dirac operator
D : H1(R3,C4) → L2(R3,C4)

is a Fredholm operator if and only if
Φ∞ ∩ (−∞,−mc2] = ∅, Φ∞ ∩ [mc2,+∞) = ∅. (5.6)

Proof. Set
D̂g

0(ξ) := c~γk(ϕjk)gξj +mc2γ0 and (ρjk)g := lim
m→∞

ρjk(g(m)).

Then
(D̂g

0(ξ)− eΦgE4)(D̂g
0(ξ) + eΦgE4)

=
(
c2~2(ρjk)gξjξk +m2c4 − (eΦg)2

)
E4. (5.7)

The condition (5.6) and the identity (5.7) imply that
det
(
(D̂g

0(ξ) + eΦg)E4

)
̸= 0

for every ξ ∈ R3. Hence, the operator Dg
1 : H1(R3,C4) → L2(R3,C4) is

invertible and, consequently, so is Dg. By Theorem 2.1, D is a Fredholm
operator. For the reverse implication, assume that the condition (5.6) is
not fulfilled. Then there exist Φg ∈ C and a vector ξ0 ∈ R3 \ {0} such that

c2(ρjk)gξ0j ξ
0
k +m2c4 − (eΦg)2 = 0.

Given ξ0, we find a vector u ∈ C4 such that v := (D̂g
0(ξ

0) − (eΦg)E)u ̸=
0. Then (5.7) implies that (Dg

0(ξ
0) + eΦgE4)v = 0, whence det(D̂g

0(ξ
0) +

eΦgE4) = 0. Thus, the operator Dg is not invertible. By Theorem 2.1, D
cannot be a Fredholm operator. �
Theorem 5.2. If the condition (5.1) is satisfied, then

spess D = eΦ∞ + (−∞,−mc2] + [mc2 +∞),

where + denotes the algebraic sum of sets on the complex plane, and eΦ∞
is the set of particular limits of the function eΦ at infinity.
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Proof. Let λ ∈ C. The symbol of the operator Dg − λI is the function
ξ 7→ D̂g

0(ξ) + (eΦg − λ)E4. Invoking (5.7)), we obtain

(D̂g
0(ξ)− (eΦg − λ)E4)(D̂g

0(ξ) + (eΦg − λ)E4)

=
[
c2~2(ρjk)gξjξk +m2c4 − (eΦg − λ2)

]
E4. (5.8)

Then eigenvalues λg
±(ξ) of the matrix Dg

0(ξ)− eΦgE4 are given by

λg
±(ξ) := eΦg ± (c2ρjkg ξjξk +m2c4)1/2. (5.9)

This implies that

spDg = [eΦg +mc2,+∞) ∪ (−∞, eΦg −mc2].

Hence,

spess D = ∪gspDg = eΦ∞ + [mc2,+∞) + [−∞,−mc2). �

Theorem 5.3. Let the condition (5.3) be satisfied and

inf IΦ2(x) ≥ 0, lim inf IΦ2(x) > 0. (5.10)

Then the Dirac operator

D : H1(R3,C4) → L2(R3,C4)

is invertible.

Proof. Let Dµ = D+µI : H1(R3,C4) → L2(R3,C4), µ ≥ 0. Then according
to Theorem 5.1, Dµ is the continuous family of Fredholm operators. More-
over, Dµ is an elliptic family. This implies that there exists µ0 > 0 large
enough such that Dµ are invertible operators for µ ≥ µ0. Hence indexD = 0.
Let us prove that kerD = {0}. Note if u ∈ kerD, then u ∈ kerA, where

A = (D0 − eΦE4)(D0 + eΦE4),

and
D0 =

c

2
γk(ϕ

jkPj + Pjϕ
jk) + c2mγ0.

Since ρjk ∈ SO2(R3) and Φ ∈ SO1(R3), we obtain that

A = (D0 − eΦE4)(D0 + eΦE4) = L+R, (5.11)

where
L =

[
(c2~2Pjρ

jkPk) +m2c4 − (eΦ)2
]
E4

is the diagonal 4 × 4 matrix operator with strongly elliptic differential op-
erators of second order on the main diagonal, and

R =
3∑

j=1

rj∂xj + r0
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is a 4 × 4 matrix differential operator of the first order with coefficients rj

∈ C0(R3,L(C4)), j = 0, 1, 2, 3. Let u ∈ kerA. Then we obtain

0 = (Au, u)L2(R3,C4) = c2~2
∫
R3

ρjk(Pju, Pku)C4 dx

+

∫
R3

(m2c4 − (eΦ(x))2)∥u(x)∥2C4 dx+

∫
R3

(Ru(x), u(x))R4 dx. (5.12)

Since rj ∈ C0(R3,L(C4)) for every ε > 0, there exists R0 > 0 such that
∥Ru∥L2(B′

R,C4) ≤ ε∥u∥L2(B′
R,C4) (5.13)

for R ≥ R0. Let R ≥ R0 be such that
inf
BR

J(eΦ(x))2 ≥ ϵ− ε > 0.

The condition (5.10) and formulas (5.12)), (5.13) yield

0 = I(Au, u)L2(R3,C4) ≥ (ϵ− ε)

∫
B′

R

∥u(x)∥2C4 dx. (5.14)

Note that the operator of second order A is uniformly elliptic. This implies
that kerA ⊂ H2(R3,C4). Hence u|B′

R
= 0 implies that u is a solution of

the homogeneous Cauchy problem
Au = 0, x ∈ BR, (5.15)

u
∣∣
∂BR

= 0,
∂u

∂ν

∣∣∣
∂BR

= 0.

The matrix operator A = L + R is a perturbation of the diagonal elliptic
operator L of second order by the first order operator R with bounded
coefficients, conserving the Carleman estimates (see e.g. [27, Chapter 14],
[6], [7]). Hence the Cauchy problem (5.15) has the trivial solution only, and
kerD = {0}. Hence D is an invertible operator. �

Corollary 5.4. Let the conditions (5.3), (5.10) be satisfied. Then the spec-
trum of D does not have real values.

6. Maxwell’s Equation with Complex Electric and Magnetic
Permittivity

6.1. Maxwell’s system. We consider the Maxwell’s system describing the
harmonic electromagnetic fields

∇× H = iωD + j, (6.1)
∇× E = −iωB, (6.2)
∇ · D = ρ, (6.3)
∇ · B = 0, (6.4)
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where ω > 0 is a frequency of harmonic vibrations of the electromagnetic
field,

ρ = ρ(x) is the volume charge density,
j = j(x) is the current density,
E = E(x) is the electric field intensivity,
H = H(x) is the magnetic field intensivity,
D = D(x) is the electric induction vector,
B = B(x) is the electric induction vector.
The Maxwell equations are provided by the constitutive relations con-

necting the vectors E, H and D, B. We consider relations corresponding
to isotropic nonhomogeneous media:

D(x) = ε(x)E(x), (6.5)
B(x) = µ(x)H(x), (6.6)

where ε = ε(x), µ(x) are electric and magnetic permittivity given by com-
plex-valued functions on R3 depending on the frequency ω, such that

inf |ε(x)| > 0, inf |µ(x)| > 0.

(In what follows, we will omit the dependence of these functions on ω).
The system (6.1)–(6.6) can be written as

∇× H = iωεH + j,
∇× E = −iωµH,

∇ · εE = ρ,

∇ · µH = 0.

(6.7)

We associate with the system (6.7) the operator M : H1(R3,C6) →
L2(R3,C8).

6.2. Quaternionic representation of Maxwell’s system. To study the
Fredholm property and invertibility of the Maxwell’s operators, it is conve-
nient to consider their quaternionic realizations (see the book [11]). We let
H denote the complex quaternionic algebra, which is the associative alge-
bra over the field C generated by four elements 1, e1, e2, e3 satisfying the
conditions

e1e2 = e3, e2e3 = e1, e3e1 = e2

and
12 = 1, (ek)2 = −1, 1ek = ek1 = ek, ekej = −ejek

for j, k = 1, 2, 3. Each of the elements 1, e1, e2, e3 commutes with the imag-
inary unit i. Hence, every element q̌ ∈ H has a unique decomposition

q̌ = q0 + q1e1 + q2e2 + q3e3 =: q0 + q
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with qj ∈ C. The number q0 is called the scalar part of the quaternion q,
and q is its vector part. One can also think of H as a complex linear space
of dimension 4 with usual linear operations.

With respect to the base {1, e1, e2, e3} of this space, the operator of
multiplication from the left and from the right by 1 has the unit 4×4 matrix
E0 as its matrix representation, whereas the matrix representations Ej

l and
Ej

r of the operators of multiplication from the left and from the right by ej ,
j = 1, 2, 3, are real and skew-symmetric matrices. In what follows, if ǎ is a
quaternion, we denote in a usual way the operator multiplication by ǎ from
the left as H ∋ǔ → ǎǔ ∈ H, and we denote the operator multiplication by ǎ
from the right as H ∋ǔ → ǎrǔ = ǔǎ ∈ H. Let ǎ = a0 + a1e1 + a2e2 + a3e3.
Then the operators ǔ → ǎǔ and ǔ → ǎrǔ have in the base {1, e1, e2, e3}

the matrices Mǎ and Mǎr : Mǎ =
3∑

j=0

ajE
j
l ,Mǎr =

3∑
j=0

ajE
j
r .

The space H carries also the structure of a complex Hilbert space via the
scalar product

(q̌, ř)H := q0r0 + q1r1 + q2r2 + q3r3.

By L2(R3,H) we denote the Hilbert space of all measurable and squared
integrable quaternion valued functions ǔ(x) = u(x) + u(x) on R3 which is
provided with the scalar product

(ǔ, v̌)L2(R3,H) =

∫
R3

(ǔ(x), v̌(x))H dx,

and by Hs(R3,H) the Sobolev space of order s ∈ R with the norm

∥ǔ∥Hs(R3,H) =

(∫
R3

∥(1−∆)s/2ǔ(x)∥2L2(R3,H) dx

)1/2

.

It is clear that L2(R3,H) and Hs(R3,H) are isometrically isomorphic to
L2(R3,C4) and Hs(R3,C4). Let

Dǔ(x) = ej∂xj ǔ(x), x ∈ R3,

be the Moisil–Teodorescu differential operator of the first order acting from
Hs(R3,H) into Hs−1(R3,H). The operator D has remarkable properties:

Dǔ(x) = Du0(x) +Du(x) = −∇ · u(x) +∇u0(x) +∇× u(x) (6.8)
for the quaternionic function ǔ = u0 + u and

D2ǔ = −∆ǔ, ǔ ∈ H2(R3,H)), (6.9)

where ∆ =
3∑

j=1

∂x2
j

is the Laplacian. In what follows, we need the formula

of differentiation of the product of a quaternion function f̌ ∈ C1(R3,H) by
a scalar function a ∈ C1(R3),

D(af̌) = a(Df̌) + (∇a)f̌ . (6.10)
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Properties (6.8), (6.10) allow us to write Maxwell’s system (6.1)–(6.6) in
the quaternionic form (see [11, p. 88]),

DE(x) = ε−1(x)∇ε(x) · E − iωµ(x)H(x)− ρ(x)

ε(x)
, (6.11)

DH(x) = µ−1(x)∇µ(x) · H + iωε(x)E(x) + j(x), (6.12)

where a · b =
3∑

j=1

ajbj . Applying formula

a · b = −1

2
(ab + ba),

where ab and ba denote the product of the vectors as quaternions, we
obtain

DE(x) = −1

2
ε−1(x)(∇ε(x)) + (∇ε(x))rE(x)− iωµ(x)H(x)− ρ(x)

ε(x)
,

DH(x) = −1

2
µ−1(x)(∇µ(x) + (∇µ(x))r)H(x) + iωε(x)E(x) + j(x).

We associate with the system (6.11), (6.12) the quaternionic matrix op-
erator

M
(

E(x)
H(x)

)

=

 DE(x) +
1

2
(ε−1(x)∇ε(x) +∇ε(x)rE(x)) + iωµ(x)H(x)

DH(x) +
1

2

(
µ−1(x)(∇µ(x) +∇µ(x)rH(x))− iωε(x)E(x)

)
 (6.13)

acting from H1(R3,H2) into L2(R3,H2),H2 = H×H.
Remark 6.1. Since a quaternionic system of equations can be written in
the matrix-vectorial form, we can apply the limit operators approach for
investigation of the Fredholm property of the operator M.
6.3. Fredholm property and invertibility.
Theorem 6.2. Let

lim inf
x→∞

Ik2(x) > 0, (6.14)

where k2(x) = ω2ε(x)µ(x) is square of the wave number of Maxwell’s system.
Then M : H1(R3,H2) → L2(R3,H2) is a Fredholm operator of the index 0.
Proof. We follow to the above given scheme of the proof of the Fredholm
properties. The main symbol of M is a quaternionic matrix function

σM(ξ) =

(
iejξj 0
0 iejξj

)
,

and

σ2
M(ξ) =

(
|ξ|2E4 0

0 |ξ|2E4

)
, |ξ|2 = |ξ1|2 + |ξ2|2 + |ξ3|2. (6.15)
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Let

σ̃M(ξ) =

(
iEj

l ξj 0

0 iEj
l ξj

)
be the main symbol of M in the matrix representation. Then (6.15) implies
that M is a uniformly elliptic operator. The limit operators Mg are those
with constant coefficients

Mg

(
E(x)
H(x)

)
=

(
DE(x) + iωµgH(x)
DH(x)− iωεgE(x)

)
, (6.16)

where
µg = lim

m→∞
µ(g(m)), εg = lim

m→∞
ε(g(m))

and
lim
x→∞

∇µ(x) = lim
x→∞

∇ε(x) = 0,

since ε, µ ∈ SO2(Rn). We will prove that the condition (6.14) provides the
invertibility of the operators Mg : H1(R3,H2) → L2(R3,H2). Indeed, let

Mg

(
E
H

)
=

(
DE + iωµgH
DH − iωεgE

)
=

(
F
Φ

)
. (6.17)

The system (6.17) is reduced to two independent equations
−(∆ + (kg)2)E = DF − iωµgΦ, (6.18)
−(∆ + (kg)2)H = DΦ+ iωεgF, (6.19)

where (kg)2 = ω2εgµg is a square of the wave number of the limit operator.
Since I(kg)2 > 0 the operators (∆2+(kg)2) : H2(R3,H(C)) → L2(R3,H(C))
are invertible, and we obtain

(Mg)−1

(
F
Φ

)
=

(
−D(∆ + (kg)2)−1F − iωµg(∆ + (kg)2)−1Φ

−D(∆ + (kg)2)−1Φ+ iωεg(∆ + (kg)2)−1F

)
. (6.20)

It follow from (6.20) that (Mg)−1 is a bounded operator from L2(R3,H2)
into H1(R3,H2). Hence the limit operators

Mg : H1(R3,H2) → L2(R3,H2)

are invertible. Thus Theorem 2.1 implies that
M : H1(R3,H2) → L2(R3,H2)

is a Fredholm operator.
Let us consider the family of operators Mλ = M+λI, λ ≥ 0. It is easy to

see that Mλ is the family of elliptic systems with a parameter. Moreover, as
above, Mλ is a Fredholm family, continuously depending on the parameter
λ ≥ 0. Hence index M = 0. �

Theorem 6.3. Let ε, µ ∈ SO2(R3), and
Ik2(x) ≥ 0, (6.21)
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and the condition (6.14) be satisfied. Then the operator
M : H1(R3,H2) → L2(R3,H2)

is invertible.

Proof. It remains to prove that kerM = {0}. Suppose that u =

(
E
H

)
∈

kerM. Then u satisfies the homogeneous system of equations
DE(x) = ε−1(x)∇ε(x) · E − iωµ(x)H(x), (6.22)
DH(x) = µ−1(x)∇µ(x) · H + iωε(x)E(x). (6.23)

Applying differentiation formula (6.10)), we reduce this system to the fol-
lowing ones:

(D2 − k2(x))E(x)−D(ε−1(x)∇ε(x) · E) + iω∇µ(x) · H(x) = 0,

(D2 − k2(x))H(x)−D(µ−1(x)∇µ(x) · H)− iω∇ε(x) · E(x) = 0.
(6.24)

Hence
(

E
H

)
satisfies the homogeneous system of quaternionic equations

B
(

E
H

)
:= −(∆ + k2(x))

(
E
H

)
+ T

(
E
H

)
=

(
0
0

)
,

where

T
(

E
H

)
:=

(
−D(ε−1(x)∇ε(x) · E) + iω∇µ(x) · H(x)
−iω∇µ(x) · E(x)−D(µ−1(x)∇µ(x) · H)

)
.

Note that T is a matrix quaternionic differential operator of the first order
with coefficients in the class C1

0 (Rn). This implies that
lim

R→∞
∥φB′

R
T ∥L(H2(R3,H2),L2(R3,H2))

= lim
R→∞

∥T φB′
R
∥L(H2(R3,H2),L2(R3,H2)) = 0,

where φB′
R

∈ C∞(R3), 0 ≤ φB′
R

≤ 1, suppφB′
R

⊂ B′
R, φB′

R
(x) = 1 if

x ∈ B′
2R. Note that kerB ∈ H2(R3,C6) because the operator B is uniformly

elliptic on R3. Repeating the proof of triviality of the kernel of the Dirac
operator, we obtain kerM = {0}. �

Theorems 6.2 and 6.3 imply the following result.

Theorem 6.4. Let ε, µ ∈ SO2(R3). Then:
(i) If the condition (6.14) is satisfied, then the operator

M : H1(R3,C6) → L2(R3,C8)

of the Maxwell system is a Fredholm one;
(ii) If the conditions (6.14) and (6.21) are satisfied, then

M : H1(R3,C6) → L2(R3,C8)

is an invertible operator.
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Note that the electric and magnetic permittivity in the dispersive elec-
tromagnetic media are complex-valued functions of the form (see e.g. [13]):

ε(x) = ε0

(
1 +

iσε(x)

ω

)
,

µ(x) = µ0

(
1 +

iσµ(x)

ω

)
,

(6.25)

where ε0, µ0 are electric and magnetic permittivity in the vacuum, σε(x),
σµ(x) are absorption coefficients for the electric and magnetic permittivity
satisfying the conditions:

σε(x) ≥ 0, σµ(x) ≥ 0. (6.26)
This implies that

k2(x) =
ω2

c20

(
1 +

iσε(x)

ω

)(
1 +

iσµ(x)

ω

)
,

where c0 is the light speed in the vacuum.
Thus Theorem 6.4 provides us with the following result.

Theorem 6.5. Let σε, σµ ∈ SO2(R3). Then Maxwell’s operator M :
H1(R3,C6) → L2(R3,C8) is invertible if at least one of the conditions

lim inf
x→∞

σε(x) > 0, lim inf
x→∞

σµ(x) > 0

in (6.25) holds.
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