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Abstract. We present a detailed study of structural properties for cer-
tain algebraic operators generated by the Fourier transform and a reflec-
tion. First, we focus on the determination of the characteristic polynomials
of such algebraic operators, which, e.g., exhibit structural differences when
compared with those of the Fourier transform. Then, this leads us to the
conditions that allow one to identify the spectrum, eigenfunctions, and the
invertibility of this class of operators. A Parseval type identity is also ob-
tained, as well as the solvability of integral equations generated by those
operators. Moreover, new convolutions are generated and introduced for
the operators under consideration.
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1. INTRODUCTION

In several types of mathematical applications it is useful to apply more
than once the Fourier transformation (or its inverse) to the same object, as
well as to use algebraic combinations of the Fourier transform. This is the
case e.g. in wave diffraction problems which — although being initially mod-
eled as boundary value problems — can be translated into single equations
by applying operator theoretical methods and convenient operators upon
the use of algebraic combinations of the Fourier transform (cf. [8-10]). Ad-
ditionally, in such processes it is also useful to construct relations between
convolution type operators [7], generated by the Fourier transform, and
some simpler operators like the reflection operator; cf. [5,6,11,21]. Some
of the most known and studied classes of this type of operators are the
Wiener—Hopf plus Hankel and Toeplitz plus Hankel operators.

It is also well-known that several of the most important integral trans-
forms are involutions when considered in appropriate spaces. For instance,
the Hankel transform J, the Cauchy singular integral operator S on a
closed curve, and the Hartley transforms (typically denoted by H; and Ha,
see [2-4,17]) are involutions of order 2. Moreover, the Fourier transform F
and the Hilbert transform #H are involutions of order 4 (i.e. H* = I, in this
case simply because H is an anti-involution in the sense that H? = —1I).

Those involution operators possess several significant properties that are
useful for solving problems which are somehow characterized by those oper-
ators, as well as several kinds of integral equations, and ordinary and partial
differential equations with transformed argument (see [1, 15,16, 18,20, 22—
26)).

Let W : L?(R") — L?(R™) be the reflection operator defined by

We)(x) = ¢(—),
and let now (-, -)2(gn) denote the usual inner product in L?(R™). More-
over, let F' denote the Fourier integral operator given by

) = 1 e~ Hzwy)
(FP@): (%)gR[ 7w) dy.

In view of the above-mentioned interest, in the present work we propose
a detailed study of some of the fundamental properties of the following
operator, generated by the operators I (identity operator), F and W:

T :=al +bF + cW : L*(R™) — L*(R"™), (1.1)

where a,b,c € C. In very general terms, we can consider the operator T as
a Fourier integral operator with reflection which allows to consider similar
operators to the Cauchy integral operator with reflection (see [12-14,19]
and the references therein). Anyway, it is also well-known that F? = W,
In this paper, the operator T, together with its properties, can be seen as a
starting point to further studies of the Fourier integral operators with more
general shifts that will be addressed in the forthcoming papers.
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The paper is organized as follows. In the next section, we will justify
that T is an algebraic operator and we will deduce their characteristic poly-
nomials for distinct cases of the parameters a, b and c¢. Then, the conditions
that allow to identify the spectrum, eigenfunctions, and the invertibility of
the operator are obtained. Moreover, Parseval type identities are derived,
and the solvability of integral equations generated by those operators is
described. In addition, new operations for the operators under considera-
tion are introduced such that they satisfy the corresponding property of the
classical convolution.

2. CHARACTERISTIC POLYNOMIALS

In order to have some global view on corresponding linear operators, we
start by recalling the concept of algebraic operators.

An operator L defined on the linear space X is said to be algebraic if
there exists a non-zero polynomial P(t), with variable ¢ and coefficients in
the complex field C, such that P(L) = 0. Moreover, the algebraic operator
L is said be of order N if P(L) = 0 for a polynomial P(t) of degree N, and
Q(L) # 0 for any polynomial @ of degree less than N. In such a case, P
is said to be the characteristic polynomial of L (and its roots are called the
characteristic roots of L). As an example, for the operators J, S, Hy, Hy
and H, mentioned in the previous section, we may directly identify their
characteristic polynomials in the following corresponding way:

Pyt)=t>—1; Ps(t)=t>—-1
Py, (t)=t*—1; Ppg,(t)=t>—1; Py(t)=t>+1.

As above mentioned, it is well-known that the operator F' is an involution
of order 4 (thus F'* = I, where I is the identity operator in L?(R")). In other
words, F' is an algebraic operator which has a characteristic polynomial
given by Pr(t) = t* — 1. Such polynomial has obviously the following four
characteristic roots: 1, —i, —1, 1.

We will consider the following four projectors correspondingly generated
with the help of F"

Py=-(+F+F?4F3),

— |

P =-(I+iF — F*—iF?%),

—

Py=-(I-F+F*-F3),

—

zgziusz—F%mF%
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and that satisfy the identities

Pij :ijPk for j,k2071,2,3,
Py+ P+ P+ Py =1, (2.1)
F=Py—iP, — Py+iPs,

where

0, if j#k,
Ojk = e
1, if j=k.
Moreover, we have
F?=Py— P, + P, — Ps, (2.2)
F4=P0+P1+P2+P3=I.
It is also clear that

aPy+ B8P, +vP,+0P; =0
if and only if
a=p=y=6=0.
Having in mind this property, in the sequel, for denoting the operator

AZO(PO—FﬁPl—F’yPQ—‘r(SPg,

we will use the notation («; 3;7;0) = A.
Obviously, A™ = (a™; 8™;4™; ™), for every n € N, where we admit that
A’ =1

Theorem 2.1. Let us consider the operator

T=al +bF +cW, a,b,ceC. (2.4)
The characteristic polynomial of this T is:
(i)
Pr(t) = t* — 2at + (a* — ¢?) (2.5)
if and only if
b=0 and c#0; (2.6)

(i)
Pr(t) =t — [(Ba+c) +ib]t* + [3(a® — ¢*) + 2a(c + ib) ]t

+ [ = a® —ia®b — a’c — 3b%c + 3ac® + ibc® + ¢ (2.7)
if and only if
b . b )
bc#0 and 0:5(172) orc:f§(1+z) ; (2.8)
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(iif)
Pr(t) =1+ [ — (3a+c) +ib]t* + [3(a® — ¢®) + 2a(c — ib)]¢
+ [ = a® +ia®b — a’c — 3b%c + 3ac® — ibc® + ¢ (2.9)
if and only if

bc # 0 and (c g(l—i—z) or c:—g(l—i)); (2.10)

Pr(t) = t* — 4at® + (6a® — 2¢*)t? + (—4a® — 4b%c + dac?)t
+ (a® — ) + b*(4ac — b?) (2.11)
if and only if

c;«ég(l—i),
b
07&_7(1—’_1')7
b2 (2.12)
b
et o (-i)
and b # 0.
Proof. We can write the operator T in the following form:
T:a(P0+P1+P2+P3)+b(P0—iPl—P2+iP3)
+C(P0*P1+PQ*P3)
=(a+c+b)Py+ (a—c—ib)P,
+(a+c—b)Pa+ (a—c+ib)Ps
=(a+c+ba—c—ibja+c—bja—c+ib). (2.13)

In order to determine the characteristic polynomial of the operator T, for
each one of the cases, we may begin by considering a polynomial of order
2, that is, Pr(t) = t*> + mt +n. In fact, a polynomial of order 1 is the
characteristic polynomial of the operator T if and only if b = 0 and ¢ = 0,
but in this case, we obtain the trivial operator T' = al. That Pp(¢) is the
characteristic polynomial of T if and only if Pr(7T) = 0 and if there does
not exist any polynomial @ with deg(Q) < 2 such that Q(T') =

Moreover, the condition Pr(T) = 0 is equivalent to

a+c+b)?+mla+c+b)+n=0,
a—c—ib)? +m(a—c—ib)+n=0,
a+c—b2%+m(a+c—b)+n=0,

(
(
(
(a —c+ib)®> +m(a—c+ib) +n = 0.
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The solution of this system is b = 0 and ¢ = 0 (but in this case, we obtain
the trivial operator T' = al) or that

b=0,
c#0,

m = —2a,

n=a?—-c%
So, if b =0 and ¢ # 0, then Pr(t) = t?> — 2at + a® — ¢2. Indeed, by using
the operator T written in the above form (2.13), it is pos&ble to verify that
PT (T) =0:

T? —2aT + (a* — *)I
=((a+o)?*(a—c)}(a+c)(a—c)?) —2a(a+ca—ca+ca—c)
+ (a® — ¢*)(1;1;1;1) = (0;0;0;0).

Now, we will prove that there does not exist any polynomial ¢ with
deg(Q) < 2 such that Q(T) =

Suppose that there exists a polynomial @, defined by Q(t) = t +m, that
satisfies Q(T') = 0. In this case, we would have the following system of
equations:

(a—c)+m=0,

{(a—l—c)—i—m:O,

which is equivalent to ¢ = 0, but this is not the case under the conditions
imposed before.

Conversely, assume that Pr(t) = t2 — 2at + (a® — ¢?) is the characteristic
polynomial of T. Thus, Pr(T) = 0, which is equivalent to

0="T?~2aT + (a* — *)I
— ((a+ 0% (a - 0% (a+ 0% (a - o))
—2a(a+c;a—ca+ca—c)+(a® —c)(1;1;1;1).
This implies that b = 0 and ¢ = 0 (which is the case of the trivial
operator) or that b = 0. So, case (i) is proved.
To obtain the characteristic polynomial for the other cases, we have to
consider polynomials with degree greater than 2. So, let us consider a

polynomial Pr(t) = t3+mt? +nt+ p and repeat the same procedure. Thus,
Pr(T) = 0 is equivalent to

a+c+b)2+mla+c+b)?+nla+c+b)+p=0,
a—c—ib)3 +m(a—c—ib)?+n(a—c—ib)+p=0,
atc—b2+m(a+c—0b?+n(a+c—>b)+p=0,

(
(
(
(@ —c+ib)® +m(a—c+ib)?> +n(a—c+ib)+p=0.
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This system has as solutions b = 0 and ¢ = 0 (in this case, we obtain the
operator T = al) or b = 0 and ¢ # 0 (but for this case, the characteristic

polynomial is of order 2 — case (i)) or
b#0,
b b
c= 5(1—2') or C=—§(1+i),
m = —[(3a+ c) +ib],
n = 3(a* — ¢?) + 2a(c + ib),
p = —a> —ia’b — a’c — 3b%c + 3ac® + ibc® + 3

or
b#0,
b b
c:§(1+z) or c:—i(l—z),
m= |- (3a+c)+ib],
n = 3(a? — ¢?) + 2a(c — ib),
p = —a® +ia’b — a’c — 3b%c + 3ac® — ibc?® + 3.
So,

e ifc=2(1—i)orc=—%(1+14), then
Pr(t) =1t — [(3a+c) +ib]t* + [3(a® — ¢*) + 2a(c + ib) |t
+ [— a® —ia®b — a%c — 3b%c + 3ac? + ibc? + 03};

o Ifc=2(1+1i)orc=—2(1-14), then
Pr(t) =t*[ = (3a+c) +ib]t* + [3(a® — ¢*) + 2a(c — ib) ]t
+ [ —a® +ia’b — a®c — 3b%c + 3ac® — ibc® + 03}.
If we consider the case ¢ = g (1 —4), by using the operator T" written in
the above form (2.13), we can prove that Pp(7T) = 0. Indeed,
T% — [(3a+¢) + ib] T? + [3(a® — ¢*) + 2a(c + ib)| T
+ [ —a® —ia®b — a*c — 3b%c + 3ac? + ibc® + c3]l
=(la+tc+bP[a—c—ib]*la+c—bP[a—c+ib]*)
— [Ba+c)+ib]([a+c+b%*[a—c—ib?*[a+c—b%la—c+ib])
+ [3(a® — ) + 2a(c +ib)| (a + c+ bya — c —ibja + ¢ — bya — ¢ + ib)
+ [ —a® —ia®b — a%c — 3b%c + 3ac? + ibc® + 03] (1;1;1;1)
= (0;0;0;0).
Now we will prove that there does not exist any polynomial G with

deg(G) < 3 such that G(T') = 0.
Suppose that there exists a polynomial G, defined by G(t) = t? +mt +n,
that satisfies G(T') = 0. In this case, we would have the following system of
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equations:
(a+c+b?+mla+c+b)+n=0,
(@ —c—ib)®> +m(a—c—ib) +n=0,
(a+c—b%+m(a+c—b)+n=0,
(a —c+ib)?> +m(a—c+ib) +n=0.

For ¢ = & (1—1), we find that the second and third equations are equivalent.

So, the last system is equivalent to
(a+c+b?+mla+c+b)+n=0,
(a—c—ib)?> +m(a—c—ib)+n=0,
(a —c+ib)?> +m(a—c+ib) +n =0,
which is equivalent to b = 0. This is a contradiction under the initial
conditions of the theorem. In this way, we can say that there does not exist
a polynomial G such that deg(G) < 3 and this fulfills G(T") =
So, we can conclude that under these conditions,
Pr(t) =t — [(3a+c) + ib]t* + [3(a® — ¢*) + 2a(c + ib) ]t
+ [ —a® —ia®*b — a®c — 3b%c + 3ac® + ibc® + cg}.
Conversely, suppose that Pr(t) is the characteristic polynomial of T'. In
this case, we have Pr(T) = 0, which is equivalent to

0="T°—[(3a+c)+ib]T?+ [3(a® — ) + 2a(c + ib)| T
+ [—a3—ia2b—a20—3b20+3ac + ibc? —l—c]
=(la+c+bP[a—c—ib]*a+c—bP[a—c+ib]*)
— [Ba+c)+ib] ([a + ¢+ b]*; [a—c—ib]*; [a + ¢ — b]?; [a — ¢ + b))
+ [3(a®—c®)+2a(c+ib)|(a+ c+ bja—c —ibja+c—bya — ¢ +1ib)
+ [ —a® —ia®b — a®c — 3b%c + 3ac® + ibc® + 03] (1;1;1;1).

This implies that b = 0 (which is the case (1)), ¢ = % (1—i) or ¢ = —2 (1+1).
The remaining conditions in (2.8) and (2.10) can be proved in a similar

way.
If
c# o),
e# —2 (1+9)
c# (14,
c# —5 (1)

then (2.7) and (2.9) are not anymore characteristic polynomials of 7.
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Additionally, if we consider a polynomial Pr(t) = t* +mt® +nt? +pt +q,
such that Pr(T) = 0, we obtain the following system of equations:
(a+c+b)*+ma+c+b)3+nla+c+b)?+platc+b)+q=0,
(a—c—ib)*+m(a—c—ib)®+n(a—c—ib)? +plat+c+b)+q=0,
(a+c—b*+mla+c—b)3+nla+c—>b2%+plat+c+b)+q=0,
(a—c+ib)* +m(a—c+ib)®+n(a—c+ib)? +pla+c+b)+q=0.

This is equivalent to b = ¢ = 0 (which is the trivial case T = al) or to
b =0 and ¢ # 0 (which is the case (i)) or to the cases (ii) and (iii) or

b#0,
m = —4a,
n = 6a’ — 2¢2,
p = —4a® — 4b%c + 4ac?,
q = (a*® — ) + b*(4ac — b?).
In this case, we can say that if b # 0 and if (2.12) holds, then
Pr(t) = t* — 4at® + (6a® — 2¢*)t? + (—4a® — 4b%c + dac?)t
+ (a® = )? + b%(4ac — b?).
On the other hand, with the use of operator T' (written as in (2.13)), we
can directly prove that Pr(T") = 0. Indeed,
T* — 4aT? 4 (6a — 2¢*)T? + (—4a® — 4b*c + 4ac®)T
+ [(a® = *)? + b*(dac — b*)]1
=(la+c+b*[a—c—ib)*;la+c—b*[a—c+ib]*)
—da(la+c+bP*[a—c—ib]*la+c— b [a—c+ib]*)
+ (6a® —2¢%)([a + ¢+ b)%; [a — ¢ — ib)*; [a + ¢ — b]?; [a — c + ib]?)
+ (—4a® — 4b%c + 4ac®)(a + ¢+ b;a — ¢ — ibja + ¢ — bja — ¢ + ib)
+ [(a® = ¢*)? 4+ b*(4ac — b*)] (1515 1; 1) = (0;0;0;0).
Now, we will prove that there does not exist any polynomial G with
deg(G) < 4 that satisfies G(T) = 0 under these conditions. Towards this
end, suppose that there exists a polynomial G, defined by G(t) = > +mt? +

nt + p, that satisfies G(T') = 0. In this case, we would have the following
system of equations:

(a+c+b2+ma+c+b)?+n(a+tc+b)+p=0,
(a—c—ib)3 +m(a—c—ib)2+n(a—c—ib)+p=0,
(a+c—b2+m(a+c—b?+nla+c—b)+p=0,
(a—c+ib)? +m(a—c+ib)?> +n(a—c+ib)+p=0,
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which is equivalent to b=0or ¢ = 2 (1—i) or e = —% (1 +i) or c = 2 (1+1)
orc=—5(1-1).

This is a contradiction under the conditions of part (iii) of the Theorem.
In this way, we can say that there does not exist a polynomial G with
deg(GQ) < 4 that satisfies G(T) = 0.

So, we can conclude that under these conditions

Pr(t) = t* — 4at® + (6a® — 2¢*)t* + (—4a® — 4b*c + 4ac?)t
+ (a® = *)? + b (dac — b?).
Conversely, suppose that Pr(t) is the characteristic polynomial of T
Consequently, we have Pr(T') = 0, which is equivalent to
0=T*—4aT? + (6a* — 2¢*)T? 4 (—4a® — 4b*c + 4ac®)T
+ (a® = )2 + b*(dac — b?)
= (la+c+b*[a—c—ib]*a+c—b*[a—c+ib]*)
—da(la+c+0b*[a—c—iba+c— b [a—c+ib]*)
+ (6a* —2¢%)([a + ¢+ b)%; [a — c — ib)*; [a + ¢ — b]*; [a — c + ib]?)
+ (—4a® — 4b%c + 4ac®)(a + ¢+ b;a — ¢ — ibja + ¢ — bja — ¢ + ib)
+ [(a® = ¢)? + b*(dac — b*)] (1515 15 1).

This condition is universal, and hence this case is proved. O

3. INVERTIBILITY, SPECTRUM AND INTEGRAL EQUATIONS

We will now investigate the operator 1" in view of invertibility, spectrum,
convolutions and associated integral equations. This will be done in the
next subsections, by separating different cases of the parameters a, b and
¢, due to their corresponding different nature. The case of b =0 and ¢ # 0
is here omitted simply because this is the easiest case (in the sense that for
this case we even do not have an integral structure: T is just a combination
of the reflection and the identity operators).

3.1. Case b # 0 and ¢ = & (1 —i). In this subsection we will concentrate
on the properties of the operator T'= al + bF + cW, a,b,c € C, b,c # 0, in
the special case of ¢ = g (1 —1) (whose importance is justified by the results
of Section 2).

If we consider the following characteristic polynomial:

Pr(t) =t* — [(3a+ ¢) + ib]t* + [3a® + 2ib(a + c) 4 2ac — (b* + )]t
+ [ —a®— ia®b + ab®>+ ib® — a®c —2iabc — b2c + ac® — ibP+ 03]
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and if ¢ := g (1 —7), we obtain that this polynomial is equivalent to
b 3
Pr(t) =3 — [3@ +5 (1+ z‘)} 2+ [SaQ +ab(141) + 5 ibQ}t

1
+ [—a3—§a2b(1+z’)—%z’ab“’—gb?’(l—i)]

3.1.1. Invertibility and spectrum. We will now present a characterization for
the invertibility and the spectrum of the present 7.

Theorem 3.1. The operator T (with ¢ = % (1—1)) is an invertible operator

if and only if

a—i—(%—%)b#O, a—(%—l—%)bsﬁo and a—(

In this case, the inverse operator is defined by

L3

- )b £0. (3.1)

1 1

o+ La2b(1+i) + 2iab? + 2 b3(1 — )

X [TQ _ (Sa + g 1+ i))T + <3a2 Fab(l+i)+ ;ibQ)I} (3.2)

Proof. Suppose that the operator T is invertible. Choosing the Hermite
functions ¢, we have:

e for [k| =0 (mod 4), (Tyr)(z) = (a+ 3 b— L b)py(x), which implies
that a + (3 — )b # 0;

e for |k =1,2 (mod 4), (Ter)(z) = (a— % — 1b)er(z). So, a— (3 +
3)b #0;

e for |k| =3 (mod 4), (T¢r)(z) = (a — & + 2b)pr(z), which implies
that a — (5 — 31)b # 0.

Summarizing, we have:

(a—i— (§ - z)b)gok(x) if [k|=0 (mod 4),

2 2
(Tr) (x) = (a - (% + %)b) on(z) if [k|=1,2 (mod4), (3.3)
(a - (% — %)b)(pk(x) if |k|=3 (mod 4).

Conversely, suppose that we have (3.1). This implies that
R N B9 D4 )

Hence, it is possible to consider the operator defined in (3.2) and, by a
straightforward computation, verify that this is, indeed, the inverse of T. [
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Remark 3.2.
(1) It is not difficult to see that
3 1 1 1 1 3
P O A
et g Ty)h Rimem(gtg)h BiEem(3 Ty
are the roots of the polynomial Pr(t). Consequently, t1, to, t3 are
the characteristic roots of Pp(t).

(2) T is not a unitary operator, unless b = 0 and a = €'*, o € R, which
is a somehow trivial case and is not under the conditions we have
here imposed to this operator.

=]

FIGURE 1. The spectrum of the operator T for different

values of the parameters a and b.

Theorem 3.3. The spectrum of the operator T is given by

o= fos (G- a3+ - -3}

(see Figure 1).
Proof. For any A € C, we have

3 — [3a+g(1+i)}t2+ {Saz +ab(1 +14) + gibﬂt

1
+ [—a3—§a2b(1+z’)—gme—Zb?’a—i)]

(t)\){t2+()\3ag(1+i))t

(3 3ar - g (144) + 302 + ab(1 + 1) + guﬂ)] L POV
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Suppose that

S R ) R (R L R S
This implies that
Pr()\) = X\° — {3@-1— g (1 —H’)])\Q + {3(12 +ab(1+1i)+ gibﬂx
+ {—a?’—%azb(l—&—i)—giabz—gb:‘(l—i)} £0.

Then the operator T'— A is invertible, and its inverse operator is defined by

(Tf)\I)*lzf%()\) {T2+(A3ag(1+i))T

+ ()\2—3a/\—g(1+i)+3a2+ab(1+z’)+21’1)2)[].

So, we have proved that if T'— Al is not invertible, then A € o(T).
Conversely, if we choose A\ = t1, we obtain:
3

{T ~(a+ (5 - Q)b)I] {TQ F(—2a+b(1 — )T

+ (a2 - %b (1 — 3i) + 2b% — g 1+ i))I} = —Pr(\L.

As A =a+ (32— )b, then Pr(X\) = 0. So, if T — (a+ (2 — £)b)I is invertible,
then

b b
T2+(—2a+b(1—i))T+(aQ—%(1—3i)+2b2—§(1+i))1:0,

which implies that b = 0 and this is a contradiction. So, T'— (a4 (2 — £)b)I
is not invertible.

The same procedure can be repeated for A = to,t3, in which cases we
obtain the same desired conclusion. (]

Thanks to the identity (3.3), we obtain three types of eigenfunctions of T,
represented as follows:

K
D,(x) = Z arpr(x), keC, (3.4)
|k|=0 (mod 4)
K
(I)[](IL') = Z akapk(x), ke (C, (35)
|k|=1,2 (mod 4)
K
Oyyr(x) = Z appr(z), keC. (3.6)

|k|=3 (mod 4)
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3.1.2. Parseval type identity.
Theorem 3.4. A Parseval type identity for T is given by

(Tf,Tg)L2@n) = [|a|2 + g |b\2} (f,9) 2@y + 2R{ab}(f, Fg)L>@n
+ R{b(1 — )@} (f,Wg)r2@n) + [b*(f, F ' g) 2y, (3.7)
for any f,g € L*(R™).

Proof. For any f,g € L*(R"™), it is straightforward to verify the following
identities:

WfWg)re@ny = (f,9)L2®n), (3.8)
(fs W9>L2(Rn) = (W, >L2(Rn)-
If we have in mind (3.8)—(3.9) and as well that for any f,g € L*(R"):
WF Fg)r2@n) = <f, F'g) 2@y,
)L
)

(Ff,Wg)r2mny = (f, F'g) r2@n),

(3.10)
<Ff7 Fg L2(Rn) = <f >L2(]R")7
(Ff, >L2(R") = (f, F9>L2 (R™) 5
then (3.7) directly appears by using (1.1). O

3.1.3. Integral equations generated by T'. Now we will consider the operator
equation, generated by the operator T' (on L?(R™)), of the following form

me +nTyo 4+ pT?p = f, (3.11)

where m,n,p € C are given, |m|+ |n| + |p| # 0, and f is predetermined.

As we proved previously, the polynomial PT( ) has the single roots ¢; =
a+(2—4)b, to =a—(3+%)band t3 = a— (1 — 2)b. The projectors induced
by T, in the sense of the Lagrange interpolation formula, are given by

(T — toI)(T — t51) T? — (to +t3)T + tots

P = , 3.12
LTt~ ta) (1 — 1) (t1 —t2)(t1 — t3) (3.12)
Py = (T =t I)(T = tsI) _ T2 — (t1 +t3)T + tats (3.13)

(to —t1)(t2 — t3) (ta —t1)(t2 — t3)
Py — (T —t:)(T — to1) _ T2 — (t1 + t2)T + taty (3.14)

(t3 —t1)(t3 — t2) (tz —t1)(t3 — t2)
Then we have

PP, = §;x Py, T'=t{P +t5P, +t{Ps, (3.15)

for any 7,k = 1,2,3, and £ = 0,1,2. The equation (3.11) is equivalent to
the equation
a1Pip+ asPop + asPsp = 7, (316)

where a; = m + nt; —+—pt?7 7=12,3.
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Theorem 3.5.

(i) The equation (3.11) has a unique solution for every f if and only if
ayagas # 0. In this case, the solution of (3.11) is given by

o=a;'Pif +ay ' Poaf +az'Psf. (3.17)
(ii) If a; = 0, for some j = 1,2,3, then the equation (3.11) has a

solution if and only if P;jf = 0. If this condition is satisfied, then
the equation (3.11) has an infinite number of solutions given by

Y= Z aj—lpjf + 2z, where z € ker ( Z Pj). (3.18)
Jj<3 Jj<3
a;7#0 a;7#0

Proof. Suppose that the equation (3.11) has a solution ¢ € L?(R"). Ap-
plying P; to both sides of the equation (3.16), we obtain a system of three
equations:

ajP]w:ij, j: 1,2,3.

In this way, if ajasas # 0, then we have the following system of equations:

Pip=ai'Pf,
Pyp = ay ' Paf, (3.19)
ngﬁ = (L?jlpgf.

Using the identity
P +P+P=1,

we obtain (3.17). Conversely, we can verify that ¢ fulfills (3.16).
If ajazaz = 0, then a; = 0, for some j € {1,2,3}. Therefore, it follows
that P; f = 0. Then, we have

> s S
J<3 J<3
a; 7#0 a; 7#0

Using the fact that P; Py, = §;,Px, we get

(5 m)e- (5 m)[ 5 or]

Jj<3 J<3 <
a;7#0 a; 70 a; 70
or, equivalently,
( 3 Pj) [Lp— - a;lpjf} —0.
J<3 J<3
a;#0 a;7#0

Therefore, we can obtain the solution (3.18).

Conversely, we can verify that ¢ fulfills (3.16). As the Hermite functions
are the eigenfunctions of 7', we can say that the cardinality of all functions
¢ in (3.18) is infinite. O
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3.1.4. Conwolution. In this subsection we will focus on obtaining a new

T
convolution * for the operator T. We will perform it for the case b # 0 and
= %(1 — 1), although the same procedure can be implemented for other
cases of the parameters.

This means that we are identifying the operations that have a correspon-
dent multiplication property for the operator 1" as the usual convolution has

for the Fourier transform (Tf)(Tg) = T(f X g).

Theorem 3.6. For the operator T = al +bF + cW , with a,b,c € C, b# 0

and ¢ = % (1 —1i), and f,g € L*(R™), we have the following convolution:

Jxg=ClAifg+ A (WH(Wo)+ As(f Wy + g W)
+A(fFg+gFf)+ As(W)(F~lg) + (F1f)(Wg))
+ As(WF)(Fg) + (Ff)(Wg)) + Az(g F ' f+ f F'g)
+ As((Ff)(Fg)) + Ao (F' )(F~'g)) + Awo(F(fg))
+A11( (fWg) +F(9Wf)) + A1a(F~'(fg))
+Ai(F(fFg)+ F(gFf)) + Awu(F~'(fFg)+ F (g F))
+ Aus (F/( Ff (Wg)) +F((Wf)(F9)))
+ A (FH((Ff)(Wg)) + FH (W f)(Fyg)))
+ A E((FA)(Fg) + AF (PN (Fg))|. (3.20)

where
_ 1
S a+1a?b(1+4) + Siab? + 2b3(1—4)’
Sb bS -b4
A1:a4+%(1+i)+ia2b2+L(1+i)+%,

4
Ag:——(l—l-z)—i(l—z)—l—f——(1—1)

a’b? 3 b4 a3b
2 2 2 2
a3bh a’b? ab3 b3
Ag =T (L0 + 5= (L) + - (140) = == (1),

. 2b2 . 2b2 b&
A4:ajb+a7(1+i)+iab‘3, A5:7a7(171)7a7

2b2 b3 b4 b3 b4
Ag =T (=) + S+, =it - (=),

ab?
Ag = a®b* + (1+z)+zb Ag=——(1—-1)— —
a?bh? b
Alo—fa?’bfT(lJrZ)f—(lJrZ)
a’b? ab?

All——T(l—Z)_7_lab3
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Boob b
A :i% — S (=) +a(1—0), A= —a® - % (1+1),
b b
A= ab*(1=i), A =—"-(1=i) =7,

4
A = —ib*,  Ayp = —ab® — % (1+14), Ais=0b"(1—1).

Proof. Using the definition of 7' and a direct (but long) computation, we
obtain the equivalence between (3.20) and

1
C @+ L a?b(1+4) + Siab? + S b3(1—1)

T
[*g

X [TQ - <3a + g (1+ i))T + (3a2 +ab(1+i) + 22'1)2)[} [(TF)(Tg)].

Thus, having in mind (3.2), we identify the last identity with

T _
frg=T7[(T))(Tg)],
which is equivalent to

(Tf)(Tg) =T(f *g),
as desired. O

3.2. Case b # 0 and ¢ # £Z(1 £ 4). In the case of the operator T’ :=
al +bF +cW, a,b,c € C, b # 0 and ¢ # :i:% (1 £14), whose characteristic
polynomial is

Pr(t) = t* — 4at® + (6a® — 2¢*)t* + (—4a® — 4b%c + dac®)t
+ (a* — )? + b*(4ac — b?),

we have the following properties.
3.2.1. Invertibility and spectrum.
Theorem 3.7. T is an invertible operator if and only if

a+c+b#0, a—c—ib#0, a+c—b#0, a—c+ib#0. (3.21)
In this case, the inverse operator is defined by the formula

1

(a? — c2)% + b%(4dac — b?)
x T3 = 4aT? + (602 — 2¢3)T — (—da® — 4b%c + 4a02)I]. (3.22)

T'=-

Proof. Suppose that the operator T' is invertible. Using the Hermite fun-
ctions ¢, we have:

(a+c+bpr(z) if |k|=0 (mod 4),
_J(@—c—ib)pr(z) if [K[=1 (mod 4),

Ten)(@) = (a+c—b)pp(z) if |k|=2 (mod 4), (3.23)
(a —c+ib)pr(x) if |k]=3 (mod 4).
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Therefore,

e for |k| = 0 (mod 4), (Tex)(z) = (a + b+ ¢)pr(z), which implies
that a +c+b # 0;

o for |[k| =1 (mod 4), (Tyr)(x) = (a — ib — ¢)pr(x), which implies
that @ — ¢ — ib # 0;

e for |k| = 2 (mod 4), (Tyr)(xz) = (a — b+ ¢)pr(x), which implies
that a + ¢ — b # 0;

e for |k| = 3 (mod 4), (Tpr)(z) = (a+ ib — ¢)pi(x), which implies
that a — ¢ +ib # 0.
Conversely, suppose that (3.21) holds. So,

(a® — )2 + b*(dac — b?) # 0.

Hence, it is easy to verify that the operator defined in (3.22) is the inverse
of the operator T. (I

Remark 3.8.
(1) The characteristic roots of the polynomial Pr(t) are

ty=a+c+b, to=a—c—ib, t3=a+c—b, ty=a—c+ib.

(2) T is not a unitary operator, unless a = 0, b = ¢, ¢ = 0, B € R,
(which is the operator T' = bF', with b € C\ {0}) or a = €'®, b =0,
c=0o0ra=0,b=0,c=¢e", a,¢ € R, which are not under the
conditions here considered for this operator.

Theorem 3.9. The spectrum of the operator T is defined by
o(T) = {a+c+b7a—c—i&a—i—c—b,a—c—&—ib}.
Proof. For any A € C, we have
t*—dat® +(6a>—2*)t* + | — 4a® —4b*c+4ac®]t+(a® —*)* +b* (4ac—b?)
—(t—)) [t3 + (X — 4a)t% + (A% — daX + 6a? — 26)t
+ (A% — 4a)2 + (602 — 2c%)\ — 4a® — 4b%c + 4ac2)} + Pr(V).
IfAxgd{a+c+ba—c—iba+c—b,a—c+ib}, then
Pr(\) = A — 4a)® + (6a* — 2c2)\?
+ [~4a® — 4b*c + dac®]\ + (a® — *)? + b*(dac — b?) # 0.

In this way, the operator T'— AI is invertible, and its inverse operator is
defined by the following formula:

(T—X)"' =

_ 3 —4 2 2_4 2 2
PT(A)[T + (A —4a)T% + (A2 — da + 6a2 — 2¢A)T

+ (N = 400? + (60 — 26%)A — da® — 4% + dac?) 1.
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In this way, we have proved that if T'— AT is not invertible, then A € o(T).
Conversely, if we choose A\ = t1, we obtain:

(T — (a+c+b)) [T3 + (=3a+b+c)T?
+ (3a® — 2ab + b* — 2ac + 2bc — AT + (—a® + a®b — ab® + b + 4ac
+ a*c — 2abc — b*c — 3ac® + bc® — )| = —Pr(M)I.
As A=a+c+b, Pr(\) =0. So, if T'— (a + ¢+ b)I is invertible, then

T3+ (=3a+ b+ c)T? + (3a® — 2ab + b* — 2ac + 2bc — )T
+ (—a® 4 a®*b — ab® + b® + dac + a*c — 2abc — b*c — 3ac® + bc* — ) = 0,
which implies that @ = 0 and b = 0 or that b = 0 and ¢ = 0, which
is not under the conditions imposed for this operator. So, we reach to a
contradiction. Hence, T'— (@ — ¢ — b(1 + 4))I is not invertible.

Arguing in the same way for A = t3,t3,t4, we obtain a very similar
conclusion. O

Thanks to the identity (3.23), we obtain four types of eigenfunctions of T,
represented as follows:

K

()= > axpe(x), keC, (3.24)
|k|=0 (mod 4)
K

or(r)= Y appr(x), keC, (3.25)
|k|=1 (mod 4)
K
(I)[[[(.’E) = Z akgok(x), ke (C, (326)

|[k|=2 (mod 4)
K

Oy (x) = Z agpr(z), keC. (3.27)
|k|=3 (mod 4)

3.2.2. Parseval type identity. In the present case, a Parseval type identity
takes the following form.

Theorem 3.10. In the present case, a Parseval type identity for T is
given by

(Tf.Tg)r2mny = [laf* + [b]” + |c[|(f, 9) L2@n) + 2R{ab}(f, Fg) 12(mn)
+ 2R{ae} (f, Wa) 2en) + 2R{bEH(f, F 1 g) r2mny  (3:28)
for any f,g € L*(R").

Proof. The formula (3.28) is a direct consequence of (1.1), (3.8), (3.9) and
(3.10). O
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3.2.3. Integral equations generated by T'. As before, we will now consider in
the present case the following operator equation generated by the operator
T, on L?(R"),

me +nTy + pT?p = f, (3.29)

where m,n,p € C are given, |m| + |n| + |p| # 0, and f is predetermined.

The polynomial Pr(t) has the single roots: t; = a+c+b, ta = a—c—ib,
ts =a+c—0, t4 = a — c+ib. Using the Lagrange interpolation structure,
we construct the projectors induced by T

(T = t2D) (T — t31) (T — t4l)

P =
! (t1 —t2)(t1 — t3)(t1 — ta)
T3 — (to + b3+ ta)T? + (tats + toty + tty)T — totstsl (3.30)
(t1 —t2)(t1 — t3)(t1 — ta) ’ '
(T =t ) (T — t31)(T" — t4l)
Py, =
(ta —t1)(t2 — t3)(t2 — ta)
T3 — (ty + b+ ta)T? + (tats + tity + tta)T — tatstal (3.31)
(t2 —t1)(t2 — t3)(t1 — ta) ’ '
(T = 1 ) (T — t2I) (T — t4)
Py =
(ts —t1)(ts — t2)(t3 — ta)
T3 — (b + by + ta)T? + (trte + bty + totg)T — titatsl (3.32)
(ts —t1)(ts — t2)(ts — ta) ’ '
(T =t ) (T — t21) (T — t51)
Py =
(ta —t1)(ta — t2)(ta — t3)
T3 — (b + by + t3)T? + (tata + trts + tots)T — titats] (3.33)
(ta —t1)(ts — t2)(ts — t3) ' '
Then, we have
PP, = 5jkPk§ T = t{Pl + tgpg + tgpg + tﬁP4, (334)

for any 7,k =1,2,3,4, and £ = 0,1,2. The equation (3.29) is equivalent to
the equation

a1 Pro +axPop + asPsp + ayPyp = f, (3.35)
where a; = m + nt; +pt§, 7 =12,34.
Theorem 3.11.

(i) Equation (3.29) has a unique solution for every f if and only if
arasazay # 0. In this case, the solution is given by

©=a ' 'Pif +ay ' Pof + a3 ' Psf +a; ' Pyf. (3.36)

(ii) If a;j = 0, for some j = 1,2,3,4, then the equation (3.11) has a
solution if and only if P;f = 0. If we have this, then the equation
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(3.11) has an infinite number of solutions given by

Y= Z aj—lpjf + z, where z € ker ( Z Pj). (3.37)
Jj<4 Jj<4
a;7#0 a; 70

Proof. Suppose that the equation (3.29) has a solution ¢ € L?(R"). Ap-
plying P; to both sides of the equation (3.35), we obtain the system of four
equations: a; Pjp = P;f, 7 =1,2,3,4.

If ayasazay # 0, then we have the following system of equations:

Pip=a;'Pif,
PQSQ = a_1P2f7
2 (3.38)
PSSD =asg P3f7
P4§0 = a21P4f.

Using the identity
P +P+ P+ Py=1,

we obtain (3.36). Conversely, we can verify that ¢ fulfills (3.35).
If ajazazas = 0, then a; = 0 for some j € {1,2,3,4}. It follows that
P;f =0. Then, we have

S he- Y e
Jj<4 Jj<4
aj;ﬁo aj;ﬁo

Using P; Py = 6Py, we obtain

(X R)e= (X R X o hr)

j<4 j<4 j<d
aj;é() aj;ﬁO aj;éO
Equivalently,
( E Pj) [ap— E a;lef} =0.
Jj<4 Jj<4
aﬁéO aﬁéO

So, we obtain the solution (3.37).

Conversely, we can verify that ¢ fulfills (3.35). As the Hermite functions
are the eigenfunctions of T', we can say that the cardinality of all functions
¢ in (3.37) is infinite. O

3.2.4. Convolution. In this subsection we will present a new convolution i
for the operator T'. We will perform it for the case b # 0 and ¢ # :I:%(l +1i).
This means that we are identifying the operations that have a correspondent
multiplication property for the operator T as the usual convolution has for

the Fourier transform (T'f)(Tg) = T(f ¥ g).
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Theorem 3.12. For the operator T = al +bF + cW, with a,b,c € C, b # 0
and ¢ # :l:%(l +1i), and f,g € L*>(R™), we have the following convolution:

I %9 =CAufg+ As(W)(Wg) + As(f Wy + g W )
+ Au(f Fg+ g Ff) + As(WH(F~1g) + (F~f)(Wyg))
+ As(W)(Fg) + (F)(Wg)) + Ar(g F' f + fFlg)
+ As((FN)(Fg)) + Ao (F1)(F~'g))
+ A10(F(f9)) + Aui (F(f W) + F(gW f)) + Awa(F ' (f9))
+ A (F(f Fg) + F(g Ff)) + Aw(F~'(f Fg) + F' (g Ff))
+ Ais(F((FH)(Wg)) + F((Wf)(Fg)))
+ A (FH((FF)(Wg)) + FH((Wf)(Fg)))
+ AirF((Ff)(Fg)) + AsF = ((F/)(Fg)) |, (3.39)
where
1
(a? — ¢2)2 + b2(dac — b2)’
Ay = T7a® — 763 + 7ab%c — ab? P + a2 — 05,
Ay = Ta3c? — Tact + 0% — a®b? + atec — >3,
As = Ta*e — 7a%¢ + Tab*? — a®b%c + a®c? — ac?,
Ay = 7a*b — 7a®bc? + Tab®e, As = —a?b® + a®be — abc?,
Ag = Ta’be — Tabe® + 7632, Ay = —ab®c 4 a®bc? — b,
Ag = 7a%b? — 7ab®c? + e, A9 = —ab* + a®b*c — b2c3,
Ay = a*b+ a®bc® + b3c — 2abe?,
Aqq = a’be + abe® + abdc — 2a%bc?,
A1s = a®b® + bt + a®b® — 2a%be,  Ais = a®b® + ab?c?,
Aqg = ab* — 2a°b%e, A5 = a®’bPe + b33,
A = bre —2ab%c?, A =a?bP + 032, A =0b° — 2ab’e.

C=—

Proof. Using the definition of T, by computation we obtain the equivalence
between (3.39) and

T o __ 1
9= (a? — ¢2)2 + b2(4ac — b?)
x T3 — 4aT? + (602 — 2¢3)T — (—4a® — 4b%c + 4a02)I] [(Tf)(Tg)].

f

Consequently, having in mind (3.22), we identify the last identity with

fxg=T""[(Tf)(Tg))],
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which is equivalent to

(TF)(Tg) =T(f * g),

as desired. O
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