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ON THE CONTI-OPIAL TYPE EXISTENCE AND
UNIQUENESS THEOREMS FOR GENERAL
NONLINEAR BOUNDARY VALUE PROBLEMS
FOR SYSTEMS OF DISCRETE EQUATIONS

Abstract. The general nonlinear boundary value problem for systems
of discrete equations is considered. The sufficient, among them effective,
conditions for the solvability and unique solvability of this problem are
given.
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In the present paper, we consider the problem on the solvability of a
system of nonlinear discrete equations

Ay(l—1) = g(l,y(1),y(l = 1)) for I € Ny, (1)
under the boundary value condition
C(y) =0, (2)

where mg > 2 is a fixed natural number, the function g = (g;)?_; belongs to
the discrete Carathéodory class Car(Ny,, x R™,R™), and ( : E(Iglmo, R™) —
R™ is a continuous, nonlinear in general, vector-functional.

In the paper, the sufficient, among them effective, conditions are given
for the solvability and unique solvability of the general nonlinear discrete
boundary value problem (1), (2). We have established the Conti-Opial type
theorems for the solvability and unique solvability of this problem. Anal-
ogous problems are investigated in [9,12-14, 17] (see also the references
therein) for the general nonlinear boundary value problems for ordinary
differential and functional-differential systems.

The results obtained in the paper are analogous to those given in [12-14]
for ordinary differential and functional-differential problems.

Quite a number of issues on the theory of systems of difference equations
(both linear and nonlinear) have been studied sufficiently well (for a survey
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of the results see e.g. [1-8,10,11,15,16,18-21] and references therein). But
the above-mentioned works, as we know, do not contain the results obtained
in the present paper.

Throughout the paper, the use will be made of the following notation
and definitions.

N={1,2,...}, Ng ={0,1,...}, Z is the set of all integers.

If m € N, then N,,, = {1,...,m}, N,, = {0,1,...,m}.

R =] — 00, +o0[, Ry = [0, 400].

R"™™ is the space of all real n x m-matrices X = (;;); ", with the
norm || X|| = maxj=1,_m Yy [zijl;  1X] = (|2i50)5"

Rixm = {(I”)Z}Zl DTy >0 (Z =1,...,n; j = 1,,m)}

R™ = R™*! is the space of all real column n-vectors z = (z;)/_; R} =
R’I’LX].

ok

If X € R™™" then X! det X and r(X) are, respectively, the matrix
inverse to X, the determinant of X and the spectral radius of X; I, x., is
the identity n x n-matrix.

E(J,R™™™), where J C Z, is the space of all matrix-functions ¥ =
(Yij)ijoy = J — R™™ with the norm

Yl =max{|[YO|: 1€}, Y= (lyils); -,
A is the difference operator of the first order, i.e.,
AY(k—1)=Y(k)—-Y(k—1) for Y € E(N,,R™™™), keN,.

If a function Y is defined on N; or Igh,l, then we assume Y (0) = Opxm,
or Y (1) = Opxm, respectively, if necessary.

C(D1, D3), where D1 C R™ and Dy C R™ ™ is the set of all continuous
matrix-functions X : Dy — Da;

If By and By are the normed spaces, then an operator g : By — Bs
(nonlinear, in general) is said to be positive homogeneous if g(Az) = \g(x)
for every A € R, and x € Bj; if, in addition, the spaces are partially
ordered, then the operator g is called nondecreasing if g(z) < g(y) for every
x,y € By such that =z < y.

A matrix-function is said to be continuous, nondecreasing, integrable,
etc., if each of its components is such.

If J € Z, Dy € R™ and Dy C R™ ™, then Car(J x Di,Ds) is the
discrete Carathéodory class, i.e., the set of all mappings F = (ka)Z;”:l :
J x Dy — Dj such that the function f;(¢, -) : D1 — Ds is continuous for
every i € {1,...,0},je{l,...,m} and k € {1,...,n}.

By a solution of the difference problem (1), (2) we understand a vector-
function y € E(Nmo, R™) satisfying both the system (1) for ¢ € {1,...,mo}
and the boundary value condition (2).

Definition. Let L : E(Nmo, R™) — R™ be a linear continuous operator, and
let £: E(Ny,,,R") = R’ be a positive homogeneous operator. We say that
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a pair (G1,G2), consisting of matrix-functions G; € Car(N,,, x R?" R"*")
(j = 1,2), satisfies the Opial condition with respect to the pair (£, Lo) if:

a) there exists a matrix-function ® € E(N,, ,R") such that
00

|G;(l,z,y)| < @) for z,y e R" (j=1,2; l=1,...,mp); (3)
(b)
det (Inxn + (=1)'B;(1)) #0 (j=1,2; 1=1,...,mp) (4)
and the problem
Ay(l—1) = Bi(y(l) + B2()y(l = 1) (I € N,), (5)
IL(y)] < Lo(y) (6)

has only the trivial solution for every matrix-functions B; €
E(Np,,,R"™) (j = 1,2) for which there exists a sequence z, yx €
E(Ny,, R"™™) (k=1,2,...) such that

lim (L)) = By(M) G =12 1=1,...,mp).

k——+oco
Remark 1. Note that, due to the condition (3), the condition (4) holds if
e <1 (I =1,...,mo).
We assume that g € Car(N,,, x R™ R").

Theorem 1. Let the condition

9, 2,y) = G1(l, 2, y)a — Ga(l, 2, y)y|| <
<a(l, ||zl lyll) for | € Ny, x,y €R™ (7)

and

ICwW) = L) < Lo) + 1 ([Yllme) for y € BNy, R™) (8)

hold, where L : E(EmO,R”) — R™ and Ly : E(EmO,R") — R are, res-
pectively, the linear continuous and the positive homogeneous continuous
operators, the pair (G1,G2) satisfies the Opial condition with respect to the
pair (L, Ly); and o € Car(EmO x Ry, Ry) is a function nondecreasing in
the second variable and £, € C(R,R") is a nondecreasing vector-function
such that
1 <
i (1661 + Y at.n)) <o o)
1=1

p—+00 p
Then the problem (1), (2) is solvable.
Theorem 2. Let the conditions (7), (8) and
Pi1(1) < Gj(l,z,y) < Pja(l) for l € Ny, z,yeR" (j=1,2)

hold, where Pj1, Pjy € E(Npy,R")(j = 1,2), £ : E(Ep,, R") = R™ and
Lo : E(Eny,,R") — R are, respectively, the linear continuous and the

positive homogeneous continuous operators; and o € Car(Ey,, x Ry, Ry)



158

is a function nondecreasing in the second variable and ¢, € C(R,R") is
a nondecreasing vector-function such that the condition (9) holds. Let,
moreover, the condition (4) hold and the problem (5), (6) have only the trivial
solution for every matriz-functions By and By from E(N,,,,R™) such that

Pij(l) < Bj(l) < Pjo(l) for 1€ Np, (j=1,2).
Then the problem (1), (2) is solvable.

Remark 2. Theorem 2 is interesting only in case G;(l, -, - ) & C(R?",R"*")
for some j € {1,2} and [ € {1,...,mo}, because the theorem immediately
follows from Theorem 1 in case G; € Car(N,,, x R* R"™*") (j = 1,2).

Theorem 3. Let the conditions (8),
9Lz, y) — Pr(D)z — Pa(l)y| <
< QD=+ Q2()lyl +q(L. Izl +llyll) for 1 € Nuy, @,y €R™,
det (Inxn + (=1)'P;(1)) #0 for € Ny, (j=1,2), (10)

and
QU+ Q2@ - (1 + [ (T + (=17 B) ™+
+||(Im+(—1)jpg,j(1))’1||)<1 for 1€Np,, z,yeR™ (j=1,2) (11)

hold, where Py, Py € E(N,py, R™); Q1,Qa € E(Nyy, R); L2 E(Eppy, R™) —
R™ and Lo : E(Ep,,R™) = R’} are, respectively, the linear continuous and

the positive homogeneous continuous operators; and q € Car(Ep,, xR, R7)
is a vector-function nondecreasing in the second variable and /; € C(R,R"})
is a nondecreasing vector-function such that

i 2 (16l + 3 la@.l) =0
=1

p——+o00 P

Let, moreover, the problem
|Ay(l —1) = PLDy(l) = Pa(Dy(l = 1)| <
< Q1(DlyD) + Q2(D)|y(l = 1)| (I € Ny, ), (12)
1L(y)] < Lo(y) (13)

have only the trivial solution. Then the problem (1), (2) is solvable.

Corollary 1. Let the conditions
gl 2, y) = G1(D)z — Ga(L)y]| <
< a(l, lz|l + ||yH) for 1 e Ny, z,y e R", (14)
det (Inxn + (—1)'G;(1)) #0 for 1 € Ny, (j=1,2) (15)

and
1<) — LW < B1yllmo) for y € ENpy, R™) (16)
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hold, where G1,G> € E(Ny,,,R"); L E(EmU,R”) — R"™ is the linear con-
tinuous operator; and o € Car(Ep, X Ry, Ry) is a function nondecreasing
in the second variable and 3 € C(R,R") is a nondecreasing function such

that
pE‘foop< +Z lp) (17)

Let, moreover, the problem
Ayl — 1) = Gry(l) + ColDyl — 1) (I € Ny,
L(y) =0
have only the trivial solution. Then the problem (1), (2) is solvable.
Corollary 2. Let the conditions (14)—(16) and

Lly) =Y Liy(k)) (18)
j=1
hold, where ng is a fized natural number; k; € {0,...,mo} and L; € R**"

(G =1,...,n0); G1,Gy € E(N;py,R"); and o € Car(Ep, x Ry, Ry) is

a function nondecreasing in the second variable and f € C(R,R%) is a

nondecreasing function such that the condition (17) holds. Let, moreover,

no kj+1

det (ZLj (In+ Ga(k; + 1)) [ (In — G1() ™' (I + Gg(i))) # 0.
j=1 i=0

Then the problem (1), (2) is solvable.

—1

On the set E(N,,,,R"*") x E(N,,,,R"*) we introduce the operators as
follows. If G1, Gy € E(Ny,, R"*™) and, in addition, det(l,xn + G2(1)) # 0
(I=1,...,mgp), then we assume

(G, Go) D]y =1y [(G1,G2)(D], == Y (Gr(i) + Gali + 1)) x
i=l+1 (19)
x (In + G2(i) T [(G1,G2) ()], (k=1,2,...),
and
Gl,GQ Z } Gl +G2 Z+1))(In+G2(i+1))_1 ,
i= l+1
. 1, (20)
Vk+1 Gl,GQ Z } Gl +G2 l+1>)([n+G2(Z+1)) ’X
i=l+1

X Vi(G1,Go) (i) (k=1,2,...).

Theorem 4. Let the conditions (14)—(16) and (18) hold, where ng is a fixed
natural number, k; € {1,...,mo} and L; e R™*™ (j =1,...,n0); G1,G2 €
E(Npy,R™); and a € Car(Ep, x Ry, RL) is a function nondecreasing in
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the second variable and 3 € C(R,R"}) is a nondecreasing function such that
the condition (17) holds. Let, moreover, there exist natural numbers k and
m such that

det(Myg) #0
and
T(M}C’m) < 17
where
no k—1
M =33 Lj(Ln + Galk; +1)) ' [(G1,Ga) (k)] ;.
j=1i=0
Mk m = Vm (Gl,Gg)(O)—f—
+Z| (G1, Ga)( Z|M PLj|(In + Galky +1) Va(Gr, Ga) (ky),

j=1

and the matriz-functions [(G1,G2)(1)]; and V;(G1,G2)(l) are defined by (19)
and (20), respectively. Then the problem (1), (18) is solvable.

Corollary 3. Let the conditions (14)—(16) and (18) hold, ng is a fized
natural number, where t; € {1,...,mo} and L; € R™™ (j = 1,...,n9);
G1,Gs € E(Np,,R"); and a € Car(Ep, x Ry,R.) is a function non-
decreasing in the second variable and f € C(R,R%) is a nondecreasing
function such that the condition (17) holds. Let, moreover,

det (iLj (I + Ga(k; + 1))*1) £0

j=1
and
T(L()Mo) <1
where
-1 1
LO:In+‘(ZL1]I + Ga(k; +1)) ) (k)|
j=1
and
mo

Z| (G1(@) + Ga(i + 1)) (I + Go(i + 1)) -

Then the problem ( ), (2) is solvable.
Theorem 5. Let the conditions (10), (11),
900, 2,u) — 9(0,5,0) — Pr(D)(x — y) — Po)(u—v)] <
<Qi(D)|x —yl+ Q2(l)|u —v| for 1 € Ny, x,y,u,v e R”,

|Li(z) = Li(y) — Joi - (z — y)| <
< Hp-|lx—y| for z,y eR" (k=1,...,mp)
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and

¢(x) = C(y) — Lz — )| < Lolz —y) for y € BNy, RY)

hold, where Py, Py € E(Nypy, R™); Q1, Qo € E(Npyy, R); L2 E(Epy, R™) —
R™ and Ly : E(Emo,]R”) — R% are, respectively, the linear continuous and
the positive homogeneous continuous operators. Let, moreover, the problem
(12), (13) has only the trivial solution. Then the problem (1), (2) is uniquely
solvable.
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