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Abstract. The paper is devoted to Mellin convolution operators with
meromorphic kernels in Bessel potential spaces. We encounter such oper-
ators while investigating boundary value problems for elliptic equations in
planar 2D domains with angular points on the boundary.

Our study is based upon two results. The first concerns commutants
of Mellin convolution and Bessel potential operators: Bessel potentials al-
ter essentially after commutation with Mellin convolutions depending on
the poles of the kernel (in contrast to commutants with Fourier convolu-
tion operatiors.) The second basic ingredient is the results on the Banach
algebra 2, generated by Mellin convolution and Fourier convolution oper-
ators in weighted IL,-spaces obtained by the author in 1970’s and 1980’s.
These results are modified by adding Hankel operators. Examples of Mellin
convolution operators are considered.
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INTRODUCTION

It is well-known that various boundary value problems for PDE in pla-
nar domains with angular points on the boundary, e.g. Lamé systems in
elasticity (cracks in elastic media, reinforced plates), Maxwell’s system and
Helmholtz equation in electromagnetic scattering, Cauchy—Riemann sys-
tems, Carleman—Vekua systems in generalized analytic function theory etc.
can be studied with the help of the Mellin convolution equations of the form

Ap(t) = co <>+—/

Yy

/ #( —f®,

T—1

with the kernel J# satisfying the condition

/tﬁ’l\%(tﬂ dt < oo, 0< <1, (2)
0

which makes it a bounded operator in the weighted Lebesgue space
L,(R*,¢7), provided 1 < p< oo, -1 <y<p—1, f:=(1+~)/p (cf. [17]).
In particular, integral equations with fixed singularities in the kernel

o(t)p(t) + 2 [EDLE
0

T+ t)k+1

+z”: ck+2§2tk"" / (T”P(T) T _pw), o<i<1, (3)
k=0 0

where 0 < r < k are of type (1) after localization, i.e. after “freezing” the
coefficients.

The Fredholm theory and the unique solvability of equations (1) in the
weighted Lebesgue spaces were accomplished in [17]. This investigation
was based on the following observation: if 1 < p < oo, -1 < v < p—1,
B := (147)/p, the following mutually invertible exponential transformations

Zg : Lp([0,1],87) — Ly, (R™),
Zgp(€) = e P p(e™t), £€R:=(—00,00),
75" Ly(RY) — Ly([0,1],17),
Zﬁ_lw(t) =tPyY(=Int), t e R :=(0,00),

(4)

transform the equation (1), treated in the weighted Lebesgue space f, ¢ €
L,(R*,¢7) into the Fourier convolution equation ngslﬂ =g,¢%=238p,9=
Zgf € Lp(R) of the form

WY, () = cop(a /Jm— () dy.
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H) = e[ ().

Note that the symbol of the operator ng[,? viz. the Fourier transform of
the kernel

Ap(€) = co + / ¢t (x) da
= ¢ — ¢y cot (B —i&) + / WA (e dx, E€R  (5)

is a piecewise continuous function. Let us recall that the theory of Fourier
convolution operators with discontinuous symbols is well developed, cf.
[13, 14, 15, 16, 42]. This allows one to investigate various properties of
the operators (1), (3). In particular, Fredholm criteria, index formula and
conditions of unique solvability of the equations (1) and (3) have been es-
tablished in [17].

Similar integral operators with fixed singularities in kernel arise in the
theory of singular integral equations with the complex conjugation

ottty + 2 [ AL, O [EDL_ gy er

T T—1 T T—1
r r

and in more general R-linear equations

o w1 L[240 [,
r r
e(t) [o(r)dt g(t) [ o(r)dt
?/ 3 T | ooy =f®), tel,

r

if the contour I' possesses corner points. Note that a complete theory of
such equations is presented in [24, 25], whereas approximation methods have
been studied in [10, 11].
Let t1,...,t, € I' be the corner points of a piecewise-smooth contour I,
and let L,(T', p) denote the weighted L,-space with a power weight p(t) :=
n

_]:[1 |t —t;|". Assume that the parameters p and §; := (1 + v;)/p satisfy
the conditions
l<p<oo, 0<B;<1, j=1,...,n

If the coefficients of the above equations are piecewise-continuous matrix
functions, one can construct a function dg(t,f), tel, £ eR, g =
(B1,.-.,0n), called the symbol of the equation (of the related operator).
It is possible to express various properties of the equation in terms of ﬂg:
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e The equation is Fredholm in L, (T, p) if and only if its symbol is
elliptic., i.e. iff inf( g)erxr | #5(t, §)[ > 0;

e To an elliptic symbol dg(t, &) there corresponds an integer valued in-
dex
ind dg(t,f), the winding number, which coincides with the Fred-
holm index of the corresponding operator modulo a constant mul-
tiplier.

For more detailed survey of the theory and various applications to the
problems of elasticity we refer the reader to [13, 14, 15, 17, 18, 19, 20, 21, 40].

Similar approach to boundary integral equations on curves with corner
points based on Mellin transformation has been exploited by M. Costabel
and E. Stephan [5, 6].

However, one of the main problems in boundary integral equations for
elliptic partial differential equations is the absence of appropriate results
for Mellin convolution operators in Bessel potential spaces, cf. [18, 20,
21] and recent publications on nano-photonics [1, 2, 32]. Such results are
needed to obtain an equivalent reformulation of boundary value problems
into boundary integral equations in Bessel potential spaces. Nevertheless,
numerous works on Mellin convolution equations seem to pay almost no
attention to the mentioned problem.

The first arising problem is the boundedness results for Mellin convolu-
tion operators in Bessel potential spaces. The conditions on kernels known
so far are very restrictive. The following boundedness result for the Mellin
convolution operator is proved in the yet unpublished paper by V. Didenko
and R. Duduchava.

Proposition 0.1. Let 1 < p < oo and let m = 1,2,... be an integer. If
a function JE satisfies the condition

1 [e'e]
/t%—m—1|;gf(t)|dt+/t%—lw(t)\dt < 00, (6)
0 1

then the Mellin convolution operator (see (1))
A=, H(RY)— H(RT) (7)
with the symbol (see (5))

o0
; 1 dt
() 1= co + 1 coth#(}% +§) + /trlg,)if(t) T, EeR (®)
0
is bounded for any 0 < s < m.
Note that the condition
Kg:= /t6’1|<%/(t)|dt <00 (9)

0
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and the constraints (16) ensure that the operator
M : L, (R, ¢7) — L,(R*, 1)

is bounded and the norm of the Mellin convolution
T t dr
0 o i &r
i, o(t) = [ (£)eln) T (10)
0
admits the estimate |97, || < K.

The above-formulated result has very restricted application. For exam-
ple, the operators

sin « 70 to(r)dr

N, = ,
() s 12 + 72 — 2tT cos o
0
. sina [ T, (T)dT
et i= 20 [ T , (1)
s t* 4+ 7% — 2tT cos
0
1 s —t d
MaSO(t) = [T cona ]SO(T) T , —T<a<m,

or | 2472 —2tTcosa
R+

which we encounter in boundary integral equations for elliptic boundary

value problems (see [4, 27]), as well as the operators

th T

N ip(t) == /

T

T kp(r)dr
TF k=0,...,m, (12)
represented in (3), do not satisfy the conditions (6). In particular, N,
satisfies condition (6) only for m = 1 and N, ; only for m = k. Although,
as we will see below in Theorem 2.5, all operators N, N7, and N, ; are
bounded in Bessel potential spaces in the setting (17) for all s € R.
In the present paper we introduce admissible kernels, which are mero-
morphic functions on the complex plane C, vanishing at the infinity
o0

d; d; ,
f(t);:;t_fo+ Z ﬁ ¢;#0, j=0,1,..., 13

Cj

Coy-- st ER, 0< ap = |argey| <m, k=0+1,042,...

having poles at cg,c1,... € C\ {0} and complex coefficients d; € C. The
Mellin convolution operator

7o) = [ A0 (14)
0

(t—cT)™
corresponding to the kernel

1
670

H(t) = W



Mellin Convolution Operators in Bessel Potential Spaces. . . 141

(see Definition 2.1) turns out to be bounded in the Bessel potential spaces
(see Theorem 2.5).

In order to study Mellin convolution operators in Bessel potential spaces,
we use the “lifting” procedure, performed with the help of the Bessel poten-
tial operators A% and A*™", which transform the initial operator 9MY into the
lifted operator A*~"IMYAT® acting already on a Lebesgue L, spaces. How-
ever, the lifted operator is neither Mellin nor Fourier convolution and to
describe its properties, one has to study the commutants of Bessel potential
operators and Mellin convolutions with meromorphic kernels. It turns out
that Bessel potentials alter after commutation with Mellin convolutions and
the result depends essentially on poles of the meromorphic kernels. These
results allows us to show that the lifted operator A2 "9, AL ® belongs to
the Banach algebra of operators generated by Mellin and Fourier convolu-
tion operators with discontinuous symbols. Since such algebras have been
studied before [22], one can derive various information (Fredholm prop-
erties, index, the unique solvability) about the initial Mellin convolution
equation M%p = g in Bessel potential spaces in the settings ¢ € ﬁ;(Rﬂ,
g € Hy"(R*) and in the settings ¢ € H3(R*), g € H"(RT).

The results of the present work will be applied to the investigation of
some boundary value problems studied before by Lax—Milgram Lemma in
[1, 2]. Note that the present approach is more flexible and provides better
tools for analyzing the solvability of the boundary value problems and the
asymptotic behavior of their solutions.

It is worth noting that the obtained results can also be used to study
Schrédinger operator on combinatorial and quantum graphs. Such a prob-
lem has attracted a lot of attention recently, since the operator mentioned
above possesses interesting properties and has various applications, in par-
ticular, in nano-structures (see [36, 37] and the references there). Another
area for application of the present results are Mellin pseudodifferential oper-
ators on graphs. This problem has been studied in [39], but in the periodic
case only. Moreover, some of the results can be applied in the study of sta-
bility of approximation methods for Mellin convolution equations in Bessel
potential spaces.

The present paper is organized as follows. In the first section we ob-
serve Mellin and Fourier convolution operators with discontinuous symbols
acting on Lebesgue spaces. Most of these results are well known and we
recall them for convenience. In the second section we define Mellin convo-
lutions with admissible meromorphic kernels and prove their boundedness
in Bessel potential spaces. In Section 2 is proved the key result on com-
mutants of the Mellin convolution operator (with admissible meromorphic
kernel) and a Bessel potential. In Section 3 we enhance results on Banach
algebra generated by Mellin and Fourier convolution operators by adding
explicit definition of the symbol of a Hankel operator, which belong to this
algebra. In Sections 4 the obtained results are applied to describe Fredholm
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properties and the index of Mellin convolution operators with admissible
meromorphic kernels in Bessel potential spaces.

1. MELLIN CONVOLUTION AND BESSEL POTENTIAL OPERATORS

Let N be a positive integer. If there arises no confusion, we write 2 for
both scalar and matrix N x N algebras with entries from 2(. Similarly, the
same notation B is used for the set of N-dimensional vectors with entries
from B. It will be usually clear from the context what kind of space or
algebra is considered.

The integral operator (1) is called Mellin convolution. More generally, if
a € Loo(R) is an essentially bounded measurable N x N matrix function,
the Mellin convolution operator MY is defined by

Mplt) =y atlap(t) = 5 [ ale) [(2)" o) T e, e s
—0o0 0

where S(R™) is the Schwartz space of fast decaying functions on R*, whereas
M3 and A, 5 ! are the Mellin transform and its inverse, i.e.

o0

; d
M0(©) = [P0 T, e,

0
) 1T e
A5 )= 5 [ 0P de, te R,

The function a(€) is usually referred to as a symbol of the Mellin opera-
tor MY, Further, if the corresponding Mellin convolution operator MY is
bounded on the weighted Lebesgue space L, (R, t7) of N-vector functions
endowed with the norm

x 1/p
o | Ly(®*,07)]| = [ / m«a(t)wdt} ,
0

then the symbol a(€) is called an L,(R™,¢”) Mellin multiplier. The trans-
formations

Zﬁ : LP(R+7{Y) - ]L;D(R)v Zg(p(f) = eiﬁtw(eig)v 5 € Ra
Z;' :Ly(R) — Ly(RT,¢7), Z5'¢(t) =t p(~Int), teRY,
generate an isometrical isomorphism between the corresponding L-spaces.
Moreover, the relations
Mz = F1Lg, ///6—1:2513—17

15
Mo =My adly =25 F aFLs =75 W2, (19)
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where .# and .# ! are the Fourier transform and its inverse,

oo

/ CSpla)dn, F0(a) = 5o [ U aeR,

—0o0
show a close connection between Mellin MY and Fourier
Wl = F T, peS(R),

convolution operators, as well as between the corresponding transforms.
Here S(R) denotes the Schwartz class of infinitely smooth functions, decay-
ing fast at the infinity.

An N x N matrix function a(§), £ € R is called a Fourier L,-multiplier if
the operator W2 : L, (R) — L,(R) is bounded. The set of all L,-multipliers
is denoted by 9, (R).

From (15) immediately follows the following

Proposition 1.1. The class M, (R) of Fourier L,-multipliers coincides
with the class of Mellin L, (R*,t7) multiplier.

It is known, see, e.g. [17], that 91, (R) is a Banach algebra which contains
the algebra V1 (R) of all functions with finite variation provided that

1
Bi= =t 1cp<oo, ~l<y<p-L. (16)
p

As it was already mentioned, the primary aim of the present paper is to
study Mellin convolution operators M acting in Bessel potential spaces,

mY - {3 (RY) — H3(RT). (17)

The symbols of these operators are N x N matrix functions a € C’E)ﬁg(@),
continuous on the real axis R with the only one possible jump at infin-
ity. We commence with the definition of the Besseel potential spaces and
Bessel potentials, arranging isometrical isomorphisms between these spaces
and enabling the lifting procedure, writing a Fredholm equivalent operator
(equation) in the Lebesgue space L,(R™) for the operator MY in (17).

For s € R and 1 < p < oo, the Bessel potential space, known also as
a fractional Sobolev space, is the subspace of the Schwartz space S'(R) of
distributions having the finite norm

i /o 1/p
o | HE(R)]| == {/ |71 (1 + 1¢)?)” (ﬁ@)(t)\pdt] < 0.

For an integer parameter s = m = 1,2,... , the space H7(R) coincides
with the usual Sobolev space endowed with an equivalent norm

e w3 [ 1500
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If s < 0, one gets the space of distributions. Moreover, H_*(R) is the
dual to the space H? (R™), provided p’ := 55,1 < p < co. Note that H3(R)
is a Hilbert space with the inner product

(0, ) = / (F)OTDO + ) de, p,1) € B (R).
R

By ry we denote the operator restricting functions or distributions de-
fined on R to the subset ¥ C R. Thus H?(R") = r, (H5(R)), and the norm
in H(R*) is defined by

I 1By @) = inf e | Bty (R

b

where /f stands for any extension of f to a distribution in Hj(R).

Further, we denote by I[T]I;(RJr) the (closed) subspace of H)(R) which
consists of all distributions supported in the closure of R™.

Notice that ]ﬁ[g(Rﬂ is always continuously embedded in H?(R"), and if
s € (1/p —1,1/p), these two spaces coincide. Moreover, ]HI;(]R*) may be
viewed as the quotient-space Hj(R*) := ]I-]I;(]R)/]ﬁlfg(R*)7 R~ = (—00,0).

Let a € Lo 0c(R) be a locally bounded m x m matrix function. The
Fourier convolution operator (FCO) with the symbol a is defined by

wWo =7 1aZ. (19)

If the operator

W HS(R) — H " (R) (20)
is bounded, we say that a is an L,-multiplier (of order 0). The set of all
L,-multipliers is denoted by 91, (R).

The Fourier convolution operator (FCO) on the semi-axis RT with the
symbol a is defined by W, = r W2 where ry := rg+ : H(R) — H3(R™)
is the restriction operator.

Consider FCO

W, =r W2: ﬁ;(R+) — Hzir(R+)7 (21)
and Hankel operators
H,=r VW0 H)(RY) — H"(RY), Vo(t) ==o(-t), (22)

where r is the restriction operator to the semi-axes R*. Note that the
generalized Hoermander’s kernel of a FCO W, depends on the difference of
arguments %, (t — ), while the Hoermander’s kernel & of a Hankel operator
r+ VW2 depends of the sum of the arguments 7, (¢ + 7).

If W, in (22) is bounded, we say that W, has order r and a is an L,
multiplier of order r. The set of all L, multipliers of order r is denoted by
97 (R). We did not use in the definition of the class of multipliers 907 (R)
the parameter s € R. This is due to the fact that 9} (R) is independent
of s: if the operator W, in (22) is bounded for some s € R, it is bounded
for all other values of s. Another definition of the multiplier class 907 (R)
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is written as follows: a € MM} (R) if and only if A™"a € Mm,(R) = zmg(@),
where A"(€) := (1 + |¢|?)"/2. This assertion is one of the consequences of
the following theorem.
Theorem 1.2. Let 1 <p < oco. Then
(1) Foranyr,s € R,y € C, Im~ > 0 the convolution operators (¥ DOs)
AL =W, - Hy(RT) — H; ™" (RT),
AT = r+Wf\)1W£ (HE(RT) — HY " (RT), (23)

1,8 = (§£7)", §€R, Imy >0,

which arrange isomorphisms of the corresponding spaces (see [17,
28]). Here £ : H5(RY) — H?(R) is some extension operator, define
an isomorphism between the corresponding spaces. The final result
is independent of the choice of an extension £. r is the restriction
from the azes R to the semi-azes RT.

(2) For any operator A : ]ﬁ;(R*) — HZ~"(RY) of the order r, the
following diagram is commutative

A s—r
H3 (RT) —=> Hy~"(RY)

Aﬁ‘T lA” : (24)
Lp(RT) ———— L, (R¥)

ASTTAALS

The diagram (23) provides an equivalent lifting of the operator A of
order r to the operator A°""AAT® : L,(RT) — L,(RT) of order 0.
(3) If A =W, : Hi(RY) — HZ~"(RY) is a bounded convolution op-
erator of order v, then the lifted operator A°""AAT® : L,(RT) —
L,(R™) is also a convolution operator W, with the symbol

w© =37 ©u 0 = (52) 7 A

Proof. For the proof we refer the reader to [17, Lemma 5.1] and [26, 28]. O

Remark 1.3. The class of Fourier convolution operators is a subclass
of pseudodifferential operators (¥DOs). Moreover, for integer parameters
m =1,2,... the Bessel potentials A" = W/\%’ which are the Fourier convo-
lutions of order m, are ordinary differential operators of the same order m:

. d mo N m\ . g dF
i'y:WAg:y: (’L%:l:’}/) —Z<k>lk(i’}/) kﬁ (25)
k=0
These potentials map both spaces (cf. (23))
T, HyEY) — R,

(HY(RY) — HY™™(RY), (26)
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but the mappings are not isomorphisms because the inverses AL do not
map both spaces, only those indicated in (23).
2. MELLIN CONVOLUTIONS WITH ADMISSIBLE MEROMORPHIC KERNELS

Now we consider kernels .7 (t), exposed in (13), (14), which are mero-
morphic functions on the complex plane C, vanishing at infinity, having
poles at cg,c1,... € C\ {0} and complex coefficients d; € C.

Definition 2.1. We call a kernel ¢ (¢) in (13) admissible iff:
(i) 2 (t) has only a finite number of poles cg, ..., c, which belong to

the positive semi-axes, i.e., argcy = --- = argcy = 0;

(ii) The corresponding multiplicities are one mg = --- = my = 1;

(iii) The points ¢g4+1, Co42,- .. do not condense to the positive semi-axes
except a finite number of points ¢y > 0,...,¢, > 0 from conditions
(i)—(ii) and their real parts are uniformly bounded

lim ¢; & [0, 00), sup Rec; < K < 0. (27)
Jj—00 G=+1,042,...

(iv) If 2 (t) emerges as a kernel of the operator, a superposition of finite
number of operators with admissible kernels.

Example 2.2. The function
1
H(t) = exp (t—>, Rec< 0 or Imec#0
—c

is an example of the admissible kernel which also satisfies the condition of
the next Theorem 2.5. More trivial examples of operators with admissible
kernels (which also satisfies the condition of the next Theorem 2.5) are
operators which we encounter in (3), in (11) and in (21) and, in general,
any finite sum in (13).

Example 2.3. The function

_In7T—cicant

H(t) = , Imey #£0, Imey # 0,

t —cicaT

is another example of the admissible kernel, which is the composition of
operators ¢y K} K 22 (see (14)) with admissible kernels which also satisfies
the condition of the next Theorem 2.5. More trivial examples of operators
with admissible kernels (which also satisfies the condition of the next The-
orem 2.5) are operators which we encounter in (3), in (11) and in (21) and,
in general, any finite sum in (13).

Theorem 2.4. Let conditions (16) hold, ¢ (t) in (13) be an admissible
kernel and

T oo
Kpi=——=> 2"d;||c;|"™™ < o0. 28
B |sin7rﬂ| = ‘ J| ‘CJ‘ o0 ( )
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Then the Mellin convolution 93?25 in (10) with the admissible meromorphic
kernel . (t) in (13) is bounded in the Lebesgue space L,(R*,¢7) and its
norm is estimated by the constant |9 | L(L,(R*,¢7))| < MKp with
some M > 0. o

We can drop the constant M and replace 2™ by 272 in the estimate (28)
provided Rec; <0 for all j =0,1,....

Proof. The first £ + 1 summands in the definition of the admissible kernel
(13) correspond to the Cauchy operators

[ oo
d; d
Aogp(t):zi,/@mf, ¢;>0, j=01,....0
0

and their boundedness property in the weighted Lebesgue space
Ap : Ly(RT,#7) — L,(RT,¢7) (29)

under constraints (16) is well known (see [35] and also [30]). Therefore we
can ignore the first £ summands in the expansion of the kernel J#'(¢) in (13).
To the boundedness of the operator ‘.Utgz with the remainder kernel

8

'%/e(t) = Z ( *Cj)mJ ) Cj 750’ J 20717"'7
j=0+1 J

0<ap:=largeg| <7, k=L+1,0+2,...

(see (13)), we apply the estimate (9)

om0, | 200, <
[ B=1| ot c- [t
< [T d < Z || o m (30)
0 j=t+1 !

Note now that

[t —cj|7™ = (£ + |¢j)* — 2Recjt)7% < (%)_TJ <
<2™i(t+|c;|)™™ for all ¢ > 2K = 2sup|Rec;| > 0.
due to the constraints (27). On the other hand,
[t —c;| ™™ < M(t+|¢;])™™ forall 0 <t<2K

and a certain constant M > 0. Therefore

[t —c;| ™™ < M2™Mi(t+ |c;])™™ for all 0 <t < oo. (31)
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Next we recall the formula from [31, Formula 3.194.4]

OOtﬁ_ldt B—1\ weh—m
= (=1)"! B — R 1 32
/(H—C)m (=1) (m—l) sinm3’ m<arge<m, Ref<1, (32)
0

(ﬁ—1>:: (B (B-—m+1) (ﬁ—1> -

m—1 (m—1)! 0

to calculate the integrals. By inserting the estimate (31) into (30) and
applying (32), we get

975, | £ (Lp(RT, 1)) <

tP=1dt tP—1d¢
<M 2mj <
zw/lt < > w/mc

j=0+1 Jj=(+1
(o]
2m
S sm7rﬁ Z

T
1
={+1

j X

ST 2mildy|e] ™ = MKg, (33)
j=t+1

()
mj — 1
where K is from (28). The boundedness (29) and the estimate (33) imply

the claimed estimate

[905,, | 2 (L (RT,7))]| < M K.

M
= sinwf

since (see (32))

If Rec; <0 forall j =0,1,..., we have

1 9 5 _mj
——— = (t* 4+ |c|* —2Rec;t) * <
[t —cj|™ (4 1o TS
_my m; s
S(E+]ef) 7 <27 (t+]gl) ™
valid for all £ > 0 and a constant M does not emerge in the estimate. [

Let us find the symbol (the Mellin transform of the kernel) of the operator
(14) for 0 < |arge| < 7, m = 1,2,... (see (42), (14)). For this we apply
formula (32):

o0

e T pie1
//fﬁ%m(f):/tﬁ Tl (t)dt:/mdt
0 0

ﬂ _ ’Lf -1 ,n.(_]_)mfleqiﬂ'(ﬁfiﬁfm)i Bitem
( m—1 > sinw (8 — i) ¢
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(5 .- 1) meTr(B—ig)i

ATETm 0 < targe< T (34)

m-1 ) snrG=i0
and
" B ootﬁ—ii—ldt _ 8 — i€ —1 (_1)m—1ﬂ.dﬁ—i§—m
Ao A=a8) = / t+d)m < m—1 > sinm(8 — i§) (35)
0
for 0 < |argd| <m, &€R.
In particular,
Ly meFTBi)igh-ie
Mp K (§) = snn(f—i6) 0< +arge <, (36)
My H md 7 d
8 —d(ﬁ)—m, 0 < |argd| <m, (37)
™
MpH () = sin(3—i€)’ £eR. (38)

Now let us find the symbol of the Cauchy singular integral operator
K} = —miSg+ (see (43), (44)). For this we apply Plemeli formula and
formula (32):

(o] oo .
MK (t) = /tf’*iﬁflﬁql(t) dt = —/tﬁ;:dt =
0 0
L1 T ogBiet B—it—1
=t 5/ [t e it eﬂ(w—s)} di =
0

s e BiE) | itnr—)(B—it 1)

e——0 2sin7(8 — &)
= meot (B — if). (39)

For an admissible kernel with simple (non-multiple) poles my = my =
---=1and argcg =argcy =0and 0 < farge; <7, j=£+1,... we get

[
MpH (§) = meot(B —i&) Z djcé_?—ii—l_
j=0
- =D 3 d; (B N 1) meFT(B-i)iB—it—m  (40)
sinw (8 — i) ) m—1

Theorem 2.5. Let 1 < p < oo and s € R. The Mellin convolution
operator Smgﬁ in (10) with an admissible kernel & (see (13)) is bounded in
Bessel potential spaces

MY« HE(RT) — HE(RT), (41)

provided the condition (28) holds and m® := sup m; < co.
§=0,1,...
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The condition on the parameter p can be relaxed to 1 < p < 00, provided
the admissible kernel # in (13) has no poles on positive semi-azes o; =
argc; #0 forall 7 =0,1,....

Proof. Due to the representation (13), we have to prove the theorem only
for a model kernel
1
‘%/Cm(t):ﬁ’ C#O, O<|argc‘<ﬂ', m:1,2,.... (42)
—C m
The corresponding Mellin convolution operator K' (see (14)) is bounded
in L,(RT) for all 1 < p < oo for arbitrary 0 < |argc| < 7 (cf. (2)).
For arge = 0 (i.e., ¢ € (0,00),) by the definition of an admissible kernel
m = 1 and the corresponding operator coincides with the Cauchy singular
integral operator Sg+

Sgrplt) = = / plr)dr (43)

i T—1
0

modulo compact multiplier

Kol = [E00 T (s )(¢) (44
0

and is bounded in L, (R™) for all 1 < p < oo (cf., e.g., [17, 30]).
Now let 0 < argce < 2 and m = 1. Then, if ¢ € C°(R™) is a smooth
function with compact support and k£ = 1,2, ..., integrating by parts we get

L rd 1 LA 1
— K — - = (—c) _ =
i e (t) /dtk o Plndr=(=c) e L
0 0
T o1 dFolr) d
_ .k _ kg1 &
¢ / t—ect drk dr=c (Kc dtk SD) (*). (45)
0
For m =2,3,..., we similarly get
d fd o1
SEroty= [ ST o(r)dr =
GEo) = [ 4 nT e
0
m—1 L ® d Tm—l—j
= —i=J _— =
,Z( °) /dT (t—cr)m—i (r)dr
j=0 0
m—1 o0 m—1 J d
S A T dr —
Z( 2 / (t—cT)m=J dr wlr)dr
Jj=0 0
m—1
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and, recurrently,

d km 1 —k—j_k ; d
T KIe(t)=(=1)F Y (—0) ) (KC Jﬁ@(t), k=1,2,..., (46)
7=0

J
V=41l =1 A=) i=01,.m, k=12,
r=0

Recall now that for an integer s = n the spaces Hj (RT), ﬁg(R*) coin-
cide with the Sobolev spaces W} (R*), Wg(R*), respectively (these spaces
are isomorphic and the norms are equivalent) and C§°(R™) is a dense sub-
set in W;‘(Rﬂ = ]ﬁl;‘(]Rﬂ. Then, using the equalities (45), (46) and the
boundedness results of the operators K" 7 (see (14) and (43)), we proceed
as follows:

Kz | (R = Koo | LRY)| =

> |
k=0

m m—1

. i dF
=303 lel | K S e | L) <

k=0 j=0
<MY Hdtk ? | Lp(RT) H = M|e | HF®RY)|, (47)
k=0

where M > 0 is a constant, and there follows the boundedness result (41) for
s=0,1,2,.... The case of an arbitrary s > 0 follows by the interpolation
between the spaces H'(RT) and HY (R*) = LL,,(RT), also between the spaces
H7(R) and HY(R*) = L, (R*).

The boundedness result (41) for s < 0 follows by duality: the adjoint
operator to K" is

tm— 1
m,x — J
K (1) = / — ZwJK Ll (19)
0
for some constant coefficients wy,...,wm,. The operator K."* has the ad-
missible kernel and, due to _the proved part of the theorem is bounded in
the space setting K" : H_ *(R") — H_*(RT), p’ := p/(p — 1), since
—s > 0. The initial operator K" : IFH;(]R"’) — HP(RT) is dual to K"
and, therefore, is bounded as well (I

Corollary 2.6. Let 1 < p < oo and s € R. A Mellin convolution
operator MY with an admissible kernel described in Definition 2.1 (also see

Ezample 2.3) and Theorem 2.5 is bounded in Bessel potential spaces, see
(41).
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With the help of formulae (25) and (45) for an integer m = 1,2... and
arbitrary complex parameters -, ¢ € C it follows that

d m ™ Im d*
A" K! :('—i ) Klo= k(pym—k O et
LK =i £ P kE:O p ) EN)TT o Ko

= (W)t t (o) 0 =
k=0

="K, i )ik eyt e ¢ )t) =
\ 2 \k di*
= c*mKiA’_”wga, e ]?]I;(R*), 0 < |arg~y| < . (49)

Next, we will generalize formula (49).

Theorem 2.7. Let 0 < |arge| <m, 0 < |argy| <, 0 < |arg(cy)| <,
rseR, m=1,2,...,1<p<oo. Then

ALK o=

B e"(cﬁ)”ic_sKZ”Aiwcp if —7 <argcy <0, (50)
N e”(c’v)”ic_st:”As_wgo if 0<argey<m, @€ H;(]R‘*‘),
where
0 if 0 <arge<m,
ole,y) =4 . ) _ (51)
signarg(cy) —signargy if — 7w <arge <0,

K790 =K () + ()" K" (1), ELy(R), vx €Ly (RT), (52)
i (t) :=rytp(Et) and vy is the restriction from R to RT.

Proof. First we consider the case m = 1 (a simple pole). Let A*_ ,4(t,7)
denote the action of the Bessel potential operator A® | (see (23)) on a func-
tion ¢ (t, 7) with respect to the variable ¢ (see (14)):

T 1
s 1 _— s —
A K cop(t) = 7’+/ |:A—'y,t m}ﬁ(ﬂ dr =
0
- ir 7 (1) 76_i5t(§ —v)° 7 il dydéd (53)
=5 T+ (T Y y—cr Y T,
0 —o0 —0o0

where r is the restriction to R™. The integrand in the last integral in
(53) is a meromorphic function with a single pole at ¢7 and the function
vanishes as |y| — oo, provided £ < 0 for 0 < arge < 7 and for £ > 0
for —m < argc < 0, respectively. Therefore, by the Cauchy theorem, the
integral vanishes for £ < 0 in the first and for £ > 0 in the second case,
respectively. Since 7 > 0, the integral is found with the help of the residue
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theorem:
ity 0 for £arge < 0,
el ,
/ e dy = { 2mie’¢™  for € >0 and 0 < arge < 7, (54)
R —2mie’t™ for £ <0 and — 7 < arge < 0.
Then
A% K1<p( t) = zr+/ / —iE(t=en) (e _n)* dedr, O<arge<m, (55a)
0 0
0o 0
A Klp(t) = —iny [ o(r) [ e ey dgdr =
O —

_ ie—a('y)ﬂszr

+

0\8 2

(T / o) (¢ +4) dedr (55b)
0

for o(y) :=signargy, —m <arge<0

because arg(—¢ — ) = arg(E +v) £ 7 € (—m,7) for 0 < Fargy < w. To
(55a) and (55b) we apply the formula (see [31, Formula 3.382.4])

/67”5(5 +v)*dE = pm e T (s + 1 vp), (56)
0
seR, —m<argv <m, Rep>0.
To comply with the constraint —n < argv < 7 for v = —~, we choose

arg(—y) = argy £ 7 for 0 < Fargy < 7. From 0 < argc < 7 follows the
constraint Rep > 0 for p = i(t — ¢r) and from (55a) with the help of (56)
we get

A% I('1 = iry [(it—icr) " te ™V I (s + 1,—iny(t—c7))o(T) dT =

0

(o)
/ e~ =N (s 4 1, —iy(t — 7))
7y

G o) p(r)dr, (57a)

0
since arg(it — ict) = arg(t — cr) + 7/2 € (—m,7) and, therefore, i(it —
icT) Tt =e 3 S (t —cr) 7L
Similarly, from —7m < argc < 0 follows the constraint Repy > 0 for
= —i(t — c7) and from (55b) with the help of (56) we get

A Klp(t) =

_ *U(W)’T“r+/( it+icr) 57! e~ (t= CT)F(S+1 —iy(t—cr))p(r)dr =
0
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o
—1y(t—ec1 ;
_ (omt s r+/e NI + L =iy =) oy g

(t —er)stl (57b)

0
for o(y) :=signargy, —w <argc <0,
since arg(—it + ict) = arg(t — ¢r) — /2 € (—m,7) and, therefore, i(—it +
ict) ™5l = —e2 % (t —er) 77
Next, we check what are the results if the Bessel potential A7, . is applied
to the kernel ﬁ of the operator Ki with respect to the variable 7:

R 1

VY _ cy} ()0(7—) dr =

A p(t) == r+/ [A
0

o0 oo oo

1 ) iy g
=g [ o) [ er ey [ oY dar

t—c

0 —0o0 —0o0
%)

7 ) 7 ety d
=ty 0/ o) [ eren [ W acan 59)

—c 1t
The last integral in (58) is found with the help of the residue theorem, by
taking into account that 7 > 0 (cf. (54)):
i 0 for £argce > 0,
e Y .1
/ PP dy = ¢ —2mie’ &t for £ <0 and 0 < arge <, (59)
—c o
Y omie® '€t for € >0 and — 1 < arge < 0.

Applying formula (59), we proceed as follows:

00 0
i —i&(r—c™?t s
Agp(t) = e [ () [ ST gt o) dear =
0 —o00
iea(c’y)wsi w .
= [t [ ey dgar, (o0n)
0 0

o(y) :=signarg~y for 0 < arge <,
because arg(—¢ + cv) = arg(§ — ¢y) £ 7 € (—m, w). Similarly,

i r r —i&(r—c ! S
Ayl ==L ry [otr) [0 g4 ) dgdr -
0 0

= —é r+/<,0(7')/ei°715(t_”)(£ +cv)?dédr, —m <arge<0. (60b)
0 0

To (60a) and (60b) we apply the formula (56) with u = +ic™!(t — ¢7) and

v = Fecy, which yields vy = —iy(t — 7). The constraint 0 < |arg(cy)| < 7,
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imposed in the theorem, allows us to comply with the condition —7 < v < 7
by choosing arg(—c+y) = arg(cy) Fm for £arg(cvy) > 0. Another constraint
0 < |arge|l < 7 allows to comply with the condition Repy > 0 in (56):
Re(tic 't Fir) = Flmc 1t = 4 Iﬁ‘; >0 for 0 < +arge < . We get the
following:

ie—a(c‘y)ﬂ'si

Ayp(t) = X

[ee]
X / Yt —er) e e (s + 1, —iy(t — ¢7))p(7) dr =
0

s (o(cy)m—5)si T e_iv(t_CT)F(S + ]., —Z’V(t — CT))
— Selolen) ) +/ (= cr) o(r)ydr  (61a)
0

for o(cy) :=signarg(cy), 0 <arge <,
since i757! =i"'e”2 % and

7
A»YQO(t) = 72 ry X

X /(—ic_l)_s_l(t — CT)_S_le_”(t_”)F(s +1,—iv(t —c7))e(r)dr =
0

s T st r eiiV(ticT)r(s + 17 717@ — CT))
=c’e2 7’_,_/ G cr)yti o(T)dr (61Db)

- g
for —m < argc < 0, since (—i L= jes st

) s—
From (57a)—(57b), (58) and (61)—(61) we derive the following equality:

AS I('1 / 77t <p(7') dr =
0
T 1
— Cfsefo'o(cﬂ)ﬂ' e / |:Ai»y,7— t — CT:| @0(7-) dT, (62)

where

(c,7) = {a(cv) if 0<arge<m, (63)

o(y) if —wm<arge<0

and @o € H3(R) is the extension of ¢y € HL(R™) by 0 to the semi-axes
R~ := R\ R+. Now note, that the operator A% _ is the dual (adjoint) to

YT
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the operator e?(VTSIAS e,
[ @z cw@rar = e [umas,, o) dr

Vu,v € Cg°(R),

the equality can easily be verified by changing the orders of integration and
change the Fourier transform variable £ to —£. We continue the equality
(62) as follows:

oo

s —s —oo(c,y)m st s 1
A Klplt) = te e [z ot T dr =
— eolemmsio—s / ALe,p(r)dr
t—cT

— 00

where o(c,v) is defined in (51). By the properties of the Bessel poten-
tial A™, _, it maintains the support of a function supp ¢ C R for —7 <
argcvy < 0 but not for 0 < argc~y < m. Therefore,

Ainigp(t) = eolenm Sic_sKiAimgo(t) for —m<argey <0,

L (64)
s 1 _ o(ey)msi —s 1As
A K p(t)=e (em)msi, K A% p(t) for 0 <argey <.
Formula (64) accomplishes the proof of formula (50) for an operator K}
(case m = 1) and under the additional constraint arg ¢ # 0. For an operator
K! (case m = 1) but argc = 0 and a case of an operator K™, m = 2,3, ...
we can deal with a perturbation:

1 .
gm0
m 65)
| a0
% e t) = - ! )
LR =T Sl Carevws R S e
cje=c(l+ee™?), wje(—m, ), argcje, argej-v;#0, j=1,...,m.

the points and w1, ...,wy, € (—m,n| are distinct w; # wy for j # k. The
case argc = 0 is covered for m = 1. By equating the numerators in the
formula (65)

m

Zdj(e)tm —(m-1) idj({—:)cj,gth +oe=

J=1 J=1

= idj(s)(tm —ct™ ) — (m — l)sie“’jdj(s)tmfl +0() =1,

j=1
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we derive the last two equalities
dj(e) = O(c™"), Y di(e) =0, D ed;(e) =0, (66)
j=1

while the first one is well known. The claimed equality (64) holds for each
operator K i_j,e and

m m
AKT o= di(e)N KL o= ¢ di(e)KL A*, o, (67)
j=1 j=1

where

m 7 t dr 7 = Lo(r)dr
Kot ®= [Horn (F) ot = [ v
0 0

T T t—c1em) o (t—cCmeT)

Further, we assume that —7m < argcy < 0. The case 0 < argcy < 7 is
considered similarly and we drop its proof.
Using the Bessel potentials (see (23)), we get

AZ7, [Aicw,s - Aim] =Wa,. —1=W,, .1, o0:=0(c,y)=0(c,7),
§— CYe\? geti \s
1= (S 1 (1o Sy
a],a(ﬁ) 5_07 i—l
. . C’Y
se'i sc f}/e“’-’j
= e ot = o et (O af = 0(),  (69)
cy - -
Cje= (1 +ee™i) ™ =c % —c Sse™ic + bj g% bj.=0(1) (69)

as ¢ — 0. For ¢ sufficiently small, the value o(c; ¢, 7) becomes independent
of j =1,...,m and ¢, and we use the notation o(c,v) := o(¢j.,y). Then,
by virtue of the equality (66) and asymptotic (68), (69), we get the following
equalities:

Ai'YKZI,E ----- Cm,ssp = Z dj (E)AiﬂyKij,sgp =
j=1

S (K A -

Jj=1

Cje

= Z eo (e si [C_S — ¢ SgeWig bj,egﬂ d (E)Kl Aicw,;ﬂ _
j=1

= Z o (e si [c™* +b;€”] dj(e)K} Az, o=

Cj,e
j=1

— eU(C,’Y)ﬂ' sic—s Z dj (E)K(lzj.EAicfy@—i_
j=1
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m

oo S ()KL A AT (A0 A0 et
j=1

te 60'(c 'y)ﬂ'sz —s Zd b Kl AS o=

Cje” —CYj,e

_ o(e,y)msi cTSK™ s
- e Kcl EER ndL,aA*C'YSD—i_

+ eo(emmsi *SZKC]E i(e [fscvez“’JW - €+ Wao (5)5 AZ ot

ac’y)frsz —s 2Zd b Kl As =

_PY(“]E

_ o(c ,’y)rrsz —s grm s
- e Kcl £+ 7an,5A_C'Yg0+

+ 52 U(C,’Y)ﬂ’sz —s Zdj ]8 + Wa?y ] As e, . (70)
j=1

By using the boundedness result proved in Theorem 2.5, we get

lim [|[K - KD . o|Hy(RT| <
e—0 DTE

Cl,e,-

e—0

< lim S KD e oo IHSET=0. (1)
Further, invoking the well known formula for the norm of a convolution
operator in the Hilbert-Bessel spaces L,(R™)
[Wa | 2@ RD))|| = [Wa | L(L2(RT))|| = ?elgla(f)l (72)
(cf., e.g., [17]) and using the property g@oezdj(e) = 0 (see (66)), from
(70)—(72) we derive

A K= hm A%

Cl JE9e ;Cm.,sgp -

= gli—r>n0 |: G(C ’Y)ﬂ— K 7SKZIZ ,e30+9Cmy, sAS C’Yw_k
m
_ 1
+ g2eo(em)msi, szdj b]6+W ]KCJEAiCV]EQD -
— O o(c ,’y)ﬂ'S’L —s Ehm KZE, o EAs c’ysﬁ

— eole ’””“c‘SK;”As_mnp

which accomplishes the proof. (I
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3. ALGEBRA GENERATED BY MELLIN AND FOURIER CONVOLUTION
OPERATORS

Unlike the operators W2 and 90 (see Section 1), possessing the property
WOWP =wo, Mmooy =MmY, for all a,b € M,(R), (73)

the composition of the convolution operators on the semi-axes W, and W,
(see (73)) cannot be computed by the rules similar to (73). Nevertheless,
the following propositions hold.

Proposition 3.1 ([17, Section 2]). Assume that 1 < p < oo, and let
[Wo, Wy] := W Wy, — W W, be the commutant of the operators W, and Wy.

If a,b € M,(RT) N PC(R) are piecewise-continuous scalar L,-multipliers,
then the commutant Wy, W] : L,(RT) — L,(R™) 4s compact.

Moreover, if, in addition, the symbols a(§) and b(§) of the operators Wy,
and Wy, have no common discontinuity points, i.e., if

[a(€ +0) — a(€ + 0)] [B(€ +0) — b(E+0)] =0 for all € € R,
then T = W, W), — Wayp, is a compact operator in L,(RT).

Note that the algebra of N x N matrix multipliers 9 (R) coincides with
the algebra of N x N matrix functions essentially bounded on R. For p # 2,
the algebra 9, (R) is rather complicated. There are multipliers g € 9,(R)
which are elliptic, i.e. ess inf |g(x)| > 0, but 1/g ¢ 9,(R). In connection
with this, let us consider the subalgebra PC9t,(R) which is the closure of
the algebra of piecewise-constant functions on R in the norm of multipliers
M, (R)

la | M) = 2 | Ly(R)].

Note that any function g € PCM,(R) C PC(R) has limits g(z £ 0) for all
x € R, including the infinity. Let

CoM,,(R) := C(R) N PCMO(R),  CM(R) := C(R) N PCIM, (R),

where functions g € COM,(R) (functions h € C (Ié)) might have jump only
at the infinity g(—o0) # g(4+00) (are continuous at the infinity h(—oo0) =
h(400)).

PCIM,(R) is a Banach algebra and contains all functions of bounded vari-
ation as a subset for all 1 < p < oo (Stechkin’s theorem, see [17, Section 2]).
Therefore, coth (i3 + &) € CIM,(R) for all p € (1,00).

Proposition 3.2 ([17, Section 2]). If g € PCM,(R) is an N x N matriz
multiplier, then its inverse g=1 € PCIN,(R) if and only if it is elliptic,
i.e. detg(z 4 0) # 0 for all x € R. If this is the case, the corresponding
Mellin convolution operator M) : Ly(RT) +— L,(RT) is invertible and
(M)~ = 93?2_1.
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Moreover, any N x N matrix multiplier b € CSDIZO,(R) can be approximated
by polynomials

@)=Y C’”(gli)m rm € CONY(R),

j=—m

with constant N X N matriz coefficients, whereas any N x N matriz mul-

tiplier g € C’img(R) having a jump discontinuity at infinity can be approxi-
mated by N x N matriz functions dcothmw(if 4+ &) +rn(€), 0 < < 1.

Due to the connection between the Fourier and Mellin convolution oper-

ators (see Introduction, (4)), the following is a direct consequence of Propo-
sition 3.2.

Corollary 3.3. The Mellin convolution operator
A=), :L,y(R,t7),
in (1) with the symbol /(&) in (5) is invertible if and only if the symbol is
elliptic,
inf | det o7 >0 74
nf | det /5(8)| (74)

0

1.
ﬂl/p

and the inverse is then written as A~ = 9N

The Hilbert transform on the semi-axis

1T y)dy
Se+p(z) = — / ely)dy (75)
i y—
0
is the Fourier convolution Sg+ = W_gen on the semi-axis Rt with the

discontinuous symbol —sign¢ (see [17, Lemma 1.35]), and it is also the

Mellin convolution

Spr = MY, = ZgW Z5", (76)
. eﬂ-(iﬁ+£) +677T(iﬁ+§) . .

sg(§) == cothm(if + &)= g 7 e o R cotm(B—if), £€R

(cf. (5) and (8)). Indeed, to verify (76) rewrite Sgp+ in the following form
17 e(y) dy [z dy
Sg+p(z) 1= /1£7)£ — = K(*)w(y) =,
Y 0

Ly’ Yy Yy Y
0

where K(t) := (1/mi)(1 — t)~'. Further, using the formula

z—1

/ f tdt =mcotmz, Rez <1,
0

cf. [31, formula 3.241.3], one shows that the Mellin transform Z3K(§)

coincides with the function sg(&) from (76).
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For our aim we will need certain results concerning the compactness of
Mellin and Fourier convolutions in LL,-spaces. These results are scattered
in literature. For the convenience of the reader, we reformulate them here
as Propositions 3.4-3.8. For more details, the reader can consult [8, 17, 22].

Proposition 3.4 ([22, Proposition 1.6]). Let 1 < p < oo, a € C(RY),

b e Cimg(]l.%) and a(0) = b(oo) = 0. Then the operators a9, MY al :
L,(RT) — L,(R") are compact.

Proposition 3.5 ([17, Lemma 7.1] and [22, Proposition 1.2]). Let 1 <

p < 00, a € C(f&*), b € 09372(1?&) and a(o0) = b(co) = 0. Then the
operators aWy,, Wy al : L,(RT) — L,(R™) are compact.

Proposition 3.6 ([22, Lemma 2.5, Lemma 2.6] and [8]). Assume that
1 <p<oo. Then

(1) Ifg € CMY(R) and g(oo) = 0, the Hankel operator Hy : L, (RT) —
L,(R") is compact;

(2) If the functions a € C’(]l.{), b e CMY(R), ¢ € C(RT) and satisfy at
least one of the conditions

(i) ¢(0) =b(+00) =0 and a(§) =0 for all £ > 0,

(i) ¢(0) =b(—00) =0 and a(§) =0 for all £ <0,
then the operators cW, MY, MIW,,, W, MY eI, MW, el : L,(RT)
— L,(R") are compact.

Proof. Let us comment only on item 2 in Proposition 3.6, which is not
proved in [22], although is well known. The kernel k(x + y) of the operator
H, is approximated by the Laguerre polynomials k,,(z+y) = e * ¥Yp,,(x+
y),m=1,2 ... where p,,(z+y) are polynomials of order m so that the cor-
responding Hankel operators converge in norm |H,—H,,, | |-Z(L,(R™))|| —
0, where a,, = Fk,, are the Fourier transforms of the Laguerre polynomials
(see, e.g. [29]). Since

lkm (2 +y)| = |6 " Vpm(z +y)| < Crpe "e Ya™y™, m=1,2,...,

for some constant C,,, the condition on the kernel

o0 oo ) p/pl p
/ [/|km(:v+y)|p dy] dr < oo, p' = P
0 0

holds and ensures the compactness of the operator H,,, : L,(RT) —
L,(R"). Then the limit operator H, = lim H,, is compact as well. [

Proposition 3.7 ([17, Lemma 7.4] and [22, Lemma 1.2]). Let1 < p < 0o
and let a and b satisfy at least one of the conditions

(i) a € C(R*), b e MY(R) N PC(R),
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(i) @ € PC(RT), b € CMY(R).
Then the commutants [al, W] and [al, M| are compact operators in the
space L,(RT).

Proposition 3.8 ([22]). The Banach algebra, generated by the Cauchy
singular integral operator Sg+ and by the identity operator I on the semi-axis
R*, contains all Mellin and Fourier convolution operators on the semi-axis
with symbols from C’S)ﬁg(@), having discontinuity of the jump type only at
the infinity.

Moreover, the Banach algebra §,(R") generated by the Cauchy singular
integral operators with “shifts”

e~ (y) dy
y—

oo

1

Sgople)i= = |

™
0

=W_gigne—e)p(x) forall ce R

and by the identity operator I on the semi-axis RY over the field of N x N
complex valued matrices coincides with the Banach algebra generated by
Fourier convolution operators with piecewise-constant N x N matriz symbols
contains all Fourier convolution W, and hankel H, operators with N x N
matriz symbols (multipliers) a,b € PCOM,(R).

Let us consider the Banach algebra 2,(R™) generated by Mellin convo-
lution and Fourier convolution operators in the Lebesgue space L, (R™)

m
A=) Wy, (77)
j=1
where E)ﬁgj are Mellin convolution operators with continuous N x N matrix
symbols a; € CIM,(R), W, are Fourier convolution operators with N x N
matrix symbols b; € CM,(R \ {0}) = CM,(R U K+) in the weighted
Lebesgue space L,(R™,z%). The algebra of N x N matrix L,-multipliers
COM, (R \ {0}) consists of those piecewise-continuous N x N matrix multi-
pliers b € M, (R) N PC(R) which are continuous on the semi-axis R~ and
R* but might have finite jump discontinuities at 0 and at the infinity.

This and more general algebras (see Remark 3.14) were studied in [22]
and also in earlier works [12, 21, 42].

In order to keep the exposition self-contained, to improve formulations
from [22] and to add Hankel operators as generators of the algebra, the
results concerning the Banach algebra generated by the operators (77) are
presented here with some modification and the proofs.

Note that the algebra 2,(R™) is actually a subalgebra of the Banach
algebra §,(R™") generated by the Fourier convolution operators W, act-
ing on the space L,(R") and having piecewise-constant symbols a(€), cf.
Proposition 3.8. Let S(IL,(R")) denote the ideal of all compact operators
in L,(R™). Since the quotient algebra §,(R")/S(L,(R")) is commutative
in the scalar case N = 1, the following is true.
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Corollary 3.9. The quotient algebra 2,(R")/S(L,(R")) is commuta-
tive in the scalar case N = 1.

To describe the symbol of the operator (77), consider the infinite clock-
wise oriented “rectangle” R :=T; UT, UT'y UT3, where (cf. Figure 1)

Iy =R x {400}, TE:={+oo} xR, T5:=R x {0}.

(—OO,OO) F1 . (—l—O0,00]
60
Iy T3
H—oorn) (100,7)
(.0) |

A

(—O0,0) Pg (+0070)
FIGURE 1. The domain R of definition of the symbol <7,(§,n).

The symbol 7,(w) of the operator A in (77) is a function on the set R, viz.

D ai(€)(B)p(00,6), w= (€ 00) €T,

> aj(+o0)bi(—n),  w = (+o0,1) €T],
T (78)
Zaj(—OO)bj(U% w=(—o0,n) €T;,

Zaj(g)(bj>l7(0’§)> w = (5,0) S Fi‘;

In (78) for a piecewise continuous function g € PC(R) we use the notation

90(00,€) = 3 [9(+00) + g(~o0)] -
1 1

~ 5 lotroo) — g(—o0)] cotmn (S i),

2 (p ) (79)

[g(t +0) + g(t —0)]—

1
gp(tv 5) = 5

1 1
— 5 [9t+0) = gt = 0)] cot]mr(5 — i),
where ¢,¢ € R.
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To make the symbol «7,(w) continuous, we endow the rectangle R with
a special topology. Thus let us define the distance on the curves I'y, FQi, I's
and on R by
T —1 Yy—1 . —

— f bit ,y € R.

o argy+i or arbitrary z,y
In this topology, the length |R| of R is 67, and the symbol o7, (w) is con-
tinuous everywhere on 9. The image of the function det <, (w), w € R
(det Bp(w)) is a closed curve in the complex plane. It follows from the con-

tinuity of the symbol at the angular points of the rectangle ‘R where the
one-sided limits coincide. Thus

p(z,y) := | arg

Gy (£00,00) = Z[aj(iOO)bj(ﬂFOO),
p(£00,0) =Y "[a;(£00)b; (0 F 0).

Jj=1
Hence, if the symbol of the corresponding operator is elliptic, i.e. if

u}relif)i | det @7, (w)| > 0, (80)

the increment of the argument (1/27) arg o7,(w) when w ranges through R
in the positive direction is an integer, is called the winding number or the
index and it is denoted by ind det <7,.

Theorem 3.10. Let 1 < p < oo and let A be defined by (77). The
operator A : L,(RT) — L,(R") is Fredholm if and only if its symbol
o, (w) is elliptic. If A is Fredholm, the index of the operator has the value

Ind A = —ind det .7,. (81)

Proof. Note that our study is based on a localization technique. For more
details concerning this approach we refer the reader to [17, 19, 9, 30, 41].
Let us apply the Gohberg—Krupnik local principle to the operator A in
(79), “freezing” the symbol of A at a point z € R := R U {—co} U {+oc}.
For z € Rand £ € N, £ > 1, let C4(R) denote the set of all (-times differ-
entiable non-negative functions which are supported in a neighborhood of
z € R and are identically one everywhere in a smaller neighborhood of z.
For x € {—oo} U{+0o0}U{oo}, the functions from the corresponding classes
C4 o(R) and C* (R) vanish on semi-infinite intervals [—oo, ¢) and (—c, oc],
respectively, for certain ¢ > 0 and are identically one in smaller neighbor-
hoods. It is easily seen that the system of localizing classes {CL(R)}, g is
covering in the algebras C(R), 90,(R), respectively (cf. [17, 19, 9, 30]).
Let us now consider a system of localizing classes {Ew,x}(w,z) cmx®s 1N
the quotient algebra 2A,(R™)/S(L,(RT)). These localizing classes depend
on two variables, viz. on w € R and # € RT. In particular, the class Lox
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contains the operator A, ,

[hofm?]EWgw} = [hoﬂﬁgf}
if w=(§o0)ely, =0
[hzmgj:ocwgoc] = [hfmgioongoo]
Ay i _— ifWu/J 7 (if;,ogjzoe PEEVO F]l, r € RT; (82)
vioiof wg]: (o0, n) ;ili}, QZ": 00;
[hmmggwgo] = [WSgWgO]

if w=(£0)€T;, x=o0,

where h, € CLRT), v € C{RT), g, € Cy(R"), and [A] €
2,(R")/S(L,(RT)) denotes the coset containing the operator A € 2, (RT).
To verify the equalities in (82), one has to show that the difference be-
tween the operators in the square brackets is compact.
Consider the first equality in (82): The operator

hoWy —hol = hoW, 1) = hoWy,

is compact, since both functions hg and 1— g, = go have compact supports,
so Proposition 3.4 applies.

To check the second equality in (82), let us note that h,(0) = 0, vt o0 (Fo0)
=0 and g+ (&) =0 for all F& > 0. From the fourth part of Proposition 3.6
we derive that for any 2 € RT the operator h, M), W, _ is compact. This
leads to the claimed equality since

[hwmgimwgm] = [himgim {Wg—oc + W9+oo }] = [hmmgimwgq:oo]'

The third identity in (82) can be verified analogously. As far as the fourth
identity in (82) is concerned, one can replace ho by 1 because the difference
hooWgy — Wy = (1 — hoo )Wy, = hoWy, is compact due to Proposition 3.4.

Consider now other properties of the system {ﬂw,z}(w7w)emxﬁ+. Propo-
sitions 3.4-3.6 imply that

[he9M) W, ] =0 forall (§,n,2) € RxRxR"\ R xR

Therefore, the system of localizing classes {Swﬂ?}(w,a;) et 18 covering: for
a given system {Auz}(, emxms Of localizing operators one can select a
finite number of points (w1, 1) = (&1, 71, 21), - - -, (Ws, Zs) = (&5, Ms, T5) € R
and add appropriately chosen terms [h W, = 0 with

sy PHOREE 7ws+jmggs+j gs+j]
(EstjsMstjs Tstj)) € RX R x RT\ (R xRY), j =1,2,...,r so, that the
equality

S5 [0, Wi ] = [em00i] )

j=1k=1
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holds and the functions ¢ € C(RT), a € CIMM,(R), b € CIM,(R) are all
elliptic. This implies the invertibility of the coset [¢OM2W;] in the quo-
tient algebra 2A,(RT)/S(L,(R")) and the inverse coset is [¢MOW,]~! =
[C_lmg,l Wb—l].

Note that the choice of a finite number of terms in (83) is possible due
to Borel-Lebesgue lemma and the compactness of the sets R and Rt (two
point and one point compactification of R and of R, respectively).

Moreover, localization in the quotient algebra 2,(R™)/S(L,(R")) leads
to the following local representatives of the cosets containing Mellin and
Fourier convolution operators with symbols a,b € C9,(R):

0

0] 0] = la(éo)]] i & € B, (34a)
0] " O] if & € R, a0 #0, (84b)
)] ¥ [m] i & =0, (84c)
W] 2 [Wigg] = [b(m0)1] if mo € R\ {0}, (84d)
Wa) '™ [Wi] = [0, o )] if 7=0, (84c)
(Wo] " (Wi (,] = [0, (oo )] i 10 = %00, (84f)
W) 22" (Wi ] = () )] i 2o € RY, (84g)
(W] =" (W] if 2o = oo, (84h)
where
§°(€) = 5 lo(+00) + g(~o0)] + 5 [g(+00) — g(~o0)] sign€ =
= g(—00)x— (&) + g(+00)x+(§),
1 1 (85)
9"(€) = 5 [9(0+0) + g0 = 0)] + 5 [9(0+0) +g(0 — 0)] sign¢ =

=g(0 = 0)x-(§) +9(0+0)x+(§),

and x1(§) := (1/2)(1 + sign&). Note that in the equivalency relations
(84e)—(84g) we used the identities, cf. (75) and (79),

Wi = & o(—00) — g(+00)] — & [a(—o) — g(+0)]Sir = D, .
Wyo = % [9(0+0) 4+ g(0—0)] — % [9(0+0) = g(0 = 0)] Se+ = My, (0.,

which means that the Fourier convolution operators with homogeneous of
order 0 symbols g>° (&) and ¢°(€) are, simultaneously, Mellin convolutions
with the symbols g,(00, &), g,(0,&).

Using the equivalence relations (84a)—(84h) and the compactness of the
corresponding operators, cf. Propositions 3.4-3.6, one finds easily the fol-
lowing local representatives of the operator (coset) A € A, (RT)/SL,(R™)
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(see (79) for the operator A):

[A] e [Z My, <50>W<b_7->°°} -

=1
m Aer oo
[Z} (oo,)} e {Z}fmma}xb (00 ,EOJ
J
= [, (&, 00)I] if w= (£,00) €Ty, =0, (86a)
/\ 00,00),@

[A] {meu (oo Wio<| = [Zmaxioo)(b Jo(oor)] =

= [0 (hoery] T [y (00, 00)] (86D)

if w=(4o00,00) EFTHIT, 0 < xp < 00;

[A] A(iw}fm)m [ngj(ioo)wbj(ﬂmo)] - [Zaﬂ (Fo0)b :FWO)I] -
j=1

= [m/p(:lzoo,q:no)f] if mo >0, w:(:l:oo,:Fno)éI‘z, xo=00; (86¢)

m

A [S o |
=
= [iay(fe)m(w)p(o,‘)} N [i 0(0.60)] =
= [;7;(5070) I] if w=(&,0) €T, ;0 = 00; (86d)
(] M [im%(im)wb ] = {zm:aj(:too)bj(())[} —
= [%Z;o,())f} if w= (:I:oo,(j))ﬂe T3, xp = oo. (86e)

It is remarkable that the local representatives (86a)-(86e) are just the
quotient classes of multiplication operators by constant N x N matrices
[, (€0,m0)I]. If det <7, (&p,mo) = 0, these representatives are not invertible,
both locally and globally. On the other hand, they are globally invertible
if det.@,(£0,7m0) # 0. Thus, the conditions of the local invertibility for
all points wg = (&, 1m0) € R and the global invertibility of the operators
under consideration coincide with the ellipticity condition for the symbol
inf %det (&0, M0) # 0.

(&0,m0
The index Ind A is a continuous integer-valued multiplicative function

Ind AB = Ind A + Ind B defined on the group of Fredholm operators of
2,(R*). On the other hand, the index function inddet.<7, defined on
L,-symbols 7, possesses the same property ind det «7,%, = inddet o7, +
ind det %), see explanations after (80). Moreover, the set of operators (79)
is dense in the algebra 2(,(R™) and the corresponding set of their symbols is
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dense in the algebra C'(R) of all continuous functions on R. For p = 2 these
algebras even coincide. Therefore, there is an algebraic homeomorphism
between the quotient algebra 2,(RT)/S(IL,(RT)) and the algebra of their
symbols which is a dense subalgebra of C'(JR). Hence, two various index
functions can be only connected by the relation Ind A = M ind det .27,
with an integer constant My independent of A € A,(RT)/S(L,(R™)).
Since for any Fourier convolution operator A = W, the index formula is
Ind A = —inddet o, [12, 13, 17|, the constant My = —1, and the index
formula (81) is proved. O

Remark 3.11. Let us emphasize that the formula (81) does not contradict
the invertibility of “pure Mellin convolution” operators MY : L, (R*) —
L,(RT) with an elliptic matrix symbol a € C9N)(R), §n£ la(§)] > 0, stated

€

in Proposition 0.1, even if ind a # 0.
In fact, computing the symbol of MY by formula (78), one obtains

a(f)’ w:(gvoo) el
a(+oo)7 W= (+00,77) € F;a
a(—o00), w=(—o0,n) €ly,
a(€)7 w:(f,O) € I's.
Noting that on the sets I'y and I's the variable w runs in opposite direction,
the increment of the argument [argdet(9MY),(w)]x = 0 is zero, implying
Ind MY = 0.

In contrast to the above, the pure Fourier convolution operators
Wy : Ly(RT) — L,(RT) with elliptic matrix symbol b € CIMI(R),
gnellf& |b,(&,1)] > 0 can possess non-zero indices. Since

(M9)p(w) =

bp(OO7§), w = (fa OO) eIy,
: . b(n), w=(—o0,n) €Ly,
b(0), w=(£0) €Ty,

one arrives at the well-known formula
Ind Wy = —ind b,,.

Moreover, in the case where the symbol b(—oc0) = b(+00) is continuous, one
has b,(£,m) = b(€). Thus the ellipticity of the corresponding operator leads
to the formula

ind b, = ind det b.

If o,(w) is the symbol of an operator A of (77), the set Z(<7,) =
{#p(w) € C: w € R} coincides with the essential spectrum of A. Recall
that the essential spectrum o.s5(A) of a bounded operator A is the set of
all A\ € C such that the operator A — AI is not Fredholm in L,(R™) or,
equivalently, the coset [A — AI] is not invertible in the quotient algebra
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2A,(R")/S(L,(RY)). Then, due to Banach theorem, the essential norm
[IA|| of the operator A can be estimated as follows

< = i M.
sup ()| < 1Al = _int | (A+T) | LD (87

The inequality (87) enables one to extend continuously the symbol map (78)
[A] — p(w), [A] € A (RT)/S(Ly(RT)) (88)

on the whole Banach algebra 2,(R"). Now, using Theorem 3.10 and con-
ventional methods, cf. [22, Theorem 3.2], one can derive the following result.

Corollary 3.12. Let 1 < p < oo and A € A,(R"). The operator
A L,(R"Y) — Ly(R") 4s Fredholm if and only if it’s symbol <,(w) is
elliptic. If A is Fredholm, then

Ind A = —ind &,
Theorem 3.10 and Corollary 3.12 lead to the assertion.

Corollary 3.13. The set of mazximal ideals of the commutative Banach
quotient algebra 2A,(R1)/S(L,(R™1)) generated by scalar N = 1 operators in
(77), is homeomorphic to R, and the symbol map in (78), (88) is a Gelfand
homeomorphism of the corresponding Banach algebras.

The proof of this result is similar to [22, Theorem 3.1] and is left to the
reader.

Remark 3.14. All the above results are valid in a more general setting viz.,
for the Banach algebra ‘IJQ[ZIX IN(RT) generated in the weighted Lebesgue
space of N-vector-functions ]Lév (RT, 2%) by the operators

A=Y [d;sm& Wi + d2000 H oy + d3WS ch} (89)
= : j ' J

when coefficients djl-,df,d?- € PCN*N(R) are piecewise-continuous N x

N matrix functions, symbols of Mellin convolution operators 9)?21, Dﬁgz,
Winer—Hopf (Fourier convolution) operators Wb;, Wb§ and Hankel of)erato;s
HC;, HC? are N x N piecewise-continuous matrix IL,-multipliers af, b?, c;? €
PCNXNon (R).

The spectral set E(‘BQ[;XSN(R"‘)) of such Banach algebra (viz., the set
where the symbols are defined, e.g. R for the Banach algebra Qlév *N(RT)
investigated above) is more sophisticated and described in the papers [15,
16, 22, 42]. Let €A, o(RT)S(L,(R)) be the sub-algebra of PA, ,(RT) =
‘BQL;?S (RT) generated by scalar operators (89) with continuous coefficients
¢j, hj € C(R) and scalar piecewise-continuous L,-multipliers) a;, b;,d;, g; €
PCM,(R). The quotient-algebra €A, o (RT)S(L,(R)) with respect to the
ideal of all compact operators is a commutative algebra and the spectral set
B(PA, o (RT)) is homeomorphic to the set of maximal ideals.
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We drop further details about the Banach algebra ‘]39[9’ IN(RT), be-
cause the result formulated above are sufficient for the purpose of this and
subsequent papers dealing with the BVPs in domains with corners at the
boundary.

4. MELLIN CONVOLUTION OPERATORS IN BESSEL POTENTIAL SPACES

As it was already mentioned, the primary aim of the present paper is to

study Mellin convolution operators 90 acting in Bessel potential spaces,
M HY(RT) — HE(RY). (90)

The symbols of these operators are N x N matrix functions a € C9)(R),
continuous on the real axis R with the only possible jump at infinity.

Theorem 4.1. Let 0 < |argy| <7, 0 < |arge| <, 0 < |arg(cy)| < =,
r,s € R,m=1,2,...,1 <p< oo. Then the operator K" : Hg(R“‘) —
H? (RT) is lifted equivalently to the operator

A=A KA L,(RT) — L,(R"), (91a)
where
eolenmsi s K,
if —m<argcey <0,
A = oo e 4 K ] (o1
if 0 <argey <,
I+T
P if o(c,v) #0, - (91¢)
e Hys +T = e (V)msi [cos wsl —o(7) WWSKl_l} +T
if o(c,7) =0,
s ey (E7 7Y
9.0 = 1) o)

1 - 1
95(8) =5 [Pt 1] + o

Jr
T is a compact operator in L,(RT), o(v) := signargy and o(c,7) is defined
in (51)

[60(7)27rsi 7 1] signf,

(c,7) 0 if 0 <arge<m,
g C, = . . .
7 signarg(cy) —signargy if —m <arge <0.

Proof. Let ax € Loo(R) be L,-multipliers, which have analytic extensions
a—_(€) in the lower Im& < 0 and a4 (£) in the upper Im €& > 0 complex half
planes. Then

Wa WoWa, =Wa_gar, Vg€ La(R) (92)
(cf., e.g., [17]).
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Let —m < argcy < 0. Theorem 2.7 and the property 92 yield the equal-
ities
AivK?A;S — ea(C,'Y)ﬂ'schsK;nAs_C’yA;s —
— eo‘(c,'y)ﬂsic—sK;nWAs_c’YWA;S _ ea(c,'y)Trsic—sKZ)’LW N

95,c”

For 0 < argey < 7 we have similarly to (92)
As_,},KTA,;S _ ea’(c,'y)wschsKZzAs_cfyA;s —
— eo(c,’y)‘n‘sic—sI{;r:rv,I/I/v>(\J8 WS,S — eU(Cy’Y)Trsic—usntOS ] (93)
¥ Ve

—cn

On the other hand,

1)K Hye (1), (94)

The proved equalities justify formula (91b) for A."°.

To justify the remainder formulae (91c) and (91d) note that if o(c,v) # 0,
the meromorphic function g, .(€) in (91d) has one pole and one zero in the
same half-plane Im¢& < 0 or Im¢ > 0 and, therefore, has equal limits at
the infinity: g&gic(g) = 1. Then g5 .(§) = 1+ g5(§) where g5(§) is

continuous (is C*°(R)-smooth) and vanishes at the infinity: ¢§(+o0) = 0.
By virtue of Proposition 3.6 the operator T := H_s is compact in L,(RT).
In contrast to the foregoing case, where o(c,v) = 0, the meromorphic
function g, () in (91c) has the pole and the zero in different half-planes
and, therefore, the function has different limits at the infinity:
9y.c(=00) = lim g7 (&) =1,

£——

. .
Gc(00) = lim gyo(€) = 2,

where o(y) = o(cvy) = signargy = signIm~. Consider the representation

95,.(8) = g3 (&) + 95(&), (95)

where g5 (§) is defined in (91c) and the function A is, as above, continuous
and g§(400) = 0. The operator T":= Hgs is compact in Ly, (RT).
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On the other hand,
1 ) 1 ;
Hay =5 [e7Pm 4 )= [0 A H i =
% [60(7)27T5i + 1}] - % [ea(wzﬂ” — 1] r+VSp+ =

sin s

= eo(msi [cos wsl —o(y) Kl_l} . (96)

From (94)—(96) follows the representation (91b), (91d) in the case 0 <
arg cy < 7, and the proof is complete. (|

Let us consider a combined convolution operator

A=dol +Wo+ Y d;K, c1,...,c0 €C, a € CMER\{0}) (97)
j=1

with constant coefficients dy, d1, . . . , d, € C in Bessel potential space ]H[‘;,(R"‘).

For a complex number v € C, with the positive imaginary part 0 <

arg~y < 7w, we assume the following:

—m <argc;y <0 for j=1,...,m,
: (98)
0<argcjy<m for j=m+1,...,n.

Then, due to the imposed constraint (97), the lifting property (91b) of the
Mellin convolution operator and the lifting property (24) of the Fourier
convolution operator, the lifted operator

A= AS_,YAA,;S : LP(RJF) — ]LP(R+) (99)

has the form

m
A% = Wayge + Wags + Y djc; "KWy +

Jj=1

s
V¢

=+ Z djea(cjﬁ)WSiC;S{ijWS

) ‘. Cj 95,5
j=m

where (see (51))

—(~1)" K" Hye ]+ T, (100)

J

0 if 0<arge; <,
o(c;,v) =10 if —7m<arge; <0, 0<argejy<m, (101)
-2 if —w<arge; <0, —m <arge;y <0,

the functions g5 . € C (]I.%) are defined in (91d) and, due to the conditions
(98), have the following limits at the infinity:

g’f/,Cj(_w) =1, g'ﬁ/,cj- (0) = 6_0(0j)ﬂ8ic§’ g’\;,C]' (+o0) =1, j=1,...,m,

5, (—00) =1, g5(0)=e 7l

S

s G, (+o0)=e*™ j=m+1,...,n,

o(c;) == signargc;.
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The function g5 € C(R) is continuous on R, but has different limits at the
infinity

g5(—00) =1, g5(+o0) = >,
And, finally, the symbols
HIE) = My (€)ALY (€)= My K (€)

of the operators K" and K' | = miSg+ are defined in (34)—(38) and have
the following limits at the infinity

HM (£00) =0, j=1,...,n, A (Fo0) = 1.

Using the equality (100), we announce the symbol @7 (w), w € R, of the

lifted operator A° in L,(R™) as the symbol of A in Bessel potential space
H? (RT) (cf. the definition (78))

+Zd c; 6%m7 )+ z”: djea(c]','y)rrsicj—sx

cj,p
j=m+1

[Jt@f};,@%;,c,goo,f)—( AT () (00,6)],

= (§,00) €T,
+
{do+ a(— }(77 7), w = (+o0,n) € TY,
_ (102)
{do + a(n) (77 ) (—o0,m) €Ty,
‘n'sz{d + ap( }+
+Zd 670'((:J)71'sz<%/c1]ﬂé )+ Z djeO'(Cj,’y)Tl'Six
j j=m+1
x [e T (€)= (=)™ AL (W (00,)],
w=(&0) €T,
where, since o(y) = signargy = 1,
) 1
%;Cjﬁp(oo, )= e [COSﬂ'S —sinms cotw(]; - i§>], (103)
sin s

Hys p(oo, )= e”i[coswsf }, j=m+1,...,n, (104)

sin7(1/p — i€)
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[e%”a(—&—oo) + a(—oo)] -

_1 [*™ a(+00) — a(—00)] CO'“T(% - if))

DN | =

2
ap(t,§) = % [a(t +0) +a(t —0)]—

— % [a(t+0) — a(t — 0)] cotw(% —if).

Theorem 4.2. Let 1 < p < 00, s € R and let A be defined by (97).
The operator A : ﬁ;(R"’) — H5(RT) is Fredholm if and only if its symbol
2y (w), defined in (102), is elliptic. If A is Fredholm, the index of the
operator has the value

Ind A = —ind det &7 (105

)
Proof. The proof follows if we apply to the lifted operator A° (see (99))
having the form (100), Theorem 3.10. O

For the definition of the Sobolev—Slobodeckij (Besov) spaces W3 (Q) =
B, ,(Q), W2(Q) = B;, ,(©2) we for arbitrary domain Q C R", including the
half axes R refer, e.g., to the monograph [43].

Corollary 4.3. Let 1 < p < 00, s € R and let A be defined by (87).
If the operator A : ]ﬁl;(R*‘) — H5(RT) is Fredholm (is invertible) for all
a € (s0,81) and p € (po,p1), where —o00 < 9 < 81 < 00, 1 < P, < Py < 00,
then -

AW (RY) — Wi (RY), s € (s0,51), pE (po,p1) (106)
is Fredholm and has the equal index
Ind A = —ind det 7. (107)

(is invertible, respectively) in the Sobolev-Slobodeckij (Besov) spaces W, =
p.p*

Proof. First of all recall that the Sobolev—Slobodeckij (Besov) spaces Wy =
B, , emerge as the result of interpolation with the real interpolation method
between Bessel potential spaces

(Hze (Q), H3H (), =W5(€), s:=s0(1 —0) + 510,

=~ 1 1
=W:;(Q), p=—(1-0)+—0, 0<0<1.

§@), pi= = (1=0)+ -

If A : ]ﬁl;(R"’) — HP(RT) is Fredholm (or is invertible) for all s €
(s0,51) and p € (po,p1), it has a regularizer R (has the inverse A~! = R,
respectively), which is bounded in the setting

R : W(RT) — W3(RY)

0,p
- - 108
(e (), 32 () 1o

0.,p
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due to the interpolation (108) and
RA=I1+T, AR=I+T,,

where T and Ty are compact in ]ﬁ;(R*’) and in — ]HI;(R*‘), respectively
(Ty =Ty =0if A is invertible).

Due to the Krasnoselskij interpolation theorem (see [43]), T; and Ts are
compact in W; (R*) and in W2 (R"), respectively for all s € (so,s1) and p €
(po, p1) and, therefore, A in (106) is Fredholm (is invertible, respectively).

The index formulae (107) follows from the embedding properties of the
Sobolev—Slobodeckij and Bessel potential spaces by standard well-known
arguments. (I
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