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Abstract. We study conditions for the Lp-dissipativity of the classical
linear elasticity operator. In the two-dimensional case we show that Lp-
dissipativity is equivalent to the inequality
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.

Previously [2] this result has been obtained as a consequence of general
criteria for elliptic systems, but here we give a direct and simpler proof.
We show that this inequality is necessary for the Lp-dissipativity of the
three-dimensional elasticity operator with variable Poisson ratio. We give
also a more strict sufficient condition for the Lp-dissipativity of this oper-
ator. Finally we find a criterion for the n-dimensional Lamé operator to
be Lp-negative with respect to the weight |x|−α in the class of rotationally
invariant vector functions.
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îâäæñéâ. öâãæïûŽãèæå áîâçŽáëĲæï çèŽïæçñîæ åâëîææï ûîòæãæ ëìâ-
îŽðëîæï Lp-áæïæìŽðæñîëĲæï ìæîëĲâĲï. ëîàŽêäëéæèâĲæŽê öâéåýãâãŽöæ ãŽø-
ãâêâĲå, îëé Lp-áæïæìŽðæñîëĲæï ìæîëĲŽ âçãæãŽèâêðñîæŽ
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p

)2

6 2(ν − 1)(2ν − 1)
(3− 4ν)2

ñðëèëĲæï. âï öâáâàæ [2] êŽöîëéöæ éæôâĲñèæ æõë äëàŽáæ âèæòïñîæ öâé-
åýãâãæï çîæðâîæñéæáŽê àŽéëéáæêŽîâ. øãâê Žó éëãæõãŽêå ìæîáŽìæî áŽ ñòîë
éŽîðæã áŽéðçæùâĲŽï. Žïâãâ ãŽøãâêâĲå, îëé áîâçŽáëĲæï ïŽéàŽêäëéæèâĲæŽêæ
ëìâîŽðëîæï Lp-áæïæìŽðæñîëĲæïåãæï âï ñðëèëĲŽ Žîæï ŽñùæèâĲâèæ ìæîë-
ĲŽ ùãèŽáæ ìñŽïëêæï çëâòæùæâêðâĲæï öâéåýãâãŽöæ. Ĳëèëï, øŽéëãŽõŽèæĲâĲå
çîæðâîæñéï, îëéâèæù ñäîñêãâèõëòï n-àŽêäëéæèâĲæŽêæ èŽéâï ëìâîŽðëîæï
Lp-ñŽîõëòæåëĲŽï Ĳîñêãæï éæéŽîå æêãŽîæŽêðñè ãâóðëî òñêóùæŽåŽ çèŽïöæ
|x|−α ûëêæå.
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1. Introduction

It is well known that Victor Kupradze has made seminal contributions
to the theory of elasticity, in particular, to the study of BVPs of statics and
steady state oscillations, as well as initial BVPs of general dynamics.

His monographs in the field of elasticity testify the great work he made
(see, for instance, [6–9]). In particular, his book Three-dimensional Prob-
lems of the Mathematical Theory of Elasticity and Thermoelasticity [10–12])
became a must for every mathematician working in this field.

The present paper concerning elasticity theory is dedicated to him.
Let us consider the classical operator of linear elasticity

Eu = ∆u + (1− 2ν)−1∇ div u, (1)

where ν is the Poisson ratio. Throughout this paper, we assume that either
ν > 1 or ν < 1/2. It is well known that E is strongly elliptic if and only if
this condition is satisfied (see, for instance, Gurtin [5, p. 86]).

Let L be the bilinear form associated with operator (1), i.e.

L (u, v) = −
∫

Ω

(〈∇u,∇v〉+ (1− 2ν)−1 div u div v) dx, (2)

where 〈 · , · 〉 denotes the scalar product in Rn. Here Ω is a domain of Rn.
Following [1], we say that the form L is Lp-dissipative in Ω if

−
∫

Ω

(〈∇u,∇(|u|p−2u)
〉

+ (1− 2ν)−1 div u div(|u|p−2u)
)

dx 6 0 (3)

if p > 2,

−
∫

Ω

(〈∇u,∇(|u|p′−2u)
〉

+ (1− 2ν)−1 div u div(|u|p′−2u)
)

dx 6 0 (4)

if p < 2,

for all u ∈ (C1
0 (Ω))2 (p′ = p/(p− 1)). We use here that |u|q−2u ∈ C1

0 (Ω) for
q > 2 and u ∈ C1

0 (Ω).
In [1, 2] necessary and sufficient conditions for the Lp-dissipativity of

the forms related to partial differential operators have been obtained. In
particular, for the planar elasticity it was proved in [2] that the form L is
Lp-dissipative if and only if

(1
2
− 1

p

)2

6 2(ν − 1)(2ν − 1)
(3− 4ν)2

. (5)

Let us now suppose that Ω is a sufficiently smooth bounded domain and
consider the operator (1) defined on D(E) = (W 2,p(Ω) ∩ W̊ 1,p(Ω))n. As
usual W l,p(Ω) denotes the Sobolev space of functions which distributional
derivatives of order l are in Lp(Ω). We also use the notation W̊ 1,p(Ω) for
the completion of C∞0 (Ω) in the Sobolev W 1,p(Ω) norm. The operator E is
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said to be Lp-dissipative (1 < p < ∞) in the domain Ω ⊂ Rn if
∫

Ω

(
∆u + (1− 2ν)−1∇ div u

)|u|p−2u dx 6 0 (6)

for any real vector-valued function u ∈ D(E). Here and in the sequel the
integrand is extended by zero on the set where u vanishes.

The equivalence between the Lp-dissipativity of the form and the dissi-
pativity of the operator was discussed in [1, Section 5, p. 1086–1093]. It
turns out that, if n = 2 and a certain smoothness assumption on Ω ⊂ R2 is
fulfilled, the operator of planar elasticity is Lp-dissipative (i.e. (6) holds for
any u ∈ D(E)) if and only if condition (5) is satisfied.

In [2] these facts have been established as a consequence of results con-
cerning general systems of partial differential equations, but in the present
paper we give a direct and simpler proof just for the Lamé system. The
result is followed by two Corollaries (obtained for the first time in [2]) con-
cerning the comparison between the Lamé operator and the Laplacian from
the point of view of the Lp-dissipativity.

In Section 3 we show that condition (5) is necessary for the Lp-dissipati-
vity of operator (1), even when the Poisson ratio is not constant. For
the time being it is not known if condition (5) is also sufficient for the
Lp-dissipativity of elasticity operator for n > 2, in particular, for n = 3.
Nevertheless in the same section we give a more strict explicit condition
which is sufficient for the Lp-dissipativity of (1).

In Section 4 we give necessary and sufficient conditions for a weighted
Lp-negativity of the Dirichlet–Lamé operator, i.e. for the validity of the
inequality ∫

Ω

(
∆u + (1− 2ν)−1∇ div u

)|u|p−2u
dx

|x|α 6 0 (7)

under the condition that the vector u is rotationally invariant, i.e. u depends
only on % = |x| and u% is the only nonzero spherical component of u. Namely
we show that (7) holds if and only if

−(p− 1)(n + p′ − 2) 6 α 6 n + p− 2.

2. Lp-dissipativity of planar elasticity

In this section we give a necessary and sufficient condition for the Lp-
dissipativity of operator (1) in the case n = 2.

First we consider the Lp-dissipativity of form (2).

Lemma 1. Let Ω be a domain of R2. Form (2) is Lp-dissipative if and
only if

∫

Ω

[
Cp

∣∣∇|v|
∣∣2 −

2∑

j=1

|∇vj |2 + γ Cp |v|−2
∣∣vh∂h|v|

∣∣2 − γ | div v|2
]

dx 6 0 (8)
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for any v ∈ (C1
0 (Ω))2, where

Cp = (1− 2/p)2, γ = (1− 2ν)−1. (9)

Proof. Sufficiency. First suppose p > 2. Let u ∈ (C1
0 (Ω))2 and set v =

|u|p−2u. We have v ∈ (C1
0 (Ω))2 and u = |v|(2−p)/pv. One checks directly

that

〈∇u,∇(|u|p−2u)
〉

+ (1− 2ν)−1 div u div(|u|p−2u) =

=
∑

j

|∇vj |2 − Cp

∣∣∇|v|∣∣2 − γ Cp

∣∣vh∂h|v|
∣∣2 + γ| div v|2.

The left-hand side of (3) being equal to the left-hand side of (8), inequality
(3) is satisfied for any u ∈ C1

0 (Ω).
If 1 < p < 2 we find

〈∇u,∇(|u|p′−2u)
〉

+ (1− 2ν)−1 div u div(|u|p′−2u) =

=
∑

j

|∇vj |2 − Cp′
∣∣∇|v|

∣∣2 − γ Cp′
∣∣vh∂h|v|

∣∣2 + γ| div v|2

and since 1− 2/p′ = −1 + 2/p (which implies Cp = Cp′), we get the result
also in this case.

Necessity. Let p > 2 and set

gε = (|v|2 + ε2)1/2, uε = g2/p−1
ε v,

where v ∈ C1
0 (Ω). We have

〈∇uε,∇(|uε|p−2uε)
〉

=

= |uε|p−2〈∂huε, ∂huε〉+ (p− 2)|uε|p−3〈∂huε, uε〉 ∂h|uε|.
A direct computation shows that

〈∇uε,∇( |uε|p−2uε)
〉

=
[
(1− 2/p)2g−(p+2)

ε |v|p−

− 2(1− 2/p)g−p
ε |v|p−2

]∑

k

|vj∂kvj |2 + g2−p
ε |v|p−2〈∂hv, ∂hv〉,

|uε|p−3〈∂huε, uε〉 ∂h|uε| =

=
{

(1− 2/p)
[
(1− 2/p)g−(p+2)

ε |v|p − g−p
ε |v|p−2

]
+

+
[
g2−p

ε |v|p−4 − (1− 2/p)g−p
ε |v|p−2

]} ∑

k

|vj∂kvj |2

on the set E = {x ∈ Ω| |v(x)| > 0}. The inequality ga
ε 6 |v|a for a 6 0,

shows that the right-hand sides are dominated by L1 functions. Since gε →
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|v| pointwise as ε → 0+, we find

lim
ε→0+

〈∇uε,∇(|uε|p−2uε)
〉

=

= 〈∂hv, ∂hv〉+
[
(1− 2/p)2 − 2(1− 2/p) + 4(p− 2)/p2

]
|v|−2

∑

k

|vj∂kvj |2 =

= −(1− 2/p)2
∣∣∇|v|∣∣2 +

∑

j

|∇vj |2

and dominated convergence gives

lim
ε→0+

∫

E

〈∇uε,∇(|uε|p−2uε)
〉
dx =

∫

E

[
− Cp

∣∣∇|v|
∣∣2 +

∑

j

|∇vj |2
]
dx. (10)

Similar arguments show that

lim
ε→o+

∫

E

div uε div(|uε|p−2uε) dx =

=
∫

E

[
− Cp|v|−2

∣∣vh∂h|v|
∣∣2 + |div v|2

]
dx. (11)

Formulas (10) and (11) lead to

lim
ε→o+

∫

Ω

〈∇uε,∇(|uε|p−2uε)
〉

+ γ div(|uε|p−2uε) dx =

=
∫

Ω

(
− Cp

∣∣∇|v|∣∣2+
∑

j

|∇vj |2−γ Cp|v|−2
∣∣vh∂h|v|

∣∣2+γ | div v|2
)

dx. (12)

The function uε being in (C1
0 (Ω))2, the left-hand side is greater than or

equal to zero and (8) follows.
If 1 < p < 2, we can write, in view of (12),

lim
ε→o+

∫

Ω

〈∇uε,∇(|uε|p
′−2uε)

〉
+ γ div(|uε|p

′−2uε) dx =

=
∫

Ω

(
− Cp′

∣∣∇|v|∣∣2 +
∑

j

|∇vj |2 − γ Cp′ |v|−2
∣∣vh∂h|v|

∣∣2 + γ |div v|2) dx.

Since Cp′ = Cp, (4) implies (8). ¤

Remark 1. The previous Lemma holds in any dimension with the same
proof.

The next Lemma provides a necessary algebraic condition for the Lp-dis-
sipativity of form (2).

Lemma 2. Let Ω be a domain of R2. If form (2) is Lp-dissipative, we
have

Cp

[ |ξ|2 + γ 〈ξ, ω〉2]〈λ, ω〉2 − |ξ|2|λ|2 − γ 〈ξ, λ〉2 6 0 (13)
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for any ξ, λ, ω ∈ R2, |ω| = 1 (the constants Cp and γ being given by (9)).

Proof. Assume first that Ω = R2. Let us fix ω ∈ R2 with |ω| = 1 and take
v(x) = w(x) η(log |x|/ log R), where

w(x) = µω + ψ(x),

µ, R ∈ R+, ψ ∈ (C∞0 (R2))2, η ∈ C∞(R2), η(t) = 1 if t 6 1/2 and η(t) = 0
if t > 1.

On the set where v 6= 0 one has
〈∇|v|,∇|v|〉 =

〈∇|w|,∇|w|〉 η2(log |x|/ log R)+

+2 (log R)−1|w| 〈∇|w|, x〉 |x|−2η(log |x|/ log R) η′(log |x|/ log R)+

+(log R)−2|w|2|x|−2
(
η′(log |x|/ log R)

)2
.

Choose δ such that spt ψ ⊂ Bδ(0) and R > δ2. If |x| > δ one has
w(x) = µω and then ∇|w| = 0, while if |x| < δ, then η(log |x|/ log R) = 1,
η′(log |x|/ log R) = 0. Therefore

∫

R2

〈∇|v|,∇|v|〉 dx =

=
∫

Bδ(0)

〈∇|w|,∇|w|〉 dx +
1

log2 R

∫

BR(0)\B√R(0)

|w|2
|x|2

(
η′(log |x|/ log R)

)2
dx.

Since

lim
R→+∞

1
log2 R

∫

BR(0)\B√R(0)

dx

|x|2 = 0,

we find

lim
R→+∞

∫

R2

〈∇|v|,∇|v|〉 dx =
∫

Bδ(0)

〈∇|w|,∇|w|〉 dx.

By similar arguments we obtain

lim
R→+∞

∫

R2

[
Cp

∣∣∇|v|
∣∣2−

2∑

j=1

|∇vj |2 +γ Cp |v|−2
∣∣vh∂h|v|

∣∣2−γ |div v|2
]
dx =

=
∫

Bδ(0)

[
Cp

∣∣∇|w|
∣∣2−

2∑

j=1

|∇wj |2 +γ Cp |w|−2
∣∣wh∂h|w|

∣∣2−γ |div w|2
]

dx.

In view of Lemma 1, (8) holds. Putting v in this formula and letting
R → +∞, we find

∫

Bδ(0)

[
Cp

∣∣∇|w|
∣∣2−

2∑

j=1

|∇wj |2+γ Cp |w|−2
∣∣wh∂h|w|

∣∣2−γ | div w|2
]

dx60. (14)
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From the identities

∂hw = ∂hψ, div w = div ψ,

∣∣∇|w|
∣∣2 = |µω + ψ|−2

2∑

h=1

〈µω + ψ, ∂hψ〉2,

|w|−2|wh∂hw|2 = |µω + ψ|−4
∣∣∣(µωh + ψh)〈µω + ψ, ∂hψ〉

∣∣∣
2

we infer, letting µ → +∞ in (14),
∫

R2

[
Cp

2∑

h=1

〈ω, ∂hψ〉2−
2∑

j=1

|∇ψj |2+γ Cp

∣∣ωh 〈ω, ∂hψ〉
∣∣2−γ |div ψ|2

]
dx60. (15)

Putting in (15)

ψ(x) = λϕ(x) cos(µ〈ξ, x〉) and ψ(x) = λ ϕ(x) sin(µ〈ξ, x〉),
where λ ∈ R2, ϕ ∈ C∞0 (R2) and µ is a real parameter, by standard argu-
ments (see, e.g, Fichera [4, p. 107–108]) we find (13).

If Ω 6= R2, fix x0 ∈ Ω and 0 < ε < dist(x0, ∂Ω). Given ψ ∈ (C1
0 (Ω)2, put

the function
v(x) = ψ((x− x0)/ε)

in (8). By a change of variables we find
∫

R2

[
Cp

∣∣∇|ψ|
∣∣2 −

2∑

j=1

|∇ψj |2 + γ Cp |ψ|−2
∣∣ψh∂h|ψ|

∣∣2 − γ | div ψ|2
]

dx 6 0.

The arbitrariness of ψ ∈ (C1
0 (Ω)2 and what we have proved for R2 gives

the result. ¤
We are now in a position to give a necessary and sufficient condition for

the Lp-dissipativity of form (2).

Theorem 1. Form (2) is Lp-dissipative if and only if
(1

2
− 1

p

)2

6 2(ν − 1)(2ν − 1)
(3− 4ν)2

. (16)

Proof. Necessity. In view of Lemma 2, the Lp-dissipativity of L implies
the algebraic inequality (13) for any ξ, λ, ω ∈ R2, |ω| = 1.

Without loss of generality we may suppose ξ = (1, 0) and (13) can be
written as

Cp(1 + γω2
1)(λjωj)2 − |λ|2 − γλ2

1 6 0 (17)
for any λ, ω ∈ R2, |ω| = 1.

Condition (17) holds if and only if

Cp(1 + γω2
1)ω2

1 − 1− γ 6 0,
[
Cp(1 + γω2

1)ω1ω2

]2 6
[− Cp(1 + γω2

1)ω2
1 + 1 + γ

] [− Cp(1 + γω2
1)ω2

2 + 1
]

for any ω ∈ R2, |ω| = 1.
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In particular, the second condition has to be satisfied. This can be written
in the form

1 + γ − Cp(1 + γω2
1)(1 + γω2

2) > 0 (18)
for any ω ∈ R2, |ω| = 1. The minimum of the left-hand side of (18) on the
unit sphere is given by

1 + γ − Cp(1 + γ/2)2.

Hence (18) is satisfied if and only if 1 + γ − Cp(1 + γ/2)2 > 0. The last
inequality means

2(1− ν)
1− 2ν

−
(p− 2

p

)2( 3− 4ν

2(1− 2ν)

)2

> 0,

i.e. (16). From the identity 4/(p p′) = 1− (1−2/p)2 it follows that (16) can
be written also as

4
p p′

> 1
(3− 4ν)2

. (19)

Sufficiency. In view of Lemma 1, L is Lp-dissipative if and only if (8)
holds for any v ∈ (C1

0 (Ω))2. Choose v ∈ (C1
0 (Ω))2 and define

X1 = |v|−1(v1∂1|v|+ v2∂2|v|), X2 = |v|−1(v2∂1|v| − v1∂2|v|),
Y1 = |v|[∂1(|v|−1v1) + ∂2(|v|−1v2)

]
, Y2 = |v|[∂1(|v|−1v2)− ∂2(|v|−1v1)

]

on the set E = {x ∈ Ω | v 6= 0}. From the identities

|∇|v||2 = X2
1 + X2

2 ,

Y1 = (∂1v1 + ∂2v2)−X1, Y2 = (∂1v2 − ∂2v1)−X2

it follows

Y 2
1 + Y 2

2 =
∣∣∇|v|∣∣2 + (∂1v1 + ∂2v2)2 + (∂1v2 − ∂2v1)2−

− 2(∂1v1 + ∂2v2)X1 − 2(∂1v2 − ∂2v1)X2.

Keeping in mind that ∂h|v| = |v|−1vj∂hvj , one can check that

(∂1v1 + ∂2v2)
(
v1∂1|v|+ v2∂2|v|

)
+ (∂1v2 − ∂2v1)

(
v2∂1|v| − v1∂2|v|

)
=

= |v| ∣∣∇|v|∣∣2 + |v|(∂1v1∂2v2 − ∂2v1∂1v2),

which implies ∑

j

|∇vj |2 = X2
1 + X2

2 + Y 2
1 + Y 2

2 . (20)

Thus (8) can be written as∫

E

[ 4
p p′

(X2
1 + X2

2 ) + Y 2
1 + Y 2

2 − γ CpX
2
1 + γ (X1 + Y1)2

]
dx > 0. (21)

Let us prove that ∫

E

X1Y1 dx = −
∫

E

X2Y2 dx. (22)



120 A. Cialdea and V. Maz’ya

Since X1 + Y1 = div v and X2 + Y2 = ∂1v2 − ∂2v1, keeping in mind (20),
we may write

2
∫

E

(X1Y1 + X2Y2) dx =

=
∫

E

[
(X1 + Y1)2 + (X2 + Y2)2 − (X2

1 + X2
2 + Y 2

1 + Y 2
2 )

]
dx =

=
∫

E

[
(div v)2 + (∂1v2 − ∂2v1)2 −

∑

j

|∇vj |2
]

dx,

i.e. ∫

E

(X1Y1 + X2Y2) dx =
∫

E

(∂1v1∂2v2 − ∂1v2∂2v1) dx.

The set {x ∈ Ω \ E|∇v(x) 6= 0} has zero measure and then
∫

E

(X1Y1 + X2Y2) dx =
∫

Ω

(∂1v1∂2v2 − ∂1v2∂2v1) dx.

There exists a sequence {v(n)} ⊂ C∞0 (Ω) such that v(n) → v,∇v(n) → ∇v
uniformly in Ω and hence

∫

Ω

∂1v1∂2v2 dx = lim
n→∞

∫

Ω

∂1v
(n)
1 ∂2v

(n)
2 dx =

= lim
n→∞

∫

Ω

∂1v
(n)
2 ∂2v

(n)
1 dx =

∫

Ω

∂1v2∂2v1 dx

and (22) is proved. In view of this, (21) can be written as
∫

E

( 4
p p′

(1 + γ)X2
1 + 2ϑγ X1Y1 + (1 + γ)Y 2

1

)
dx+

+
∫

E

( 4
p p′

X2
2 − 2(1− ϑ)γ X2Y2 + Y 2

2

)
dx > 0

for any fixed ϑ ∈ R.
If we choose

ϑ =
2(1− ν)
3− 4ν

we find

(1− ϑ)γ =
1

3− 4ν
, ϑ2γ2 =

(1 + γ)2

(3− 4ν)2
.

Inequality (19) leads to

ϑ2γ2 6 4
p p′

(1 + γ)2, (1− ϑ)2γ2 6 4
p p′

.
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Observing that (16) implies 1 + γ = 2(1− ν)(1− 2ν)−1 > 0, we get
4

p p′
(1 + γ)x2

1 + 2ϑγ x1y1 + (1 + γ)y2
1 > 0,

4
p p′

x2
2 − 2(1− ϑ)γ x2y2 + y2

2 > 0

for any x1, x2, y1, y2 ∈ R. This shows that (21) holds. Then (8) is true for
any v ∈ (C1

0 (Ω))2 and the proof is complete. ¤
The results we have obtained so far hold for any domain Ω. For the

rest of the present section we suppose that Ω is a bounded domain whose
boundary is in the class C2. We could consider more general domains, in
the spirit of Maz’ya and Shaposhnikova [14, Ch. 14], but here we prefer to
avoid the related technicalities.

Theorem 2. Let E be the two-dimensional elasticity operator (1) with
domain (W 2,p(Ω)∩W̊ 1,p(Ω))2. The operator E is Lp-dissipative if and only
if condition (16) holds.

Proof. By means of the same arguments as in [1, Section 5, p. 1086–1093],
we have the equivalence between the Lp-dissipativity of form (2) and the
Lp-dissipativity of the elasticity operator (1). The result follows from The-
orem 1. ¤

We shall now give two corollaries of this result. They concerns the com-
parison between E and ∆ from the point of view of the Lp-dissipativity.

Corollary 1. There exists k > 0 such that E − k∆ is Lp-dissipative if
and only if (1

2
− 1

p

)2

<
2(ν − 1)(2ν − 1)

(3− 4ν)2
. (23)

Proof. Necessity. We remark that if E − k∆ is Lp-dissipative, then{
k 6 1 if p = 2,

k < 1 if p 6= 2.
(24)

In fact, in view of Theorem 1, we have the necessary condition

− (1− 2/p)2
[
(1− k)|ξ|2 + (1− 2ν)−1(ξjωj)2

]
(λjωj)2+

+ (1− k)|ξ|2|λ|2 + (1− 2ν)−1(ξjλj)2 > 0 (25)

for any ξ, λ, ω ∈ R2, |ω| = 1. If we take ξ = (1, 0), λ = ω = (0, 1) in (25) we
find

4
p p′

(1− k) > 0

and then k 6 1 for any p. If p 6= 2 and k = 1, taking ξ = (1, 0), λ = (0, 1),
ω = (1/

√
2, 1/

√
2) in (25), we find −(1−2/p)2(1−2ν)−1 > 0. On the other

hand, taking ξ = λ = (1, 0), ω = (0, 1) we find (1 − 2ν)−1 > 0. This is a
contradiction and (24) is proved.
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It is clear that if E−k∆ is Lp-dissipative, then E−k′∆ is Lp-dissipative
for any k′ < k. Therefore it is not restrictive to suppose that E − k∆ is
Lp-dissipative for some 0 < k < 1. Moreover, E is also Lp-dissipative.

The Lp-dissipativity of E − k∆ (0 < k < 1) is equivalent to the Lp-
dissipativity of the operator

E′u = ∆u + (1− k)−1(1− 2ν)−1∇ div u. (26)

Setting
ν′ = ν(1− k) + k/2, (27)

we have (1− k)(1− 2ν) = 1− 2ν′. Theorem 1 shows that

4
p p′

> 1
(3− 4ν′)2

. (28)

Since 3−4ν′ = 3−4ν−2k(1−2ν), condition (28) means |3−4ν−2k(1−
2ν)| > √

p p′/2, i.e.
∣∣∣k − 3− 4ν

2(1− 2ν)

∣∣∣ >
√

p p′

4|1− 2ν| . (29)

Note that the Lp-dissipativity of E implies that (16) holds. In particular,
we have (3− 4ν)/(1− 2ν) > 0. Hence (29) is satisfied if either

k 6 1
2|1− 2ν|

(
|3− 4ν| −

√
p p′

2

)
(30)

or

k > 1
2|1− 2ν|

(
|3− 4ν|+

√
p p′

2

)
. (31)

Since
|3− 4ν|
2|1− 2ν| − 1 =

3− 4ν

2(1− 2ν)
− 1 =

1
2(1− 2ν)

> −
√

p p′

4|1− 2ν| ,

we have
1

2|1− 2ν|
(
|3− 4ν|+

√
p p′

2

)
> 1

and (31) is impossible. Then (30) holds. Since k > 0, we have the strict
inequality in (19) and (23) is proved.

Sufficiency. Suppose (23). Since

4
p p′

>
1

(3− 4ν)2
,

we can take k such that

0 < k <
1

2|1− 2ν|
(
|3− 4ν| −

√
p p′

2

)
. (32)

Note that
|3− 4ν|
2|1− 2ν| − 1 =

3− 4ν

2(1− 2ν)
− 1 =

1
2(1− 2ν)

6
√

p p′

4|1− 2ν| .
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This means
1

2|1− 2ν|
(
|3− 4ν| −

√
p p′

2

)
6 1

and then k < 1. Let ν′ be given by (27). The Lp-dissipativity of E − k∆ is
equivalent to the Lp-dissipativity of the operator E′ defined by (26).

Condition (29) (i.e. (28)) follows from (32) and Theorem 1 gives the
result. ¤

Corollary 2. There exists k < 2 such that k∆ − E is Lp-dissipative if
and only if (1

2
− 1

p

)2

<
2ν(2ν − 1)
(1− 4ν)2

. (33)

Proof. We may write k∆ − E = Ẽ − k̃∆, where k̃ = 2 − k, Ẽ = ∆ + (1 −
2ν̃)−1∇ div, ν̃ = 1 − ν. Theorem 1 shows that Ẽ − k̃∆ is Lp-dissipative if
and only if (1

2
− 1

p

)2

<
2(ν̃ − 1)(2ν̃ − 1)

(3− 4ν̃)2
. (34)

Condition (34) coincides with (33) and the corollary is proved. ¤

3. Lp-dissipativity of three-dimensional elasticity

As far as the three-dimensional Lamé system is concerned, necessary
and sufficient conditions for the Lp-dissipativity are not known. The next
Theorem shows that condition (16) is necessary, even in the case of a non-
constant Poisson ratio. Here Ω is a bounded domain in R3 whose boundary
is in the class C2.

Theorem 3. Suppose ν = ν(x) is a continuos function defined in Ω such
that

inf
x∈Ω

|2ν(x)− 1| > 0.

If (1) is Lp-dissipative in Ω, then
(1

2
− 1

p

)2

6 inf
x∈Ω

2(ν(x)− 1)(2ν(x)− 1)
(3− 4ν(x))2

. (35)

Proof. We have∫

Ω

(
∆u + (1− 2ν(x)

)−1∇ div u|u|p−2u dx 6 0 (36)

for any u ∈ (W 2,p(Ω) ∩ W̊ 1,p(Ω))3, in particular, for any u ∈ (C∞0 (Ω))3.
Take v ∈ (C∞0 (R2))2, ϕ ∈ C∞0 (R), ϕ > 0 and x0 ∈ Ω; define vε(x1, x2) =
v((x1 − x0

1)/ε, (x2 − x0
2)/ε),

u(x1, x2, x3) =
(
vε,1(x1, x2), vε,2(x1, x2), 0

)
ϕ(x3).

We suppose that the support of v is contained in the unit ball, 0 < ε <
dist(x0, ∂Ω) and the support of ϕ is contained in (−ε, ε). In this way the
function u belongs to (C∞0 (Ω))3.
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Setting γ(x1, x2, x3) = (1− 2 ν(x1, x2, x3))−1, we have

∆u + γ∇ div u = (∆vε + γ∇ div vε)ϕ + vεϕ
′′

and then

(∆u + γ∇ div u)|u|p−2u = (∆vε + γ∇ div vε) |vε|p−2vεϕ
p + v2

εϕ′′ϕp−1.

We can write, in view of (36),
∫

R

ϕp dx3

∫∫

R2

(∆vε + γ∇ div vε) |vε|p−2vε dx1 dx2+

+
∫

R

ϕp−1ϕ′′ dx3

∫∫

R2

|vε|p dx1 dx2 6 0.

Noting that

∆vε + γ∇ div vε =

=
1
ε2

[
∆v

(x1 − x0
1

ε
,
x1 − x0

1

ε

)
+ γ(x1, x2, x3)∇ div v

(x1 − x0
1

ε
,
x1 − x0

1

ε

)]
,

a change of variables in the double integral gives
∫

R

ϕp(x3) dx3

∫∫

R2

(
∆v(t1, t2)+γ(x0

1+ε t1, x
0
2+ε t2, x3)∇ div v(t1, t2)

)
×

×
∣∣v(t1, t2)

∣∣p−2
v(t1, t2) dt1 dt2+

+ ε2

∫

R

ϕp−1ϕ′′ dx3

∫∫

R2

|v(t1, t2)|p dt1 dt2 6 0.

Letting ε → 0+, we get
∫

R

ϕp(x3) dx3

∫∫

R2

(
∆v(t1, t2) + γ(x0

1, x
0
2, x3)∇ div v(t1, t2)

)
×

× ∣∣v(t1, t2)
∣∣p−2

v(t1, t2) dt1 dt2 6 0.

For the arbitrariness of ϕ, this implies
∫∫

R2

(
∆v(t1, t2) + γ(x0

1, x
0
2, x

0
3)∇ div v(t1, t2)

)
×

×
∣∣v(t1, t2)

∣∣p−2
v(t1, t2) dt1 dt2 6 0

for any v ∈ (C∞0 (B))2, B being the unit ball in R2.
Suppose p > 2. Integrating by parts, we get

L (v, |v|p−2v) 6 0 (37)

for any v ∈ (C∞0 (B))2.
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Given v ∈ (C∞0 (B))2, define uε = g
2/p−1
ε v. Since uε ∈ (C∞0 (B))2, in

view of (37) we write
L (uε, |uε|p−2uε) 6 0.

By means of the computations we made in the Necessity of Lemma 1,
letting ε → 0+, we find inequality (8) for any v ∈ (C∞0 (B))2. This implies
that (8) holds for any v ∈ (C1

0 (B))2.
In fact, let vm ∈ (C∞0 (B))2 such that vm → v in C1-norm. Let us show

that
χEn

|vm|−1vm∇vm → χE |v|−1v∇v in L2(B), (38)

where En = {x ∈ B | vm(x) 6= 0}, E = {x ∈ Ω | v(x) 6= 0}. We see that

χEn |vm|−1vm∇vm → χE |v|−1v∇v (39)

on the set E ∪ {x ∈ B | ∇v(x) = 0}. The set {x ∈ B \ E | ∇v(x) 6= 0}
having zero measure, (39) holds almost everywhere. Moreover, since

∫

G

χEn
|vm|−2|vm∇vm|2 dx 6

∫

G

|∇vm|2 dx

for any measurable set G ⊂ Ω and {∇vm} is convergent in L2(Ω), the se-
quence {|χEn |vm|−1vm∇vm−χE |v|−1v∇v|2} has uniformly absolutely con-
tinuous integrals. Now we may appeal to Vitali’s Theorem to obtain (38).

Inequality (8) holding for any v ∈ (C1
0 (B))2, the result follows from

Theorem 1.
Let now 1 < p < 2. From the Lp dissipativity of E it follows that the

operator E − λI (λ > 0) is invertible on Lp(Ω). This means that for any
f ∈ Lp(Ω) there exists one and only one u ∈ W 2,p(Ω) ∩ W̊ 1,p(Ω) such that
(E − λI)u = f . Because of well known regularity results for solutions of
elliptic systems [3], we have also that, if f belongs to Lp′(Ω), the solution
u belongs to W 2,p′(Ω) ∩ W̊ 1,p′(Ω) and there exists the bounded resolvent
(E∗ − λI)−1 : Lp′(Ω) → W 2,p′(Ω) ∩ W̊ 1,p′(Ω).

Since E is Lp-dissipative and ‖(E∗ − λI)−1‖ = ‖(E − λI)−1‖, we may
write ∥∥(E∗ − λI)−1

∥∥ 6 1
λ

for any λ > 0, i.e. we have the Lp′-dissipativity of E∗, p′ > 2. We have
reduced the proof to the previous case. Therefore (35) holds with p replaced
by p′. Since (1

2
− 1

p

)2

=
(1

2
− 1

p′

)2

,

the proof is complete. ¤

We do not know if condition (16) is sufficient for the Lp-dissipativity of
the three-dimensional elasticity. The next theorem provides a more strict
sufficient condition.
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Theorem 4. Let Ω be a domain in R3. If

(1− 2/p)2 6





1− 2ν

2(1− ν)
if ν < 1/2,

2(1− ν)
1− 2ν

if ν > 1,

(40)

operator (1) is Lp-dissipative.

Proof. In view of Remark 1, the operator E is Lp-dissipative if and only if
inequality (8) holds for any v ∈ (C1

0 (Ω))3. This can be written as

Cp

∫

Ω

[ ∣∣∇|v|
∣∣2 + γ |v|−2

∣∣vh∂h|v|
∣∣2

]
dx 6

6
∫

Ω

[ 3∑

j=1

|∇vj |2 + γ |div v|2
]
dx. (41)

Note that the integral on the left-hand side of (41) is nonnegative. In
fact, setting ξhj = ∂hvj , ωj = |v|−1vj , we have

∣∣∇|v|
∣∣2 + γ |v|−2

∣∣vh∂h|v|
∣∣2 = ωiωj(δhk + γωhωk)ξhiξkj .

Then we can write∣∣∇|v|∣∣2 + γ |v|−2
∣∣vh∂h|v|

∣∣2 = |λ|2 + γ(λ · ω)2, (42)

where λ is the vector whose h-th component is ωiξhi. Since ω is a unit
vector and γ > −1 we have

∣∣∇|v|
∣∣2 + γ |v|−2

∣∣vh∂h|v|
∣∣2 > 0.

Also the right-hand side of (41) is nonengative. In fact, denoting by v̂j

the Fourier transform of vj

v̂j(y) =
∫

R3

vj(x)e−iy·x dx,

we have
∫

Ω

[ 3∑

j=1

|∇vj |2 + γ |div v|2
]
dx =

∫

Ω

(∂hvj∂hvj + γ∂hvh∂jvj) dx =

= (2π)−3

∫

R3

(
∂̂hvj ∂̂hvj + γ∂̂hvh∂̂jvj

)
dy=(2π)−3

∫

R3

(|y|2|v̂|2+ γ|y · v̂|2) dy >

> min{1, 1 + γ}(2π)−3

∫

R3

|y|2|v̂|2 dy =

= min{1, 1 + γ}
∫

Ω

3∑

j=1

|∇vj |2 dx. (43)
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This implies that (41) holds for any v such that the left-hand side vanishes
and that E is Lp-dissipative if and only if

Cp 6 inf

∫
Ω

[ 3∑
j=1

|∇vj |2 + γ |div v|2] dx

∫
Ω

[ |∇|v||2 + γ |v|−2|vh∂h|v||2
]
dx

, (44)

where the infimum is taken over all v ∈ (C1
0 (Ω))3 such that the denominator

is positive.
From (42) we get

∣∣∇|v|
∣∣2 + γ |v|−2

∣∣vh∂h|v|
∣∣2 6

6 max{1, 1 + γ} |λ|2 6 max{1, 1 + γ}
3∑

j=1

|∇vj |2.

Keeping in mind also (43) we find that
∫
Ω

[ ∑3
j=1 |∇vj |2 + γ |div v|2] dx

∫
Ω

[ |∇|v||2 + γ |v|−2|vh∂h|v||2
]
dx

> min{1, 1 + γ}
max{1, 1 + γ} .

Therefore condition (44) is satisfied if

Cp 6 min{1, 1 + γ}
max{1, 1 + γ} .

This inequality being equivalent to (40), the proof is complete. ¤

Remark 2. The Theorems of this section hold in any dimension n > 3
with the same proof.

4. Weighted Lp-negativity of elasticity system defined on
rotationally symmetric vector functions

Let Φ be a point on the (n−2)-dimensional unit sphere Sn−2 with spher-
ical coordinates {ϑj}j=1,...,n−3 and ϕ, where ϑj ∈ (0, π) and ϕ ∈ [0, 2π).
A point x ∈ Rn is represented as a triple (%, ϑ, Φ), where % > 0 and
ϑ ∈ [0, π]. Correspondingly, a vector u can be written as u = (u%, uϑ, uΦ)
with uΦ = (uϑn−3 , . . . , uϑ1 , uϕ). We call u%, uϑ, uΦ the spherical components
of the vector u.

Theorem 5. Let the spherical components uϑ and uΦ of the vector u
vanish, i.e. u = (u%, 0, 0), and let u% depend only on the variable %. Then,
if α > n− 2, we have

∫

Rn

(
∆u + (1− 2ν)−1∇ div u

)
|u|p−2u

dx

|x|α 6 0 (45)
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for any u ∈ (C∞0 (Rn \ {0}))n satisfying the aforesaid symmetric conditions,
if and only if

−(p− 1)(n + p′ − 2) 6 α 6 n + p− 2. (46)

If α < n−2 the same result holds replacing (C∞0 (Rn\{0}))n by (C∞0 (Rn))n.

Proof. Setting

gε(s) = (s2 + ε2)1/2,

and denoting by ωn−1 the (n − 1)-dimensional measure of the unit sphere
in Rn, we have

∫

Rn

∆u gε(|u|)p−2u
dx

|x|α =

= ωn−1

+∞∫

0

( 1
%n−1

∂%(%n−1∂%u%)− n− 1
%2

u%

)
gε(|u%|)p−2u%%

n−1−α d%.

An integration by parts gives

+∞∫

0

∂%(%n−1∂%u%)gε(|u%|)p−2u%%
−α d% =

= −
+∞∫

0

%n−1∂%u%∂%

(
gε(|u%|)p−2u%%

−α
)
d% =

= −
+∞∫

0

∂%u%∂%(gε(|u%|)p−2u%)%n−1−α d%+

+ α

+∞∫

0

gε(|u%|)p−2u%∂%u%%
n−α−2 d%. (47)

Since

∂%(gε

(|u%|)p
)

= p gε(|u%|)p−2u%∂%u%, (48)

we have, by means of another integration by parts in the last integral of (47),

α

+∞∫

0

gε(|u%|)p−2u%∂%u%%
n−α−2 d% =

α

p

+∞∫

0

∂%

(
gε(|u%|)p

)
%n−α−2 d% =

= −α(n− 2− α)
p

∫

K

gε(|u%|)p%n−3−α d% +O(εp),

where K is the support of u%.
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This proves the identity
∫

Rn

∆u gε(|u|)p−2u
dx

|x|α = −ωn−1

[
(n− 1)

∫

K

gε(|u%|)p−2u2
%%

n−3−α d%+

+
α(n− 2− α)

p

∫

K

gε(|u%|)p%n−3−α d%+

+
∫

K

∂%u%∂%

(
gε(|u%|)p−2u%

)
%n−1−α d%

]
+O(εp). (49)

We have also
∫

Rn

∇(div u)gε(|u|)p−2u
dx

|x|α = −
∫

Rn

div u div
(
gε(|u|)p−2u|x|−α

)
dx =

= −ωn−1

+∞∫

0

1
%n−1

∂%(%n−1u%)∂%

(
%n−1−αgε(|u%|)p−2u%

)
d%. (50)

Moreover,

1
%n−1

∂%(%n−1u%) ∂%

(
%n−1−αgε(|u%|)p−2u%

)
=

= (n− 1)(n− 1− α)%n−3−αgε(|u%|)p−2u2
%+

+ (n−1)%n−2−αu%∂%

(
gε(|u%|)p−2u%

)
+(n−1−α)%n−2−αgε(|u%|)p−2u%∂%u%+

+ %n−1−α∂%u%∂%

(
gε(|u%|)p−2u%

)
. (51)

In view of (48) we may write
+∞∫

0

%n−2−αgε(|u%|)p−2u%∂%u% d% =
1
p

+∞∫

0

%n−2−α∂%

(
gε(|u%|)p

)
d% =

= −n− 2− α

p

∫

K

%n−3−αgε(|u%|)p d% +O(εp). (52)

Since

∂%

(
gε(|u%|)p−2u2

%

)
= u%∂%

(
gε(|u%|)p−2u%

)
+ gε(|u%|)p−2u%∂%u%

and using again (48), we find

+∞∫

0

%n−2−αu%∂%

(
gε(|u%|)p−2u%

)
d% =

=

+∞∫

0

%n−2−α∂%

(
gε(|u%|)p−2u2

%

)
d%−

+∞∫

0

%n−2−αgε(|u%|)p−2u%∂%u% d% =



130 A. Cialdea and V. Maz’ya

= −(n− 2− α)
∫

K

%n−3−αgε(|u%|)p−2u2
% d%−

− 1
p

+∞∫

0

%n−2−α∂%

(
gε(|u%|)p

)
d% +O(εp) =

= −(n− 2− α)
∫

K

%n−3−αgε(|u%|)p−2u2
% d%+

+
n− 2− α

p

∫

K

%n−3−αgε(|u%|)p d% +O(εp). (53)

By (50), (51), (52) and (53) we obtain

∫

Rn

∇(div u)gε(|u|)p−2u
dx

|x|α =

= −ωn−1

[
(n− 1)

∫

K

%n−3−αgε(|u%|)p−2u2
% d%+

+
α(n− 2− α)

p

∫

K

%n−3−αgε(|u%|)p d%+

+
∫

K

∂%u%∂%

(
gε(|u%|)p−2u%

)
%n−1−α d%

]
+O(εp). (54)

From (49) and (54) it follows that

∫

Rn

(
∆u +

1
1− 2ν

∇ div u
)
gε(|u|)p−2u

dx

|x|α =

= −ωn−1
2(1− ν)
1− 2ν

[
(n− 1)

∫

K

%n−3−αgε(|u%|)p−2u2
% d%+

+
α(n− 2− α)

p

∫

K

%n−3−αgε(|u%|)p d%+

+
∫

K

∂%u%∂%

(
gε(|u%|)p−2u%

)
%n−1−α d%

]
+O(εp).

Seeing that, given a ∈ R, there exists a constant Cα such that (gε(s))a 6
Cα(sa +εa) (s > 0), we may apply the dominated convergence theorem and
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find
∫

Rn

(
∆u +

1
1− 2ν

∇ div u
)
|u|p−2u

dx

|x|α =

= −ωn−1
2(1− ν)
1− 2ν

{[
n− 1 +

α(n− 2− α)
p

] ∫

K

%n−3−α|u%|p d%+

+
∫

K

∂%u%∂%(|u%|p−2u%)%n−1−α d%

}
.

Keeping in mind that either ν > 1 or ν < 1/2, the last equality shows
that (45) holds if and only if

[
n− 1 +

α(n− 2− α)
p

] ∫

K

%n−3−α|u%|p d%+

+
∫

K

∂%u%∂%(|u%|p−2)%n−1−α d% > 0. (55)

Setting v% = |u%|(p−2)/2u%, we see that (55) is equivalent to

[
n− 1 +

α(n− 2− α)
p

] +∞∫

0

|v%|2%n−3−α d%+

+
4

p p′

+∞∫

0

(∂%v%)2%n−1−α d% > 0. (56)

If α = n− 2 the inequality (56) is obviously satisfied. For α 6= n− 2, we
recall the Hardy inequality (see, for instance, Maz’ya [13, p. 40])

+∞∫

0

v2(%)
%α−n+3

d% 6 4
(α− n + 2)2

+∞∫

0

(∂%v(%))2

%α−n+1
d%, (57)

which holds for any v ∈ C∞0 (R) provided α 6= n − 2, under the condition
v(0) = 0 when α > n− 2.

Inequality (56) can be written as

− p p′

4

[
n− 1 +

α(n− 2− α)
p

] +∞∫

0

|v%|2%n−3−α d% 6

6
+∞∫

0

(∂%v%)2%n−1−α d%. (58)
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Now we see that (58) holds if and only if

−p p′

4

[
n− 1 +

α(n− 2− α)
p

]
6 (α− n + 2)2

4
. (59)

In fact, if (59) holds, then (58) is true, because of (57). Viceversa, if (58)
holds, thanks to the arbitrariness of v% and to the sharpness of the constant
in (57), we get (59).

A simple manipulation shows that the latter inequality is equivalent to

−
(α− (n + p− 2))( α

p−1 + (n + p′ − 2))

p p′
> 0,

which in turn is equivalent to (46). The theorem is proved. ¤

We remark that the inequalities

−(p− 1)(n + p′ − 2) < 0 < n + p− 2

are always satisfied and therefore condition (46) is never empty.
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Basilicata, Viale dell’Ateneo Lucano 10, 85100, Potenza, Italy.

E-mail: cialdea@email.it

V. Maz’ya
1. Department of Mathematics, Linköping University SE-581 83 Linköping,
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