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ON TWO–POINT BOUNDARY VALUE PROBLEMS FOR
TWO–DIMENSIONAL NONLINEAR DIFFERENTIAL

SYSTEMS WITH STRONG SINGULARITIES

Abstract. For two-dimensional nonlinear differential systems with strong
singularities with respect to a time variable, unimprovable sufficient condi-
tions for the solvability and unique solvability of two-point boundary value
problems are established.

îâäæñéâ. ëîàŽêäëéæèâĲæŽêæ ŽîŽûîòæãæ áæòâîâêùæŽèñîæ ïæïðâ-
éâĲæïŽåãæï úèæâîæ ïæêàñèŽîëĲâĲæå áîëæåæ ùãèŽáæï éæéŽîå áŽá-
àâêæèæŽ ëîûâîðæèëãŽê ïŽïŽäôãîë ŽéëùŽêŽåŽ ŽéëýïêŽáëĲæïŽ áŽ
ùŽèïŽýŽá ŽéëýïêŽáëĲæï ŽîŽàŽñéþëĲâïâĲŽáæ ïŽçéŽîæïæ ìæîëĲâĲæ.
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Let −∞ < a < b < +∞, and let fi : ]a, b[×R → R (i = 1, 2) be contin-
uous functions. In the open interval ]a, b[, we consider the two-dimensional
nonlinear differential system

du1

dt
= f1(t, u2),

du2

dt
= f2(t, u1) (1)

with boundary conditions of one of the following two types:

lim
t→a

u1(t) = 0, lim
t→b

u1(t) = 0, (21)

and
lim
t→a

u1(t) = 0, lim
t→b

u2(t) = 0. (22)

A vector function (u1, u2) with continuously differentiable components
ui :]a, b[→ R (i = 1, 2) is said to be a solution of the system (1) if it satisfies
that system at each point of ]a, b[.

A solution of the system (1), satisfying the boundary conditions (21) (the
boundary conditions (22)), is said to be a solution of the problem (1), (21)
(a solution of the problem (1), (22)).

A solution of the problem (1), (21) (of the problem (1), (22)), satisfying
the condition

b∫

a

u2
2(t)dt < +∞, (3)
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is said to be a solution of the problem (1), (21), (3) (a solution of the problem
(1), (22), (3)).

Let

[f2(t, x)]− =
1
2

(|f2(t, x)| − f2(t, x)) .

Theorems below on the solvability and unique solvability of the problem
(1), (21), (3) cover the case, where

t0∫

a

(t− a)[f2(t, x)]−dt =

=

b∫

t0

(b− t)[f2(t, x)]−dt = +∞ for t0 ∈]a, b[, x 6= 0. (41)

Analogous theorems for the problem (1), (22), (3) cover the case, where

b∫

a

(t− a)[f2(t, x)]−dt = +∞ for x 6= 0. (42)

In the case, where the condition (41) (the condition (42)) is satisfied, we
say that the system (1) has strong singularities at the points a and b (at
the point a). In both cases, roughly speaking, the orders of singularity of
the function f2 with respect to the time variable are no less than 2, i.e., no
less than the dimension of the considered differential system. Just because
of that reason these singularities are said to be strong in the Agarwal–
Kiguradze sence [1]. The above-mentioned cases essentially differ from so-
called weak singular cases, where for arbitrary t0 ∈]a, b[ and x 6= 0, the
following conditions

t0∫

a

[f2(t, x)]−dt =

b∫

t0

[f2(t, x)]−dt = +∞ or

b∫

a

[f2(t, x)]−dt = +∞

hold but
b∫

a

(t− a)(b− t)[f2(t, x)]−dt < +∞.

In the case of strong singularity, in contrast to the case of weak singu-
larity, the problem (1), (21), (3), generally speaking, is not equivalent to the
problem (1), (21). Analogously, the problem (1), (22), (3) is not equivalent
to the problem (1), (22). To convince ourselves that this is so, let us consider
the case, where the system (1) has the form

du1

dt
= u2,

du2

dt
= − µ

(t− a)2
u1. (1′)
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If µ satisfies the inequality

0 < µ <
1
4

,

then the problem (1′), (21),(3) has only the trivial solution whereas the
problem (1′), (21) has infinite set of solutions

u1(t) = c
[
(t− a)λ1 − (b− a)λ1−λ2(t− a)λ2

]
, u2(t) =

= c
[
λ1(t− a)λ1−1 − λ2(b− a)λ1−λ2(t− a)λ2−1

]
, c ∈ R,

where

λ1 =
1 +

√
1− 4µ

2
, λ2 =

1−√1− 4µ

2
.

Analogously, the problem (1′), (22), (3) has only the trivial solution, while
the problem (1′), (22) has infinite set of solutions

u1(t) = c
[
(t− a)λ1 − λ1

λ2
(b− a)λ1−λ2(t− a)λ2

]
, u2(t) =

= cλ1

[
(t− a)λ1−1 − (b− a)λ1−λ2(t− a)λ2−1

]
, c ∈ R.

For the weakly singular system (1) and its various particular cases, unim-
provable in a certain sense sufficient conditions for the solvability and well-
posedness of problems of the type (1), (21) and (1), (22) are contained in
[2]–[7], [11]–[14], [17]–[19]. Two-point boundary value problems for higher
order differential equations with strong singularities are investigated in de-
tail by I. Kiguradze and R. P. Agarwal (see, [1], [8]–[10]). Conditions, guar-
anteeing the existence of extremal solutions of two-point boundary value
problems for second order nonlinear differential equations with strong sin-
gularities, are contained in [16]. The Agarwal–Kiguradze type theorems for
two-dimensional linear differential systems are given in [15]. Below we give
analogous results for the problems (1), (21), (3) and (1), (22), (3).

First we consider the problem (1), (21), (3). The following theorems are
valid.

Theorem 1. Let in the domain ]a, b[×R the inequalities

δ|x| ≤ [
f1(t, x)− f1(t, 0)

]
sgn x ≤ `0|x|, (5)

[
f2(t, x)− f2(t, 0)

]
sgnx ≥ −`

(
1

(t− a)2
+

1
(b− t)2

)
|x| (6)

be fulfilled, where δ, `0, and ` are positive constants such that

4``0 < 1. (7)

If, moreover,
b∫

a

f2
1 (t, 0)dt < 0,

b∫

a

(t− a)1/2(b− t)1/2|f2(t, 0)|dt < +∞, (8)

then the problem (1), (21), (3) has at least one solution.
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Theorem 2. Let in the domain ]a, b[×R the conditions

δ|x− y| ≤ [
f1(t, x)− f1(t, y)

]
sgn(x− y) ≤ `0|x− y|, (9)

[
f2(t, x)− f2(t, y)

]
sgn(x− y) ≥ −`

(
1

(t− a)2
+

1
(b− t)2

)
|x− y| (10)

be fulfilled, where δ, `0, and ` are positive constants, satisfying the inequality
(7). If, moreover, the condition (8) holds, then the problem (1), (21), (3) has
one and only one solution.

Note that the condition (7) in Theorems 1 and 2 is unimprovable in the
sense that it cannot be replaced by the non-strict inequality

4``0 ≤ 1. (7′)

Indeed, consider the case, where

f1(t, x) = x, f2(t, x) = − 1
4(t− a)2

x + 9.

Then the conditions (5), (6), (8)–(10) are satisfied, where δ = `0 = 1
and ` = 1

4 . Consequently, all the conditions of Theorems 1 and 2 are
fulfilled except the condition (7), instead of which the inequality (7′) is
satisfied. Nevertheless, in the considered case the problem (1), (21), (3) has
no solution. The fact is that in that case an arbitrary solution of the system
(1) admits the representation

u1(t) = c1(t− a)1/2 + c2(t− a)1/2 ln(t− a) + 4(t− a)2,

u2(t) =
1
2

c1(t− a)−1/2 + c2(t− a)−1/2

(
1
2

ln(t− a) + 1
)

+ 8(t− a),

where c1 and c2 are arbitrary real numbers, and consequently,

b∫

a

u2
2(t)dt = +∞ for |c1|+ |c2| 6= 0.

Consider now the problem (1), (22), (3). Suppose

f∗2 (t, x) = max
{|f2(t, y)| : |y| ≤ x

}
for a < t < b, x > 0.

Theorem 3. Let in the domain ]a, b[×R the inequalities (5) and

[
f2(t, x)− f2(t, 0)

]
sgnx ≥ − `

(t− a)2
|x|
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be fulfilled, where δ, `0, and ` are positive constants, satisfying the condition
(7). If, moreover,

b∫

a

f2
1 (s, 0)ds < +∞,

b∫

a

(s− a)1/2|f2(s, 0)|ds <

< +∞,

b∫

t

f∗2 (s, x)ds < +∞ for a < t < b, x > 0, (11)

then the problem (1), (22), (3) has at least one solution.

Theorem 4. Let in the domain ]a, b[×R the conditions (5) and
[
f2(t, x)− f2(t, y)

]
sgn(x− y) ≥ − `

(t− a)2
|x− y|

be fulfilled, where δ, `0, and ` are positive constants, satisfying the inequality
(7). If, moreover, the conditions (11) hold, then the problem (1), (22), (3)
has one and only one solution.

Note that the condition (7) in Theorems 3 and 4 is unimprovable and it
cannot be replaced by the condition (7′).

Acknowledgement

This work is supported by the Shota Rustaveli National Science Founda-
tion (Project # GNSF/ST09 175 3-101).

References

1. R. P. Agarwal and I. Kiguradze, Two-point boundary value problems for higher-
order linear differential equations with strong singularities. Boundary Value Prob-
lems, 2006, 1–32; Article ID 83910.

2. R. P. Agarwal and D. O’Regan, Singular differential and integral equations with
applications. Kluwer Academic Publishers, Dordrecht, 2003.

3. I. T. Kiguradze, On some singular boundary value problems for nonlinear second
order ordinary differential equations. (Russian) Differents. Uravneniya 4 (1968), No.
10, 1753–1773; English transl.: Differ. Equations 4 (1968), 901–910.

4. I. T. Kiguradze, On a singular two-point boundary value problem. (Russian) Dif-
ferents. Uravneniya 5 (1969), No. 11, 2002–2016; English transl.: Differ. Equations
5 (1968), 1493–1504.

5. I. T. Kiguradze, On a singular boundary value problem. J. Math. Anal. Appl. 30
(1970), No. 3, 475–489.

6. I. T. Kiguradze, On boundary value problems for linear differential systems with
singularities. (Russian) Differentsial’nye Uravneniya 39 (2003), No. 2, 198–209; Eng-
lish transl.: Differ. Equations 39 (2003), No. 2, 212–225.

7. I. Kiguradze, Some optimal conditions for the solvability of two-point singular
boundary value problems. Funct. Differ. Equ. 10 (2003), No. 1–2, 259–281.

8. I. Kiguradze, On two-point boundary value problems for higher order singular or-
dinary differential equations. Mem. Differential Equations Math. Phys. 32 (2004),
101–107.



152

9. I. Kiguradze, Positive solutions of two-point boundary value problems for higher
order nonlinear singular differential equations. Bull. Georg. Natl. Acad. Sci. 5 (2011),
No. 3, 5–10.

10. I. Kiguradze, The Dirichlet and focal boundary value problems for higher order
quasi-halflinear singular differential equations. Mem. Differential Equations Math.
Phys. 54 (2011), 126–133.

11. I. T. Kiguradze and B. L. Shekhter, Singular boundary value problems for sec-
ond order ordinary differential equations. (Russian) Itogi Nauki Tekh., Ser. Sovrem.
Probl. Mat., Novejshie Dostizh. 30 (1987), 105–201; English transl.: J. Sov. Math.
43 (1988), No. 2, 2340–2417.

12. T. Kiguradze, On solvability and unique solvability of two-point singular boundary
value problems. Nonlinear Analysis 71 (2009), 789–798.

13. T. Kiguradze, On some nonlocal boundary value problems for linear singular differ-
ential equations of higher order. Mem. Differential Equations Math. Phys. 47 (2009),
169–173.

14. T. I. Kiguradze, On conditions for linear singular boundary value problems to be
well posed. (Russian) Differentsial’nye Uravneniya 46 (2010), No. 2, 183–190; Eng-
lish transl.: Differ. Equations 46 (2010), No. 2, 187–194.

15. N. Partsvania, On two-point boundary value problems for two-dimensional linear
differential systems with singular coefficients. Mem. Differential Equations Math.
Phys. 51 (2010), 155–162.

16. N. Partsvania, On extremal solutions of two-point boundary value problems for
second order nonlinear singular differential equations. Bull. Georg. Natl. Acad. Sci.
5 (2011), No. 2, 31–36.
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