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Abstract. We present the existence principle which can be used for
a large class of nonlocal fractional boundary value problems of the form
(Dz)(t) = f(t,z(t),2'(t), (DFx)(t)), Alx) = 0, ®(x) = 0, where D is
the Caputo fractional derivative. Here, a € (1,2), p € (0,1), f is a L9-
Carathéodory function, g > ﬁ, and A, ® : C'[0,T] — R are continuous
and bounded ones. The proofs are based on the Leray—Schauder degree

theory. Applications of our existence principle are given.
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1. INTRODUCTION

Let T'> 0 and Ry = [0,00). As usual, L9 (¢ > 1) is the set of functions
whose gth powers of modulus are integrable on [0,7] equipped with the

1

norm ||z||y = <fOT lz(t)|? dt) *. C[0,T) is equipped with the norm |z| =
max{|z(t)| : t € [0,T]}.
Let A be a set of functionals A : C1[0,7] — R, which are

(a) continuous,

(b) bounded, that is, A() is bounded for any bounded Q C C*[0,7].
We say that A, ® € A satisfy the compatibility condition if for each v € [0, 1]
there exists a solution of the problem

/=0, Alx)—vA(-z)=0, ®(x)—vP(—z)=0.
This is true if and only if the system

®(a+bt) —v®(—a —bt) =0,

U(a+bt) — v¥(—a—bt) =0 (1.1)

has a solution (a, b) € R? for each v € [0, 1].

We say that the functionals &, ¥ € A satisfy the admissible compatibility
condition if ®and¥ satisfy the compatibility condition and there exists a
positive constant L = L(®, ¥) such that |a| < L and |b] < L for each
v € [0,1] and each solution (a,b) € R? of system (1.1).

Remark 1.1. If the functionals ®, ¥ : C''[0,T] — R are linear and con-
tinuous, then ®, ¥ € A and satisfy the compatibility condition. Indeed,
system (1.1) is of the form

a®(1) + bd(t) =0,
a¥(1)+b¥(t) =0
for each v € [0,1], and we see that it is always solvable in R%. The set
of all its solutions (a,b) is bounded (that is, ®, ¥ satisfy the admissible
compatibility condition) if and only if ®(1)¥(t) — ®(¢)¥(1) # 0.
We investigate the fractional boundary value problem
(‘DYz)(t) = f(t, (1), 2' (1), (‘D*z) (1)), (1.2)
®(z) =0, U(x)=0, (1.3)
where a € (1,2), u € (0,1), f is an LI-Carathéodory function on [0, 7] x R3,
q> ﬁ, and where ®, U € A satisfy the admissible compatibility condition.
We say that a function = € C1[0,T] is a solution of problem (1.2), (1.3) if
D*x € L0, T], « satisfies the boundary conditions (1.3), and (1.2) holds
for a.e. t € [0,T].

Note that if x is a solution of problem (1.2),(1.3), then “D*z € C[0,T)
(see Lemma 2.5).
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The Caputo fractional derivative DVv of ordery > 0,y ¢ N, of a function
v:[0,7] — R is defined by the formula [10, 15, 18]

t

n n—1 ’U(k)
(D) = g g [ ¢ (v(s) Sy sk> s,

4 k=0

where n = [y] + 1 and [y] denotes the integral part of -y, and T' is the Euler
gamma function.

We recall that a function f : [0,7] x R® — R is an L9-Carathéodory
function on [0,T] x R? if

(i) for each (z,vy, 2) € R3, the function f(-,z,y,2) : [0,T] — R is measur-
able,

(ii) for a.e. t € [0, 7], the function f(¢,-,-,-) : R® — R is continuous,

(iii) for each compact set U C R3, there exists wy € L9[0,T] such that
lf(t,z,y, 2)| <wy(t) for a.e. t €[0,T] and all (z,y,z2) € U.

Differential equations of fractional order have recently proved to be valu-
able tools in the modeling of many phenomena in various fields of science and
engineering. We can find numerous applications in porous media, electro-
magnetic, fluid mechanics, viskoelasticity, edge detection, and so on. (For
examples and details, see [7, 8, 10, 13, 14, 15, 18, 23, 27] and references
therein). There has been a significant development in the study of frac-
tional differential equations in recent years. The authors discuss regular
(see, e.g., [4, 6, 11, 12, 17]) and singular (see, e.g., [2, 5, 19, 26, 28]) frac-
tional boundary value problems. These problems are usually investigated
with the two-point boundary conditions, multipoint boundary conditions
and also with nonlocal boundary conditions (see, e.g., [3, 6]). Paper [3]
deals with the integral boundary conditions

1

1

az(0) + bz'(0) = /ql(x(s))ds, azx(1l) + bz'(1) = /qz(gc(s))ds7
0 0

while that of [6] with the conditions

z(0) =0(z), «(T)==ar,

where © : C[0,7] — R is a continuous functional and zr € R. The ex-
istence results are proved by: the Banach, Schauder, Krasnosel’skii and
Leggett-Williams fixed point theorems, fixed point theorems on cones, a
mixed monotone method, the Leray—Schauder nonlinear alternative, the
lower and upper solution method and by fixed point index theory.

The aim of the present paper is to give the existence principle for solving
the problem (1.2), (1.3) and to show its applications. We note that unlike the
paper dealing with fractional differential equations for 1 < a < 2 (with the
exception of [2, 16]), the nonlinearity f in (1.2) depends on the derivative
of z. Due to this fact, we have to assume that f is an L?-Carathéodory
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function with ¢ > ﬁ The existence principle is proved by the Leray-
Schauder degree theory (see, e.g., [9]). Note that our existence principle
is closely related to that given in [24] for n-order differential equations, in
[1, 20, 21, 22] for second-order differential equations and in [25] for second-
order differential systems.

From now on, we assume that

1 q

(P) pe(0,1), ae(l,2), 4> and piq—l'
Then%—l—%:land (a=2)p+1>0.

The paper is organized as follows. Section 2 contains technical lemmas
that are used in the subsequent sections. Section 3 presents the existence
principle for solving the problem (1.2), (1.3). It is shown that the solvability
of this problem is reduced to the existence of a fixed point of an integral
operator. The existence of its fixed point is proved by the Leray—Schauder
degree theory. In Section 4, we apply the existence principle for two sets of
admissible boundary conditions. Examples demonstrate our results.

2. PRELIMINARIES

In this section we state technical lemmas and results which are used in
the subsequent sections. Lemmas 2.1, 2.2 and 2.4-2.6 are proved in [2].
Note that condition (P) holds in this and in the next sections.

Lemma 2.1. Suppose v € L1[0,T]. Then
t

(a) /(t —8)*2y(s)ds s continuous on [0,T],

0
(b) %/(t—s)a_lfy(s) ds=(a-1) /(t— s)o‘_27(5) ds forte0,T].
0 0

Lemma 2.2. Let {p,} C L]0, T] be L-convergent and let lim, _. .. p, =
p. Then

t t
lim [ (t—s)*2p,(s)ds = /(t —8)*2p(s)ds uniformly on [0, T].
0

n—oo
0
Corollary 2.3. Suppose the assumptions of Lemma 2.2 are satisfied. Let

{An} C [0,1] be convergent and lim, oo A\, = A. Then
¢ ¢
lim A, [ (t—5)*"2p,(s)ds =\ /(t —8)*2p(s)ds uniformly on [0,T].

n—oo

0 0

Proof. The result follows from Lemma 2.2, where p,, is replaced by \,p,
(note that lim, o Anpn = Ap in L2[0,T7). O
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Lemma 2.4. Let v € L1[0,T]. Then solutions of the fractional differen-
tial equation

“D?a(t) = y(t) (2.1)
belong to the class C1[0,T], and
z(t) = %a) /(t —8)*1y(s) + 2(0) + 2/ (0)¢
0

are all solutions of (2.1).

Lemma 2.5. Let z € C'[0,T]. Then

Drax(t) = ﬁ /(t —5) "' (s)ds fort € [0,T]
0

and °DFz € C[0,T).
Lemma 2.6. Suppose that n € L0,T] and 0 <ty < te <T. Then

[t =2ty ds = [t =5 2uts)as| <
0 0

1 1
td 4+ (ty — 1) —td\ ? (ty — 1)\ ?
< (B 4 (225 i,

where d = (o — 2)p + 1.

3. AN EXISTENCE PRINCIPLE
Suppose
f is a L9-Carathéodory function on [0, T] x R?. (3.1)
If x € C1[0,T], then “D*x € C[0,T] by Lemma 2.5. Therefore the function

ft,z(t),2'(t), (‘D x)(t)) belongs to the set L]0, T]. Hence by Lemma 2.4,
x € CY0,T] is a solution of (1.2) if and only if

1 / a 1 ey
F(ao/ f(s,2(s),a' (), (D) (s)) ds +a+bt,  (3.2)

€ [0, 77,
where a,b € R. Let ®,¥ € A. Define an operator S : C*[0,T] — C'[0,T]

by the formula
t

(Sz)(t) = ﬁ /(t —8)* 7 f(s,2(s), 2" (s), (‘D"x)(s)) ds+
0

+2(0) — ®(z) + (2/(0) — T(2))t.
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It is easy to check that if z is a fixed point of the operator S, then equality
(3.2) is fulfilled with a = 2(0) — ®(z), b = 2/(0) — ¥(z), and ®(z) = 0,

U(xz) = 0. Consequently, any fixed point x of S is a solution of problem
(1.2),

(1.3).
The following result is the existence principle for solving the problem
(1.2),(1.3).
Theorem 3.1. Let ®,V € A satisfy the admissible compatibility condi-
tion. Suppose that (3.1) holds and there exists a positive constant S such
that

el <8, ll'Il < S
for each X € [0,1] and each solution x of the problem
(Dx)(t) = Af(t, =(t), 2" (t), (D"x)(t)),
O(z)=0, ¥(z)=0.
Then problem (1.2), (1.3) has a solution.

(3.3)

Proof. We first note that since ®, ¥ € A satisfy the admissible compatibility
condition, system (1.1) has a solution for each v € [0,1] and there is a
positive constant K such that |a| < K and |b| < K for each v € [0,1] and
each solution (a,b) € R? of (1.1). Set

Q={zeC0,T):|lz]| < S+ (1 +T)K, || < S+ K}.

Then (2 is an open, bounded and symmetric with respect to 0 € C[0,T]
subset of the Banach space C[0,T]. We know that any fixed point of S is
a solution of problem (1.2), (1.3). If

D(Z — S,9,0) £ 0, (3.4)

where "D” stands for the Leray—Schauder degree and Z is the identical
operator on C1[0, T], then S has a fixed point by the Leray—Schauder degree
method. Hence to prove our theorem we need to show that (3.4) holds. To
this end, define an operator K : [0,1] x Q — C*[0, 7] by the formula

KO\ z) P(Aa/ (t — )2 Lf (s, 2(s), 2/ (), (D"2)(s)) ds+
0
4+ 2(0) — B(w) + (2/(0) — V(@)

Then £(1,-) = S. We prove that K is a compact operator. We start with the
proof that K is continuous. Let {\,} C [0,1] and {z,,} C Q be convergent
and let lim,, oo A, = A, lim,, oo x,, = x. Let us put

Tn(t) = f(t,2n(t),20,(8), (D2n) (1), v(t) = f(t, x(t), 2/ (t), (Dx)(2)),

t

zn(t) = F)(\Zz) /(t —5)* 1y, (s)ds, 2 ﬁ/ (t — 5)*1y(s)ds.
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We conclude from Lemma 2.5 that lim,, o *D*x,, =D*x in C[0,T] and

t
HCD“an_FH max{/t—s “ds:tE[O,T]}g
0
(S+ K)T*
T2 (3
for n € N. Hence
lim ,(t) =~v(t) for a.e. t €[0,T], (3.6)

n—oo

and since f fulfils (3.1), {z,,} is bounded in C*[0, T| and {“D*z,,} is bounded
in C0,T), there exists w € L]0, T] such that

|7 (t)] < w(t) for a.e. t €[0,T] and all n € N. (3.7)

Therefore, lim, . ||7n — 7|lq = 0 by the dominated convergence theorem
in L2]0,T]. Consequently, by Corollary 2.3 and Lemma 2.1(b),

t

lim 2/,(t) = lim F(>\"1> /(t —5)% 2y, (5)ds =
n—oo Nn— 00 a —
0
\ t
_ _oNa—2 _
F(a—l)/(t $)* 7 %y(s)ds =
0
=2'(t) uniformly on [0, T].

As a result, lim, .o 2, = z in C*[0,T] since z,(0) = z(0) = 0. The conti-
nuity of I follows now from the equalities (A, 2,)(t) = 2, (t) + 2,(0) —
D () + (,(0) — Wz ))t, KO\ 2)(t) = 2(t) + 2(0) — () + (2/(0) — ()1
and from

lim (2,(0) — ®(z,)) = z(0) — ®(x), lim (z,(0) — ¥U(x,)) = z(0) — ¥(z).

n—oo n—oo

We now prove that the set K([0,1] x Q) is relatively compact in C*[0,T].
Since the set {z(0) — ®(z) + (2/(0) — ¥(x))t : x € Q} is relatively compact
in R, which immediately follows from the properties of ® and W, it suffices
to show that the set

B= {)\/(t —8)* L f(s,2(s),2'(s), (‘D"x)(s))ds : A € [0,1], x € Q}

0
is relatively compact in C1[0,T]. Since “D*z € C[0,T] for z € C1[0,T] and
(cf. (3.5)) ||DFz| < M for x € Q, there exists p € L4[0,T] such that

|f(t,z(t),2'(t), (‘D"z)(t))| < p(t) for ae. t €[0,T] and all z € Q. (3.8)
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The boundedness of B in C*[0,T] follows from the relations (for ¢ € [0, 7]
and z € Q)

/(t —8)* 7 f(s,x(s), 2" (s), (D) (s)) ds| < T |p[lx
0
and

&)~

/ (t —s)* L f(s,2(s),2'(s), (‘D x)(s)) ds| =

=(a=1) | [ (t=5)"72f(s,2(s),2'(s), (D"x)(5)) ds| <

—

<(a—1) [(t— )" 2p(s)ds <

< (a—1) /(t—s><a—2>Pds ; / p(s) ds

0 0
1
T(a72)p+1 P
<@-1)(—
<@ (aogpy) ol

wherf the Holder inequality is used. Furthermore, for 0 <t¢; < t5 < T and
x € Q, Lemma 2.6 (for n(t) = f(t,z(t), 2’ (t), (D x)(t))) gives

o\@» =

/ (2 — )22 (s, 2(s), 2'(s), (D) (s)) ds —
0
- / (t — 5)*2 (s, 2(5), 2/ (s), (DV)(s)) ds| <

1 1
t+ (to —t1)4 —td\ » (ta —t1)?\?
< (AR g+ (25 o,

since ||n]lq < |lpllq- Here d = (v — 2)p + 1. Hence the set {y' : y € B} is
equicontinuous on [0, 7], and thus B is relatively compact in C*[0, 7] by the
Arzela-Ascoli theorem. To summarize, K is a compact operator.

Suppose now that (A, z,) = z, for some ), € [0,7] and some z, € Q.
Let vi(t) = f(t, z(t), 2, (), (DFzy)(t)) for ae. ¢t € [0,T]. Then v, €
L2[0,T] and the equality

t

ra(t) = ﬁ / (£ )21 (5) ds 2. (0) — () + (21, (0) — V()i (3.9)

0
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holds for t € [0,T]. Hence ®(x,) =0, ¥(z,) =0 and, by Lemma 2.4,
(Dx4)(t) = Ay (t) for a.e. t €[0,T].

Hence z, is a solution of problem (3.3) with A = A, and ||z.|| < S, ||| < S
by the assumptions. As a result, (A, x) # z for each A € [0, 1] and each
x € 0f). Therefore, by the homotopy property,

D(Z — K(0,-),9,0) =D(Z — K(1,-),9Q,0). (3.10)
We will now proceed to showing that
D(Z — K(0,-),9Q,0) #£0. (3.11)

Let us define a compact operator £ : [0,1] x Q — C*[0,T] as
L(v,z) = 2(0) + ®(z) — v®(—z) + (2/(0) + ¥(x) — vV (—2x))t.
Then £(1,-) is odd (i.e., £(1,—x) = —L(1,x) for x € Q) and

L£(0,-) = K(0,-). (3.12)
If L(v1,71) = 21 for some (v1,21) € [0,1] x Q, then
x1(t) = 21(0) + ®(x1) — 1®(—21) + (27(0) + U(21) — 1 ¥(—21))t, (3.13)

and therefore z1(t) = a + bt for ¢t € [0,T], where a = x1(0) + ®(x1) —
1 ®(—z1) and b = (24(0) + U(x1) — 1 ¥(—x1))t. Let t = 0 in 21(¢) and
) (t), where z; is given in (3.13), and have

@(1‘1) — V1<I)(—x1) = 0, \If(l‘l) — Vl\I/(—Z‘l) = 0,

which is system (1.1) with ¥ = v;. Hence due to the first part of the
proof, the inequalities |a|] < K and |b| < K are fulfilled. Consequently,
lz1]]| < (1+T)K and ||z} || < K, and thus 27 € 9. Next, by the homotopy
property and the Borsuk antipodal theorem,

D(Z — £(0,-),9,0) = D(Z — £(1,),9,0) and D(Z — £(1,-),€,0) # 0.

The last relations together with (3.12) give that (3.11) holds. Finally, we
conclude that from (3.10) and (3.11) follows (3.4). O

4. APPLICATIONS OF THE EXISTENCE PRINCIPLE

4.1. Functionals satisfying the admissible complementary condi-
tion. We give two sets of nonlinear functionals A, ® € A satisfying the ad-
missible complementary condition. Such functionals in the nonlocal bound-
ary conditions (1.3) will be used in the next subsection for solving problem
(1.2), (1.3) by means of our existence principle.

For j = 0,1, let B; be the set of functionals A € A for which there exists
a positive constant K = K (A) such that

x € C0,T), |2V > K on [0,T] = A(z)sign(z)) > 0
Remark 4.1. The functionals from the set B; have the following impor-
tant property: If A € B; and A(z) = 0 for some z € C*[0,T] and j € {0,1},
then there exists £ € [0, T] such that |2\ (€)] < K(A).
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Example 4.2. Let 0 < a < b < T, j€ {0,1}, © : C'[0,T] — R be
continuous and sup{|©(z)| : x € C[0,T]} < co. Then the functionals
Ay (x) = min{zW(t) : a <t < b} 4+ O(),
Ag(z) = max{z)(t) : a < t < b} + O(z),

b
As(z) = /max{x(j)(s) ca<s<t}dt+ O(zx)

belong to the set B;. If 0 <t <ty <---<t, <T,b; >0, 9, fi € C(R) and
limy 400 g(u) = limy 100 fi(u) = 00,4 =1,2,...,n, then the functionals

Ag(z) = Z big(z(t:)) + O(),

b n
As(z) = / (Z bifi(x(j)(s))> ds + ©(z),

a
b s

Ao(w) = / / (Zbim(ﬂ(&))) d¢ | ds+O(x)

a a

also belong to B;.

Lemma 4.3. Let ® € By and ¥ € By. Then ®,V satisfy the admissible
compatibility condition.

Proof. Since ® € By and ¥ € Bj, there exists a positive constant K such
that for each v € [0,1] we have [®(a + bt) — v®(—a — bt)]sign(a + bt) > 0 if
la+bt| > K fort € [0,T] and [¥(a+bt) — vV (—a—>bt)]sign(b) > 0if |b| > K.
Hence if (ag,bo) € R? is a solution of system (1.1) for some v € [0,1], then
(see Remark 4.1) |bg| < K and |ag + bo&| < K for some ¢ € [0,T]. From the
inequality |ag| < |ag+bo&|+ |boé| < (1+ K)T we see that for each v € [0, 1],
any solution (a,b) € R? of (1.1) satisfies the estimate

la| < (14+ K)T, |b < K. (4.1)
Let M = {(a,b) € R? : |a| < (1+ K)T, |b| < K} and F : [0,1] x M — R?
be defined as
F(v,a,b) = (P(a+ bt) — v®(—a — bt), ¥(a+ bt) — vV (—a — bt)).

Then F is a continuous operator and M is an open, bounded and symmetric
with respect to (0,0) € R? subset of R2. We have also F(v,a,b) # (0,0)
for v € [0,1] and (a,b) € OM, and F(1,-,-) is an odd operator (that is,
F(1,—a,—b) = —F(1,a,b) for (a,b) € M). Hence by the Borsuk antipodal
theorem and the homotopy property,
deg(]:(la K ')a M’ 0) 7é 07
deg(f(la ) ')7Ma O) = deg(f(l/, Bl ')a Ma O) for v € [07 1}7
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where ”7deg” stands for the Brower degree. Consequently, the operator
equation F(v,a,b) = (0,0) has a solution for each v € [0,1]. Hence for each
v € [0, 1] system (1.1) has a solution and any its solution (a, b) satisfies (4.1),
and therefore @, ¥ satisfy the admissible complementary condition. |

Remark 4.4. The special cases of the boundary conditions (1.3) are:

(a) the Dirichlet conditions z(0) = A, z(T) = B (for ®(z) = z(0) — A,
U(z) = fOT z'(s)ds+ A — B),

(b) the mixed conditions z(0) = A, «/(T) = B (for ®(z) = x(0) — A,
U(z) = 2/(T) — B) and 2/(0) = A, z=(T) = B
W(a) = /(0) - A),

(c) the antiperiodic conditions x(0) + z(T") = 0, 2/(0) + 2/(T) = 0 (for
B(z) = 2(0) + 2(T), U(z) = 2'(0) +2'(T)),

(d) the initial conditions z(§) = A, 2/(§) = B, where ¢ € [0,T] (for
B(a) = 2(6) - A4, W(z) = 2'(E) - B), i

(e) the multipoint conditions > a;z?i=1(t;) = A, 3 b; (a(s3))*F ! =

§=0 i=0
B, where a;,b; € (0,00), lj,ki € N (j =0,...,n, 7 =0,... ,
o <tp <+ <t <T,0< 8 <81 < -+ < 8y <T (for ()

ZO a;z? " (t;) — A, U(z) = Z:Obi(x/(si))zkiil - B).
1= 1=

=)
<)
o
A

Let C be the set of functionals A € A such that sup{|A(z)| : = €
C10,T]} < 0.

Lemma 4.5. Let 0 <& <n<T, A;,Ay €C and
O(z) = z(§) + Ai(x), ¥(2) ==2(n) + A2(2) forz e CHO,T].
Then ®, U satisfy the admissible compatibility condition.

Proof. Since Ay, A2 € C, there is a positive constant S such that |Ay(z)| < S
and |A;(z)| < S for z € C[0,T]. System (1.1) has the form

(1+v)(a+b) 4+ Ar(a+bt) — vAi(—a —bt) =0,

(1+v)(a+bn)+ Az(a + bt) — vAs(—a — bt) = 0. (4.2)

Suppose that (ag, by) € R? is a solution of (4.2) for some v € [0,1]. Then
(1+I/)(’I]*§)bo = A1(a0+bot)fl/A1(7(107b0t)7A2(ao+b()t)+l/A2(7a07b0t),

and consequently, |bg| < 772—_55 Since

ag = —bog +

1+ov [I/Al(—a() — bot) - Al (a() + bot)},

a0<25T+S:S<1+2T>.
n—=¢ n—=¢

we have
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As a result, for each v € [0,1], any solution (a,b) € R? of (4.2) satisfies the
estimate

2T 25
al < S 1+>,b<. 4.3
<s (1425 ) bl< 2 (1.3
Put M = {(a,b) €ER?:|a| < S (1 + %) , b < %} In order to prove
that ®, ¥ satisfy the admissible compatibility condition we define a contin-
uous operator F : [0,1] x M — R? by

F(v,a,b) = ((1 +v)(a+bE) + Ar(a+bt) — vAi(—a — bt),

(14 v)(a+by) + As(a + bt) — vAs(—a — bt)).

Then F(1,-,-) is an odd operator and F(v,a,b) # (0,0) for all v € [0,1]
and (a,b) € OM. By the Borsuk antipodal theorem and by the homotopy
property, we can prove just as in the proof of Lemma 4.3 that for each
v € [0,1], the equation F(v,a,b) = (0,0) has a solution. Consequently,
system (4.2) has a solution for each v € [0,1] and all its solutions (a,b)
satisfy (4.3). Hence ®, ¥ satisfy the admissible compatibility condition. O

4.2. Existence results for nonlocal fractional BVPs. Bearing in mind
Section 4.1, we work with the boundary conditions
O(x)=0, U(x)=0, PeBy, Veb, (4.4)
and
() +MA(z) =0, z(n) + A2(z) =0, 0<E<n<T, Ajy,Ar€C. (4.5)

Lemmas 4.3 and 4.5 show that the functionals ®, ¥ in (4.4) and the function-
als (&) + A1(z), z(n) + A2(z) in (4.5) satisfy the admissible compatibility
condition. We discuss the solvability of problems (1.2), (4.4) and (1.2), (4.5)
by the existence principle (Theorem 3.1).

Theorem 4.6. Let (3.1) hold. Suppose that the estimate

[f(t,2,y,2)] < p(O)p(l2l, [yl |2])
for a.e. t €10,T) and all (x,y,z) € R (4.6)

is fulfilled, where p € L[0,T] and p € C(R3.) are nonnegative, p is nonde-
creasing in all its arguments and

lim p(u, u,u)

U—00 u

Then problems (1.2), (4.4) and (1.2), (4.5) are solvable.

=0. (4.7)

Proof. By Theorem 3.1, we have to prove that there exists a positive con-
stant S such that

] <8, [l'] < S (4.8)
for each A € [0,1] and each solution z of the problems

(DYz)(t) = A (t, 2 (1), 2'(1), (D"x)(1)), (44), (4.9)
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and

(D)(t) = Af(t, x(t), 2'(t), (D")(t)), (4.5). (4.10)
We start with problem (4.9). Let € C1[0, 7] be a solution of (4.9). Since
® € By and ¥ € By, there exists a positive constant K such that (cf.
Remark 4.1) |z(&)| < K, |2'(&§1)] < K for some &y, &1 € [0, T]. Furthermore,
by Lemma 2.5, “D*z € C[0,T] and

¢
el < gy [ as] < Vi
0
where V = % From the equality x(t) = z(&) + fg s)ds we get
lz]| < K + T||2']- (4.11)

From estimate (4.6) it follows now that
[f (8 (t), 2" (1), (D*z)(1)] < p(O)p(K + Tl'[|, [|°[, VII2'll)  (4.12)

for a.e. t € [0,T]. Since x is a solution of the equation in (4.9), we have (cf.
(3.2) and Lemma 2.1)

20 = g [0 2 (). (9. (D)) ds 4 (419
0

for t € [0,T7,
where b € R. From |2/(£1)] < K, we obtain
&1

/ (& — )2 f (s, 2(5), 2 (s), (D"z)(s)) ds|.
0
By Lemma 2.6 (with nn = p,ta =t and ¢; = 0),

t Tla-2p+1 \ »
_ a—2 < —
Ji—oroeras< (Gg 1) ol =
0

We conclude from the last inequality and from (4.12), (4.13) and (4.14) that

bl < K+ (4.14)

MNa-1)

2w
'] < mp(KJrTllw'II, "I, VIi2"ll) + K. (4.15)

In view of (4.7), there is a positive constant S such that the inequality

2W (

T(a—1)7

is fulfilled for all v > S;. Hence (4.15) yields ||2’|| < Si, and hence ||z| <

K+ TS, by (4.11). Put S = max{Sy, K +T5;}. Then (4.8) holds for each
A € [0,1] and each solution = of problem (4.9).

We proceed now to discussing problem (4.10). Let x be a solution
0f(4.10). Due to Aj,As € C there is L > 0 such that |[A;(z)] < L and

K+Tv,u,Vv)+ K <wv
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|A1(x)| < L for € C'0,T]. Therefore |z(£)] < L and |z(n)] < L. It
follows from z(€) —x(n) = /(1) (n — §), where 7 € (§,n) that |2/(7)| < %
We have proved that for each A € [0, 1] and any solution z of problem (4.10)
there exists 7 = 7(\,z) € (§,n) such that |z(§)| < L and |2/(7)] < f—f‘g_
Essentially the same reasoning as in the first part of the proof (with K >

max {L, f—f&}) yields that there is a positive constant S such that (4.8)
holds for each A € [0,1] and each solution z of problem (4.10). O

Example 4.7. Let v; € L90,7] (i = 0,1,2,3), h € C([0,7] x R?) be
bounded and g; € C'(R), lim,— + o0 2 _ g (j = 1,2,3). Then the function

itz y,2) = Ot z,y,2) + 71(H)g1(2) +72(t)g2(y) +12(t)g3(2)
satisfies the conditions of Theorem 4.6 with p(t) = Z?:o |vi(t)] and

3
p(u, Uz, ug) = Zmax{\gj(sﬂ sl < uj} + K for (u1,us,us) € RY,
=1

where K = sup{|h(t,z,y,2)| : (t,2z,y,2) € [0,T] x R*}. Hence Theorem 4.6
can be applied to problems (1.2), (4.4) and (1.2), (4.5).

In particular, equation (1.2) has solutions u; and ug, where uy satisfies
the boundary conditions

min{u(t) : t € [0,T]} = A, max{u/(t):t€[0,T]} =B, A,BeR,

and uy satisfies the boundary conditions
T
(@) = arctan(u] ~ ) + A ()= [sin(u () dt+ B, ABER,
0

where 0 < ¢ <n < 1.
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