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Abstract. For the systems of singular functional differential equations the
unimprovable sufficient conditions of solvability of the Cauchy—Nicoletti
problem are established.
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Let —co < a < b < +o0,

I = [a,b], tiel, I ZI\{tl} (Z: 17...,’[’1,).

In the interval I we consider a system of functional differential equations

d.’]?i t .
dzf) = fix1,...,zn)(t) (i=1,...,n) (1)
with the boundary conditions
Jii(ti)zo (i=1,...,n). (2)

Here every f; is the operator acting from the space of continuous on I n-
dimensional vector functions to the space of functions, Lebesgue integrable
on every closed interval contained in I;. We are, in the main, interested in
a singular case, in which there exist i € {1,...,n} and continuous functions
xp: I — R (k=1,...,n), such that

b
/ | filz1, .. @n)(t)] dt = +o0.

(2) are called the boundary conditions of Cauchy—Nicoletti. In the case,
where t; = --- = t,,, these conditions represent the initial, i.e. the Cauchy
conditions.
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I. Kiguradze [4]-[8] has developed technique for a priori estimates of
solutions of one-sided differential inequalities allowing one to investigate the
Cauchy and Cauchy—Nicoletti problems for a singular differential system

dxc;t(t) = fOi(tvxl(t)v“')xN(t)) (i=1...,n) ®)

which is a particular case of system (1). The singular problem (3),(2) is
investigated also in [19].

I. Kiguradze and Z. Sokhadze [12], [13], [21] have found the sufficient
conditions of local and global solvability of the Cauchy problem for evolu-
tion singular functional differential systems of type (1) and proved Kneser
type theorem on the structure of a set of solutions of the above-mentioned
problem [14].

Optimal sufficient conditions of solvability of two-point problems of Cau-
chy—Nicoletti type for singular differential equations of second and higher
orders and for linear singular differential systems can be found in [1]-[3],
[9], [11], [15]-[18], [20].

In the case, where f; (i = 1,...,n) are not evolution operators, for the
singular functional differential system (1) not only the Cauchy—Nicoletti
problem, but also the Cauchy problem remain little studied. Just that very
case our work is devored to.

Throughout the paper, we adopt the following notation:

R =]—o00,+00[, Ry =[0,400][.

R" is n-dimensional real Euclidean space.

x = (7;)j2; and X = (k)7 -, are the n-dimensional column vector and
n X n-matrix with elements x; and z;, e R (i =1,...,n).

r(X) is the spectral radius of the matrix X.

C(I;R™) is the Banach space of the m-dimensional continuous vector
functions x = (z;)_; : I — R™ with the norm

zllc = maX{zn: lzi(t)] : t € I}.

L(I;R) is the Banach space of the Lebesgue integrable functions y : I —
R with the norm

b
lollz = / ly(s)] ds.

Lioe(I;;R) is the space of functions y : I; — R, Lebesgue integrable on
every closed interval contained in I;.

Kioe(I x R™;R) is the set of functions g : I x R™ — R satisfying the
local Carathéodory conditions, i.e., such that g(-,z1,...,2,) : I — R is
measurable for any (zx)j, € R™, g(¢,-,...,:) : R™ — R, continuous almost
for all t € I and

g, € L(I;R) for pe Ry,
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where
gp(t) = max {|g(t o1, mn)| D lanl <} (4)
k=1

Kioc(I; x R™;R) is the set of functions g : I; x R™ — R, such that
g(-,z1,...,zy) : I — R is measurable for any (x)7, € R™, g(t,,...,"):
R™ — R, continuous for almost all ¢ € I and

g, € Lioc(Ii;R) for p e Ry,
where g7 is the function defined by the equality (4).

Kioe(C(I;R™); L(I;R)) is the set of continuous operators f : C(I;R™) —

L(I;R), such that
g, € L(I;R) for pe Ry,

where
g(t) = sup{|f(x1,---,$n)(t)| : Z ||xk||c < p}.
k=1

Kioc(C(I;R™); Lige(I;;R)) is the set of operators f : C(I;R") —
Lioe(I;; R), such that

f € Kioe(C(I; R™); Lioe(J; R))

for an arbitrary closed interval J contained in I;.
We investigate the problem (1), (2) in the case, where

fi € Kioe(C(I;R™); Lioe(Ii;R)) (i =1,...,n). (5)

A vector function (xy)p_, : I — R™ with absolutely continuous compo-
nents x : I — R (k=1,...,n) is said to be a solution of the system (1) if
it satisfies this system almost everywhere on I. The solution of the system
(1), satisfying the boundary conditions (2), is said to be a solution of the
problem (1), (2).

For an arbitrary § > 0, we put

0 for telt;—0,t;+0
X.(t,6) = [ |
1 for t & [t; —d,t; + 0]
and along with (1) consider the functional differential system
t

dm;t( ) ) i a)(E) (=1, i) (6)

depending on the parameters A €]0, 1] and § > 0.
The following propositions hold.

Theorem 1 (Principle of a Priori Boundedness). Let the condition (5)
be fulfilled and there exist a positive number dy and continuous functions
pi: I =Ry (i=1,...,n), such that

pi(ti):O (i=17...,n)
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and for arbitrary § €10, 5[ and A €]0,1] every solution (x;)?_, of the prob-
lem (6), (2) admits the estimates

|z ()] < pi(t) for a<t<b (i=1,...,n).
Then the problem (1), (2) has at least one solution.

Theorem 2. Let the condition (5) be fulfilled and there exist nonnegative
operators

Di € Kioc(C(I;R™); Lioe(I;R)) (i=1,...,n),

nonnegative numbers hi., h; (i,k = 1,...,n) and nonnegative functions
gix € L(I;R), ¢; € L(I;R) (i,k = 1,...,n), such that for any (xx)p_, €
C(I;R™), almost everywhere on I the inequalities

fil@e, ... @) (t) sgn ((t — ti)zi(t)) <

< piCar, @) O = 2O+ Y hllanlo + b))+
k=1

+ Zqik(t)ua?knc +q(t) i=1,...,n)
k=1

hold. If, moreover, the matriz H = (hix+|\qik||L)} 1=, satisfies the condition
r(H) <1, (7)
then the problem (1), (2) has at least one solution.

For regular systems (1) and (3), the results analogous to Theorem 2 are
contained in [10] and [22].

An important particular case (1) is the differential system with deviating
arguments

Pl _ gt @) anlm®) ) (=Lom) (®)
where
Gi € Kioe(Ii x R R) (i=1,...,n), (9)
and 7, : I — I (i=1,...,n) are measurable functions.
If

fi(xl,...7mn)(t)Egi(hml(ﬁ(t)),...,xn(Tn(t))7xi(t)> G=1,...,n),

then the condition (9) ensures the fulfilment of the condition (5). Thus from
Theorem 2 we arrive at the following proposition.

Corollary 1. Let the condition (9) be fulfilled and there exist nonnegative
numbers hi,, h; (i,k = 1,...,n) and nonnegative functions q;, € L(I;R),
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qi € L(I;R), goi € Kioe(I x R"™™R) (i,k = 1,...,n), such that for every
i€ {l,...,n} the inequality

gi(tsy1, -5 Ynr1) sgn (= ti)yns1) <

<90i(ts Y153 Ynt1) (— [Yn+1] +Zhik |y +hi) +ZQik(t> lye|+aq:(t) (10)
k=1 k=1

holds on the set I; x R™. If, moreover, the matriz H = (hi + [|qir||L)} =1
satisfies the condition (7), then the problem (8), (2) has at least one solution.

Example 1. Let

fi i =1t; —

,ui:rnax{tifa,bfti}, T = “ or H CL’ (11)
b for u;=t;—>b

hir =0 for k <i, hgy >0 for k> 1. (12)

Consider the differential system

dl‘i(t) . 1+ |{E2(TZ)| «
e i

+thx1€(n)+2) sgn(t—t;) (i=1,...,n).  (13)
k=1

" ( ()

[t — i

Clearly, for every i € {1,...,n} the function

1+ |y :
gi(t,yh...,ynﬂ) |yz| (_ HilYn+1

+ hik|yg| + 2) sgn(t —t;)
i |t — il ;
on I; x R"*! satisfies the inequality (10), where

1+ [yi
Hi

Moreover, taking into account (12), we have

9oi(t, Y1y -y Yny1) = , hy =2,

n

H = (hir + H%’k”L)Lk:l = (hir)ik=1, r(H)=max{hi1,...,hnn}. (14)

If the inequality (7) is fulfilled, then according to Corollary 1, the problem
(13), (2) has at least one solution. Consider now the case, where inequality
(7) is violated. Then in view of (14), there exists i € {1,...,n}, such that

r(H) = hy > 1. (15)

Assume that the problem (13), (2) has in this case a solution (zx)}_,, as
well. Then

1+ |zi(r)] -
z;(t) = —————— (2 + hiplze ()| )|t —t;| for a <t <b.
0= G oy (4 2 halntr) e =
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Taking into account (11), (12) and (15), the above equality results in

L+ |@i(7:)]

ilm) =57 |2:(72)]

(24 3 hanla(m)l) = 1+ Jai(ri)].
k=1

The obtained contradiction proves that the problem (13), (2) is solvable iff
the inequality (7) is fulfilled. Consequently, the condition (7) in Theorem 2
and in Corollary 1 is optimal and it cannot be replaced by the condition

r(H) <1.
Example 2. Consider the differential system

dz;i(t)
dt

=~ o (1= 674 S bon(n )] + b)) st = )]0+
k=1
+91i (t7x1(7—1(t))7-"7wn(7_n(t))7xi(t))7 (]‘6)

where 7, : I — I (k=1,...,n) are measurable functions, and g1, € Kjoe(I X
R™R) (i =1,...,n) are the functions satisfying the inequality

n n+1
Z ’gli(tayh LRI 7yn+1)’ S (exp <Z ‘yk|>7
i=1 k=1
where [ = const > 0. Then for any ¢ € {1,...,n}, the function
gi(t7y17 s 7yn+1) =
n+1
=- [exp (|t — |t + Z |yk|> sgn(t — tz):| Ynt1 + 91 (L Y1, -y Ynt1)
k=1

on the set I; x R™ admits the estimate (10), where

n+1

9oi(t, Y1, -+, Ynt1) = exp (Z \yk|>7 hik =0, h; =,
k=1

gix(t) =0, ¢;(t)=0 (i=1,...,n).

Moreover, H = (hi + [|qix||1)]'s=; is a zero matrix, and hence r(H) =
0. Thus according to Corollary 1, it follows that the problem (16), (2) is
solvable. On the other hand, it is evident that the system (16) in the case
under consideration is superlinear, and the order of singularity for every
function g;(-,y1,...,yn) : I — R at the point ¢; is equal to infinity, or more
exactly, for an arbitrary natural m we have

b
/ [t —t:| ™ |gi(t,y1, - - Yng1)| dt = +o0

a

if only yn41 # 0.
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