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Short Communications

MALKHAZ ASHORDIA

ON THE FREDHOLM PROPERTY FOR GENERAL
LINEAR BOUNDARY VALUE PROBLEMS FOR
IMPULSIVE SYSTEMS WITH SINGULARITIES

Dedicated to the blessed memory of Professor T. Chanturia

Abstract. A general linear singular boundary value problem

dx; .
= P msi g (i=1,2),

Zi(Te+) — zi(m—) = Gi(k) - z3—s () + hi(k) (1 =1,2; k=1,2,...);
li(:cl,xg) = C; (Z = 1,2)

is considered, where P; € Lioc(Ja,b[,R™*™3~4) q; € Lioc(Ja, b[,R™), G, :
{1,2,...} = R™>*"~i h;:{1,2,...} — R" ¢, € R™, and [; is a linear
bounded operator (i = 1,2).

The singularity is understood in the sense that P; & L([a, b], R™*"8-1),
q; & L([a,b],R™) or kZl (IGi(B)]| + Ik (k)|l) = +oo for some i, j € {1,2}.

The conditions are established under which this problem is uniquely solv-
able if and only if the corresponding homogeneous boundary value problem
has only the trivial solution.

Analogous problems for similar impulsive systems with small parameters
are also considered.
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dz; )
;t = Pi(t) - x5 + qi(t) (i=1,2),

i(tet) — xi(me—) = Gi(k) - x3—i(1) + hi(k) (i=1,2; k=1,2,...);
li(ry,20) = ¢; (i=1,2),

LO(QQG PZ S Lloc(]a7b[,R7H><n37i)a q; € LlOCGaabLRni)? Gl
{1,2, .. } — R™iXMs—i po: {1,2, .. } — R™, ¢; € R™, beane l;
(i=1,2) Fog030 I9dmbobmrGmmo @3g@omeo0o.
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1. STATEMENT OF THE PROBLEM AND BASIC NOTATION

Let n; and ny be natural numbers; —co < a <b < 400, a <1 < Ty <
---<band lim 1 =b.
k—oo
On the interval |a, b] we consider the linear system of impulsive systems
with singularities

d;i =PFi(t) x5 +qi(t) (i=1,2), (1)

I'Z(Tk+) — l‘i(ka) = Gi(k) . 1‘3_1'(7']@) + hl(k) (Z = 1,2, k= 1,2,. . ) (2)

under the following two-point boundary value conditions:
li(z1,22) =¢; (i=1,2), (3)
where P; € Lio(Ja,b[; R *"=i), q; € Lipe(]a,b[;R™), G; : {1,2,...} —
RPiXns—i f: {1,2,...} = R%, ¢; € R™ (i = 1,2), [; : BV([a1, b1, R™) x
BV ([ag, b2],R™) — R™ (i = 1,2) are linear bounded operators and [a;, b;]
(i = 1,2) are some closed intervals from [a, b].
In the case, where P; (i = 1,2) and ¢; (¢ = 1,2) are the integrable
on [a,b] matrix- and vector-functions and Y (||Gi(k)|| + [|hi(k)|]) < oo
k=1

(1t =1,2), in [1,5,11,12], the conditions are established for as wether the
problem (1), (2); (3) is Fredholm, i.e., the conditions under which the prob-
lem (1), (2);(3) is uniquely solvable if and only if the corresponding homo-
geneous system

d.’EZ' .
7 =Pi(t) x3—; (i=1,2), (1o)

Jii(Tk—F) — l‘i(Tk—) = Gz(k) . 173_2‘(7']6) (Z =1,2; k= 1,2,.. ) (20)

under the conditions
li(xl,.’lﬁg) =0 (Z = 1,2) (30)
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has only trivial solutions. In the case, where the system (1), (2) has singu-
larities at the points a and b, i.e.,

b o0
/ IR0 i+ S |Gk | = oo,
a k=1

b o0
Jlastoae+ 3 s = +c
a k=1

for some 4,7 € {1,2}, the question as to wether the problem (1), (2);(3) is
Fredholm remains open. The present paper fills in this gap.

The results obtained in the paper are improved for the case, where the
boundary condition (3) has the form

m
Z [Brinz1(tiin) + Boinwa(toin)] = ¢ (i =1,2), (4)
k=1

where Bj;;, € R™i X"y tjik €R (Z,j =1,2,k=1,.. .,m).

The impulsive system (1), (2) is a particular case of the so-called gen-
eralized ordinary differential system (see, e.g., [1-5,10,11] and the refer-
ences therein). The analogous questions and some singular boundary value
problems are investigated in [2], [3] for the generalized ordinary differential
systems, and in [6,8,9] for ordinary differential systems.

In the present paper, on the basis of the results presented in [2, 3], we
obtain tests for the Fredholm property for the above impulsive problem.
Similar tests are obtained for every of the two linear singular impulsive
systems with a small parameter € > 0,

dx;it) = P(t) -z () + qilt) (i=1,2), (5.)
xz(Tk‘i‘) - xi(Tk—) =
=G (k) - as_i(me) + hi(k) (i=1,2; k=1,2,...) (6.)
and
dl;;ft) =27 P(t) - ws_i(t) + qilt) (i=1,2), (7.)
xl(Tk+) — xi(Tk—) =
=¥ 'Gi(k) - x3_i(m) + hi(k) (i=1,2; k=1,2,...) (82)

under the condition (3).

Throughout the paper, the use will be made of the following notation
and definitions.

N={1,2,...},R=]—00,+o0[, Ry =0, +00]; [a,b] and ]a, b[ (a, b € R)
are, respectively, the closed and open intervals.

I is an arbitrary closed or open interval from R.
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R™™ is the space of all real n x m matrices X = (z;;);jZ, with the
norm

.....

RP™ = {(mw)zjzl cxy; >006=1,...,n; j= 1,...,m)}.

Opnxm (or O) is the zero n x m matrix.

If X = (z5);2, € R™™, then [X| = (|l245]); 72

R™ = R™*! is the space of all real column n-vectors z = (z;)/_; R} =
Rnxl

g

If X € R™" then X!, det X and r(X) are, respectively, the inverse
to X matrix, the determinant of X and the spectral radius of X; I, is the
identity n x n-matrix.

A matrix-function is said to be continuous, integrable, nondecreasing,
etc., if each of its components is such.

b
If X : [a,b] - R™™ is a matrix-function, then V(X) is the sum of

total variations on [a,b] of its components z;; (i =1,...,n; j =1,...,m);
n,m t
V(X)) = (V(xij)(8); i1, where V(zij)(a) = 0, V(xi;)(t) = V(zi;) for

a <t<b; X(t—) and X (t+) are, respectively, the left and the right limits
of X at the point ¢t (X(a—) = X(a), X(b+) = X(b)).
di X (t) = X(t) — X(t—), d2 X (1) = X(t+) — X(¢).
BV ([a, b], R™"*™) is the set of all bounded variation matrix-functions X :
b
[a,b] — R™™ (i.e., such that V(X) < 00).
BVioe(I; R™*™) is the set of all matrix-functions X : I — R™ ™ such
b
that V(X) < +oo for a, b € .

L([a,b]; R™*™) is the set of all matrix-functions X : [a,b] — R™*™,
measurable and integrable in the Lebesgue sense on the closed interval [a, b].

Lioe(I; R™*™) is the set of all matrix-functions X : [—R"*™ whose res-
trictions to an arbitrary closed interval [a, b] from I belong to L([a, b]; R™*™).

6([a,b],Rnxm) is the set of all absolutely continuous matrix-functions
X : [a,b] — R™*™,

éloc(]l, R™*™) is the set of all matrix-functions X : [—R"*™ whose res-
trictions to an arbitrary closed interval [a, b] from I belong to C ([a, b], R"*™).

Cloe(I\ {152, R™*™) is the set of all matrix-functions X : T — R™*™
whose restrictions to an arbitrary closed interval [, b] from I\ {74} ; belong
to C([a, b], R™*™),

If X € Lige(Ja,b[;R™), G : N — R Y € Lio(Ja, b[; R™™) and
Q : N — R™"™ then

t

Fi(X, G Y, Q)(s,1) = / JACX, G)(7) - (A(Y, Q)(t) — A(Y, Q)(r))

S



and
Fo( X,G;Y,Q)(s,1) = F1(X,G;Y,Q)(t, s) for s, t €la,b],

where

/Y(T)dT+ > Q(k) for c<t<b,

AY,Q)(t) = 9
( o /Y dr — ZQ for a <t <ec, )

t<tp<c

Onxm for t =c¢,

and ¢ = (a4 71)/2.
Using the formulae of integration-by-parts, formula 1.4.33 and Lemma
1.4.23 from [10], it is not difficult to verify that

Fi1(X, G Y, Q)(s,t) = //X(r)dr Y (r)dr+

t - .
+ Z <G(k)7k/Y(T) dT+!X(T)dT~Q(k)+§G(Z).Q(k)) (10)

for a<s<t<b.

Moreover, we introduce the operator

Fo(X,G;Y,Q)(s,t) =
/</X dr+s<;<T > (/X dr+T§<t > ) dr+

+S<Z<t</X dr+s<;T )(/X dr+ZG> (11)

Te<TI <t
for a<s<t<b.

Under a solution of the impulsive system (1), (2) we understand a contin-
uous from the left vector-function (z;)2,, x; € Cloc(la, bI\{m}2, R™) N
BVioc(Ja, b[,R™) (i = 1,2), satisfying both the system

B Ptss(t) +ault) forne. telab\m, (12
and the relation (2) for every k € {1,2,...}. If the component z; has a right
(respectively, left) limit at the point a (respectively, at the point b), then
this limit is assumed to be equal to z;(a) (respectively, to x;(b)). Thus z;
is assumed to be continues at this point.

A solution of the impulsive system (1),(2) is said to be a solution of
the problem (1), (2); (3) if there exist one-sided limits x;(a;+) and x;(b;—)
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(i = 1,2) and the function z = (z;)2_; defined at the endpoints of the closed
intervals [a;, b;] (i = 1,2) by the continuity, satisfy the relation (3).
Consider now the general linear impulsive system

dt

=Pi(t) - 21(t) + Pio(t) - 22(t) + i (¢) (1 =1,2), (13)
zi(Trt) — zi(Th—) =
= G (k) - 21(m0) + Gig(k) - 22(me) + ha(k) (1=1,2; k=1,2,..), (14)

for the boundary value problem

li(Z1,22) =C; (Z = 1,2), (15)

where Py; € Lioc(Ja, b[; R"*™), g € Lioc(la,b[;R™), Gi; : N — Rm>%,
hi : N — R" and [; is the linear bounded operator (i = 1 2)
For the general system (13), (14), we assume that

det(Ip + Ga(mi)) 20 (i=1,2 k=1,2,...).

Under this condition, there exists the fundamental matrix Y; of the ho-
mogeneous system

dy;(t)
dt

= Pu(t) - yi(t) + Pia(t) - y2(t) (i=1,2),
Yi(Tet) — yi(me—) =
:Gil(k:)'yl(Tk)"'GiQ(k')'yQ(Tk) (i:1,2; k=1,2,...),

satisfying the condition Y;(c) = I, for every i € {1,2} (see, for example,
10]).

Then it is not difficult to verify that the substitution z;(¢t) = Y;(¢)x;(¢)
(¢ = 1,2) reduces the problem (13),(14);(15) to the problem (1), (2);(3),
where

Pi(t) =Y, () Pia—i(t)Ys—i(t), a:(t) =Y, ()@(1) (i =1,2);
Gi(k) =Y (1) (In, + Gii(K)) " Giz—i(k)Ya—i(mx) (i =1,2),
hl(k) EY; 1(7—/6)(111& +Gu(k)) ( ) (Z = 172)

and
li(z1,z0) = L;(Yiar, Yazs) (1=1,2).

2. STATEMENT OF THE MAIN RESULTS

Theorem 1. Let ag €a,b] and by € lag,b[, and let

l; : BV([a,b],R™) x BV([ag, bo],R™"?) — R™ (i =1,2)

be linear bounded operators. (16)
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In addition, suppose that

b oo
/(||P1(t)|\ +la®l) dt+ > (IG R + [h1(R)]]) < +oe, (17)

k=1
1Fo([Pr], |G s | Pal, [ Gal) (at, b=) || < 400, (18)
IFo(1P1], [Gal; lgzl, [hal)(at; b=) ]| < 400 (19)

Then the problem (1), (2);(3) is the Fredholm one, i.e., it is uniquely solvable
if and only if the corresponding homogeneous problem (1p), (20);(30) has
only a trivial solution.

Theorem 2. Let by €a,b] and ag €la,by[ and let

l; : BV([a, bo], R™) x BV([ag, b, R") — R™ (i = 1,2)

be linear bounded operators. (20)

In addition, suppose that

ao

/(IIPl(t)II+||q1(t)||)dt+ Y- (IGi®)] + (k)] < +oo,

a<lT<ag

‘. (21)
/(|\P2(t)||+||q2(t)|\)dt+ > (IG2(k)] + [[h2(k)]) < +oo;

ag<TRp<b
| 7P 1G L Pl G ) ot o)1+
HIF (P, G o], hz) (@ ao) | < 0, (22)
| F2(1Pal,1Gals P, |G ) a0, =)

HIF2(Pel, Gals [ ) a0, b-)|| < 0. (23)

Then the assertion of Theorem 1 is valid.

Corollary 1. Let either t1;, € [a,b], tair €]a,b] (i =1,2; k=1,...,m)
and the conditions (17)—~(19) be satisfied, or ti;; € [a,b], tai €]a,b] (i =
1,2; k=1,...,m) and the conditions (21)—(23) be satisfied for some ag €
la,b[. Then for the unique solvability of the problem (1), (2);(4) it is neces-
sary and sufficient that the system (1), (2) under the homogeneous boundary
condition

Z [Brie®1(t1ir) + Baira(tair)] =0 (i =1,2) (4o)
k=1

has only a trivial solution.
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Corollary 2. Let P; € L([a,b]; R"*™3-1) ¢; € L([a, b]; R™) and
(IG: (R + [[ha(R)) < +o0 (i=1,2).
k=1

Let, moreover, either the condition (17) or the condition (21) be fulfilled
for, respectively, some ag €)a,b[ and by €|ag, b or for some by €la,b| and
ag €la,bo[. Then the problem (1), (2);(3) is the Fredholm one.

Theorem 3. Let the conditions (16)—(19) hold for some ag €]a, b and
by € lap,b[. Let, moreover, A # 0, where A is the determinant of the system
li(c1 + A(P1,Gr)ca,c2) =0 (i = 1,2), and the matria-function is defined by
(1.9). Then there exists a positive number g, independent of P;, G;, q;, h;
and ¢; (i = 1,2), such that the problem (5:), (6:);(3) has one and only one
solution for each e € [0, gg].

Theorem 4. Let the conditions (20)—(23) hold for some by €]a,b] and
ap €la,bo[. Let, moreover, Ag # 0, where A is the determinant of the
system l;(c1,co) =0 (i = 1,2). Then there exists a positive number eq inde-
pendent of P;, Gy, qi, h; and ¢; (i = 1,2) such that the problem (7.), (8:);(3)

has one and only one solution for each € € [0,&¢].

Finally, it should be noted that the vector-function x = (z;)?_,, with
components x; € éloc(]a,b[\{Tk},;“;l,R?) N BV([a,b];R?), is a solution of
the impulsive system (1), (2) if and only if it is a solution of the generalized
ordinary differential system

dl‘i(t) = dAl(t) . 33‘3_1‘(1‘5) + dfl(t) (’L =1, 2),

where A;(t) = A(P;,G;)(t) and f;(t) = A(g, h)(t) (i = 1,2), and the
matrix- and vector-functions A(P;, G;) (i = 1,2) and A(g;, h;) (i = 1,2) are
defined by (9).
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