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Abstract. Asymptotic model of a shell (Koiter, Sanchez-Palencia, Cia-
rlet etc.) is revised based on the calculus of tangent Gunter’s derivatives,
developed in the recent papers of the author with D. Mitrea and M. Mitrea
[12]-[14], [16]. As a result the 2-dimensional shell equation on a middle
surface % is written in terms of Gunter’s derivatives, unit normal vector
field and the Lamé constant, which coincides with the Lamé equation on
the hypersurface ., investigated in [12]-[14], [16].
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INTRODUCTION

The purpose of the present investigation is to develop a proper mathemat-
ical tools for a two-dimensional theory of shells. There exist a number of ap-
proaches proposed for modeling linearly elastic shells. Started by the Cosser-
ats pioneering work (1909), Goldenveiser (1961), Naghdi (1963), Vekua
(1965), Novozhilov (1970), Koiter (1970) and many others contributed the
development of the shell theories. Ellipticity of the corresponding partial dif-
ferential equations was proved later by Roug’e (1969) for cylindrical shells,
by Coutris (1973) for the shell model proposed by Naghdi, Gordeziani (1974)
for the shell model proposed by Vekua, Shoikhet (1974) for the shell model
proposed by Novozhilov, Ciarlet & Miara for the model proposed by Koiter
(cf. [1]-[4], [10], [28]-[30] for surveys and further references).

Shell configuration consists of all points in the distance less or equal &
from a middle surface . given by a local immersion

O:w— 9 wcR"L (1)

In particular,

0 = {ggt ER": 2, = 2 +tw(2) = O(x) + w(O(x)),

x€w,f€<t<€}, (2)
where v(2) = v(O(y)) for 2 = O(y) € 7, is the outer unit normal vector
3 .
field. We look for the displacement vector field U = ) Uje’, represented
j=1

in the natural basis e! = (1,0,0)", €2 = (0,1,0)T, e® = (0,0,1)" of the
ambient Euclidean space R3. The approach applies the Gunter’s tangential
derivatives (cf. [17], [20], [11])

D :=0; —vj(2)0, =0y, & =mye’, j=1,2,3. (3)
where 9, := ) v;0; denotes the normal derivative and
j=1
Ty R — T, 7oU:=U- (U, tc.¥ (4)

defines the canonical orthogonal projection onto the space of tangential
vector fields T. to the hypersurface. @jy = T 9; denotes the covariant
Gunter’s derivatives.

The following form of the deformation (strain) tensor of the hypersurface
. was identified in [16]

Def o (U) = [D;1(U)] 4,4 U= En: Ud’ € T, (5)

Jj=1

9,,(U) == [(Z7U)) + (27 U)9], j. k=123,

|~
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where (prU)g = (93‘7U,ek>. It coincides with the linearized change of
metric tensor on the surface .7 (see Theorem 5.5 below).

Considering the thickness as a “small” parameter, we apply a standard
asymptotic analysis (see [1], [5], [18], [31], [32]) and derive two dimensional
equation of a shell. The unknown is the displacement vector field

3
U(z,t)=> Uz, t)e) = U(z, t)d () + U (2, t)ds(2),

d(2) =v(z), Udx,t):=U(2,t),v(z)), (1) e

._.

.
I

=

of the elastic media ¢, written on the local variables 2 € ./, —e <t < e.
We start from the linearized equation in the variational form, governing the
deformation of the shell

/é”jklm*ngm(UE)Djk(VE)d% =

Qs
:/(FE,VE)dﬁ,VJr / (H*,V?) do, (6)
Qs FeUe

U®, Ve e WHQE,T) == {X e W'(Q°): X(2)=00nTf}.

Here D;,(X) = %(@Xk + 0, X,) are the components of classical defor-
mation tensor, . = . x {*e} are the upper and lower surfaces of
the domain Q° and I'§ := T'g x (—¢,¢) is the part of the lateral surface
I :=Tx(—¢,e), g C =90, mesTy # 0. The corresponding elasticity
tensor £° := [£IMm<] Axaxaxq 8 the standard one for an isotropic case (see
(108)) and only depend on a couple of Lamé constants A° and p°:

Liklm.e _ N80 + pi° [5jz5km + 5jm5’fl]' (™)

F*® and H*® are the volume and surface forces applied to the shell.

After the standard scaling QF 3 (2,t) — (2,et) € Q' = & x (-1,1),
the following is assumed: the scaled forces and the scaled displacement
vector field have the following asymptotic expansions:

F(e)(2,t) = E%F—Q(%,t) + é F_i(2,t)+ Fo(2,t)+
+ EFl(Qf,t) + ﬁ(az)’
H(e)(, 1) = - H_y(#,%1) + Ho(, +1) 0

+eHy(2,4+1) + O(£%),
Ule)(2,t) =U2,t) +eUNa t)+---, (2,t)eQl, U #£0

where F o, F 1, Fy,....,. H 1, Hy,Hq,...and U°,U',...are independent
of e. The asymptotic analysis, performed similar to that in [1], [5], [18], [31],
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[32], leads to the following results:
F s(2,t)=F_1(2,t)=H_1(2,£1) =
=Hy(z,+1) =0, Y(2,t)cQ (9)
U'(2,t)=U"%2), U eW!'(S,Ty) :={XeW'(¥): X(2)=00nTo}

and the principal component U in the asymptotic expansion of the dis-
placement vector field (cf. (8)) satisfies the variational equation

/Gﬂklm@ U%)D (X )da-/(Po,X)dU, (10)

7,k l,m= 1% X%
where UY, X € W'(.,Ty) and
. _ £ikad gidim
klm __ klm —
A
010 2010516 0im0
)\+2 ikOim + ,U[ i10km + Ojm kl]a (11)

Py(2) ::%/FO(%,t) dt + % [Hi(2,-1)+ Hy(2,1)].

The obtained two dimensional equation for a shell coincides with the
Léame equation and operates with the deformation tensor of .. It is re-
markable that equation (9) has a unique solution U° € W'(.#,T) for
arbitrary resultant force Py € Ly(#) (see Theorem 7.2 below). Moreover,
if we assume the resultant forces are vanishing

1

Py(#) = %/Fj(%,t) dt+% [
2

Hj(2z,-1)+Hjn(z, 1)] =0 (12)
for j = 0,1,...,q9 — 1, the entries of the asymptotic expansion of the dis-
placement vector field in (8) vanish U’ (2,t) =0 for j =0,1,...,¢— 1, the
next component is independent of the transverse variable U?(x,t) = U‘(x)
end is a solution to the variational problem, similar to (10):

Z / &MY, (UN)D,(X) dor — /(Pq,X>da, (13)

7,k,l,m= 15/ %
U, X ¢ WH(.7,Ty).

The most significant is that the presented approach seems to be universal:
If the “thickness” of a shell and the ratio d=(thickness of a shell=¢)/(
minimal mean curvature of the middle surface of a shell) are related by
the formulae d = ¢°, shells are usually divided in “membrane” s < 2,
“Novozhilov’s” s = 2 and “shallow” s > 2 shell classes (see [10]). This is
not the case in the present approach and the two-dimensional shell equation
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with the displacement vector filed of the middle surface as an unknown is
uniquely solvable in all these cases.

The paper is organize as follows: After auxiliaries from classical differ-
ential geometry, exposed in § 1, in 2 we consider the deformation tensor,
and the related Lamé equation on an elastic hypersurface .. The calculus
is based on the Gunter’s tangential derivatives, developed in [11], [16]. The
calculus turned out to be relevant for the shell problem.

In the next § 3 we describe configuration of a thin shell Q¢ := . x (—¢, ¢)
(see (2)) and study properties of the normal vector field and surface measure
on surfaces .%;, which are equidistant from the middle surface .¥ = ..
These properties are crucial for the derivation of 2D shell equations later. In
§ 4 we rewrite some basic differential operators (the divergence, the gradient
etc.) in curvilinear coordinates (2,t) € Qf, 2 € , t € (—¢,¢) of a
thin shell. We also discuss the representation of vector fields in a full (but
linearly dependent) system of tangent vectors {dj };.Lzl, which represent the

projections of the Cartesian base {ej}?zl to the hypersurface . (see (2)—
(4)).

The most important result in § 5 is the form of deformation tensor and
Lamé operator in the curvilinear coordinates (2,t) € Q°. We also prove
coerciveness of the Lamé operator and show that the deformation tensor is
nothing but the linearized change of the metric tensor on the surface. In § 6
we formulate rigorous variational problem for the 3D shell configuration and
apply the scaling t — et, which changes the integration in the transversal
direction from the small interval (—¢,¢) to the finite interval (—1,1).

Section 7 is the most important in the present paper: By using formal
asymptotic expansion of solutions and applied forces (see (8)) and formal
asymptotic analysis we establish properties of the displacement vector field
(see (9)) and the 2D equation of the shell, written on the middle surface
7 (see (10), (11)). We also prove the unique solvability of the obtained
equation of a shell.

In the concluding § 8 we describe, just for the readers convenience, two
other asymptotic models of a shell, most relevant to the model derived in
this paper: Koiter’s and Sanchez-Palencia—Ciarlet models.

1. AUXILIARIES FROM DIFFERENTIAL GEOMETRY

By a classical approach differential equations on surfaces are written with
the help of covariant and contravariant frames, metric tensors and Christof-
fel symbols. To demonstrate a difference between a classical and the present
approaches, let us consider an example. A surface .7 is given by a local
immersion (1), which means that the derivatives {g; := 3k@}z;11 are lin-
early independent vector fields on the surface . and constitute a covariant
basis in the space of tangential vector fields T.¥ to .. Or, equivalently, the
Gram matrix

Gy(ﬁf) = [gjk(%)]nflxnfh gjk ‘= <gjagk:>7
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which is the covariant metric tensor, has the inverse G;,l(%) =
[67%(2)]n—1xn—1. This inverse G} (2) is known as the contravariant met-
Tic tensor, represents the Gram matrix g/* := (g7, g*) of the contravariant
basis {gk} iy I and the latter is blorthogonal to the covariant basis

(9;,9") =6k, jk=1,....n—1. (14)

The Gram matrix G »(2) is responsible for the Riemannian metric on ..
Here and in what follows

ZUOVO =U°,..., UNTeRrR”, V=(V2,..., V)T eR™,

denotes the scalar product in the Euclidean space R™.

The surface divergence and the surface gradient in classical differential
geometry (i.e., in intrinsic parameters of the surface .#) are defined as
follows:

div 5 U := [det G»] l/zzn:a{dtG it

n—1 n—1 (15)
Vof=> (%010, U=> Ulg,
J,k=1 j=1

(see [33, Ch. 2, § 3]). The intrinsic parameters enable generalization to
arbitrary manifolds, not necessarily immersed in the Euclidean space R™.

An alternative form of these and other operators on a hypersurface %% C
R™ is based on the calculus of Gunter’s derivatives and applies the Cartesian
coordinates of the ambient space R™ with the natural basis

el =(1,0,...,007,...,e" =(0,...,0,1)7. (16)

The calculus itself operates with the field of unit normal vectors to the
hypersurface .%

910 (2) A Ngua (071 (2))
9@~ () A~ Agn 1 (071 (2))]
where UV A - AUMY (or also UM x - x U™V denotes the vector

product of vectors U(l), ceey U™ e R Ifa hypersurface . in R™ is
defined implicitly

v(z):==+ res. (17)

S ={rcw: Vy(2)=0}, (18)

where ¥ : w — R is a C*-smooth, k > 1, or a Lipschitz continuous and
is regular VU (2°) # 0, the outer unit normal vector field coincides with the
normalized gradient of the generating function

VU (2)

v(o):= W ,

x e (19)
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The sign =+ is chosen appropriately to make the vector field v(2°) outer with
respect to the compact domain bordered by .#, provided the surface . has
no boundary. If a surface . is hypograph

S ={o =@ 27, o cw R my = (@)}, (20)

where ® is either C*-smooth, k > 1, or Lipschitz continuous, the outer unit
normal vector is defined by the formula

v(a') = (V‘I’y(”"/)’_l)l, 2 € w. (21)
V14 [V (2)]

The contravariant frame {gk}z;ll (cf. (14)) can also be defined by the
formulae:

1
9" = G- N NG AV NG A A G, (22)
-
(gj,gk> =05, k=1,...,n—1.
The collection of the tangential Ginter’s derivatives are defined as follows
(cf. [17], [20], [22], [11], [16])

@j = 8j — uj(%)a,, = 8dj7 dj = Tryej. (23)
Here 0, := ) v;0; is the standard normal derivative and

j=1
Ty R" — T, 7U:=U-ww'U=U- WU, te.s, (24

denotes the canonical orthogonal projection ﬂip = 7. onto the space T.
of tangential vector fields: (v, 7% V) =0 for all V' € R".
The collection {Z; }?:1 of the first-order derivatives represent directional

derivatives along the tangential vector fields {d; }?:1 to 7.
A tangential vector field U € T.¥ has representations

U=3 0% = U0, (25)
j=1 =1

where the coefficients U, ..., U? are the same. Written with the help of
Gunter’s derivatives, the surface gradient V o U and the surface divergence
div »U from (15) acquire the form

VU :=(AU°...,2,U°)", divoU;=Y 9U! (26)

=1

(cf. [16]), while the derivative of a vector field V along U and the corre-
sponding covariant derivative have the form

ouV =) U7V, (27)

j=1
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A derivative 97 : CY() — C9(#) along a vector field U € C(.%)
is called covariant if it is a linear automorphism of the space of tangential
vector fields

of 1. —T.7. (28)

The covariant derivative of a tangential vector field V = 3 Vjodj e T
j=1
along a tangential vector field U = 3 U ]de € T.¢ is defined by the formula
j=1
GV =mrouV=> UI/V (29)
j=1

(cf. [13], [14]). where the projection 7 is defined in (24) and 9}7 T —
T.7 is the covariant Gunter’s derivative

D7V =159V =9V — (v, 2;V)v, j=1,...,n. (30)

In the classical differential geometry the derivatives of the covariant basis
9;gy,, of the covariant basis 9;g* and of the unit normal vector field are given
by the following formulae

Okg,;(x) = 0,0;0(x Zr ) + bjp(z)v(z), (31)
Zr ) + Vi (z)v(z) Vo e, (32)

—ijkgk:—begk, j=1,...,n—1, (33)
k=1 k=1

where v(z) = v(0(z)), z € Q and I'jj(z) are the Christoffel symbols,
defined by the equalities

(@) =Tk () = (Okg(2), g™ (2))- (34)
The matrices
Bo(x) = [bf(%)](nil)x(nfl) =G (2)Bs(2),
By(x) = [bjk(x)](n_l)x(n_l) =BL(%), 2 €., (35)

compiled of projections of derivatives of the covariant and contravariant
bases on the normal vector field (cf. (31))

bjk(x) := (0,91 (2),v(2)) = —(g)(x), djv(x))
= (Org(2), v(x)) = br; (), (36)
bj () == (9;"(2), v(2)) = —(g"(2),0jv(2)), YeeQ  (37)

represent the important covariant curvature tensor and the mized curvature
tensor. The covariant curvature tensor is symmetric b, = bi; (cf (36)),
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while the mixed curvature tensor is not: in general bé? #+ bi. The coefficients
bjr and b? are related as follows:

n—1 n—1
b;C: ngmbmja bjk: ngmb;nv jak:]-w"vn_]-' (38)
m=1

m=1

Within the classical theory the covariant derivative of a tangential vector
field V € T.¥ along a vector field U € T., where

n—1 n—1 n
V=) Vigi=) Vig'=) Vid,
j=1 j=1 j=1

n—1 n—1 n
U= Y v, - YU =Y Ve
j=1 j=1 j=1

are defined by the formulae

n—1 n—1
oGV =mr0uV = > UVig,, VI'=0V"+Y THVE  (39)
Jm=1 k=1

n—1 n—1
= UiVimiig™, Vi = 0;Ven — > _T% Vi (40)
k=1

j,m=1

(see (27) for the third form of the covariant derivative).

2. THE DEFORMATION TENSOR AND LAME OPERATOR ON A
HYPERSURFACE

The Lamé operator £+ on . is the natural operator associated with
the Euler-Lagrange equations for a variational integral. The starting point
is the total free (elastic) energy

UeTy, (41)

U] = %E@, 77U (y)dS, 97U = [(270)], ..,
7

ignoring at the moment the displacement boundary conditions (Koiter’s

model). Equilibria states correspond to minimizers of the above variational

integral (see [26, § 5.2]). The kernel E = (&, Def &) depends bi-linearly

on the stress 6. = [ij]nm and the deformation Def & (U) tensors. The

following form of the deformation (strain) tensor was identified in [16]

U=Y U)d Ty, jk=1,...,n, (42)

j=1

Def »(U) = [D;,(U)]

nxn’

e 5% 1 Y
(77 ORHA VY] =5 | AU+ 200+ U5 I

m=1

@jk(U) =

DN | =
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where (@fU)g = (@f’U,e’ﬂ. Hooke’s law states that & = €Def »

for some linear fourth-order tensor € := [cjum] which is positive

nxnxnxn’
definite:
(€60 = Y euneCiiCre = Co Y 1Gisl” == Col¢|” (43)
1,5k, 0=1 i,j=1

for all symmetric tensors (;; = (j; € C, ¢ := [Cij]nxn' Moreover, € has the
following symmetry properties:
Cijkt = Cijek = Cheij V14,J,k, L. (44)

The following form of the Lamé operator for a linear anisotropic elastic
medium was identified in [16]

Ly = Def o€ Def » = [ Z Cjkfm@f—@f} , UeTY, (45)

nxn
Im=1

where the adjoint operator to the deformation tensor

1< ‘ - ,
Def %, 4l := 52{(957)*[wk+uk1]}k:1 for U = ||| xn (46)
j=1

maps 2-tensor functions to vector functions.
For an isotropic medium, as usual, the number of distinct coefficients
reduces from 21 to 2 and

Ciktm = A0jkOm + 14]0510km + 6jm O], (47)

where A\ and p are the Lamé constants. The corresponding Lamé operator
acquires a simpler form

ZLoU = —\V »div U + QMDef};DefyU =
= g AgU — AN+ p)Vodiv o U — usSWoU, U T  (48)

(cf. (24) for the projection m»). A, u € R are the Lamé coefficients, whereas

n n—1
%59 = —diVyI/ = —Z@jl/j :TI"Wy :T‘I‘E@y = Zb;,
i=1 = (49)
Wy = —[‘gjyk]nxn'

Note, that % = (n — 1)1 represents the mean curvature of the sur-
face ; W& is the Weingarten curvature tensor of .; Eigenvalues of # «,
except one which is 0, represent all principal curvatures of the surface .
and coincide with eigenvalues of the curvature tensors Z.»(2°) and B (2)
in (35).

Note, that Gunter’s derivatives were already applied in [22] to minimal
surfaces and in [17], [20] to the problems of 3D elasticity.
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A vector field on R™ near a surface . can be represented in the extended
covariant {gj };.Lzl and contravariant {g’ }}‘:1 frames, where g,, = g" := v
is the outer unit normal vector

U=> Ulg;=> Ujg’, U"=U,:=(U,v). (50)
j= j=1
Let us consider a natural extension of the curvature tensor:
By = [bjkl,uy Uik = brj = 959k, v) = —(gy, Ojv),
bpn = (Opv,v) =0,
bnj :bjn = <8ugjvy> = 7<gj,8,/11> =0, j,k=1,....,n—-1
(cf. (35) and (37)).
Similarly, we consider a natural extension of the deformation tensor
~ 1
Dk(U) = 5 [Uji + Uiyl (52)

where the extended covariant derivatives Uj.;, are defined as

(51)

D4(U) = [0,s(U)]

nxn’

Ujp := 0pUj — Zr my 0= 0y,

Z}:: <8kgj’ >__<gja8kg >7 jak:17--~7n
(cf. (39) and (40) for j = 1,...,n—1). In particular, 9, = 0,, g" =g,, =V
and the Christoffel symbols are extended by the curvature tensors (cf. (36)):

=L = (0kg;,v)=—(g;, Ov)=br; = bji, j,k=1,...,n—1,
F?n ::<Vvajgk>:_<ajuvgk>:b§:v j,kzla"'vn_]-v (54)
I‘ijl"?nzwju,V):O, I‘{m:(a,,u,gj>:0, ji=1,...,n

The notation (54) enables to write formulae (31) and (32) in an universal
form

(53)

n
akgj: Zfﬁgm, jg ermgm 5L k=1,....n

Theorem 2.1. The linearized change of the extended metric tensor
GY = [gjk]ana 9ik = <gj7.qk>7 9nj :gjn:(Sjna j,kzl,...,n (55)
by a displacement vector field represented in the extended contravariant
frame (50) coincides with the extended deformation tensor:
lin 1 ~
gjx = 1956U) — gji. } =3 [Ujsk + Ukij] = D (0). (56)

Here gji, and g;5(U) denote the covariant metric tensors of the surfaces
before / and after S (U) = & + U the displacement U is applied, re-
spectively; Ui, denotes the covariant derivative (cf. (39)). The notation

{ . }lin indicates that we ignore all non-linear summands inside the bracket

(for 35jk(U) see (52)).
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Proof. By applying (32), (33), (39), (53) and (54) we get:

9; [zn: Uv"gT:| = zn:(ajUr)g’” + Xn: U.0;9" =) [@-Ur ~ Zn: rﬁUm} g =
r=1 r=1 m=1

r=1 r=1
:ZUr;jgr, j=1...,n. (57)
r=1

We recall that the vectors are biorthogonal (gj,gk> = d;, (v,g") =0,
4,k =1,...,n — 1, apply the obtained equalities, ignore non-linear terms
like Uy..;Up.r and get:

lin

gjk:{gjk(U)_gjk}lin: {<aj®+ajU7ak@+akU>_<aj®78k®>} =

- % {<gj +8j{r§j:l Urgr}7gk +8k[m§z Umgm:|> N <gj7gk>}“n =

1 -
=3 (Ui +Uhs)=D 1 (U). O

DN =

3. CONFIGURATION OF A THIN SHELL

We endeavor to study elastic shells, whose reference configuration Q¢ is
described by equalities (1) and (2). We will also use the notation v(y) :=
v(O(y)) for brevity unless this does not leads to a confusion. The variable
t in (2) will be referred to as the transverse variable.

Q° is referred to as a tubular domain of the middle surface ..

Lemma 3.1. If the hypersurface . is, at least, C'*-smooth, the mapping

O W i=w X (—g,6) — QF, W CR",

58
O%(y.1) == O(y) + tw(y). (y.1) € . (%)

is a diffeomorphism, i.e.,
det V(, »n©°(y,t) # 0 for all (y,t) € w®, (59)

provided that € is sufficiently small.

Proof. Recall that the vectors g,(y) := 9;6(y), j = 1,...,n— 1 are linearly
independent (O is an immersion), which implies that the corresponding
Gram determinant does not vanishes

G09:(4),- 9,1 ()] #0 Vy € w.
Then the perturbed system
{65} 1 95(y) =8;0°(y,1) = g;(y) +tov(y), j=1,....n—1,
g, (y) = 010 (y,t) = v(y) = g, (y)

remains linearly independent for |t| < & when ¢ is sufficiently small and (59)
follows. O
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Going into detail one finds easily that 1/ is more than the maximum of

modules of all principal curvatures of the surface .7, i.e.
1
= > max |[A(2)],
£ j=1,..,n
xes

where A1 (2),..., Ap—1(2), \n(2°) = 0 are all eigenvalues of the Weingarten
matrix #o(2), 2 € 7, then the mapping ©° in (58) is a diffeomorphism.
Let us use the notation
Sy = {%ter: =2 +tw(x), %ey}:
={zeQ: dist(z,) =t}, —e<t<e, (60)

for the surface on the distance ¢ from the middle surface .. If t is fixed
and sufficiently small, .%; is a surface, defined by the immersion ©%(y,t) in
(58). Let oy denote the surface measure on .#; and use do = dog for the
measure on the middle surface .%¥ = .%.

Lemma 3.2. The unit normal vector field vi(2), 2+ € 4, is indepen-
dent of the transversal variable t € [—e,¢€]:

vi(z)=v(z), 2=0x)e, 2=2+tv(z)=0%z,t)eS. (61)

Proof. The covariant bases on the surfaces . and .%;, defined by the dif-
seomorphisms O(z) in (1) and ©°(x,t) in (58) are, respectively,

g,(z):=0;0(x) and g;,(z):=0;0%(t,x), (z,t)€w®, j=1,...,n—1. (62)
First recall that

g, N Ng; = o(J1y- s Jn-1)g1 N NGp_1, (63)
where o (j1,...,jn—1) = 0,£1 denotes the permutation sign:
o(J1,y -y Jr) =
+1 if (j1,...,Jk) is an even permutation of (1,...,n — 1),
=¢0 if j,=j, forsome r,s=1,...,n—1 and 7 # s, (64)

-1 if (41,...,Jk) is an odd permutation of (1,...,n — 1).
Also recall, that

n—1
Ov ==Y thg,, (65)
k=1
(see (33)) and
1 n—1 .
_ _ J _
%y—n_lTr@y—n_ljz::lbj, Hy =det By (66)

are, respectively, the mean curvature (cf. (49)) and the Gaussian curvature
of the hypersurface ..
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Using natural identifications
v(z)=v(0(z)) for 2 =0(z) € .7,
v(zy) =v(0:(z)) for 2, = 0(x) € A
and by invoking equalities (65)—(66), we obtain the following
gi.(x) - A gjn_lyt(x) =01[0(@)+tv(z)] A AOp_1[O(x) + tr(x)] =
=[1=(n— Dty (x) + -+ ()" Hr(2)] gy (2) A~ Ag_(z) (67)
and the function 1 — (n — 1)t (x) + --- + (—t)" "' (z) is positive,

provided t is sufficiently small. Then, in view of the established dependence
(67) and by the definition of the unit normal vector fields,

)N ANg; T
vo(ory) = + g1,t( ) g]n,l,t( ) _

B ‘gl,t(x) ARERNA an,l,t(x”

gi(@)N---ANgj (o) (68)
- = (),
gi(z) A Ngy, ()]
2z =0(x)es, 2:=0%(x,t)=2+tv(2)€N®, Vrcw, te[—¢,¢l,
which proves the asserted equality. ([l

Remark 3.3. The foregoing Lemma 3.2 justifies that the extension of the
unit normal vector field v(2°) on the hypersurface .# as a constant in the
transversal direction is natural.

The next Corollary 3.4 is proved in [27, Theorem 2.5.18] for n = 3 and
represents a consequence of equality (67).

Corollary 3.4. Under the conditions of the foregoing Lemma 3.2, the
surface measures doy on % and do on . are related as follows

doy(2y) == [1 —(n—1tHy(z)+ -+ (—t)"*lfy(%)] do, (69)
= +tw(x)e S, xS,

provided € is small enough that

inf [1—(n— Dty (2) 4+ + ()" " Hy(2)] >0.  (70)

—e<t<e
In particular, for n = 3, the following equality is valid:
doy = [1 — 2ty (2) + 2 Xy (2)] do. (71)

Proof. The proof is a direct consequence of the well known formulae for the
surface measures

do =gy N--- NG|, doy=1g1, N NGp_1,

and the equality (67) proved above. O
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Remark 3.5. The estimate for the determinant ¥ = det G.»
0<C()<gy(l’)§01 < 0 (72)

of the covariant metric tensor G := [(g;, g)](n—1)x (n—1), IS & consequence
of the definition of the surface.
The similar estimate for the determinant 9o ; = det G.» +

0< Dy <Gy y(a,t) < D1 < o0 (73)

of the covariant metric tensors G 1 := [(g;+ gx.1)] (n—1)x (n—1) of the equi-

distant surfaces ., provided ¢ is so small that (70) holds, is a consequence
of equality

doy = /Yy i(x,t)dx, do=+\/Yby(x)de, (x,t) €W =wx [—¢g,e]. (7T4)
and of (69), (72).
Moreover, (69) and (74) imply that
G p(2,1) = [L = (n = Wt (2) + - + (=) Hop(2)*Gr (), (75)
(z,t) € w® =w x [—¢,¢].
In particular, for n = 3, the following equality is valid:
Gy 1(w,1) = [1 = 2Hp () + CHp(2)]*Gp (). (76)

Hereafter we will tacitly assume that ¢ is sufficiently small that the map-
ping © in (1) is a diffeomorhism and the estimates (70), (73) are both valid.

A vector field A (z), defined in the tubular neighborhood ¢ of the
hypersurface .7, is called a proper extension of the unit normal vector field
v on .¢, if the conditions

Ok N (2)—0; M (2)=0 Oy A;(x)=0 for all z€Q®, j k=1,...,n, (77)

hold.

Easy to check, that the extensions given, for example, by equalities (19)
and (21), are both proper. A simplest proper extension of v(z) is to make
the extended field independent of the transversal variable

N (@)= N(2t) = v(2), ©=(2,t) € Q. (78)

Lemma 3.6. The extended Ginter’s derivatives P := 0; — N;0y, j =
1,...,n (¢f. (23)) for a properly extended unit normal vector field A (x),
have the following properties:

LSS A =0;
j=1
ii. 0jM = DjMe = D Nj;
i, [25,05] = (2N, V) = 22 (2;N:)0r;

r=1
iv. The adjoint operator to the Giinter’s derivative is 97 = —9; — (n—

V)N Ay, where Hy(2) is the mean curvature of .7;
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v. The adjoint operator to the normal derivative is 0%, = —04 + (n —

1) Hy.
Proof. The asserted properties are easy to check (see [12], [13], [14], [16] for
these and other similar equalities). ]

4. BASIC DIFFERENTIAL OPERATORS IN CURVILINEAR COORDINATES

The n-tuple g; :== 010,...,9,,_1 := 0,—10,g,, == A, where .4 is the
proper extension of v in the neighborhood Q¢ (cf. (77)), is a basis in Q¢
n .
and arbitrary vector field U = Y~ UJe’ € ¥/(§0°) is represented with this

j=1
basis in “curvilinear coordinates”.
Let us consider the system of (n + 1)-vectors

dj::ej—%ﬂ, j=1,...,n and d"T' .= ¥, (79)
where el e” is the Cartesian frame in R™ (cf. (16)); the first n vectors
d',...,d" are tangential to the surface . (cf. (23)), while the last one
d"t! = ¥ is orthogonal to it and, thus, to d',...,d™. This system is,

obviously, linearly dependent, but full and any vector field U € ¥/(Q°) is
written in the following forms:

n n+1
U=> Ulel=> Uld’, where Up,, = (N U) ZJVUO (80)
j=1 j=1
Note for a later use, that due to the conventions (79) and (80)
s = (NN =1, (s1)
n+1

oy = Z Ujo; = Z Uy 9, (82)

Since the system {dj }j=1 is linearly dependent, the representation of a
vector is not unique. Next Lemma 4.1 addresses such representation because
it is crucial in the present investigation.

Lemma 4.1. Vector fields

n+1 n+1
U= Uld and V=) Vd. (83)
j=1 j=1

coincide U(x) = V() if and only if
Vi =Up =(A,U) and V) =U) +cAt; for j=1,....n  (84)

n

for arbitrary function ¢ € Ly (,5’ )
The components UY, ... U2, U, in the representation (83) of a vector
field U are defined in a unique way if

n
Uppy = (U, N) =) U, U:=U,....U)". (85)
j=1
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Proof. We leave the proof to the reader. O

Definition 4.2. For a function ¢ € W!(Q°) we define the extended
gradient

Voo = { D¢, ... Dnip, D19} s Dusrp = 0pp (86)

n . n+1 i
and for a smooth vector field U = Y Ulel = Y- UJd’ € ¥(°) we define
j=1 j=1

the extended divergence
n+1
divo-U:= Y 2U) = -V§.U, (87)
j=1
where (cf. equality (77))
@n+1U7(L)+1 = a/VUng = <</Va a/VU> = (@nHU)ngr (88)
Caution: While defining the divergence in (87) we should only use the
representation in Cartesian coordinates U = > Ujoej € Y(9F), because
j=1
for other representations, differing from this one by the vector c.4” with
arbitrary function c¢(2) (cf. (84)), the divergence will differ by the summand
div ge (c(2) AN (2)) = Opc(2) — (n — 1)e(2)#y(2), where H#y is the
mean curvature of . (see (66)).
Lemma 4.3. The classical gradient Vi := {01¢,...,0,0}", written
in the full system of vectors {dj }?;1 in (79) coincides with the extended
gradient Vaep in (86).

Similarly: the classical divergence divU = 8jUjQ of a wvector field
j=1

U:=> UJer, written in the full system (79), coincides with the extended
j=1

divergence divU = div q-U in (87).
The extended gradient and the negative extended divergence are dual
V- = —divge with respect to the scalar product in R™.
The Laplace—Beltrami operator Aq: := div - V- = =V 5. (Ve ) on
OF, written in the full system (79), acquires the following form
n+1
Nasp =Y Dlo, ¢ € W (). (89)
j=1
Proof. That the gradients coincide follows from the choice of the system (79):

T N~ ~
Vo i={01p,....000} =) €0j0=2 & (Djo+ N Dni1p) =
=1 Jj=1
- Zdﬂ%so + N Dpy1p = Z & Pjp =Vasp
=1

Jj=1
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since 9; = Z; + NN and Y e D0 = S d' D
j=1 j=1
By applying (77) for the divergence we get:

divU=Y 0,0 =Y _"2,U0+> N4 U) =Y U} +Y 0 (NU)) =
j=1 j=1 j=1 j=1 j=1

n n+1
=> Ui+ 04U =Y 25U; =divo:U. (90)
j=1 j=1
The foregoing assertions combined with the classical equality V* =
—div, ensures the equality V. = —div ge.
Formula (89) for the Laplace—Beltrami operator is a direct consequence
of equalities (86) and (87). O

Let us check the following equalities for a later use:

VaqU= [@jUg] and, in particular:

n+1lxn+1
Vstzfn+1Xn+1, reR™. (91)
where
n+1 n
U:= Z udd™ = Z Ude™,
m=1 m=1
= Z qu,l/ma In+1><n+1 = [5jk]n+1><n+1-
m=1
In fact:
n+1 n
7,0 =7;| Y Uldt| = [ZU =>oupe —VJZa Uf)e =
m=1 k=1 k=1
n+1 n+1 n+1
= (9;,U0)d" —v; Z @ UDA" =D (Z;UR)d", j=1,....n,
k=1 k=1
n+1
DU =0,U = Z @, UY)e™ =D (9,Uy,)d™
m=1 k=1

The second equality in (91) is a direct consequence of the first one for
U(z)=x.

Next we will rewrite the deformation tensor. For this we need to define
the extended curvature tensor

Boe(z) == [bj(x )](n-i-l)x(n-‘rl)’
bjr(2) == (2,d"(z), N (z)) = —(d"(z), 2;.N (z))

in a tubular domain Q¢ (cf. (2)), where .4/ is a proper extension of the
unit normal vector field v on . (cf. (77)). The concluding equality in (92)

(92)
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is based on the equalities (dk,JV> =0, k=1,...,n,and (d"™', ¥) =
(AN, N) =1

(2;d" (2), A (2)) = Z;(d" (), A (2))~d" (), ;N (2)) = (d* (x), Z; N (x)).

Lemma 4.4. The following is an equivalent definition of the extended
curvature tensor:

%Qs = —VQEJV. (93)

The last column and the last row in the extended curvature tensor Bae
are trivial

bj(nJrl) = b(n+1)j == 07 ] == 1, o5 + 1. (94)

The remainder [bjk} coincides with the extended Weingarten matriz

nxn
bjr =—-D; M, j,k=1,...,n+1, (95)
and restricted to the middle surface ., coincides with the Weingarten ma-
triz

Wae

v = Wy = _[@jl/k]nxrw

Proof. Equality (93) is a direct consequence of equalities (94) and (95) .
Thus, we concentrate on the proof of the latter two equalities.
To prove (94) we invoke (92) and proceed as follows:

. 1 1
bjinin) = (Zd" ) = (DH ) = SD NN ) = 5551 =0,

b(n+l)j = <8d”+1dja</V> = <6./Vd]a</V> = _<djanVf/V> =0.

We have applied that (A, 4) =1, d 4. = 0 and (d’, #) = 0 for all
j=1,...,n.
To prove (95) it suffices to note that

bji = —(d*, 2,0) = —{e" — NN, Dy N) =
:*@je/%g+JVk<JV,.@j</V>:*9j</Vk, Vj,kil,...,’ﬂ,,
since (Z; N, AN )=0forall j=1,...,n. O

Corollary 4.5. Let ¢ be a tubular domain in the 3-dimensional Fu-
clidean space R3 with the middle hypersurfaces ¥ = %y and .%; be the
equidistant hypersurfaces defined in (60).

The Weingarten matrix, the mean and the Gaufian curvatures of the
surfaces % are independent of the parameter t:

A R e
1 (96)
Hy, = Hy = §TI‘W5Q, Ky, =Ky =M Vt e (—¢,¢),

where A\ and Ay are those eigenvalues of the Weingarten matric #s which
are left after removing two trivial eigenvalues A3 = Aq4 = 0.
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Proof. The proof follows immediately from the foregoing Lemma 4.4 and
form the independence of the vector field v¢(2:) = v(2) from the transver-
sal variable t € (—e, ) (see (61)). O

5. ELASTIC DEFORMATION IN CURVILINEAR COORDINATES

Theorem 5.1. The classical deformation tensor
1
Def o (U) := [5 00 +0uU;]| U € v (@),
nxn

written in the full system of vectors {d’ }7:11 in (79), has the form

Defo-(U) := [gjk(U)](nJrl)X(nJrl)’ (97)
1 .
D) = 5|2/ UR+(Z7U)], k=1, .n+1,  (98)
(77U} =

B {%U,S—(W,%U)% for j=1,....,n+1, k=1,2,...,n,
(N, 2;U)=(2;U)%,, for j=1,....n+1, k=n+1
and, in particular (cf. (88)),
(Z;; +1U)n+1 (AN 04U) =04 (N, U) = 8</VU2+1~ (99)
Proof. To prove (97) let us consider the full systems

e =el e} {d"h = d wd}T],
=1 (100)
e =d +4d" j=1,...,n, e i=d" =1,
apply the equalities
0j = Dj + NjDnt1, 0N =N, Dnp1M =0y N =0,

Z%@j =0, U3+1 = Z%UJ'OV Z‘/Igdjk = Zﬂ/kdjk =0 (101)
j=1 j=1 j=1 k=1

(cf. (77)) and derive

n

1 )
Def (U) = 5 Z (0,Uy —|—3kUJQ)e]k =
J,k=1
1 n
528 Uk-l—a}gUO djk+JVdn+1 k+JVdJ n+1+JV/Vdn+1 n+1):
J,k:

[ajU’ngakUﬂdjkﬂL52[-@n+1Uf+Zf/%€é)jU,8} d],n+1+
$i=1 Jj=1 k=1

Zn: (Znia UL + ZwakUO} dr iRy

k=1 j=1

| =

N | =

_|_
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+i 1UO dn-‘rl n+1
j=1
1 & , 5
= [(gf’U)gH@,{U)gH@jU,/>m+<@kU,w>% dity

<.
=
I
—

M %zn: [(@ 'O+ (D U, N ) N+
+ En: [ 425U + %Jm@nﬂvg]} &y
+ %i {(9 ‘GUR A Duir U, N ) Nt
+ z”: [A;2:U) + %W@n+lU0]]dn+l ko
j
+ 2": D1 (MUY =

[(@f”U)z + (QZU);?]] di+
[(9n+1 ) JF(@jU)?zﬂ]dj’"HJr
j=1

(2700 +H U ), ]d" 4D, UL, d" T =

= D (U)d?". 0

Now we are prepared to write the Lamé operator in curvilinear coor-
dinates, namely in the full system (79). The medium is assumed to be
isotropic.

Let U € W(Q°) be a displacement field of the body subject to defor-
mation by surface and volume forces. We follow Koiter’s model as in [16]:
depart from the total free elastic energy
(102)

nxn’

£lU] = / Bz, VU(2))dzv VU := [(0,U3]

U= (U,...,U,)" € WH(Q)

and ignore at the moment the displacement boundary conditions. Equilib-
ria states correspond to minimizers of the above variational integral (see
[26, § 5.2]). At the moment the most important is to identify a correct
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form of the stored energy density E(z, VU (z)). It turns out that the case
of linear elasticity the energy density depends bi-linearly on the stress ten-
sor & = [&7%] ~and the deformation (strain) tensor Defq: (see (98)):

E(z,VU(z)) = E(6,Defq:U). The result formulated in the next Theo-
rem 5.2 is well known (see [16] for the proof in the above described scenario).

Theorem 5.2. A vector field U € ¥ (Q°) minimizes the free elastic
energy (102) modeling a homogeneous, linear, isotropic, elastic medium, if
and only if it is a solution to the following Lamé equation

Za:U = 2uDef - Def g: U — AV qediv U = 0, (103)
where \ and i are the Lamé constants.

Since Def g-U is the classical deformation tensor, just represented in a
different (full) system of vectors, solutions to the system of partial differen-
tial equations

Defq-U =0, U € W'(QF)
coincides with the space of rigid motions Z(€°), which consists of linear

vector-functions

V(z)=a+ Bz, B= b aeR"” zeQ° (104)

nxn’

restricted to the domain Qe. The matrix % in (104) is skew symmetric

0 b12 b13 o bim—2) b1
—bi2 0 ba1 o binez) bam—2)
—bi(n—2) —ban-3) —bzn-a) - 0 bin—1)1
“bin—1) —bon—2) —b3m-3) ° —bm-1)1 0
=BT (105)

with real valued entries b;, € R. For n = 3,4, ... the space Z(°) is finite
dimensional and dim Z(Q°) =n + @ = %

Note that for n = 3 the vector field V' € Z(2) is the classical rigid
displacement

Vi)=a+PBr=a+bAz, 0 bz by
T 3 e B = b3 0 —b1 . (106)
b= (bl,bz,bg) e R°, x € QF, —by by 0

Moreover, Korn’s inequality

}1/2

[ow? (@) < M U La(99)|* + |[Def e U L2 (0) || (107)

holds with some constant M > 0. For the classical deformation tensor in
Cartesian coordinates Def (U) the inequality (107) is well known (see e.g.,

[2])-



88 R. Duduchava

Theorem 5.3. The Lamé operator %q- in (103) is a formally self-
adjoint differential operator of second order and, written in the full system
(79), acquires the form

gQEU = —/,LAQEU — ()\ + ,LL)VQEle QEU =
= — [‘LL(Sjk;AQE + ()\ + M)‘@j‘@k]n—HXn—i—l U. (108)
The operator Za- is positive definite modulo rigid motions (see (104)
and (106)):
2
(Za-U,U), > 2u||Def o- ULy (7). (109)
Moreover, the operator L= satisfies Garding’s inequality

2
(Za:U,U) > S UWHR)|” = UL, (110)
where M is the constant from (107) for p = 2 and u is the constant from
(109).

Proof. To prove (108), we depart from the representation of the deformation
tensor

Def (U) = (0;UR + 0U)e”

DN =

jok=1
in the Cartesian frame, and get
(Def*Def (U), V) = (Def (U),Def V) =

1 n
=1 > /(5jUk + 0,U;) (05 Vi + 0k V;) dy =

k=10

1 n
=3 Z /a;(ajUk + OkU;) Vi dy,

k=15

¢
4

_ —% AU — %Vdiv U, Ue7() (111)

Then

n

oo+ o)y} -

Jj=1

NIE

Def*Def (U) =

DN | =

1

<

1 n

(—o? — 8j8k)UJQ} _

1 j=1

which gives the well-known representation of the Lamé operator in the same
(canonical) basis

Zo-U = 2uDef *DefU — A\VdivU =
= 7[/145]‘]6AQ6U]8 + ()\ + N)@j@kUlg]an =
= WAU — (A + p)VdivU =
= —,U,AQEU_ ()\+M)VQEdiVQEU (112)
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(cf. e.g. [2], [21]). The claimed equality (108) follows from (112) if we insert
the representation of the operators V = Ve, div = divg: and A = Ag-

in the system {dj}?;rll from Lemma 4.3.

The inequality (109) is a simple consequence of (103)
(Lo-U,U)g. = 2u||Def o- (U) [L2(92°)||* + Al|div o-U[L?(Q%)||* >
> 2| Def - U|L2(Q9) ||,

while Garding’s inequality (109) follows from (109) and from the classical
Korn’s inequality (107):

(Zo:U,U)g. = 2p||Def o U[L2(Q°)||° =
2 2 2
> LU W @) - | VaUlL(@)". O
Let us reveal the geometric content of the extended deformation tensor.
For this we consider the linearized change of the extended metric tensor on

a surface.
If vector fields U and V are represented in the extended Cartesian system

n ) n+1 ) n ) n+1 )
U=) U0 => Uld, V=) Ve => Vd, (113)
j=1 j=1 j=1 j=1

d"t! = v, U2+1 =({U,v), VT(L)—‘,-l =(V,v),
The linearized change of the metric tensor becomes a matrix of order n+ 1.
Corollary 5.4. The linearized change
Dy(U) = [ajk(U)](n+1)X(n+1) = [{9jk<U) - gjk}hn] (n+1)x (n+1) (114)

of the extended metric tensor by a displacement vector field U in (113)
coincides with the extended deformation tensor

1 :
0k (U) = 5 (27U + (27 U)] =254(U), Gik=1,....,n+1, (115)

defined in (97), (98).

Proof. Changing the extended contravariant frame (see (50)) to the ex-
tended Cartesian full system (see (79)), due to Theorem 5.1, the defor-

mation tensor D o (U) = [©,£(U)]nxn changes to the deformation tensor
D (U)=[0k(U)](n41)x (n+1)- Then (115) follows from (56). O

Theorem 5.5. The linearized change of metric the tensor on a surface

GY = I:gjk](nfl)x(nfl)’ gjk = <gj’gk:>a jvk = 1) s, 1a (116)
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by a non-tangential displacement vector field represented in the contravari-
ant frame (50) is given by the formulae:

lin 1
gjk = {951 (U) = gju} " = 5 [Uji + Uk = bjsUn =
=D (U) —bjpUp,, jk=1,...,n—1. (117)
Here gji, and g;5(U) denote the covariant metric tensors of the surfaces
< before and after a displacement U is applied S (U) = ¥ + U, respec-
tively; Uy, denotes the covariant derivative (cf. (39)). The notation { - }hn
indicates that we ignore all non-linear summands inside the bracket.

Proof. Similarly to (57), by applying (32), (33) and (40) we get:

n—1 n—1 n—1
0,[ U+ U] = Y0000 + OU v + Y Usya” + Uty =
r=1 r=1 r=1
n—1 n—1
=3 |t = > T =
r=1 m=1
n—1 n—1
= Z Ur;9" + (0;Un)v — U, Z bjrg", j=1,...,n—1. (118)
r=1 r=1

Again, we apply that (gj,gk> =4, (v,g") =0, j,k=1,...,n—1, ignore
non-linear terms like U,..;Upk, Up,;0;Uy, U,.;U,, and get:

lin B lin

1
gk = {gin 0) =g} = 5 { (9,0+0,U.,0,0+0,U) (0,0,0,0) | =

= % {<gj +@-[§Urgr],gk +c’9k[mi=1Umgm]> - (gj,gk>}hn =

1 ~
= 5 [Uj;k 7bijn+Uk;j *bijn] :gjk(U) 7bijn. O
If vector fields U and V are represented in the extended Cartesian system
(113), the linearized change of the metric tensor on a surface becomes a

matrix of order n while the matrix [b; ](n_l)x(n_l) transforms into the

Weingarten matrix [0;vy] (cf. [15]) and we prove the following.

nxn

Corollary 5.6. The linearized change
D7U) = [0u(U)],,,,, = {#"(U) - #*}™]

of metric tensor on a surface by a non-tangential displacement vector field
U in (113) coincides with the extended deformation tensor

(119)

nxn nxn

0uU) = {#HU) ="} = 1 (97 O+ U]~ (00 =
=9,,(U) — 0jve)(U,v), j,k=1,...,n, (120)
defined in (97), (98).
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6. THE THREE DIMENSIONAL EQUATIONS OVER A DOMAIN
INDEPENDENT OF &

In the the present section we describe the basic preliminaries of the as-
ymptotic analysis of a linearly elastic shell, based on a similar analysis by
Sanchez-Palencia [31], [32], Miara & Sanchez-Palencia [23], Ciarlet & Lods
[6]-[8], Ciarlet, Lods & Miara [9] and exposed in details in Ciarlet [3], [5].

In the present section we accept the common Einstein’s convention and
drop the sum, interpreting repeated indices as a summation. In particular,
The vector filed U in a tubular domain of the three dimensional Euclidean
space ° C R? with a middle surface .7 C QF (cf. (1), (2)) will be written as

n+1
Us(z) = dej7 which means U®(x) = Z U;dj

7=t (121)

or U*(z) = Use’, which means U*(z) = Z Use’
j=1

where the system of unit (linearly dependent) vectors d*,...,d",d" "' is
defined in (79), while e',...,e" is the natural Cartesian basis, defined in
(16). The sum will appear if the summation is not full, e.g.,

n n—1

Z Ujdj or Z Ujej.

j=1 j=1

Along with the domains w C R*™!, w® C R™ (see (2)) and the tubular
domain Q¢ C R”™ (see (2)) we define the sets

I'=0, wi:=wx{z£e},
Sr=0wi)={zeR": 2=0(y): ycwi} = x{+e}.
Let Iy C T := 0.¥ be a measurable subset of the boundary of hypersurface
<. Along with a “thin” domain Qf = Q x (—e¢,¢) we consider the scaled
domain Q! := Q x (=1, 1), its lateral surface I'!, the subsurface I'} and the
upper and the lower hypersurfaces .%4:
mesTy #0, T':=T x[~1,1], T} :=Tg x [-1,1],

S = yil = x {£1}.

(122)

(123)

Similarly, we consider the “scaled” initial domain w! := w x [~1,1] and
its two “faces” wy 1= w} =w x {£1}.
We establish the isomorphism

7 — QO 1t =2 Vo= (2.2, €Q  (124)
2= (21,...,2n,ct) €QF

and introduce the differentiation with respect to these variables

1

1
753 ::@j:adj, j:17,...,n, @2+1 Zzadi :g.@n+1:ga/ (125)

J n+1
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The variables 275, = et and t will be referred to as the “scaled transverse
variable” and the “transverse variable”, respectively.

Remark 6.1. Note that, due to the equality vi(2:) = v(&), 2+ =
x +itv(z) € S (cf. Lemma 3.2) for the unit normal vector field to
the equidistant (level) surface ., —¢ < t < ¢ (cf. (60)), the Gunter’s
derivatives ; = 0q; = 0; — 10y, j = 1,...,n, are independent of the
transverse variable ¢ € (—¢,¢).

Formulation of 3D variational problem P(Q°) of a linearly elastic shell in
curvilinear coordinates: We depart, as usual, from the following equation of
linearized elasticity in variational formulation in curvilinear coordinates in
a domain Q° C R? (see (97) for the deformation tensors D ji):

/gjkl”LvE@lm(Us)@jk(Vs)d% =
QE

:/(FE,VE>d%+/(HE,V5>dcr_E+/(HE,V€>da+E, (126)

U®, Ve WHQE,Tp) == {X e W'(Q): X(2)=00nTy}.

Due to (74) we can rewrite (6) into the form

/ / siHmeny, (US)D;x(VE) doy dt =
—e 7

:/8/<Ff,vf> dath—/(Hs,VE)dU,a—i—/(HE7V€>dU+m (127)

Zew 72 EZn

where do; is the suraface measure on . (cf. (60)), An endeavor will be
achieved by studying U® as ¢ — 0. The main objective is the displacement
field U*(2) = U;(%)dj(%) in the tubular domain Q°, and its behavior
as € — 0. The vector fields F° on the tubular domain Q° and H® on the
boundary 99° are prescribed, while the vector field V' is arbitrary (the
appropriate spaces for the participating vector fields are specified later).

&° = [cg’jklm’ghwww is the elasticity tensor for an isotropic case (see
(108)) and only depend on a couple of Lamé constants A° and u:

gjklm,a _ )\E(sjk(slm + ME [6jl5km + 5jm6kl:|' (128)

The bilinear form associated with the elasticity tensor on a space of sym-
metric matrices ¢ = [Cjk]4><4 = ¢ is positive definite

(6°¢,¢) = EIFMECCrn = ColGm)? for all G =Gy €C,  (129)

where the constant Cj is independent of the parameter .
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Note, that in a similar treatment of elasticity problems in curvilinear
coordinates in [3], [4], [18], [24], [25], [34], the elasticity tensor in the varia-
tional problem (6), is not sparse (see § 8 below).

In order to carry out an asymptotic treatment we make the following
assumptions:

A. For the unknown U°® = {Ujs}j:l : QfF — R* and the “test” V& =
{Vf}jzl : Qf — R* vector fields we assume that
Ui (2°) =Uj(e)(2) and Vi(2°)=Vj(z) Vo =712 €Q°, (130)

where the components of the scaled unknown Us, ..., UJ are called
the scaled displacements.

Moreover, it is supposed that the scaled displacement vector U*®
is of order zero with respect to €. This means that if ¢ — 0, the
scaled displacement vector U® neither “blows up” nor converges to
0, provided the applied forces have the right orders.

B. The elasticity tensor

g — £IMM(e), g k,l,m =1,2,3,4, (131)

in general and Lamé constants A\°* = A(¢) and p° = p(e) in particu-
lar, depend on the small parameter ¢ continuously and &7+ () —
&EIRM(0) = &7KIm(0) (similarly, A(g) — A(0) = A, u(e) — u(0) = p)
ase — 0.
Note that due to the independence of the constant Cy from e,
the inequality (129) holds also for the limiting value € = 0.
C. For the external force F' and boundary data H

Fe(2°)=ePF(2) forall 2° =72 € Q°,
H¢(2°) =P H(%) forall 2° =72 € 00°.

where the exponent p will be specified later.

(132)

Theorem 6.2. Consider a shell Q¢ whose reference configuration coin-
cides with the tubular domain QF (cf. (2)) around a middle surface given
by a local immersion © in (1).

With any vector field U € W(Q) we associate the scaled deformation
tensors defined by (cf. (98))

Def - (V;e) == [Du(V;e)] (133)

4x4’
1
Di(Vie) = 5 [(27 V)i + (9;5”*8V)ﬂ, jk=1,234, (134)
1
(D VR =(Z/ VR (9 V= (27 V)R, G k=123,
e 0 0 S e 0 1 0 .
(277 V)a=(ZiV)i, (947" V)a=_(Z4V)y, j=1,2,3.

Let the assumptions on the data be as in (130)—(132). Then, rescaling
the variable 2¢ = (2,t) € QF to 2 = (2, et) € Q! (see (124)), due to (74),
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the variational problem Z2(2°) of a linearly elastic shell (127) for the scaled
unknown vector U (e) acquires the form:

//é"jklm(g)glm(U(E)§E)Sjk(v;g) doey dt =
-1

1
o /1 / (F(e), V) doydt + & / (H(2), V) dopot

-1 S

+£p/<H(s),V> doye, (135)
T
Ue), Ve WH(Q' T ={X e W (Q"): X(2)=00nTg},
where Q' = w x [-1,1], S = & x {£1}, T} =Ty x [-1,1] (see (122),
(123)).

7. EQUATIONS OF LINEARLY ELASTIC SHELLS DERIVED BY A FORMAL
ASYMPTOTIC ANALYSIS

Consider the 3D shell problem Z2(2) as stated in (6) for £ > 0. To the
assumptions A, B and C in (130)-(132) we add the smoothness requirement
on the function © in (1) which defines the middle surface . of a shell
configuration €2°:

0 c C3(@,R3). (136)
For the unknown U*® = {Uje}j.:l : Q° — R* and the “test” V°© = {Vf};zl :
QF — R* vector fields we assume the condition (130) holds. On the external
force F' and the boundary data H we impose less restrictions than (132)
Fe¢(2°)=F(e)(z) forall 2° =72 € Q°,
He(2°)=H(e)(2) for all 2° =72 € 0Q°
and will show later that the constraints (132) are natural (see (148), (151),
(155) and (171) below).

For the volume measure do,dt, where do, is the suraface measure on .%;,

holds the following equality (cf. (71)):

dovdt = [1 — 25 (2)t + Ky (2] dodt ¥ (2,t) € Q°. (138)

(137)

Under these constraints the variational problem £2(QF) in (127) refor-
mulates into the following problem 27*(Q°):

/ EIRM (D), (U (€);6)D 5 (Vs €) doey dt =
o

- / (F(e), V) doy dt + % / (F(2), V) dooq dit+
(95 S
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% / (H(e), V) do, dt, (139)
Sy

Ue), Ve W(QLT}) = {X W (Q): X(z)=00nTy},

where Q! .= .7 x [-1,1], Y4 = % x {£1}, T} := T x [-1,1].

The scaled unknown U® = {Uf}jzl, the scaled functions &7%™(¢) and
the scaled deformation tensor ©;;(V;¢) are defined in (130), (88), (133),
(134) and appeared in the problem Z(Q°) (cf. (134)). Difference between
problems 22*(2¢) and Z2(9°) lies in the right-hand sides, where we have
performed different scaling.

Let us assume that the scaled unknown vector has a formal asymptotic
expansion:

Ule)(2,t) =U2,t) + U, t) +---, (2,t) €Q, U #0. (140)

Recall, that 25 = 0., = 12,11 (cf. (125)) while, in contrast to this,
Gunter’s first n derivatives are independent of the transverse variable ¢ nd,
therefore, from the small parameter e: 5 = %; for all j =,...,n (cf. Re-
mark 6.1), Then the formal asymptotic expansion of the scaled deformation
tensor reads

1
D1 (Use) = - D5 (U) + 95, (U) +e9j,(U) + D5, (U) +---,  (141)
0 if j,k=1,2,3,
1
(27U, if j=1,2,3, k=4,
DU =32 (142)
S@TUNL i =4, k=123,
(2,U°)9, if j=k=4,
1
5 @U@ U] k=123,
1
~(2,U™+ @7 U™ if j=1,2,3, k=4
#(0) = %[< U™+ @ US| .
5 [@r Ui @ums] i =1, k=123,
(2,U™ 9, if j=k=4.

for m=10,1,2,... (cf. (99)).
The deformations ®,;(V';¢) have much simpler finite expansions, be-
cause V is independent of the parameter ¢:

D,4(Vie) = - D (V) + D% (V), (144)
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0 if j,k=1,2,3,
1
S(27V)) i j=4, k=123,
V) =11 (145)
5(9;5’V)9, if k=4, j=1,2,3,
(V). it j=k=4,
1
S GV @IV i 5 k=1,2,3,
1
—(2;V)" if j=1,2,3, k=4,
D0(V) = %( Vs ! (146)
i(ﬂkVM if j=4, k=1,2,3,
0 if j=k=4.

For time being and the sake of simplicity we accept stronger convention
than (131): The elasticity tensor ¢ = [é”klm’ehxélﬂm in general and
Lamé constants A°, € in particular, are independent of the small parameter
e

giklme — giklm 5k lm=1,2,3,4 (\° =\, pf=p). (147)
As a concluding part of preparation let us prove the following.

Lemma 7.1 (see [3, § 3.4]). Let ¥ C R"~! be a Lipschitz hypersurface
with the surface measure do, v := 0.7 be its boundary and let w € L,(Q),
1<p<oo, Q=7 x(-1,1). If

/w(%,t)@tv(%,t) dodt =0 Yo € Lip(Q'),

ol
where Lip(QY) is the space of Lipschitz continuous functions on Q, then
¢ =0.

Proof. Since 9; : Lip(Q') — L4 (Q') is a surjection with an obvious right
inverse
¢

o tu(ar,t) = /u(%,T) dr,

Z1
the condition of the lemma reads
/w(%,t)u(%,t) dodt =0 Vu € Lo ().
Ql

Now the result follows, since L, (2!) is a dense linear subset of the space
L, (QY), p' = p/(p— 1), which is dual to the space L,(Q'). O
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Step 1 : Since the lowest power of ¢ in the equation (7) is —2 (see (141) and
(144)), we shall suppose that

F(e)(2,t) = S%F,g(%,t) + éF,l(%,t) + Fo(2,t)+

+eFy(2,t) + O(), (148)
H(e)(2,+1) = éH_l(gx,i1)+H0(9r,i1)—|—sH1(5&”, 1)+ 0(e)

for the functions in (137), where F_o, F_1, Fog, Fy,..., H_ 1, Ho,Hy,...
are independent of ¢.

The cancelation of the variable e7* in the equation (7), together with
the assumptions (138), (140)—(148), leads to the following equality:

2

/ MY (U)D (V) do dt =
Ql
:/<F,2,V> dadt+/(H,l,v>da+/<H,1,v>da. (149)
Ol S Ly

for all V. € WH(QL T}). By taking V(2,t) = V(x) independent of the
transverse variable ¢ € [—1, 1], we find that the left-hand side in the equality
vanishes

O:/<F_2,V) do’dt—|—/(H_l,V>da—|—/<H_1,V>dU:
o 7 Sy

= /(P_l(;z:), V) do.
7

Here the first resultant force
1 1 1
P_l(ﬂf) = 5 / F_Q(.%”,t) dt + 5 [H_l(ﬁ?f, 71) + H_l(.ﬁ‘f, +1)] (150)
Z1

emerges after integration of the body force across the thickness (—1,1).
Consequently, if we let (cf. e.g., [3, Page 167])

F o(z,t)=H_1(2,£1)=0 V2 € .7, Vte[-1,1], (151)
we get P_j(2) = 0 and back to (149) this gives (see (142) and (145)):

3
Yo [ e U)D5 (V) dodt =
j,k:lgl

3
L > /é’j4k4(8,,U0)2(8,,V)? do dt = 0.
k=1

0L

=~ |
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The tensor & = [7%™],, 4y 4x4 is positive definite (see (129)); then its
part, the matrix & = [éaj4k4]4x47 is positive definite as well (to check this
it suffices to introduce (j; = 0 for k # 4 in (129)) and implies that, by
introducing V' = U°, that

/|(a,,U0);?|2 dodt=0Vj=1,23.
Ql

The obtained equality implies (8, U°)} = (8,U°)3 = (9,U")9 = 0 and also
(0, U%)} = 0, (U, v) = 0.
Then 8, U"(2,t) = 9,U°(2,t) = 0 and, consequently, the leading term of
the asymptotic expansion (140) is independent of the transverse variable
t = 24, parallel to v.
Thus, the outcome of the Step 1 is:
U'(#,t) =U’(#), U’ e W(Z,Ty), (152)
9, (U)=0 in Q.

Step 2 : With the assumption (148) and the equality D,/ (U) = 0 (cf. (152))

at hand the cancelation of the variable 7! in the equation (7), together with

the assumptions (140)—(147), lead to the following equality:

/ &MY (U)D; (V) dodt =
Ql

- /<F_1, V) dodt + /(HO,V> do + /(HO,V> do (153)
ar 7 e
for all V€ WL(Q! T}). And again, by taking V(z,t) = V(z) independent
of the transverse variable ¢ € [—1, 1], we find that the left-hand side in the
latter equality vanishes

o:/<p,l,v>da dt+/<H0,V>dJ+/<HO7V>do:
oS! 7 7

— [ Po(),V) do

Sy

1
1 1
P i(2) = 5/1@11(%,@ dt + 5 [Ho(, 1) + Ho(#, 1) (154)
21
is another resultant force. Consequently, if we let (cf. e.g., [3, Page 168])

F_i(2,t)=Hy(2,£1)=0 Vo €., Vte[-1,1], (155)
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Introducing this into (153) we get

{ Z £IMIDO, Z £ (D (V)| do dt =

Ot 7,k=1 7,k=1

3
> &0 (U)D (V) +

Ol J,k=1

3
- ( > ekl (U) + 5‘4444@24(U))©441(V)] do dt.
k=1
Invoking the positive definiteness of [@”’j‘l“] 3x3 (see inequality (129)), Lem-
ma 7.1 and choosing D, (V) = D%, (U) € Ly(Q',T}) for k = 1,2,3,
DH(V) € Lo(Q,T}) arbitrary, we easily derive the following outcome of
the Step 2:

1 .
0,(U) = D,(U) = 5 {(WUO) +@U"] =0, j=123,
Likad ) (156)
DUU) = 0,U")] = - Z 25 (U) in Q.
J,k=1

Step 3 : With the assumption (148) and the equalities @;kl(U) =0 (cf.
(152)) and F_o = F_; = H_1 = Hy = 0 (cf. (151) and (155)) at hand
the cancelation of the variable e” = 1 in the equation (7), together with the
assumptions (140)—(147), leads to the following equality

/ga‘klm{[@?mw)@;?k(ww%m(w@jk (V)]+ B9}, (U)D5;! (V) }dodi=

_ / (Po, V) do (157)
S

for all V. e WHQL,T}) and By (2) := —2#%(2)t (see (138)) and with the
resultant force
1

Py(z) = %/F (2, t)dt + = [Hl( —-1)+ H,(2,1)]. (158)

Let V. = X € W!(,T) be independent of the transverse variable ¢ €
[-1,1]. Then D;kl(X) =0 (cf. (145)) and two summands in the obtained

expression eliminate. By invoking the equalities (156) obtained for ©9,(U),
in Step 2 we proceed as follows:

/ MDY (U)DY.(X) dodt =

0l
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3 3
=23 [[3 60, ) + 40, )] 0%(X) do =
jvkzly l,m=1
3 .
Elm éa_]k44éa44lm

j,k:,l,m:ly

= /<P0,X>d0. (159)
4

Due to formula (128) we get the following values for the two-dimensional
elasticity tensor for an isotropic shell:

) ) Coﬁjk44tgo44lm
kim kim
& =287 = =
/\2
4\
Al 8k Otm + 200 [6510km + OjmOt].  (160)

T+ 2
Step 4 : Consider the space
W (7, To) = {X e W(): X(z)=00nTy} (161)
and note that

D), (U) = Din(U°) = 5 [(27 U + (27 U°)S).

l\D\>—~

(162)
00,(X) = Din(X) = 5 [(7 X0 + (@7 X)), Gk =1.2.3,

where 9y, is the surface deformation tensor (see (143) and (146)). The ob-
tained equation in (159) is interpreted as a variational problem with surface
deformation tensor for the leading term U° € W(,Tp) in the asymptotic
expansion (140) of the displacement U, which only depends on the tangent
variable UO(% t) = U%2) (see (152)):

Z / &7HmD,,, (U°)D;(X) do = / (Pg, X) do, (163)

7,k,l,m= ly %
éajk44éa44lm

Gikim _ 9 pikim _ o , U, X e W7, Ty).

L4l
The resultant force Po(2) is defined in (158) and &7*™ in (163) is the
two-dimensional elasticity tensor for a shell.

Note, that the factor 2 in the coefficients &7 appeared due to the
integration over the interval [—1, 1], since the integrand is independent of
the transverse variable .

Step 5 : Now we assume the resultant force is vanishing Py = 0 and trace
what happens with the displacement U (¢)(2,t) = U%(2,t) + eU* (2, t) +
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- (cf. (140)). Due to forthcoming Theorem 7.2 the variational problem
(163) then has a trivial solution
U’ =2%.(U)=92;U° =0 (164)
for all 4,k =1,2,3 and from (156) follows
(@,UN)) =29,(U) — (27U%)] =0, j=123,
3. pikid o (165)

g D5r(U) =0.
k=1

(0, U] =29,(U) = -

The latter equalities imply (compare with a similar equality for U’ in (152))

U'(2,t)=U'(2), U' e WH(7,Ty). (166)

Next by introducing the equalities D ;x(U°) = 0, Py = 0 into equation
(7) we get

0= /gﬂ'km‘l@;k(U)@—l(V) dodt =

m4

0l

3
= > 4 [ &MDLU)D (V) dodt+
J,k=1 0L

3
+ [ Y DL (U) + £4NDY, W) D5 (V) dordt =
o1 dk=1

3
= [ 2> &L U)0, V)it
o - Sk=1
3
+ ( > et () +£4444(6VU1)1)(3,,V)}J do dt.

k=1

From the obtained equality, similarly to (156) follows that

1 .

1 11 5L gk 1 1 (167)
@44(U) = (3,,U )4 = — Z Wg‘]k(U) in Q.
drk=1
With the assumption (148) and the equalities D,/ (U) = 99, (U) = 0
(cf. (152), (164) and F_ o = F_; = H_1 = Hy = 0 (cf. (151) and (155))
at hand the cancelation of the variable € in the equation (7), together with
the assumptions (140)—(147), leads to the following equality

JE DL, U)D%V) D], U)D5 (V) D, (V)05 (V) B dod =
0l
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= [(F,V)dodt+ [ (H2,V)do+ [ (H2, V)do+

Jevyass fonvier |
+ [(Fo,V)BY(z) dxdt + | (H,,V)B*(2)dx + [ (Hy,V)B*(z)dx
/ / /

for all V€ WH(QL T}) and By(2) := -2 (2)t (see (138)). Let V =
X € W(#,Ty) be independent of the transverse variable t € [~1,1]. Then
@;kl (X) = D©9,(X) = 0 (cf. (145)) and the corresponding summands in
the obtained expression eliminate. Using the equalities (167) obtained for
D7,(U) we proceed as follows:

[ £} U105 dr dt =

0l

3 3
— Z /|: Z éwklmi)l )+ngk44@44(U)}©?k(X) do =
15 lLm=1

=2 Z /ejklms}m(U)Qg?k(X)da =

j,k,l,m:ly
= 2/<P1,X> do + 2/<P07X>Bl(%) do = 2/<P1,X> do. (168)
4 4 5

Here we have applied that Py = 0 by our assumption and
1 1

Since D}, (U) = D1, (U") and DY (X) = 2D;,,(X) for j, k = 1,2,3 (see
(162)), equation (168) writes as

Z /ij m@hn ) (X) do = /<P1’X> dO’, (170)
dokelm=1%, 8%
U', X e W'(7,T).

What we get is similar to equation (163), but with respect to the displace-
ment U instead of U° and the resultant force Py instead of P,.
Step 6 : It is clear that the process can be iterated: if we assume the resultant

forces
1

1 1
Py(#)i=; [ Pyt + 5 [Hyn(r, -1+ Hya(2, D] (17)
-1
are vanishing for j = 0,1,...,q—1, the entries of the asymptotic expansion

of the displacement vector field U (2 ,t) in (140) are independent of the
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transverse variable Uk(%,t) = Uk(fr) for k =0,1,...,¢ and all of them,
except the last one, vanish U’(2) = 0 for j = 0,1,...,qg — 1. The vector
field U%(2') is a solution to the variational problem (see similar (163) and
(170))

Z /eﬂklmsa UND,(X )do-/(Pq7X>do, (172)

7,k,l,m= 1/ 7
Ul X ¢ W, Ty).

Theorem 7.2. The variational problem (172) has a unique solution
U? € WY, L) for arbitrary resultant force P, € W=1(#,T'g) for all
q=0,1,....

Proof. First let us check the uniqueness of a solution. For this let the matrix
['yJ ’“] 33 With real valued entries be non-degenerated and symmetric:

det[y*]sxs # 0, 8T = 6. (173)
Then for A > 0, u > 0 the tensor
. A p
%jklm _ Jjklm 2 gl km ]m kl 174
i +2u[yy ™, (174)
is positive definite: There exists a constant Cy > 0 such that
IR C = ColGm)? for all (i = Gy € C. (175)

The asserted positive definiteness (175) is is proved, e.g., in [3, Theorem
3.3-2,a] and in [20, Ch. 1, § 7]. Here is a sketch of the proof: From (174) and
(173) follows that the tensor «77¥™ in (174) has the following symmetry

I — gy R — MR ik Lm = 1,2, 3. (176)
The sum n := Mklmgjkflm is real valued because n =7 and the symmetry
properties (176) apply.
Note that, due to symmetries (173) and (175),
(Y9 4 AT o = 2975 GG = 27 G| ? = 0. (177)
Using the representation

[V R ATk G = (G, C), = (Ciny Gaz, Giss Co2, Cos, Ga3) |

where the 6 X 6 matrix &/ is positive definite (all six principal minors of &/
are positive), we get

[V AT G > fOIC\Q = Col;xl*. (178)

for some Cj (actually Cp/2 coincides with the minimal eigenvalue of 7).
The inequality in (175) is an immediate consequence of the inequalities (177)
and (178).

In particular, the elasticity tensor for an isotropic shell

6= [ijlm]3x3x3x3’
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exposed in (160), is positive definite, since the corresponding 3 x 3 tensor
6 = ['yj’“]gx3 (see (173)) is the identity matrix & := [§jk]3x3 = I3x3.

If the resultant force is zero P, = 0, from (163) and the positive def-
initeness of the tensor & := [&/%™], . .  follows D;(U?) = 0 for all
jk=1,2,3,ie U?is a Killing’s vector field U? € Z(.¥).

On the other hand, due to the strong unique continuation property from
the boundary (cf. [13, Lemma 3.12]) a Killing’s vector field which vanishes
on a part of the boundary is trivial, i.e.,

Z(L)NWH7,Ty) = {0}. (179)
The property (179) implies U? = 0.
The existence of a solution follows from the celebrated Lax—Milgramm

Lemma (cf., e.g., [3, § 6.3]) and can also be proved by means of the potential
method. O

8. APPENDIX: ABOUT KOITER’S AND ASYMPTOTIC LINEAR MODELS OF
A SHELL

In the present appendix we describe shortly, just for the readers conve-
nience, the models of shell equations, which are most relevant to the model
presented above.

The two-dimensional Koiter’s equation for a linearly elastic shell, pro-
posed by Koiter in 1970 (see [19]), is formulated in the following form: The

3

covariant displacement vector field U(z) = 3° U (x)g?, g = v, of the
middle surface . of the shell Q¢ satisfies )

UeVp,(v):=
{U € W (w) x WH(w)xW2(w) : U(z)=8,Us(x)=0 Va:el“o}, (180)
2

(w)
e
/ eajk 7l7n )'ij(X) =+ ?ajklmplm ij ] \/7d17 =

7,k,l,m=1

/ Py, X)\/9(z) dx, (181)

, A
Jjkim _ Jk lm 2 jl km jm kl
" N+ 20 *2ulgmg g
Here
lm 1
Yik(U) == {g;x(U) — gji } — [Uji + Ukyj] — bjnUs =

2

2
1 .
=5 [OUk + 0U}] = Y DU = bjaUs, jk=1,2 (182)

is the linearized change of the metric tensor, while



A Revised Asymptotic Model of a Shell 105

pap(U) = - {bjk bjk}“n =

= aﬁg - Faﬁaags - bgbaogg + bg (6593 - Zggr)_F
+ 07 (0ag” —T2,9") + (0ably + T b5b% — T 500 )g"  (183)

is the linearized change of curvature tensor. g;, = (gj,gk), 7,k =1,2 by
the displacement U of the surface .. The vectors g; := 0,0, g, := 010,
g3 = v = g' A g” constitute the covariant basis in T.”, while {g’}_, is
the corresponding contravariant basis (g7, g,) = d;. () = Ik (x) =
(Okg;(z),g™(x)) are the Christoffel symbols (see (34)).

Py(x) is the resultant force, defined by formula (163). ¢'™ := (g7, g*),
j,k = 1,2 and it represents the contravariant metric tensor (the inverse to
the covariant metric tensor).

Further asymptotic analysis of Koiter’s equation leaded to the asymp-
totic models of a shell, developed by Sanchez-Palencia [31], [32], Miara &
Sanchez-Palencia [23], Ciarlet & Lods [6]-[8], Ciarlet, Lods & Miara [9] (see
[1], [5] for rigorous formulations and details).

The asymptotic models are derived similarly by assuming the expansions
(140) and (148). Although the equation derived in in the above mentioned
papers (see [1], [5]) have a similar to (163) form, there is an essential dif-
ference: one has to distinguish between a “membrane shell” and a “flexural
shell”, depending on the space

W(w,T) = {U € W' (w,To) : 1(U) =0Vj,k=1,2,3, in w} (184)

(see e.g., [3, § 3.3]).

If Wi(w,To) = {0} is trivial we deal with the “membrane shell” case,
while if the space W}(w, o) # {0} is non-trivial, we deal with the“flexural
shell”, respectively.

In the case of “membrane shell” the equation is similar to (163), written
with respect to the linearized change of metric tensor v;;(U) and has the
form

3
> /a]klm Nyin(X)VG dw—/ Py, X)\/9(x)dz, (185)
gk, lm=1, W

a]klm — 7k Im 2 gl _km im kil

oY +2u[g” g"" + g g" .
In the case of “flexural shell” the equation is written with respect to the
linearized change of curvature tensor

Z /aﬂ’“lm 0 pin(X)\V/%( das—/Po, )% (x)dz. (186)

gk, lm=1,

Note that the two-dimensional elasticity tensor 2 := [aj klm] 33 for a shell

in (8), in (186) and in (185), is more complicated and compiled of the metric
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tensor of the middle surface .. This tensor is, in general, a fully populated
matrix depending on the surface variable z € .7 (see e.g., [3, § 3.3] and [5]).

The difference between Koiter’s model and the model suggested here
is that we address the covariant deformation tensor C‘D%(U), which is in-

dependent of the metric tensor [gjx(e;x)], ,, Chtistoffel symbols

{T% (s %)}?j 4, and other quantities dependent on the thickness parame-
ter €. This independence simplifies the obtained equations considerably. For
example, in Koiter’'s model the deformation tensor is given by the formula

Dje(e;U) =
1 3
5 [akUJ + ajUk] - Z F;'}c(g)Uma .]ak - 1727
1 m:12
—10;Us+ = 93U, | — Fm(E)Um, 1=12, k=3,
_ 2 [ J j] ,,nZ:l .73 (187)
1 2
3 [0kUs + = 95Uy | — LU, j=3, k=12
1 m=1
— 03U3, j=k=3

To derive the shell equation (185) one needs, besides the expansion of the
displacement vector field (140), the asymptotic expansion of the Christoffel’s
symbols

Tr(e) =
L7 —ewsbil; + O(e?), g k,m=1,2,
2
bik — Y cxsblby, Jk=1,2, m=3,
r=1

] (188)
b= N emgbib, +0(?), j=1,2, k=3, m=12,
r=1

0, otherwise

(cf. [3, § 3.3]). The expansion (8) contributes the summand b;,Us in the de-
formation tensor and converts it into the linearized change of metric tensor
(182).
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