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ON FUNDAMENTAL SOLUTION OF STEADY
STATE OSCILLATION EQUATIONS



Abstract. The system of differential equations of steady state oscilla-
tions of anisotropic elasticity are considered. By the generalized Fourier
transform technique and with the help of the limiting absorbtion principle,
we construct maximally decaying at infinity matrices of fundamental solu-
tions explicitly. Their expressions contain surface integral over a certain
semi-sphere and a line integral along the edge boundary of the semi-sphere.
We investigate near field and far field properties of the fundamental matri-
ces and show that they satisfy the generalized Sommerfeld—Kupradze type
radiation conditions at infinity.
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1. INTRODUCTION

Fundamental solutions play an important role in investigation of bound-
ary value problems for partial differential equations.

For isotropic bodies the matrix of fundamental solutions of steady state
oscillation equations satisfying the so-called Sommerfeld-Kupradze radia-
tion conditions at infinity is constructed in [5], where it is written explicitly
in terms of standard functions.

In the paper, using the generalized Fourier transform method and the
limiting absorbtion principle (see [1]), we represent the fundamental solu-
tion of steady state oscillation equations of anisotropic elasticity under the
assumption that the characteristic surfaces satisfy some specific restrictions.

The fundamental solution is constructed by means of surface and curvi-
linear integrals. In the surface integral the integration manifold is a hemi-
sphere, while in the curvilinear integral the integration line is a unit cir-
cumference. On the basis of these representations we define the generalized
Sommerfeld-Kupradze radiation conditions in anisotropic elasticity. Similar
results can be found in the references [2], [3], [6]-[9].

2. REPRESENTATION OF THE FUNDAMENTAL SOLUTION

2.1. Equations. The homogeneous system of differential equations of
steady state oscillations of anisotropic elasticity reads as follows (see, e.g.,

[6], [7])
C(0,w)u = C(O)u + w?u = Cpjpg0Oqup + wu = 0, (2.1)

where u = (uy,us,u3)’ is the displacement vector (amplitude), w > 0 is
the oscillation (frequency) parameter,

(C(@, w) = 0(8) =+ w213 = [ckquﬁjaq + (SkaUZ]
C(9) = [ckjpq0;0q]

3x37
3x3 "

Here 0; = B%j, I5 stands for the unit 3 x 3 matrix, dy, is the Kroneker delta,

the superscript ()T denotes transposition, cg;pq are elastic constants
ijP(I = Cjkp(] :Cquja kaj7paq: 17273'

Let F,—.¢ and fgjw denote the direct and inverse generalized Fourier
transform in the space of tempered distributions (Schwartz space S’(R3))
which for regular summable functions f and g read as follows

Faell) = [ fa)etn 7210 = s [at0eas
R3

R3

where © = (21, 22,23), £ = (§1,&2,§3) and x - £ = €. Note that for an
arbitrary multi-index a = (a1, ag,a3) and f € S'(R?)

Flo*fl = (=i)*F[f], Fg%g] = (i0)*F~'[g].
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Denote by ¥(z.w) the matrix of fundamental solutions of the operator
C(0,w)
C(0,w)¥(z,w) = I30(x).
Here §(-) is the Dirac’s delta distribution. By standard arguments we can
show that

U(r,w) = FHCT (i w)] = F ! [w} -

H(g,w)
1
= N(0p,w .7:1{ }zN@x,wa,w, 2.2
0r 7 | ey | = NOr @), (22)
where C~1(—i&,w) is the inverse to the symbol matrix C(—if,w), C*(—if, w)
is the corresponding matrix of cofactors, H({,w) := detC(—i&,w),

N(0y,w) = [Ni;j(0z,w)]3x3 is the formally adjoint matrix to the matrix

C(o,w), i.e
N (8, w)C(0,w) = C(0,w)N(0y,w) = H(x,w)Is.

It is clear that Nj; is a nonhomogeneous differential operator of order 4
containing Oth, 2nd and 4th order differential operators.
Assume that for any n € ¥, where

Si={neR’| |yl =1},
the equation H(&,w) = 0 written in spherical coordinates
&1 = pcospsind,
& = psinpsinb,

§3=pcosl, 0<O<m, 0<p<2m, p=/&+&&+E =1

has three different roots tq, to, t3 with respect to t = Z—z, SO

Eu

j:l
where t; = u?(n), j=1,2,3, and

a(n) = [impdmeam]™ n €Sy wi(-n) =), al—n) = a(n).

It is clear that
C(—i€,w) = —C(&) + I3,

where C'(§) = [chjpeéréjlaxs and C(&) is a positive definite matrix, which
means that there exists § > 0 such that

C(&)a-a > 6lal*[¢]*  for all a € C.
Note that a(n) = det C(n) > 01 >0, n € £, and H(—{,w) = H({,w).
Lemma 2.1. Let 7 = w +ic with e # 0 and w > 0. Then
H(&,7) = det(—i&,7) # 0 for all £ € R\ {0}.
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Proof. Assume that H(¢,7) = 0 for some & € R3\ {0} and a complex .
There exists ag € C3, ag # 0, such that

C(—i&, T)ag = —C(&)ag + m%ag = 0.
Multiplying the last equation by @y (in scalar sense) we have
7*lag|? = C(&)ao - @,

or )
2 _
T4 =—=C(&ag-a9 >0
|ao?
due to the positive definiteness of C'(£). But 7 is a complex number. This
contradiction completes the proof. O

2.2. Fundamental solution of pseudooscillation. First we consider the
situation of complex 7 = w + ie, € # 0 instead of w > 0 and construct the
fundamental solution of the corresponding system of pseudooscillation.

Theorem 2.2. The fundamental solution of (2.1) for a complex T =
w + ie have the following form:

: gil(e g
U(z,7) —N(am,f)[ . 73/{; — _Nﬂz)}jal)], (2.3)

or
3

i —i|(z-n)|THq

W(va):N(aI,T)[WZQTB/{Z < Hq }Z(El) :

(€<0) ST | (7 T R
J=1,j#q

Proof. Taking a complex T = w + ie, € # 0, we have H(¢,7) # 0 due to
Lemma 2.1 and

D7) = FH(E7)] =

(2.4)

1 e—iz{

[ de (et (2.2)).
(rp | HE)

It is easy to check that

1 7im~§ 1 eimf
e = Gy ) e >d52(2w)3/ A6 * =

R3
u,ﬁ
27r /H

Taking into account that x - £ = |z|- pcosy = (z - n)p, cosy = (‘ i n) =

(i |£|) we have

||

Mo.r) = 20)° [ 7{ el ey p2dp dxy }

40 U >ﬁ[ g )l + oy ()]
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_ (g8 7 eilelocosy 2, gs,) }:
o /o/{—am) i )

8 _l;[1 [p = T (]lp + 715 (n

(27r)32/ 3571){/ . etilzlpcosy

0* dp}. (2.5)
. 0 jlle [p— T (]lp + 715 (n)]

From (2.5) we can write that

L) = = 55, ! /d21 {7 eil@mp
0

3 p*dp+
A

w3 ()]

oo

—i(zn)p )

+ 3 pdp ;. (2.6)
o IIlp?* =723 (n)]

Taking into account

oo

e—Hxn)p

_[p=—r]_
3 2 5 2 pdp_|:d,0_d7":|_
) l_[l[p =723 (n)]
=

— 0o

0
i(xn)r i(x-n)r
_ / € T’Q (*d?") _ / . e
72

0 lill[r2 —72u3(n)]

(2.6) can be rewritten as

et@m)p ,2
o - [ 15 [
2(2m)3

—o0 H =70

(2.7)
m]lp + 75(0)]

Assume that p is a complex variable p = p' + ip
i5ﬂj(77)» € 7é 0,7=1,23

» Thi(n) = wp(n) +
In (2.7) the integrand is an analytic function with respect to p and (see
Fig. 2.1)

oo

etl@m)p 2 et(zmp )2
It el e
l;I[p g ()] lp+7w5(n)] (n)]

I:I1 [p—7p;(M)lp+TH;




On Fundamental Solution of Steady State Oscillation Equations 125

i T= O+ igly

AP ’
4(‘\/ ! 1
—OH, IO I
e>0: —_ i R ! S - '
() | | O, p
1 1
¢ l R
—T,= —O [~ IEL, :
|

=TI, = —0O W, — igly, AP
1
1
1
1

T,= O+ gl

FIGURE 2.1.

or

1 s, el@mep2 dp
I'(z,7)=— | >
2(27)32[ a(n) / lill[p — 75 (m)][p + 745 ()]

Let us denote by C’E and Cj the upper and the lower half-part of the
circumference with radius R > 1 on the plane 0p'p”. If (x - ) > 0, then
i(x-n)p=1ilx-n)p — (x-n)p"” and in this case Re{i(z - n)p} <O0.

Clearly, for (z-n) >0

ei(w~n)pp2

3 dp—0 as R — Ho0,
ot H1 [p? =723 (n)]
=

because the integrand is O(p~4).
Similarly, if (x - 1) < 0, then Re {z(a: . n)p}pec, <0 and
R

ei(x~n)pp2
/ 3 dp— 0 as R — +oo.

G L= (m)

We have the following situations:
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[+ [+ [ =0

23.3) C;rzj Cj,(;)

a) (z-n) >0,e>0;

¢ —’C},Lj
FIGURE 2.2.

Choosing ¢ > 0 sufficiently small and taking limit as R — 400, we get

i(zn)p 52 3 i(zn)p 52
e p e p
/3—dp= > / —————dp.  (2.9)

3
i Hl(p2 —242) =0 s(rug) Hl(p2 —72p3)
j= j=

FIGURE 2.3.
z(mn) z(:r n)p 2
e ey
/ - Z / - : dp. (2.10)
e 11 (P2 - 7—2:“3) Cs(—T1q)) H p*— 7'2/1]‘)

i(zm)p 2 et(@m)p )2
/ # — Z / _e 7 dp. (2.11)
q

(p - 72u3)

o
e
)
o
|
\]
™
=
<o
~—
H
:]oa

8(— T/Lq)
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( Gaoi) X
N\ 0 B
N o

FIGURE 2.4.

d) (z-n)<0,e<0;

FIGURE 2.5.
i(z 77) 2(:70 n)p 2
e
/ - Z / —  _dp. (2.12)
1:[( Cuslrna)) p —7243)

In what follows, we use the following notation (see Fig. 2.6)
Sr=mes ¢ (z-n) =0},
Y, ={ne : (x-n) <0}.

From the relations (2.9)-(2.12) and (2.8) we conclude that for € > 0

D(z,7) = — L/{Z / rge[”"”pzdz)}zal)

q=1
Cq, 5(7'/"11

3 etEme 2 dp d¥y
J(E S ) e

3
— 2
5o V4 lcq,a(—ruq)j jl;[l(pQ _ 7-2Hj
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128
FIGURE 2.6.
and for e <0
3 .
1 etEmep2dp | dy,
U(2,7) = —5-—3 / > / - (2.14)
2(2m) -1 N IC)
T s (i) Hl(p - 715)
j=
Using the Cauchy integral formula, we can write
ei($‘n)pp2 dp . 2 . ei(l"n)TMqTQ M3 )
- — . = 2mi— 3 :
Cqs(Tq)) H (p* — Tzﬂj) H [T1q + Th;] ) H [Trq — Th;]
Jj=1 J=1 Jj=1,7#4q
ei(ﬂﬁ'n)PpQ dp ) e_i(m'n)TﬂqTQ /1’3
3 = 271 3 3 )
CosCrng) 11 (PP = 7203) =i =] 11 [=7pg + 715]
’ 7=1 i=1 i=1,j#q
Due to these relations, we can rewrite (2.13) and (2.14) as follows
. 3 i(zn)TR 2,2
e (7w dx
Do, 7) = — / 3 (7" 1g) L
e>0 87T2 =1 3 3 5 a(n)
PR | N 7R I | G IR 7]
j=1 =1, 5#4q
3 —i(xzn)TR 2,2
e (T ay>
- /{Z 3 3( ta) }a(nl) (2.15)
S | N TP I B U G b o
J=1,j#q

j=1

and
__ b : e @mTha (72 1;2) s
Ee L/ {Z “pa—pi) 11 [—quw}a(”)

J=1,77#q
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T
5 3 af) |
S U I VO
=1 i=1.i#q
Clearly, (2.15) and (2.16) decay at infinity faster than any negative power
of |x|.
Taking into account (2.15) and (2.16), we get

. 3 il(@n)|Tig (72,2 s
M(a,r)=——5 [ ‘ S L (217)
g > 0 87T2 — 3 3 5 a(77)
i~ 9= [ Tlpg a5l TT (g — wyl7
j=1 i=1,j#q
and

; 3 *il(w-n)\wq( 2,2
€ T p’q) dEl
L(z,7) 8W2/{Z - 5} . (218)
il T

3 a(n)
e<0 o= I lug +py] 1 g =
Jj=1 J=1,j#q
Finally, from (2.17) and (2.18) we obtain (2.3) and (2.4). O

2.3. Fundamental solution of steady state oscillation. Using Theo-
rem 2.2 and limiting procedure, we can prove

Theorem 2.3. The fundamental solution of (2.1) has the following form

U(z,w,1) = N(0p,w) /ZF )el@mea(m gy, (2.19)
s 971
or
U(x,w,2) = —N(0,,w) /ZF Ye~ @ meam) gy, (2.20)
st =1

where ) )

i Pq(n
Fy(n) = T2 3 1 . (2.21)

{ I 153 = A fatn)

Proof. Taking limit in (2. 17) and (2.18) as |e| — 0, we get

il (@) |whiq (m)
pe(n) dXi
Jim D(z, 7) 1671' 167203 /Z -

a(n)
(12 (n) — 115 (n)]
J= 1J7fq
=:I'(z,w,1); (222
. 3 —i|(z-n)|wpg(n)
lim T'(z,7) = #/Z - tan) 2 N
L 1672w3 — 3 5 2 a(n)
£, 0=t T [u2(n) — 15 (n)]
j=1,5#q

=:I'(z,w,2). (2.23)
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Clearly, I'(z,w,2) = T'(z,w, 1).

(2.22) and (2.23) are the formulae similar to those in [4], but they are not
identical. Another difference is that (2.22) and (2.23) satisfy the radiation
conditions.

We can rewrite (2.22) as

; 3 i(z-n)wpg(n)
_ i e “Wpg(n)  d¥y
INz,w,1) = _167r2w3{ /Z 3 , a(n)+
st =t I [wg(n) — w5 (n)]

3

/ Z e—i(z w#q(ﬂ)u (n) d¥, } (2.24)

J= fL 2() — 2y

Using the substitution = —7 in the second integral of (2.24), we obtain
(q(=n) = pq(n), X1y = d¥5, Xy — T, a(=n) = a(n))

et(@mwpg(n)
1 Wpg(n)  dy
Mo 1) =~ | 3 .

S Tl ) — ) Y
Jj=1j#q

I'(z,w,2) can be written in a similar form

—i(zmwpq(n)y, J(n)  dS
INz,w,2) 87r2w3 /Z o ()

st =t IT [wg(n) —pi(n
j=1j#q

Taking into account the notation (2.21) and the fact that p, () = wpq(n),
q=1,2,3, we get

(z,w,1) /ZF Yel@mea gy, (2.25)
s =1
and
[(z,w,2) /Z et @ Mea gy, (2.26)
st 91
Evidently, (2.25) and (2.26) imply (2.19) and (2.20). O

Denote by S, the characteristic surface given by the equation p = p4(n),
n € X (g =1,2,3). We assume that S, is a star-shaped surface with respect
to the origin and it is convex; it means that £-n(§) > 0 for all £ € S,, where
n(§) is the outward unit normal vector at £ € S,,.

Note that np4(n) =& € S, and

iy = (i n(©) a5, = - (¢ n(©)as,
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Sy (p=p M)

qg=123

FIGURE 2.7.

Therefore we can rewrite (2.19) and (2.20) in the equivalent form

U(z,w,1) = N(0p,w) Y / Fy(n) p3(77()£ €) as,:
st @) I
> i@ (¢ .
U(z,w,2) = —N(0z,w) Z Fq(n) p3(n)(€ €)) ds,

3. ASYMPTOTICS

3.1. Singularity in Vicinity of the Origin. Let S be a regular surface

in R3. Then
asf@ = Ok(n,Ve) = [nx Ve, k=123,
ie.,
as?(g) = 01(n, Ve) = 2 a% ns a% :
asf(g) = 02(n, Ve) = n3 8(2 | ai :
65?(6) 05l Ve) = ¢ 25%’

where V¢ = ( 9 0 9 ), n(&) is the outward unit normal vector at £ € S

O&17 0€5 7 O3
and X denotes the vector product.



132 1. Sigua and Z. Tediashvili

If S is a closed regular surface and f, g are smooth functions, then by
the Stokes theorem

/ O (., V) F(€)] F(€)dS = — / £(6) [0, Ve)g(€)] dS
S

S

Let us consider a special type of the function 1. (§) = ¢ (é) where r = ||
and % =n € ¥;. We have

Vet (€)]; = [vgw (5)L — (Vb = 5 0-(6) = £ v(0) =
; 377: ZZ Z anp ai H B
; ol [ fﬂ 1 |28 - vt

ie.,

Ve (©) = Veotn) = Ve (&) = L9300~ nln- Vo). (3.)

It follows from (3.1) that for the case of 31 (n =n)
ou(n, Ve)(n) = au(n. Vo) ( £) =000, V() =

= % [7] X V,ﬂ/}(n)]k = %8k(navn)7/}(n)a

[0 % Vy(m)]k = Ok(n, Viy)v(n).

Hence

0 73 =12
o1, Vy)n=|-n3|, Oa(n,Vy)n=| 0 |, &(n,Vyn=|m |. (3.2)
72 - 0

Let us consider 1)(n) = @ MPM) with ﬁ =T € X, nEX, A= const
and p(n) = pr(n), k =1,2,3. We easily derive
O (n, V,,)ei’\@'”)p(") —
= AN ED [(F - 9y (n, V)m)p(n) + (& - 0)Ok(n, V) p(n)] . (3.3)
It is evident from (3.2) that

1 0
T- 81(777 Vn)ﬂ = -%2 N3 | = /"E\3772 — EL'\2773 = [77 X :/fh,
T3 2
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71 [ 13 1

-0, Vyn=|Z2| | 0 | =Fins —Tgm = [n % T]a,
3 L=
71 ——772-

z- 83(777 vn)” =\|Za | | m | =Tom — T = [7’] X /.7;\]3,
T3 | 0 ]

i.e.,
(fak(%vn)n) = [nxﬂlm k:1>273
Denoting

@i (7, n) = [n x Zlkp(n) + (T - 0Ok (0, Vi) p(n) =
=nx(@pn) + @ -n)Vyp(n), k=123,
we can rewrite (3.3) as

o (n, Vn)eM(@n)p(n) - i)\ei/\(i-n)p(n)@k@’ n), k=1,2,3.

Lemma 3.1. The following conditions are equivalent:
i) ®(z,n) =nx [zp(n) + (& -n)Vyp(n)] # 0;

ii) Zp(n) + (@ - 0)Vyp(n) K n;

iii) n x ®(Z,n) = —xp(n) (@ - n)Vyp(n) # 0.

3
Proof. Since ) n0k(n, V) =0, from (3.5) and (3.6) we obtain
k=1

D om®i(@n) =0, ie, n-®@Fn) =0, ne,
k=1

where ®(Z,n) = (®1(Z,7), ®2(Z,7), 1(Z,7n)) and n = (91, 792,713)-

If ®(Z,n) # 0, then this condition is equivalent to [ x ®(Z,n)] # 0.

On the other hand,
®(z,n) # 0= 2(,n) =nx (Tp(n) + (@ n)Vyp(n)) #0,

133

i.e., the vector p(n)Z + (Z - n)Vap(n) is not parallel to . Thus, i)<ii).

In the particular case under consideration it is clear that

1
E Pq (77)7 t>0.
The functions pg(n), ¢ = 1,2, 3, are homogeneous functions of order

for n € 3. Ttherefore

pqe(tn) = wpg(tn) = %wuq (n) =

(n-Vap(n) = —p).

(=1

(3.7)

Taking into account (3.7) and the fact that for arbitrary vectors a,b and ¢,

ax[bxc=bla-c)—c(a-b), we have

nx®(z,n) =n x{nx (ZTp(n) + (T -n)Vyp(n))} =

=n{(n-2)pn) + @ -n)n-Vypn ))} (@p(n) + (T -n)Vyp(n)) =

= m-2){p(n) — p(m)}n —A{zp(n) + (@ -1)Vyp(n)} =
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= —zp(n) = (Z-n)Vyp(n),
hence
n®(z,n) = —=2p(n) — (Z,1)Vyp(n).
Using (3.4), we conclude that i)<iii). O
Note that if (z-n) =0, then L 7, | x n| =1 and

(@, m)| = |n x z|p(n) = p(n) >0,
ie., if (-n) =0, then ®(z,n) # 0.
From Lemma 3.1 we conclude that
O, n) =0 x [Zp(n) + (T -n)Vyp(n)] = 0 <
= Tp(n) + (T -n)Vyp(n) = 0. (3.8)
Since
n- (Zp(n) + (@ -n)Vepm)) = (n-2)p(n) + (@ - n)(n - Vyp(n)) =
= (n-%)p(n) — (- npn) =0,
this means that {Zp(n) + (z - n)V,p(n)} L n and
|2, n)| = [Zp(n) + (Z - n)Vyp(n)]-

The points n € X satisfying the equation (3.8) will be called critical
points on 3 corresponding to the direction T.
Denote by S the surface defined by the equation p = p(n). Clearly,

pln) : 1 — 5.

pmm =£eS

3
nez

AS‘

FIGURE 3.1.

Lemma 3.2. 19 € Xy is a critical point corresponding to the direction
T € X1 if and only if n(&o) = £, where & = p(no)no € S.
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Proof. Let us consider the function

£
POl -0 (). €cR L
where p(n) is a positive function defined on ¥y as a function of 7, is differ-
entiable with respect to  and homogeneous of order —1.
It is evident that F'(§) = 0 is an equation for S, i.e., S is a level surface
for the function F'. Therefore V¢F(&) defines the field of outward normal

directions on S: n(€) = zziggl s is the outward unit normal vector to
S at the point £ € S.
Elementary calculations show
g% (i)
VeF(§) == -V = | =
1 1
= é T [Vep(n) —n(n-Vyp(n)) =n— G [Vnp(n) + 1p(n)]-
Therefore
1
VeF ==1n——=1V =-——V .
RGNS 0 [Vun(n) +np(n)] ) ()

Note that the surface S = Sq¢, ¢ = 1,2,3, are star shape with respect to
the origin point 0, i.e., if n(£) is the outward unit normal vector to S at
¢ € 5, then (5 n(€)) = 0.

Since (n-n(§)) = —
that

p(n)
n-Vpp(n)) = ——+— > 0, we conclude
0 ¥aPt) = 17, ot

Vap(n)

n(f) — _ Vnﬂ(ﬁ)
[Vnp(n)|
defines the outward unit normal vector.
If ny € ¥; is a critical point corresponding to & € ¥, then using (3.8)
and (3.9) we conclude that (&) = £2, where & = p(10)10 € S.
On the other hand, let n(&) ||z, ie., n(&§) = £Z, or due to (3.9) T =
V(o)

Vo (no)|
Let us write (3.8) for ng

for £€8 (3.9)

Zp(no) + (- 10)Vayp(no) =

= ivnpl(no” {(Vap(no))e(no) + (Vp(no) - 10)Vnp(no)} =
— iw}(%) {p(10)Vnp(no) = p(110)Vyp(no) } = 0.

Therefore we get that ®(Z,n9) = 0, i.e., 19 is a critical point. |
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Remark 3.3. If the surface S does not contain a plane two-dimensional
part (i.e., curvature of the surface S does not vanish on a subset of S of
positive 2-dimensional measure), then the set of critical points consists of
isolated points or lines on S.

Using Lemmas 3.1 and 3.2, one can easily prove the following

Theorem 3.4. i) If ng € X1 is not a critical point corresponding to the
direction T € X1, then

®(@,m) =nx[pn)z + (T -n)Vyp(n)] #0
and
@@, n)| = |p(n)z + (Z,1)Vyp(n)| > 0.

ii) If (z - n) = 0, then |®(Z,n)| = p(n) > 0.
iii) ®(z,n) = 0 only at critical points.

From ii) of Theorem 3.4 it follows

Corollary 3.5. There exists a neighborhood U (8, 0%F) of the circumfer-
ence OXE with |®(z,n)| > § > 0 forn € U(5,0%F).

Using the Stokes theorem for f € C1(X;), we can write

/ B0, V) f(n) dSs = / Fn)tn(n) . (3.10)
3 ol

where ¥* C 3, 0X* = v, n = npon Xy and £ = ({1,03,03) is the unit
tangent vector to ~.

n=m=M; Ny M)
¥ EE,

T=(l05,05)

FIGURE 3.2.

As a result, from (3.10) we have

/ 01, V) f (g () A =

o

. / )0k, V)g(m)] dS: + / F)g(mtu(n) dy.  (3.11)
3 ol



On Fundamental Solution of Steady State Oscillation Equations 137
If either f|, =0 or g|, =0, then

/ 01, V) F(n)lg () S = — / £ )01, V) g()] dSs.

3 X

Lemma 3.6. Ifn € ¥ is not a critical point corresponding to the direc-
tion T € X1, then

G 1 & 0,3, n) G
iIX@E)p(n) _ kAT, 1 [a v 1/\(9641)9(?7)} 3.12
e = - E = ,V,)e . .

iX & (@ (3,m)] K V) (312)

Proof. Multiplying both sides of the formula (3.6) by ®(Z, ) and summing,
we obtain the equation

3
" (@) [Oh(n, V) EWO] — NDEDIDIBE g2 (3.13)
k=1

(for p(n) = py(n) we will use the notation <I>,(€q) (z,n) and @ (z,7)).
If 7 is not a critical point, then ®(Z,n) # 0, and (3.13) can be rewritten
in the form (3.12). O

In what follows, we essentially use the following

Lemma 3.7. If ®(z) = [ ¢(z,n)d,X1 and ¢(-,n) € C1(R3), =F =
=7
{nexi:(x-n) >0}, then
0®(x) _ / Op(z,m)

8xk 8:ck

1
1+ m/w(%n)nkdn%, (3.14)
=+ .
where v, = 0L} .
Proof. First let us calculate the derivative of ®(x) in the direction ey =
(eo1, €02, €03), |eo| =1,
00 (x) ~ im O(x + teg) — () .
860 t—0 t

It is clear that

O(x +teg) — P(z) = / o(x +teg,n)dyX, — /(p(a:,n)dnzl =

E;rteg bony
= /[(p(m +teg,n) — ¢(x,n)]dyX1 + / o(x + teg,n)dy X —
pony poRy
z+teq

- / ol + teo.n)dy S, = / (e + teo, n) — ()] dy St

poha pony
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FIiGURE 3.3.

+ / o(x +teg,n)dyS, — / o(z +teg,n)dyS1.  (3.15)

a(t) 1(t)
q
X x+te,
eO
X+ fe,
V() [x + re|
~
~ \) V(r) e
= ~
~
e \
' 2(1)
FI1GURE 3.4.
T X € epg X T . A, ~
€3 = = €y =; €] = —e3 X T =ey Xes3.

C|Zxeo | xeq|
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From (3.15) we get

1 t _
R e
bony
1 1
+o / pla + teo, 1) dBy — 5 / oz +teg,n) d¥y =
a(t) 21(t)
= (x,t) + Pa(x,t) + P3(z,t), (3.16)
where
x +teg,n) — o(x,1
(I)l(x’t):/w( 0 ;7) o( )dnEh
=F
1 1
Sawt) =7 [ olo+tennasi w0~ [ oot tenn)ds,
3a(t) 31(t)
Evidently,
. _ [ 9¢(z,m)

=5

Let us make an orthogonal transform of the initial system such that 0&;
coincides with ey, 0&s with e and 05 with ez (see Fig. 3.4). Denote by
B := B(z,e) the orthogonal matrix of this transform (B¢ = 7)

€11 €21 €31 €kl
B=lei2 e e3n|, e=|e|, k=123
€13 €23 €33 €k3

Using the spherical coordinates, we have

(&)
& = |€] cospsind,
\4 & = [¢]sineysin b,
(K &5 = [¢] cos b,
| Tl (&)
e ///. (il?éj)o) OSQSTT and
4 0 <y < 2m.

e3(S5) £=01%8)

FIGURE 3.5
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As it is seen from Fig. 3.4, 2w — v(t) < ¢ < 27 for ¥5(¢t) and m — v(t) <
¥ < 7 for 34(t), i.e., for both surfaces 0 < § < 7. Let us estimate the angle
v(t) (v(t) > 0 is sufficiently small)

r+teg  x-(x+teg)

cosv(t) =2 -

|z +teo| x|z +teo]
P teora) _ | [aP + Heo 3) — Jol 2 + eot] _
|| |2 + teol |z[ | + eot|

Lyl 2t - 2)? + (e )2 = e[l +2t(e0 - 2) + £
o+ catl[l2l? + t{eo - 2) + ] [& + eol]
_ £]laf’ — (o))

= Telle+ eotllaf? + teo ) + [al 2 + eofl]

ie.,
b2 V) 2 a2 = (o 0)? B
sin® —= = =
2 [z[ |z + eot|[|2]? + t(eo - @) + [ [+ + eot]
|zf* — (e - @)° 3
=2 O(t?).
(i roe
Hence
t
lim vt) (3.18)
t—0 t
If B (t) = So(t), then
1 1
Dy (z,t) = n o(x +teg,n)dX, = n / o(x + teg, BE) d¥y =
a(t) o (t)
1 27 ™
=7 / dw/ap(x + teg, BE)sin 0 db. (3.19)
2w —v(t) 0
Using the mean value theorem in (3.19), we obtain
1 T
Oy (z,t) = n v(t) / o(z +teg, BE' ) sinf db, (3.20)
0
where
€ =(£,€.8) + & = cos¢'sind),
&) = sine)’ sin 0,
2 (3.21)
& =cosf and

2 —v(t) < ¢’ < 2m.
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Similarly, if BE;(t) = $1(t), then

1 1
Dy (z,t) = 5 / o(x +teg,n)dX, = 3 / o(x + teg, BE) d¥y =
i (t) 21 (t)
1 ™ T '
=-7 / dz/J/go(as—l—teo,Bf)smﬁd@ =
m—uv(t) 0
t T
_ _# / oz + teo, BE") sin 6.do, (3.22)
0
where
1 — ( 1/7 é/, é/) . 1/ — Cosw// Sine’
y =sine” sind,
p (3.23)
&3 =cos 0,
2m —v(t) <" < 2r.
Due to (3.18)—-(3.23) we find
7 _ 5
lim @, 1) = i ‘ I(; 20 / oz, BE,) sin.do, (3.24)
- x

sin 6
where §{=| 0 |, and
cos 6

}1_1’% @3(.’[,15) -

—sinf
where £ = 0o .

cos 6
The substitution § = 7 — 6 in (3.25) leads to

VA el ARV /go(ac, B&()sin6 do, (3.25)

|z

™ 0 ™
/gp(x,Bf(’)’) sin 0 df = —/g@(m,B(—f{)))sinedQ = /go(x,Béé)sinGd@.
0 ™ 0
If§ = 6—m, then sinf = sin(g—ﬂ') = —sinf, cosf = cos(f—7) = — cos b,
0<0<m m<0O<2m,
sin 6 sin 6 B
—Bg,=-B| 0 |=B| 0 | =8Bg,
cos cos 0
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and
™ 2m 2m
/go(x, —B¢&) SinGdﬁz/w(w,—ng)singdgz /ap(x,Bf(’)) sin 0 d.
0 ™ T

Hence from (3.24) and (3.25)

/—|x|2 (@ eo) sin ¢ -
hm Dy (z,t) = plxz,B| O sinfdf,  (3.26)

2
| cos 6
\/2_—.2 sin ¢
lim ®5(z,t) = — [ = (@ - e0) /ap z,—B | 0 sinfdf =
o EE
r cosf
2w :
7o sin 0
_ Vil (f o) /gp 2,B| 0 | |sin6as. (3.27)
] . cos 0
Note that
sin 6 €11 €31
B| 0 =eysinf +ezcos = | ern | sinf+ | esz | cosf =,
cos €13 €33

i.e., ( =eysinf + egcosb.
Clearly, ¢ € v, = 0XF, and when 6 varies from 0 to 27, then ¢ moves on
v, in positive direction. Moreover,

sinf = (e - {). (3.28)
i Y
€
0
g
83 \ 'Yx
FIGURE 3.6.

Taking into account (3.26)—(3.28), we get

}E,I(l) (I)2<.’L‘7t) =
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/T2
hm D3z, t) = [z’ = (& eo) / ¢)db.

j?

df = dry, on v, = OXF (see Fig. 3.6), and hence

/ (@, C)(e1 - €) df = / (@, ) er - €) deye

0 v
2
/ o, )(er - C) df = / (@) (e Q) dera.

Using (3.16), (3.17) and (3.29)—(3.32), we get

oo 1 _ [ 9¢(z;n)
aeo—gg%t[@(z#—teo)—@(a:)}—/ ol 4,81+
bony
2|2 — (z - eg)?
+ ||x(2 o) [ o0 der

Note that the vector eg = (1, d2k, I3x) corresponds to W'
) If €y = (17070) Tm’ then

143

(3.30)

(3.31)

(3.32)

(3.33)

i j k
_ ~ ~\\T _ ~2 ~9
eoxZ]=[1 0 0|=(0,—23,Z2) , 71 =4/T5+73,
Ty T2 I3
(1) ~ (1) _ €0 X7T 1 1 ~
ey’ = (x1,x2,x3 ey’ = — =ey ' = —(0,—3, 29
2 ( ’ ’ )’ 3 |€0 % J)| 3 Tl( ’ ’ )v
ik PE  #E
1 1 ~ S =~ 122 123
V=) xelM =31 @ B = (r,— - =
1 2 3 2 3 ) )
0 z3 x2 1 T1
T ™1

1

1) If e = (0,1,0) ~ 52, then

i § ok
[60)(58\]: 0 1 0 :(56\37O,7§2)T, T2:\/§E%+5§7

o

1 o 2 A A 1 P
= — (T34 22+ 2 2% 31y, —2133) | = 7“—{(1,0,0)T — 1T}
1

~ 1 A
, 622 =7 and 6(12) = —{(0,1,0)" — 2,7};
T2
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III) If g = (0,0,1) ~ then

0
Ox3’

ik
[eo X 7] 0 1 1|=(-29,71,0)", r3=1/23+473,
Ty T2 I3
1, . N 1 ~
eég) = —(=2,71,0)7, 6(23) =7 and egg) = —{(0,0,1)7 — 237}
T3 T3

The parametric equation of v, = X% is

(= e( sm9+e(k) cos, k=1,2,3.

FIGURE 3.7.

Here the coordinates of ¢ = ({1, (2, (3) correspond to the initial system.
Applying (3.33), we have

90 [ dolw,n) \/7—90/
9= _ dp¥y @
Oy, / Ay, ! |2 R
pors
Clearly,
2 _ .2 1 — 722
\/\wlzxk:\/ oz =0, and (el Q) = ¢4,
|z| || ||
SO a
a / p(a,n) d21+—/ (@, () Codevan (3.34)
T,

We can write n and 7, instead of ¢ and ¢, in (3.34) to get (3.14). |
Now we can prove the following

Theorem 3.8. The fundamental solution V(x,w, 1) of the equation (2.1)
is represented as

U(z,w,1) =W (z) + 0O (z), (3.35)
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where
3 .
o (z) = / > Fy(n)N(inpg, w)e’ @ MPadyy (3.36)
s 1=
1
O (z) = - -1 : .
(z) 72l C™(n)dvy (3.37)

Here C~1(n)is the inverse matriz of C(n) (see (2.1)), dy = dyyz, Fy(n) is
defined by (2.21).

Moreover, if |x| — 0, then

i[\p(l)(m)] = 0(1); 872[\1/(1)] -0 1 (3.38)
oxy, " Oxy0zx; || ’
and
3
lig v ) = | > RN inps) (3.39)
RS

Proof. Note that a(n) > 0 and p4(n) > 0, n € X,, are even functions.
Therefore

It is easy to check that
> Fy(m)pft(n) =0. (3.40)

Due to Lemma 3.7, we have

3

) 4 .

o e 1) = / > Fy(m)e@meaMinpy () dSi+
st =1

3
1 (e
+|x/g E,(n)e@meatp, dy. (3.41)
Yo 971

We know that Fy,(n) is an even function and (x - 17) = 0 on ;. Therefore

3 3
/ZFq(n)ei(I'")pq(")nk dy = /ZFq(n)nk dy =
ve I=1 v. 0=1

3 3
= /ZFq(*n)(*nk)dv = */ZFq(n)nk dy = 0.
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Now we can rewrite (3.41) as

3
8 21X
TMI‘(;U w, 1) ZF‘J n)ingpg(n)e’@MPa ds;. (3.42)
st =1
With the help of (3.14) and (3.40) we have
0? ;
i(z-n)pq(n)
S T .) = [ S R imtiniae e sy
s 971
1 3
o / > Fy(m)inkpq(n)n; dy =
g=1
/ ZF )i ey pg(n)e’ =P dsy . (3.43)
st =1
Similarly,
3
aif(x w,1) /ZF Pnen; N (7]) i@ mpa(n) gy, +
02,0202, J

s =1
o / ()00 P20 . (3.44)

The curvilinear integral in (3.44) vamshes since the integrand is an odd
function, i.e.

83

1) Ey( m izmpa(n) gy, (3.45
e o) = [ SR o) . 315

s+ 971
Another use of (3.14) gives

34

A A A 1) Fy( i(zm)pe(n) g
D0, 00m 0, (@0, / Z )it Py (M)e 1+

+‘11

1 .
i /ZFQ(U>ZS77k77j77mP2(7])77p dy =
q=1

/ ZF )R N e’ i(@mpqa(n) gy, 4
s =1

i3S ,
+ M/ZFQ(U)UijWmPS(n) dvy,  (3.46)
Y 7=1
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where the curvilinear integral does not vanish, it is a homogeneous function
of order —1. Clearly, the first integral in (3.46) is bounded in a vicinity of
the origin.

Using (3.42)—(3.46), we can write

U(z,w,1) = N(dy,w) /ZF et@mea(n gy, =

+‘11

/ZF ()N (inpy, w)e i mpa() gy, 4

s 971
0
i |/ (N (n) dv, (3.47)

where N(n) is the principle part of the matrix N (n,w).
Let us calculate

4

3 |
3 _ 7 P1
2 Firn) = ~goum { =)

n P2 + P3 }

(P53 — D)5 —p3) (3 — P} (P3 — P3)
i {p‘%(ﬂ% —p3) = p3(p? — p3) — p3(pT — p3) } i
8m2a(n) (r? = m3) (T — P3)(p5 — P3) 8m2a(n)

Now we can rewrite (3.47) as

. (2 1 _
\I](.'I:,w71) = /FQ(T])N(ZUPQ7M)€’L($ n)pq(n)dzl — m/c 1(77) d’y,

=F Yo

1
where C~1(n) = o NO(n) is the matrix inverse to C().
Using the notation (3.36) and (3.37), we arrive to (3.35). Note that U°(x)

is the fundamental solution of the static equation (w = 0)
C@)W O (z) = §(z) I3
We know that
N(0y,w) = [Nk;j(0z,w)]3x3 and
Niej (inpg,w) = Ni; (0)i*pg — Ny (m)pgw® + wo;,

where N,Sj (n) is a 4th order polynomial with respect to n, N, (n) is a second
order polynomial,

v (g /ZNO A gs,

st 971



148 1. Sigua and Z. Tediashvili

3
_ ZN1(n)Fq(n)pi(n)e“m'”)%(”)dzﬁ

q=1

3
I1
=1
3 3
_ / w2 Z Pq (n) Nl (n)ei(w-n)pq(n)d21+

3
+/w4z - Pg(1) Tzl @mpa(m) g5,

i.e., for any = € R3\ {0}
lim U (z,w,1) = 0O (z)

w—0
uniformly for all |z| > ¢ > 0.
Clearly, ¥°(z) = O(1) as |z| — 0,
Using (3.14) and the fact that F,(—n) = F,(n), we obtain

RS

Tk() = / > Fy(n)N(inpg, w)[inkpg(n)]e' " MNP ds; +

-1
s+ 9

3
1 .
T /ZFq(n)N(mpq,w)nk dy =
ve 971

3
- / S Fy ()N (519, ) limpg (m)]e =P ds, = 0(1)
s+ 971
and
*v (g > . ) iz
T [ S Fy )N o) e o+
0x0z;
s+ 971
1 3 , _ 1
e > " Fy(n)N(inpg, w)inkpq(n)n; dy = O w)

q=1

Vo
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Taking into account that Fy(n)N (inpy,w) is an even function, we derive
(3.39). O

3.2. Asymptotics at infinity and the radiation conditions. Using
Lemma 3.7, we can prove

Theorem 3.9. For |z| — +00
85
021,02 ;0x,,0x,0T,

I(z,w,1) =

3
:iS/ Y Ey(ymnnmtpnapl(me’ P dS, + O0(|2| ™), (3.48)

st 07
34
9  _r 1) =
021,02 0%, 01 (2w, 1)

q=1

- /%(n) > Eymymsngmmnpe’ @ Mdsy + O(|z %), (3.49)
>t

where 1 € C*(X1), ¥1(n) =0 for n € v,.
Proof. Due to (3.14) and (3.46), we get

P
I
021,02 0%, 02,02,

(r,w,1) =

3
= / > Fam)ingnsnmnpn g (n)e' M ds, +

=
st ¢

3
+i* / > Fy (0o (n)mwnnmnpnndy+
vp 971

0 [# [
+8x[aj| / > Fy)meninmmnpes(n)dy| . (3.50)
" Ya g=1

The second integral in(3.50) vanishes since the integrand is an odd func-
tion. The third integral in(3.50) is O(|z|~2) as |z| — oo (or |z| — 0), more
precisely, it is a homogeneous function of order —2. Hence we can rewrite
(3.50) as (3.48).

Let us consider the function

d(x) = /@(n)ei(m-n)ﬂ(n)dzh v e Cl(xy). (3.51)
=T

Due to Theorem 3.4 and Corollary 3.3, there exists ¢ > 0 such that there
is no critical point in X (¢) (see Fig. 3.8).



150 1. Sigua and Z. Tediashvili

)

FIGURE 3.8.

Let us rewrite (3.51) as

Bx) = [ Woln) + br(m)pn)e =N, = 0 (z) + 27 (o),
DR

where

*(z) = / Yo(n)p(n)e' =P s,

¢ (@) = / U1 (n)p(n)e’ =P s, ;

here ¢0(77) + ¢1(77) = 0) n S Z17 ’(/)071/)1 S COO<21)7 1/)0 Z 07 wo(n) =0in
vicinity of 7,, supp o C 3} (), ¥1(n) = 1 — 1o(n) vanishes on 7, and in
¥ (e).

Applying (3.11) and (3.12), we have

" (z) = /%(n)@(n)ei\zm-n)p(n)dgl _
=3

L B@n) ile@me(n)
/wo(n)s&(n)hx kE | 3J,\J?)'Q@k(n,vn)e }d&
=1

3

- .1{ - / (;ak(n,w[wo(n)so(n) mbeilml(m)p(”)dﬁﬁ

T

3 ~
+/¢0(77)80(7I)Z Mgk(n)eizl(an)p(n)d,y}_ (3.52)
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Applying the same procedure in the first integral of (3.52), we see that
it is O(|z|~2).
On the other hand, (Z-n) =0, n € vy,

o(z,n) = [n x xlp(n) = =Ln)p(n), k(@ n) = —p(n)lx(n)
(here £(n) is the tangent vector to 7. ), so

3
. 1 p()lr(n) 2
(b = —_—— d =
@ m:/ 2 "y v Ol
k=1

_ Zm/ L)d7+0(|x| 2).

Forz >1

B(z) = / () EDI) g5,

] / d7+‘1>**( ) +O(|z[~2). (3.53)

Using (3.53) in (3.46), we can write

o 1
011,02 02, 0) (@,w, z|x| /Z Pq VKT T pa(m) v+

O(||7?) +*/ZF )5 ()11 dry+

3
it / Y1) > Fy(m)menmmnppg(n)e @ meatn dy,
q=1

From this relation we obtain (3.49). O

Theorem 3.10. For |z| > 1

(2) ()
U(z,w1) =Y V(zwl), ¥(rwl)=O0(z"), (3.54)

q=1
(q)
0¥ (z,w,1)
8l‘k

where €9 € S, and n(£l?) = =

==l

(9)
— €D (2,0,1) = O(|2]2), (3.55)

These conditions are called the generalized Sommerfeld-Kupradze type
radiation conditions.
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Proof. Taking into account the form of Ny;, we can write

U(z,w,1) = /( n) + 1 (n ZF n)i*pg(n)—

Z+

— Nl(n)Pg(ﬁ)w2 + w?Ie i@ mpq() gy, + - / ZF Pq NN dy =

3
= / 1(0) Y Fy()N(inpg, w)e' ™ Mrads, —
nt q=1

_L itpd o1 -
z-|z|/ ;[qu) KT
- . 2002 1 w? 1
FymN* n)pg(n)® —os & Fy(n)e? —s | o
’L3 >
1 [ S RN+ O(lel ). (8.56)

Here ¢y and v, are the same as in the previous theorem.
Due to (3.40)

3
U(z,w,1) = / Pi1(n) Y Fy(n)N(inpg,w)e @ rads, +
q=1

+O0(|z|7?), |z| > 1. (3.57)
ov 1
Let us calculate % with the help of (3.46) and (3.35)—(3.37)
k

3

ov(z,w,1 ) (-
(axk ) - / > " Fy(n)N(inpg, ) [epg(n)]e’ @ Pads, +
+ a=1

PR
1 [ P
— : 9 g
T /;Fq(n)N(mpq,w)nk dy+ 5, V(). (3.58)

The last term in (3.58) is O(|z|~2). If we apply (3.53) in (3.58), we have

%wl) b / > F ()N (inpg, ) ey (n)]

——dvy+
ilx] — Pq(n)
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3
- / Vi)Y Fy(n)N (inpg, )imepg ()]0 + O(a|2).  (3.59)
q=1

Note that

pidsy = cosy S, = (0 () dS, = (v T 22 )i, = LA s,

so we can rewrite (3.57) as follows

3

- i(x- 1
Vew )= [ E N g ) as, +
=1 Pq(M)|Vnpq(n)]
s @)
(Jz|72) =
1 1€, (z-€)
:Z{_Sﬂ_z / 1(n) 3 (i) ool )ldSq}
=1 st (@) a(n) TI [p3(n) = p3(n)]
J=1,37#q
+O0(z|7?);
—_ & _ _¢
here n = 11 = 2t
Now we can apply the results obtained in [8] and [9] to get
3 . . x
N(i£ D, w)e T - 21
g=1 a(n@) [T [p2(n@) = p3(n@)]
J=1,j#q
1(3" £(@)y
S | Ok,
|vnpq (n(@)] (€W@)
ie.
3 .
1 N (i€ D, w
\Il(x,w,l):Z{—M 3 ) X
= U T o) 1 [p2n@) - p20n@)]
Jj=1,7#4q
z(:c 5({1))

X SANCCIINCRGD) }+O lz|~2), (3.60)
nFq \/

g(q) E(Q)

where %) =t meps(n) =

With the help of (3.60), (3.56) and (3.59) we obtain the radiation condi-
tions (3.54), (3.55). O

and k, is the Gaussian curvature of .S,.
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