Memoirs on Differential Equations and Mathematical Physics
VoLUME 51, 2010, 59-72

A. Kh. Khachatryan and Kh. A. Khachatryan

ON AN INTEGRAL EQUATION
WITH MONOTONIC NONLINEARITY



Abstract. We prove the existence of a nonnegative and bounded so-
lution of a type of homogeneous integral equations with monotonic non-
linearity. Under certain assumptions on the kernel, the properties of the
obtained solutions are investigated. Some particular examples which arise
in applications are demonstrated.
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1. INTRODUCTION

We consider the following nonlinear integral equation:
P = [ K@oevd >0 1)
0

in regard to unknown function ¢(x) > 0. Here p > 1 is a real number,
0 < K(z,t) is a measurable function defined on (0, +00) x (0, +00) satisfying
the condition

Sup/K(:L’,t) dt = 1. (2)
z>0 0

We will also consider the general integral equation of Hammerstein type:
f@) = [ KmnQuo)a (1)
0

where the function Q(z) is defined on (—o0, +00) and satisfies some addi-
tional conditions (see Theorem 6).

The problems (1), (2) and (1*), (2) are of considerable interest not only
in mathematics, but also in the theory of nonlocal interactions, string filed
theory, cosmology, kinetic theory of gases (see [1]-[6]).

In the present paper, under certain assumptions on the kernel K(z,t)
we prove the existence of a nontrivial, nonnegative and bounded solution
of nonlinear homogenous equations (1) and (1*). The properties of the ob-
tained solutions are investigated (see Theorems 1-3, 6). We also undertake
mathematical investigation of a special case which arises in applications,
particularly in the dynamics of P-adic closed string field theory (see Theo-
rems 4-5). Some particular examples of the function Q(z) are listed.

2. CONVOLUTION TYPE NONLINEAR INTEGRAL EQUATION

2.1. Symmetric kernel. First, we consider the equation (1), in particular,
the case where

K(xz,t) =ko(x —t); 0<kye Li(—00,+00).
We have

WP (z) = /ko(m g dt, 20, p>1. ()
0

The condition (2) takes the form of
+oo

/ ko(z)dx = 1. (4)

— 00
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We also assume that
ko(*l‘) = k’o(l‘), Vx> 0. (5)
Denoting f(x) = ¢P(x), we have

f@) = [ ko -0 U/FDdt, x>0, p>1 (6)
0
We will consider the following iteration process

@) = ke -0 {fo@ @ @ =1 =012 @
0

The following statements are valid.

Statement 1. The sequence of functions {f(x)} is monotonously
decreasing as n increases.

Proof. Indeed, for n = 0 we have
—+oo
I (@) < / ko(t)dt =1 = fO(a).

Assuming that the analogous inequality holds for n and using the mono-
tonicity of the function y = ¥/z on (0, +00), from (7) we obtain

FUD (@) < fO (). 0
Statement 2. The following inequality is valid
1\ 7
() > (2) , n=0,1,2,.... (8)

Proof. For n = 0 this estimate is obvious. Let f("(z) > (%)P%l be true.
Taking into account (4) and (5), from (7) we get

f<n+1>(x)><;>"ll /xko(t)dt><;);1/ok(t)dt= (;) (9)

—00 —00

The statement is proved. ]

Statements 1 and 2 imply that almost everywhere the limit of the se-
quence of functions {f™ (z)}5° exists:

lim ) (x) = f(x). (10)

n—oo

Furthermore,

(;) < f@) <1 (1)
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Using Levi’s limit theorems, we conclude that f(z) is a solution of the
equation (6).

Statement 3. The solution f(x) of the equation (6) is monotonously
mncreasing as T increases.
Proof. First, we prove that the sequence of functions {f(™ (z)}2, is in-
creasing in x. Indeed, for n = 0 this is obvious. Suppose that f~1(z) 1
as x increases. Let x1,29 € (0,+00), 1 > x2, are two arbitrary numbers.
We have

F (@) = [0 (o) =
= / ko(®)[{/ f=V (21 — t) dt — / ko)) f(r=D) (g — t)] dt >

T2

> [ ko) [§fro D0 - /50w o) @

— 00

Therefore £ (1) > f(™ (), which implies that f(x1) > f(x2). O

Statement 4. The limit of the function f(x) exists:
lim f(z)=1. (12)

xT—-+00

Proof. Denote lirf f(z) =56.

It is easy to check that
lim {/f(z) = lim w(z) = 0. (13)

r—+00 Tr—+00

We show that

r——+00

lim / ko(z — 1) /F0) dt = 3. (14)
0

Indeed,

[e'e) +oo
/ko(x—t){/f(t)dtf %/ko(t)dt =
0 —00

x

= /ko(t){/f(:c—t)dtf VS/ ko(t)dtf/%ko(t)dt <

o0

< / ko (t) ‘{/f(a: 1) - %\ dt + %7%@) dt = J; + Jo.
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It is obvious that lim Jy = 0. We have

r——+00

Ji = jko(t)‘m—%‘ dt <

< jko(t)‘{“/m—%‘ dt—f—/wko(t)‘{/f(x—t)—%‘ dt =

= J3 + Ju,

sy [ote =) /70 - 98] at <

+oo
@)~ V6| at / ko) dt — 0

as r — +00.

J4:(1—|—{’/5)/k:0(t)dt—>0

as z tends to co. Thus the formula (13) holds. Passing in (6) to limit, we
obtain § = {/§ = § = 1. From (14) it follows that

lim ¢(z) =1. (15)

r— 400

The statement is proved. (Il

Statement 5. Let fi1(z) and fa(x) be the constructed solutions of the
equation (6) for the integers py and ps, respectively. If py > po, then fi(x) >
fg(l’)

Proof. We consider the iterations for p = p; and p = py separately.

ff"“)(m:/ko(x—t) Vi@, f0=1, =12, n=0,1,2..... (16)
0

We will prove that
A7 @) 2 £ @), (17)
Indeed, for n = 0 the inequality (17) is obvious. Assuming that (17) holds

for n, we check it for n41. Taking into account the estimates 0 < () (z) <1,
from (16) we get

£ () > / koo — ) Y £ (1) dt >
0

z/%@prﬁWwﬁ:ﬁ“Wm, (18)

0
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which implies that
fiz) > fa(z). (19)

Thus we have proved the statement. O

Theorem 1. Under the conditions (4), (5) the equation (3) has a positive
and bounded solution (x) which possesses the following properties:

a) P(x) 1 in x;
b) the estimates (3 )p T <(z) <1 are valid;
c) there exists the limit wll)mood)( x)=1.

Remark 1. The linear equation (3)—(5) (p = 1) represents the well-known
homogeneous conservative Wiener—Hopf equation. Many works are devoted
to the investigation of the corresponding linear equation (3) (see [7]-[9] and
the literature therein). It is known (see [7]) that the corresponding linear
equation in the symmetric case ko(—xz) = ko(x) has a positive solution,
possessing the asymptotic O(z) at £ — 400. Thus we confirm that there is
a quantitative difference between solutions of nonlinear (p > 1) and linear
(p = 1) equations.

2.2. Nonsymmetric kernel. We will assume that

+oo

v(ko) = / xko(x)dz < 0. (20)
— o0
The convergence of the integral (20) is understood in the Cauchy v.p. sense.

Together with the equation (3) we consider the corresponding linear equa-
tion

_ / ko(z — )S(8) dt, @ > 0. (21)

It is well-known that if the function kq(z) satisfies the conditions (4), (20),
then the equation (21) has a positive monotonously increasing and bounded

solution S(z) (see [8,9]). We denote C' = sup S(x). Due to the linearity of
>0

1
(21), the function S* = 55(3:) will also satisfy the equation (21). Further-
more, S*(x) 1 1 as x — +00. We consider the equation (7) with the kernel

(4), (20).

Analogously, it is easy to verify that f()(z) | as n increases. We prove
f)(x) > S*(x). For n = 0 this is obvious. Taking into account (21) and
0 < S*(z) <1, from (7) we obtain

FrH (g /ko (x — )%/ S*(t)dt > /ko (x —t)S*(t) dt = S*(x).

0
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Thus, there exists f(z) = lim f(z). Moreover,

T——+00
§*(z) < fla) < 1. (22)

From Levi’s theorem it follows that the limit function f(x) satisfies the
equation (3).
Acting analogously as in Theorem 1, we obtain that f(z) 1 as x increases.
Since S*(x) — 1 as © — 400, it follows from (22) that
lim f(z)=1.

Thus the following theorem holds.

Theorem 2. Under the conditions (4), (20) the equation (3) has a pos-
itive monotonically increasing and bounded solution ¢ (x). Moreover,

lim (@) =1, S*(2) < P(2) < 1.

Acting analogously we will be able to prove the following general theorem.

+oo
Theorem 3. Let there exist ko(z), ko(z) > 0, [ ko(z)dz =1, such

that K (z,t) > ko(x —t) Va,t € RT x RT.
1) if ko(—x) = ko(x), then the equation (1) has a positive and bounded
solution @(x):

(1) - <Y(r) <plz) <1 lim p() =14

2 z— 400
2) if v(ko) <0, then the equation (1) has a positive and bounded solu-
tion p(x):
§'(@) < U@ <p) <1l pla)=1.

2.3. Examples. We bring two particular examples of the equation (1) sat-
isfying the conditions of Theorem 3:

1) ©P(x) = /ko(m—t)go(t) dt—l—/kl(x—i—t)gp(t) dt, where
0 N 0 N (23)
0 < k1 € L1(0, +00), /k;l(t) dt < /k:o(t) dt, Va0
2) (o) = nle) [ hnla ~ t)elt) dt, (24)
0

where p(x) is a measurable function on (0,400) satisfying the condition
1< ) € .
| ko(t)dt

—oo
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3. ON A SPECIAL CASE ARISING IN APPLICATIONS

We consider the equation (1) in the case where
K(z,t) =ko(x —t) — k1(z +t) > 0. (25)

It should be noted that the condition K (x,t) > ko(x — t) doesn’t work for
the kernel (25) and it is necessary to develop a new approach for studying
the problem of solvability of the equation (1), (25). We should also note
that the nonlinear equation (1) with the kernel

1 —(x—1)2 —(z 2
K@) = —=(e (@87 _ g=(=+0)) (26)

describes the dynamics (rolling) of P—adic closed strings for a scalar tachyon
field (see [2], [3])-
First we consider the corresponding linear equation (p = 1)

wo) = [hoo— ey de~ [ oo o>0, @)
0 0
where 7(z) is the unknown function.
We rewrite the equation (27) in the operator form
(I - Ko+ Ki)n=0, (28)

where I is the unit operator, I?O is a Wiener—Hopf integral operator, and
[A(l is a Henkel operator. Let E be one of the following Banach spaces:
L,(0,+00),1<p<oo, M(0,+00), Cy(0,400), Cy(0, +00), where C,, (0, +00)
is the space of continuous functions having a finite limit at infinity.

It is known (see [10]) that if v(kg) < 0 and ma(ky) = [ 22k1(z) dz < +o0,
0

then the operator I — I?O +K 1 admits the following three factor decompo-
sition

I—Ko+ K, =I-V)I+W)I-V,), (29)
where f/i are Volterra operators:
(V-D@) = [v-t-a)f@yd, feE. (30)
(Vef)@) = [vsle- 050 dt, feE. (31)
0

0<wvy € L1(0,40), v+ = [vi(x)dr <1, and W is a Henkel type integral
0

operator

(W) (z) = / W(z+t)f(t)dt, feb, (32)
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0 <W € Ly(0,+00). It should be noted that (see [8])
i) if v(kg) <O, then y_ =1, v4 < 1;
ii) if v(kg) = 0, then v4 = 1.
At the same time, if the functions ky and k; are bounded, then W €
M (0, +00), v+ € M (0, +00).
Tt is well known that W is a compact operator in the spaces Lj(0, 400)
and Cy(0,+00) (and in other natural functional spaces).
Taking into account the factorization (29), we rewrite the equation (28)
in the form . . .
-V HYT+W)I—-Vi)n=0. (33)
Solving the equation (33) is equivalent to solving the following three coupled
equations

(I — ‘//:)7]1 = 0, (34)
(I +W)nz = m, (35)
(I = Vi) =mn. (36)

Statement 6. Let v(ko) < 0. Then the equation (27) has a nontrivial
solution n(x) € Cy (0, +00).
Proof. Let us consider the following possibilities:
a) € = —1 is an eigenvalue for the operator W;
b) e = —1 is not an eigenvalue for the operator W.

a) We choose the trivial solution of the equation (34). Inserting it in
(35), we obtain

na(z) = —/W(x + t)n2(t) dt. (37)
0
Since € = —1 is an eigenvalue for the operator W, the equation (37) has a

nontrivial solution 7y € C\,(0, 400). Furthermore, from the estimate
o0
)| < swp (0] [ Wr)dr
>
x

it follows that 1, € Cy(0, +00).
Now we consider the equation (36)

x

) =) + [ oo = On(e)dr (39)
0
Since 74 < 1, the equation (38) in the space Cp(0, +00) has a unique solution
(see [9]).
b) It is easy to check that 7;(x) = const # 0 satisfies the equation (34)
because y_ = 1.
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We choose n1(z) = 1 as n;. Substituting it in (35), using the fact that
e = —1 is not an eigenvalue for W and taking into account that W is
completely continuous (in C,,(0,400)), we conclude that the equation (35)
has a bounded solution 72 € C,(0,+00). Since 74+ < 1, the equation (38)
has a solution belonging to C,,(0, +00). ]

Statement 7. Let v(ky) =0, kg € Li(—00,+00) N M(—00,400), k1 €
L1(0,4+00)NM (0, +00). If e = —1 is an eigenvalue for the operator W, then
the equation (27) has a nontrivial bounded solution.

Proof. First we note that under the above-mentioned conditions and from
the results of [9], [10] it follows that W € M (0,+o0) N L1(0,+00), vy €
M (0, +00) N L1(0,400). Choosing the trivial solution of the equation (34)
and taking into account that ¢ = —1 is an eigenvalue for the completely
compact operator W (in L1(0,400)), we conclude that the equation (35)
in L1 (0, +00) has a nontrivial solution. Since W € M (0, +00) N L1 (0, +00),
from the inequality

()| < sup W () / m()]

it follows that 1, € M (0, +00). Thus we have proved that ns € L1(0,4+00)N
M(0,+00). Now we consider the equation (36) in the conservative case
(when 74 = 1). Using the results of the work [11], we conclude that the
equation (36) has a bounded solution n(z). Below we assume that one of the

conditions of Statements 6 or 7 is fulfilled. Denote C' = sup |n(x)|. Due to
>0

the linearity of the equation (27), the function 7 = %n will be a nontrivial
solution of the equation (27). Furthermore,

sup [n(z)| = 1. (39)

Let us consider the following iteration

f("“)(m):/K(m,t)f/f(")(t)dt, fM@) =1, n=0,1,2,..., (40)
0

where K(z,t) is given by the formula (25).
It is easy to check that for arbitrary n = 0,1,2, ... the inequality
F (@) > (i) (41)
holds. Indeed, for n = 0 it is obvious (see (39)). Assuming that the in-
equality (41) holds for some n, we will prove that it is true for n + 1. Since
[7(z)| <1, we have

f<n+1>(x)2/K(x,t) |ﬁ(t)|dt2/K(m,t)\ﬁ(t)\dtz n(z)].

0
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Hence the sequence of functions {f(™ (z)}§° has a limit as n — +oo,

lim f™(x) = f(2). (42)
At the same time,
()| < f(z) < 1. (43)

Using Levi’s theorem, we conclude that f(x) is a solution of the equation
:/K(x,t) /f(t)dt. |
0

Statement 8. f(z) 1 as x increases.

Proof. Let x1, zo € (0,+00), 1 < x9, be arbitrary numbers and consider
the following iteration process

£ () = / ko(t)mdtf/lﬁ(t) FO(t — ) dt.

We have
f(nﬂ)(xl) - f(nﬂ)(ff )=

T
= /ko(t) f(zy —t) dt—/k1 F(t — ) dt—

_fkmmm/ O

x2

> [ w0 {0 =0 - ¢/ 0] as

+7k1(t) [;/fm)(t@) - Vf(”)(txl)} dt > 0.

Therefore f(r) 1 as x increases. From (39) and (43) it follows that
lim f(z) =1. O

r— 00

Thus the following theorems are valid.
Theorem 4. Let
1)0§k0€L1( OO+OO fko :1, K(l’,t):k‘o(x*t)f

kl(x + t) >0,0<k € L1(0, +OO) m2 ]ﬂl f {E2]€1 dl’ < +00;
2) V(k()) < 0.
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Then the equation (1) has a nontrivial nonnegative solution o(x) and
lim ¢(z)= 1.
Theorem 5. Let

1) the condition 1) of Theorem 4 be fulfilled;

2) if v(kg) = 0 and ¢ = —1 is an eigenvalue for the operator /V(7,
and ko € M(—o0,+00) N Li(—00,400), then the equation (1) has a
nontrivial, nonnegative solution o(x) and ali)n;o o(x) =1.

Remark 2. We note that Theorems 4, 5 are true for the kernels K (x,t)
satisfying the condition K (z,t) > ko(x — t) — ki (x + t).
4. GENERAL EQUATION

We consider the general nonlinear equation (1*). Acting analogously as
in Theorem 1 and leaving out the details, we will formulate the following
theorem.

Theorem 6. Let the following conditions be fulfilled:

—+oo
1) there exists ko(x) = ko(—xz) = ko(z), [ ko(z)dz =1, such that

K(z,t) > ko(zx —t) Va,teR"xRT; (44)

2) there exist m, ¢, n > 2(, such that Q(n) =n, Q(¢) =2¢, Q(z) 1 on
[€,m], Q € CI¢,n],

where n is the first positive root of the equation Q(x) = . (45)

Then the equation (1*) has a nonnegative and bounded solution f(z) :
lim f(z)=n.

Moreover, if K(x,t) = ko(x — t), then the solution possesses the following
properties:

) ¢ < flax) <ny

ii) f(z) 7T as x increases.

Examples. We bring some particular examples of the function Q(z)
(see below) which arise in applications:

(1) Q@) =ar, x>0,¢= (37T, n=1

(2) Qz)=sinz+xz+1,2>0,¢ e (0, %7‘(‘)7 n= %71';

(3) Q(z) = ae=@=2” 2z >0, ¢ € (0, 7), where 7 is the first positive

root, of the equation ae=(@=0)* = x;

(4) Q(z)=e*"t >0, (e (0, i), n=1.
Summarizing, let us demonstrate one sample example. So, let K(z,t) =
kg(ai —t;, ko(z) = Se71°l, Q(z) = e*~1, p = 1, ¢ be the solution of equation
e = 2zx.
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From (1*) we obtain

f’/(x) — f(z) + ef@-1 _ (. (46)

In spite of the fact that it is impossible to solve the obtained nonlinear dif-
ferential equation analytically, the equation (46) has a positive and bounded
solution f(z) # 1 which has the following properties:

10.

11.

) ¢< flx) <1
i) lim f(a) = 1
ili) f(x) 7 as x increases.

REFERENCES

. E. WITTEN, Noncommutative geometry and string field theory. Nuclear Phys. B 268
(1986), No. 2, 253-294.

. V. S. VLADIMIROV AND YA. I. VoLovicH, Nonlinear dynamics equation in p-adic
string theory. Teoret. Mat. Fiz. 188 (2004), No. 3, 355-368; English transl.: Theoret.
and Math. Phys. 138 (2004), No. 3, 297-309.

. V. S. VLAapMIROV, The equation of the p-adic closed strings for the scalar tachyon
field. Sci. China Ser. A 51 (2008), No. 4, 754-764.

. 1. YA. AREF’EVA, Nonlocal string tachyon as a model for cosmological dark energy.
p-adic mathematical physics, 301-311, AIP Conf. Proc., 826, Amer. Inst. Phys.,
Melville, NY, 2006.

. S. V. KozYREV, Wavelets and spectral analysis of ultrametric pseudodifferential op-
erators. (Russian) Mat. Sb. 198 (2007), No. 1, 103-126; English transl.: Sb. Math.
198 (2007), No. 1-2, 97-116.

. N. B. ENGIBARYAN AND A. KH. KHACHATRYAN, On the exact linearization of the
sliding problem for a rarefied gas in the Bhatnagar—Gross—Krook model. (Russian)
Teoret. Mat. Fiz. 125 (2000), No. 2, 339-342; English transl.: Theoret. and Math.
Phys. 125 (2000), No. 2, 1589-1592.

. F. SPITZER, A combinatorial lemma and its application to probability theory. Trans.
Amer. Math. Soc. 82 (1956), 323-339.

. D. V. LINDLEY, The theory of queues with a single server. Proc. Cambridge Philos
Soc. 48 (1952), 277-289.

. L. G. ARABADZHYAN AND N. B. ENGIBARYAN, Convolution equations and nonlinear

functional equations. (Russian) Mathematical analysis, Vol. 22, 175-244, 248, Itogi

Nauki i Tekhniki, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekhn. Inform.,

Moscow, 1984.

N. B. ENGIBARYAN AND L. G. ARABADZHYAN, Some factorization problems for inte-

gral operators of convolution type. (Russian) Differentsial nye Uravneniya 26 (1990),

No. 8, 1442-1452, 1471; English transl.: Differential Equations 26 (1990), No. 8,

1069-1078 (1991).

G. G. GEVORKYAN AND N. B. ENGIBARYAN, New theorems for the integral renewal

equation. (Russian) I[zv. Nats. Akad. Nauk Armenii Mat. 32 (1997), No. 1, 5-20;

English transl.: J. Contemp. Math. Anal. 32 (1997), No. 1, 2-16.

(Received 17.11.2009)
Authors’ Address:

Institute of Mathematics National Academy of Sciences
Armenia
E-mails: Aghavard@hotbox.ru, Khach82@rambler.ru



