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Abstract. The purpose of this paper is to consider two-dimensional
version of quasistatic Aifantis’ equation of the theory of consolidation with
double porosity and to study the uniqueness and existence of solutions of
basic boundary value problems (BVPs). The fundamental and some other
matrices of singular solutions are constructed in terms of elementary func-
tions for the steady-state quasistatic equations of the theory of consolidation
with double porosity. Using the fundamental matrix we construct the simple
and double layer potentials and study their properties near the boundary.
Using these potentials, for the solution of the first basic BVP we construct
Fredholm type integral equation of the second kind and prove the existence
theorem of solution for the finite and infinite domains.
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INTRODUCTION

A theory of consolidation with double porosity has been proposed by
Aifantis. This theory unifies a model proposed by Biot for the consolida-
tion of deformable single porosity media with a model proposed by Baren-
blatt for seepage in undeformable media with two degrees of porosity. In
a material with two degrees of porosity, there are two pore systems, the
primary and the secondary. For example, in a fissured rock (i.e. a mass
of porous blocks separated from each other by an interconnected and con-
tinuously distributed system of fissures) most of the porosity is provided
by the pores of the blocks or primary porosity, while most of permeability
is provided by the fissures or the secondary porosity. When fluid flow and
deformations processes occur simultaneously, three coupled partial differen-
tial equations can be derived [1], [2] to describe the relationships governing
pressure in the primary and secondary pores (and therefore the mass ex-
change between them) and the displacement of the solid. Inertia effects are
neglected as they are in Biot’s theory.

The physical and mathematical foundations of the theory of double poros-
ity were considered in the papers [1]-[3]. In part I of a series of papers on
the subject, R. K. Wilson and E. C. Aifantis [1] gave detailed physical in-
terpretations of the phenomenological coefficients appearing in the double
porosity theory. They also solved several representative boundary value
problems. In part II of this series, uniqueness and variational principles
were established by D. E. Beskos and E. C. Aifantis [2] for the equations of
double porosity, while in part IIT Khaled, Beskos and Aifantis [3] provided
a related finite element to consider the numerical solution of Aifantis’ equa-
tions of double porosoty (see [1]-[3] and the references cited therein). The
basic results and the historical information on the theory of porous media
were summarized by Boer [4].

The purpose of this paper is to consider a two-dimensional version of
quasistatic Aifantis’ equation of the theory of consolidation with double
porosity and to study the uniqueness and existence of solutions of basic
boundary value problems (BVPs). The fundamental and some other ma-
trices of singular solutions are constructed in terms of elementary functions
for the steady-state quasistatic equations of the theory of consolidation with
double porosity. Using the fundamental matrix, we construct the simple and
double layer potentials and study their properties near the boundary. Using
these potentials, for solving the first basic BVP we construct a Fredholm
type integral equation of the second kind and prove the existence theorem
of solution for the finite and infinite domains.

1. BAsic EQUATIONS, BOUNDARY VALUE PROBLEMS AND UNIQUENESS
THEOREMS

The basic steady-state quasistatic Aifantis’ equations of the theory of
consolidation with double porosity in the case of plane deformation are
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given by partial differential equations of the form [1], [2]
pAu+ (A + p) grad div u — grad (Bip1 + Bape) = 0,

) k

whh div v + A‘F% p1+—p2 =0,

m m my (1.1)
) k
“ﬁ2mvu+py+(A+““)p2=Q

mo mao mo

where u = (u1,usg) is the displacement vector, p; is the fluid pressure within
the primary pores and p- is the fluid pressure within the secondary pores.
oz = way — k, ag = iwag — k, m; = %, j = 1,2. The constant A is
the Lame modulus, p is the shear modulus and the constants (3; and [
measure the change of porosities due to an applied volumetric strain. The
constants oy and as measure the compressibilities of primary and secondary
pores filled with pore fluid. The constants k; and ky are the permeabilities
of the primary and secondary systems of pores, the constant p* denotes the
viscosity of the pore fluid and the constant k measures the transfer of fluid
from the secondary pores to the primary pores. The quantities A, u, a;,
B, kj ( = 1,2) and p* are all positive constants. A = aanf + 8672% is the
two-dimensional Laplace operator, w is the oscilation frequency (w > 0).
We also rewrite the equation (1.1) in the matrix form

B(0w)U = 0, (1.2)
where
B(al’) :H BPQ(8$> ||4:1:4a p,q= 1a2a3747
0%
J
2

Bi5(0z) = B21(9z) = (A + p)

0x10xs’
0 0 )
Bj3(0x) = —f1 5, Bjs(0z)= P25 —, =12
j j
iw 0 w 0 )
Bs;(0x) = mﬂll e By;(0z) = m€2 7z J=Lb2
j j

k k
Bys(9x) = A+ 22| Bu(dz) = —, Bus(dz) = —— |
mi mi mo

«
Bu(0x) = A+ —, Uluy, uz,p1,p).
ma
The conjugate system of the equation (2) is
B(0xz)U = BT (—02)U = 0.

Throughout this paper “T” denotes transposition.
Now we write the expressions for the components of the stress vector,
which acts on elements of the arc with the normal n = (n1,n2). Denoting
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the stress vector by P(dx,n)u, we have
P(dx,n)u = T(0z,n)u — n(Bip1 + Bap2), (1.3)
where [9]
T(0x,n) =[| Tp; (O, n) ||222,
Ty (0z,n) = udy; % + Ang 5; + pn; aimk, k,j=1,2. (14)
Let DT (D™) be a finite (an infinite) two-dimensional region bounded by
the contour S. Suppose that S € C*#, 0 < 3 < 1, i.e., S is a Lyapunov

curve.
Introduce the definition of a regular vector-function.

Definition 1. A vector-function U(x) = (u1,us,p1,p2) defined in the
domain DT (D7) is called regular if it has integrable continuous second
derivatives in DT (D7), and U itself and its first order derivatives are
continuously extendable at every point of the boundary of D* (D7), i.e.,
U € C2(DY)nCY(DT), (U € C*(D*T)NC'(DT)). Note that for the infinite
domain D~ the vector U(x) additionally satisfies the following conditions
at infinity:

oUy,

Ul) =0(1), 5 E=0(al?), ol =ai+ad, j=12  (15)
J

where O(1) denotes a bounded function.

For the equation (1.1) we pose the following boundary value problems:
Find a regular vector U satisfying in DT (D~) the equation (1.1), and
on the boundary S one of the following conditions:

Problem 1. The displacement vector and the fluid pressures are given
in the form

ut(2) = f(2)F, () =f5, pr(e)=fi(2), z€8;

Problem 2. The stress vector and the normal derivatives of the preasure

. op, .
functions 5% are given in the form

(P = fa, (O _ e (PN g e,

on on
Problem 3.
19) + o +
e =10t (B 2 e, () 2 ), e
Problem 4.

(Pu(2))* = f(2)*, pi(2) = fi(2), p3(2) = fi(2), 2 €8,

where (- )* denotes the limiting values on S from D* and f = (f1, fa), f3,
f4 are given functions.
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Generalized Green’s Formulas. Let u and w be two regular solutions
of the equation (1.1) in D¥. Multiply the first equation of (1.1) by w, the
second one by p; and the third one by ps, where w, p; and ps are the
complex conjugate functions of u, p; and ps respectively, integrate over
D% and sum to obtain

/ [E(wu) + a1 |p1|* + agolpa 2+

D+
k m m
+,|p1p22+,1|gradp1|2+,2|gradp2|2} dx =
iw w
_ my  Opr  mo 0P
= P(0 — P —=— +—py—1|d 1.6
/{u (x,n)u—i—iwpl 8n+iwp2 8n} s, (1.6)
where

. 8u1 aUQ 2 6’11,2 8’&1 2
Bl = 0t (- 52 (2 + 2
(w,u) = A+ p)(divu)”+u( 5 — 57 ) +o(g-+ 57
For positive definiteness of the potential energy the inequalities A+p > 0,
1 > 0 are necessary and sufficient.
One can generalize the formula (1.6) to the infinite domain D, provided
the condition

. _ my  Opy 3172 _
Rh_r)noo [uP(ax,n) + —p1 = n —|— 25 ds =10 (1.7)
S(0,R)

is fulfilled, where S(0, R) is a circumference of radius R with center at the
point O lying inside D*. The radius R is taken so large that the region DT
lies entirely inside the circumference S(0, R).

Obviously, the condition (1.7) is fulfilled if the vector u and w satisfy the
conditions (1.5).

If (1.7) is fulfilled, then Green’s formula for the domain D~ takes the
form

/ [E(u,u) + aq |p1|2 + a2|p2|2+
-
k m m
+—[; *pz\z + — ! | grad p1|2 + Y 2 | grad p2|2} dr =
iw w

op1 10)
= —/ {uP(ax n)u + @p Dy @pg pﬂ ds. (1.8)
s
The Uniqueness Theorems. In this subsection we investigate the

question of uniqueness of solutions of the above-mentioned problems.
Now let us prove the following theorems.
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Theorem 1. The first boundary value problem has at most one reqular
solution in the finite domain D™ .

Proof. Let the first BVP have in the domain D two regular solutions U
and U®). Denote u = UM — UR). Evidently, the vector u satisfies (1.1)
and the boundary condition ut = 0 on S. Note that if u is a regular
solution of the equation (1.1), we have Green’s formula (1.6). Using (1.6)
and taking into account the fact that the potential energy is positive definite,
we conclude that U = C,z € D, where C = const. Since U' = 0, we have
C=0and U(z) =0,z € DT. O

Theorem 2. The first boundary value problem has at most one regular
solution in the infinite domain D~ .

Proof. The vectors U™ and U® in the domain D~ must satisfy the con-
dition (1.5). In this case the formula (1.8) is valid and U(x) = C, x € D™,
where C' is again a constant vector. But U on the boundary satisfies the
condition U~ = 0, which implies that C =0 and U(z) =0, x € D~. O

Theorem 3. A regular solution of the second boundary value problem
is not unique in the domain Dt. Two regular solutions may differ by the
vector (u, p1,p2), where u is a rigid displacement vector andp; =0, j =1,2.

Proof. Let

dp1\* Op2\+

+

(P(Oz,n)u)™ =0, (371) 0, (371) 0, z€b.
The positive definiteness of the potential energy implies

U] =C] —ETg, Uz =cCo+exy, p1 =0, po =0, x € DT, O

Theorem 4. Two regular solutions of the second boundary value problem
in the domain D~ may differ by the vector (u, p1,p2), where u is a constant
vector and p; =0, j =1,2.

Proof. For the exterior second homogeneous boundary value problem the
vector u must satisfy the condition at infinity (1.5). In this case, the formula
(1.8) is valid for a regular w. Using this formula, we obtain

U] =€ —ETy, Uy =cCyg+exy, p1 =0, pp=0, z€ D™
Bearing in mind (1.5), we have ¢ = 0 and
Uy =cy, up=c, p1 =0, po =0, € D" ]
Analogously, the following theorems are valid:

Theorem 5. The boundary value problems (I11)* have in the domains
D at most one regular solution.
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Theorem 6. Two regular solutions of the boundary value problem (IV)™
may differ by the vector U(u,p1,p2), where u is a rigid displacement and
p; =0, j =1,2. Two regular solutions of the boundary value problem (IV)~
may differ by the vector (u,p1, p2), where u is a constant vector and p; = 0,
ji=1,2.

2. MATRIX OF FUNDAMENTAL SOLUTIONS

Here we construct the matrix of fundamental solutions for the system
(1.1).

Let
By = By —Bia& 1Bis61 1B14&
B 1 —Bi6i& Bl — B& pBi3&2 pB1ag2 ,
| —wpBg & —wpBy& pBiAA L —pB3AA
—wpBh&  —wpBfe  —pBisAA pBRLAA
where

Bi, = aA(A + X3 (A + \2),

—_ k2
Biy = a(A+A)(A+22) — plAaa+ (24 L B )p BT
2= a(A+A))(A+X3) H{ +(m2+m1) + g
BT3:ﬁ1AA+Aa4ﬂlik52, BT4:ﬂ2AA+Aa3/627kﬁl,
me mq
By = DLAA 4 AL g P NN p 8P B
mq mims ma mims
* Qg4 Z(Uﬁ% * ka + iwﬁQﬁl
Bi.=alA+ — By, =—>"
33 a( + m2) + ma 5 34 ™y 5
« _ ka+iwBafB . Qs iwB?
B43—T, B44—G(A+m71)+m71
Supposing
U(x) = B*(0x)9, (2.1)

where U = (Uy, Uy, U3, Uy) is a four-dimensional vector function, we can
write the equation (1.1) as

paAA(A + 2 (A + 2T = 0; (2.2)

here )\?, j = 1,2 are the roots of the characteristic equation

« o iw 2 2 asay — k?
xQ—[ Ly 3+(ﬁ2+ﬁ1)}x+34+
mo mi a

ma mi mims

w
(0ufB? + a3 — 2kB1B2) =0, a=A+2u. (2.3)

amimeso
We assume that A\? # \3. Without loss of generality we assume that I mA\; >
0, j=1,2.
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From (2.2) it follows that

. . 1 1
b= 2 NAA L 2 (nr—1) HMOgr)  HP (Ar)

TS A AMAT-A) T AOT-N)
Hél)(/\r) is the first kind Hankel function of zero order [5]
23 2q
Hél)()\r) e P [Jo(Ar) — 1] Inr+
™ ™

29 A s

& k=1
2 (—1)F ey 2k
JOW):Z((M))2 (7) '

k=0

51

) (2'4)

(2.5)

Substituting ¥(z) in (2.1), after some calculations we obtain the fun-
damental matrix of solutions for the equation (1.1) which is denoted by

Iz —y)
21 82\1’11 82\1’11 (9\1113 8\1114
— Inr+ 5
T Ox? 011022 0x1 0x1
82\1111 21 62\1111 6\1113 8\1114
— Inr+ 5
011022 T 0x} 0xo 0o
M(z—y)= , ,
iw OUqs iw OWi3
- - W33 Wy
mi 0x1 my Oz
iw O jw O
Jiw Oy 9 g
mo 011 mo OTa mo
where
2(lnr —1
\Ijll = (11 1117‘ + 12 % + Ozle(gl)()\l’l") =+ O{QQH(SI)()\QT),

Vi = Biilnr + 512H(51)()\17’) + 513H(()1)()\27“)7
Uiy =7yn1lnr+ 712H(gl)()\17”) + 713H(gl)()\27")7

1

U3 = p— Uiz, W33 = 511H(§1)()\17‘) + 512H(()1)(>\27’),
1

Wy = p—. Uiy, W3q =034 [H(()l)(/\zr) - Hél)(MT)],

m
Uy3 = mil U3y, Uyy = 541H(51)(>\17“) + 542H(§1)()\27"),

2i az | oq (A2 + \3)(azay — Kk?)

11 = ——35\3
ﬂ'a/\%/\% mi Mo mlmg)\%/\g ’

, (26)

(2.7)
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o 21 30y — ]{12 _ l _ ka + iwﬂlﬂg
amima A2 | T mpa(Z2 = A2)

—1)k . — k2
azkzw{l_l(au%)ﬂmk} k=12,

a(\? — \3) /\i my Mo mlmgx\%
gy, = 2icabr — kfa) _ Zilasfh — k)
1 TFTTLQG)\%)\% o ﬂmlaA%)\g ’
(—1)k s — kB2
S VA i —— k=23
- L e, ) o
(—1)k asfs — kb
= 7 | _ — - k=23
Y1k a()\% — )\%) ﬁQ + ml)\i_l ) )9y
1 aga + iwf3s
Sip= o | =N 2 k=12
1k A2 — A3 [ O maa ’ B
1 aza + iwf?
Oup = —— | = N2 = FL k=12
Ak A2 — A3 [ O maa ’ B

2 2i
aqr + ?Z [ao1 +az] =0, Bu+ ?Z [Br2 + Brs] =0,

21
ot [Y12 +m3] =0,
S11+633 =1, oo+ 0ua=1, 1r°=(x1—y1)*+ (22 —p2)°.

Moreover, on the basis of the identity

Hél)()\'r) = % Inr — j—; r?Inr + const + O(r?)
we easily conclude that T'(z — y) has a logarithmic singularity. It can be
shown that the columns of the matrix I'(x — y) are solutions to the equation
(1.1) with respect to x for any x # y.

Denote I'(z) = I'T(—z). Hence we have proved the following

Theorem. The matriz T'(x) is a solution of the system (1.1) and the
matriz T'(z) is a solution of the adjoint system B(dx)U = 0.

3. MATRIX OF SINGULAR SOLUTIONS

In solving boundary value problems of the theory of consolidation with
double porosity by the method of potential theory, the fundamental ma-
trix and some other matrices of singular solutions to the equation (1.1)
are of great importance. These matrices will be constructed explicitly in
the present section with the help of elementary functions. Using the ba-
sic fundamental matrix, we will construct the so-called singular matrices
of solutions. For simplicity, we will introduce the special generalized stress
vector.

Write now the expressions for the components of the generalized stress
vector, which acts on elements of the arc with the normal n = (ny,ns).
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K
Denoting the generalized stress vector by P(0x, n)u, where & is an arbitrary
constant, we have

Ig(ém n)u = %(3% n)u — n(Bip1 + B2p2), (3.1)

where

(A—i—u)nziﬁ-/ﬁg ui
Oz Os on
0 0 0
% = N1 871'2 — No 87,7}1
If k = p, then we have the stress vector P(dx,n)u. The operator which

will be obtained from ﬁ(ax,n) for Kk = Kk, = % will be called the
operator N (9x,n), and the vector N (9z, n)u will be called the pseudo-stress
vector. The pseudo-stress operator succeeded in obtaining the Fredholm

integral equation of the second kind for the first boundary value problem.
We introduce the following notation f{(az, n), R"(dz,n)

rf(ax,n)n %(8:3,71)12 —Gin1 —fim

. T(dw,n)a1 T(Oz,n)22 —fina —Bams
R(0z,n) = o y
0 0 I g
0 0 0 o
’f‘(ax, n)11 %(am, n)ia  —iwng 2L omy )
my ma
ok ’%(ax, n)a1 %((%7 n)2a  —iwng b —iwns P
R (0z,n) = 5 my ma
0 0 n g
0 0 0 n

By Applying the operator ﬁ(ax,n) to the matrix I'(z), we will con-
struct the so-called singular matrix of solutions. Let us consider the matrix
[ﬁ(@y,n)l"(y — 2)]* which is obtained from ﬁ(@xm)l"(m —y) = (ﬁpq)4w4
by transposition of the columns and rows and the variables z and y. We
can easily prove that every column of the matrix [f{(@y,n)F(y —x)]* is a
solution of the system B(dz)U = 0 with respect to the point z, if x # y.

The elements ﬁpq are as follows:

K 2t 0 0 82\1}11
[ — —_ p —_— =
RPP T an 1117" + ( 1) (K/ + IU/) 88 8$16$2 y P 1a 27
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fia =g [ 3 s e )
e S [ e
f{w:—(fﬁ-u)% 6;;123’ Bis = — (k4 1) gs 88\1:;1247 52)
Rm—(m-ﬁ-u)aas %Lmlf” ﬁm:(ﬁ—’—“)%aa\l:f’

Ry = fw 0 OV w0 0%
37 T, on oz’ my On Oz;

K 8‘1’33 K 6\1134 K mi 8\1134 K 8\1144
Ra3 = = —

45 —

» J=12

34 = —(— 43 = 44 =
on ’ on ’ me On ' on ’

Analogously, we obtain the matrix

R0y, n)T(y — 2) = ([R"Tpq) 40

where
[ﬁmf]pq = ﬁppa b= 17 27 [ﬁ”i—"] 12 = ﬁlQa [ﬁ”i—"} 21 = f{Zl;

~ K W K ~ K W K ~ K W kK
[R'T],, = oo LIEY R'T], = g R4 [RT],, = o, R

~K= W K ~K= 0 8\1’13
[R F]24 = m72R247 [R F]3j = _6771 (3'Jij )
~K=< 6 6\1114 .
[R'T]y =5, 55, 1= 12
~ R a ~KZ m1 3
[RTg = 5, o [RT]yy = =5 Ta,

e ) o 0
R F]43 =5 U3, [R F]44 =3 Wyy,

The matrix [ﬁn (8y, )T (y — z)]" is a solution of the system (1.1). It shows,
that the matrices [ﬁﬁ (Oz, n)f]* and [ﬁ(&v, n)I‘] " contain a singular part,
which is integrable in the sense of the principal Cauchy value.

4. POTENTIALS AND THEIR PROPERTIES

Introduce the following definitions:

Definition 2. The vector-functions defined by the equalities
1
VO@) = 1 [Ty~ o)l d
7}

1

VO (z) = 1

T(z — y)h(y) ds,

N
ne_©
—
N
=
S~—
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where I'(z,y) is the fundamental matrix, I'(z) = IT'T(—x), h is a continuous
(or Holder continuous) vector and S is a closed Lyapunov curve, will be
called simple layer potentials.

Definition 3. The vector-function defined by the equalities

U0w) = 5 [ (¥ @y - )] hiy) d
S

U@w) = 5o [ V@ - ) hiy) d
S

will be called double layer potentials.

The potentials V1), UM are solutions of the system (1.1) and the poten-
tials V), U?) are solutions of the system E((‘?x)U = 0 both in the domains
DT and D~. When the point z tends to a point z € S, the potential (4.2)
has the discontinuity as the harmonic double layer potential

M= — +h(z) + % /[ﬁ(@y,n)f(y — 2)|["h(y) dy,
s

UPE = 1h(z) + 412, /[N(ay,n)r(y —2)["h(y) dy.

S

(4.3)

K
Now let us investigate properties of the operation R(dz,n) acting on a
simple layer potential. We obtain

ﬁ(ax,n)V(x) =— /f{(ax, n)T(y — x)h(y) dy. (4.4)

When s = k,, we obtain

[N(9y,n)V ()] T = Fh(z) +
[N(9y,n)VP ()] " = Fh(z) +

It is well-known ([8]) that in the case of a Lyapunov curve S € C1® the

function aézr for z,y € S has a week singularity and ag‘:f is integrable in

the sense of the principal Cauchy value. Consequently, aér;tr is a singular

kernel on S.

It is obvious that [ﬁ(@y,n)F(y - a:)]* is a singular kernel (in the sense

of Cauchy). Note that if Kk = Kk, = “)(\igg) , then [ﬁ((’“)x,n)f‘(x —y)] isa
weakly singular kernel.
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5. SOLUTION OF THE FIRST BOUNDARY VALUE PROBLEM

Problem (I)*. Let us first prove the existence of solution of the first
boundary value problem in the domain D¥. A solution is sought in the
form of the double layer potential

1 ~ ~ *
U() = 3 [ [N@w )Pty — )] nly) d CBY
S
Then for determining the unknown real vector function h we obtain the

following Fredholm integral equation of the second kind

1

b+ 3 [ ROunF -2 b dy =15 (52)
S

Let us prove that the equation (5.2) is solvable for any continuous right-
hand side. Consider the associated to (5.2) homogeneous equation

Ch(2) + i / N(@y, n)T(y — 2)h(y) dy = 0 (5.3)
S

and prove that it has only the trivial solution.Assume the contrary and de-
note by ¢(z) a nonzero solution of (5.3). Compose the simple layer potential

V(x) = %/F(y —z)p(y) dy. (5.4)

5
It is obvious from (5.3), that

Nz V) =0, [ em)ds=o
S

Using the formula (1.8) for k = k,, in D™, we obtain V(z) =0,z € D™.

Now taking into account the continuity of the simple layer potential and
using the uniqueness theorem for the solution of the first boundary value
problem, we have V(z) =0, x € D*.

Note that [NV]T —[NV]~ = 2¢(z) = 0 and hence the equation (5.3) has
only the trivial solution. This implies that the associated to (5.3) homoge-
neous equation also has only the trivial solution, and the equation( 5.2) is
solvable for any continuous right-hand side (according to the first Fredholm
theorem).

For the regularity of the double layer potential in the domain D7 it is
sufficient to assume that S € C*#, (0 < 8 < 1) and % is Holder continuous
fect(s) (0<a<p).

Problem (I)~. Consider now the first boundary value problem in the
domain D~. Its solution is sought in the form

V@) = 55 [ (N @un)Fy - 0] - [Ny wEe)] oy (63

S
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Then for determining the unknown real valued vector function 1 we obtain
the following Fredholm integral equation of the second kind

v2)+ 5 [ ([N (-] - [Ny nEw)]")iw) dy = £ (50

S

Prove that the equation (5.6) is solvable for any continuous right-hand
side. We consider the associated to (5.6) homogeneous equation

1

h(z) + v / [N(@y, n)'(z —y) + N(9y, n)F(y)]h(y) dy = 0. (5.7)
s

Let us prove that (5.7) has only the trivial solution. Suppose that it has
a nonzero solution h(z). From (5.7) by integration we obtain

/hds:O.
s

In this case the equation (5.7) corresponds to the boundary condition
[N(0x,n)V]t = 0, where

V() =5 [ Tl o)hly)dy. 55)

We find that V = C, x € DT, where C is a constant vector.
Taking into account the equation [ hds =0 and the fact that the single
s

layer potential is continuous while passing through the boundary, and using
Green’s formula for kK = k,, we obtain V = 0, z € D™. Since [NV]T —
[NV]™ =2h(x) =0, and [NV]T =0, [NV]~ =0, we get h(z) = 0.

Thus we conclude that the associated to (5.7) homogeneous equation has
only the trivial solution, and the equation (5.6) is solvable for any continuous
right-hand side.

To prove the regularity of the potential (5.5) in the domain D~ it is
sufficient to assume that S€ 0?8 (0<B<1) and feCH(S) (0<a<pf).
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