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INTRODUCTION

In the present paper the differential equation

B(t) = f(ty(n (@), y(ra(t), 2(01(1)), -, 2(om (1)), u(t)) (1)

with the mixed initial condition

2(t) = (y(0).2(1)" = (p().9(1)", t€lnt), w(to) = (v0.9(t0))" (2
is considered.

The condition (2) is called the mixed initial condition. It consists of
two parts: the first one is the discontinuous part, y(t) = ¢(t), t € [, to),
y(to) = yo, because in general ¢(tg) # yo; the second part is the continuous
part z(t) = g(t), t € [7, o] because, always z(to) = g(to)-

The local formula of variation of solution, that is, a linear representation
of variation of the solution of the problem (1)—(2) in a neighborhood of the
right end of the main interval with respect to initial data and perturbation
of control u(t) is proved by the scheme given in [1].

An analogous formula for the equation

i(t) = f(Ly(r®) -y @) 201 (O) o 2lom®) ()

with the initial condition (2) when variation of initial data and right-hand
side of equation occurs is proved in [1].

It is important to note that the formula of variation which is proved in
the present work doesn’t follow from the formula proved in [1].

Formulas of variation for differential equations with delays for concrete
cases of continuous and discontinuous initial conditions are obtained in [2]-
[6].

Formulas of variation for controlled differential equations with delays,
with continuous and discontinuous initial conditions are proved in [7], [8].

Formulas of variation of solution play an important role in the proof of
necessary conditions of optimality [6], [9]—-[12].

1. FORMULATION OF MAIN RESULTS

Let R be the n-dimensional vector space of points = = (z!,...,2™)T, T
means transpose; O; C Rg’j, O2 C RS, G C R’ be open sets, z = (y,2)7,
n==k+e nt),i=1s, 0j(t), j =1,m,t € R} be absolutely continuous

scalar-valued functions and satisfy the following conditions:
Ti(t)gt, Tz(t)>0, O'j(t)gt7 Jj(t)>0
Let f(t,y1,---,Ys,21,---,2m,u) be an n-dimensional function satisfying
the following conditions: for almost all ¢ € I = [a,b] the function f(¢,-) :
Of x 03 x G — R is continuously differentiable; for any
(Y15 Ysy 215+ Zm,yu) € O7 X OF x G

the functions f, fy,, i = 1,s, f.,;, j = 1,m, fy, are measurable on I; for
any compacts K C Of x O3* and M C G there exists a function m, ,(-) €
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L(I,R+), Ry = [0,00), such that for any (y1,...,¥s, 21, .-+, 2m,u) € K xM
and for almost all ¢ € I we have

‘f(t>y17~-~7y3721,...,Zm7u)|+
+Z‘fy1( )’ +2:‘f%( )| + ’fU( )| < mK,M(t).
i=1 j=1

Let Ei,’“) = ES(,(Il,R’;) be the space of piecewise continuous functions

¢ : I} = [r,b] — RE with a finite number of discontinuity points of
the first kind, equipped with the norm ||| = sup{le()| : t € L},
7 =min{7(a),...,7s(a),o1(a),...,om(a)}.

Next, Ay ={p € Eék) s clo(l) O}, Aa={g € Eée) = Eée)(II;Ri) :
clg(I1) C Oz} are sets of initial functions, where p(I1) = {¢(¢), t € I, }; let
L, be the space of measurable functions u : I — R;,, satisfying the following
condition: the set clu(l) is compact in R}, ||u|| = sup{|u(t)| : ¢ € I},
Q={ue E,: clu(l) C G} is the set of controls.

To any element p = (to,yo, @, g,u) € A =1 x 01 x A1 x Ay x  we put
in correspondence the differential equation

i(t) = f(ty(m (), ..., y(ms(1), (01 (1)), . . ., 2(om (1)), u(t)) (1.1)

with the mixed initial condition

()= (y(t), 2(0)" = (p(1), 9(1)) ", telrto), w(to)=(y0,9(ts))". (1.2)
Definition 1.1. Let u = (to, Y0, ¢, 9,u) € A, tg < b. A function z(t; u) =

(y(t;,u),z(t;u))T, t € [r,t1], t1 € (to,b], where y(t,u) € O1, z(t, 1) € Oo,
is called a solution, corresponding to the element g, and defined on the
interval [7,t1], if it satisfies the condition (1.2) on the interval [r,¢g] , it
is absolutely continuous on the interval [to, 1] and almost everywhere on
[to, 1] satisfies the equation (1.1).

In the space E, = R x R} x EY x B x E, we introduce the set of
variations

V= {(M = (dto, dyo, 0, g, 6u) € E,, : |5to| < ¢, |0yo] < ¢, ||d¢| <,

l

dg = Z)\iégi7 il <e, i=1,1 ||ou]| < c},
i=1

where ¢ > 0 is a fixed number and dg; € Eg(,‘e)7 1 = 1,1 are fixed points.

Lemma 1.1. Let zo(t) be the solution corresponding to the element pg =
(too, Y00, Yo, go, uo) € A, and defined on the interval [T, t10], too, t10 € (a,b).
There exist numbers 1 > 0 and 01 > 0, such that for any (¢,6u) € [0,e1]xV
we have po +edp € A. In addition, to this element corresponds a solution
x(t; po + €0p), defined on the interval [1,t10 + 61] C I4.



Local Variation Formulas 21

This lemma follows from Theorem 1.3.2 (see [6, p. 17]).

Due to uniqueness, the solution x(¢; po), which is defined on [r, %10 + 1]
is a continuation of the solution zg(t). Therefore we can assume that the
solution z((t) is defined on the whole interval [7,t109 + d1].

Lemma 1.1 allows us to introduce the increment of the solution zq(t) =
z(t; p1o):

Axz(t) = Ax(t;edp) = (t; po + €6p) — wo(t),
(t,&,éﬂ) S [7‘, ti0 + 51] X [0,51] x V.
In order to formulate main results, consider the following notation:

wg; = (00, Yoo, - - - » Y00, Po(too—), - - -, Lo (too—), wo(Tp+1(too—)), - - - »

@o(7s(too—)), go(o1(too—)); - - - > go(om(too—))), i
woi = (Vi yo(m1 (1)), -+ Yo (Tim1 (%)), Y005 o (Tig1 (Vi—))s - - -5 o (s (i =),
20(01(%'—)%~-720(Um(%'—)))7
wi; = (v yo(m1 (1)), -+, Yo (Tim1 (7)), o (too =), o (Ti1 (i =), - - - »
@o(ts(vi))s 20(01(%i=)), - - s 20(0m (i), i =p+ 1,5,

I
o
=

Bi(t) =71 (t), v =ltoo), pi(t) =05t (1), A = Filteo—);
W=t Y1y s Uss 21y -+ Zm),s

folt] = F(tyo(r1(1)), - - yo(7s(1)), 20(a1(2)), - -, 20 (O (1) )uo (t)):

fo(w) = f(w,uo(t)).

lim fo(w) = f;, we€ (too—9,to0] x Of x 03", i=0,p, §>0,

w—w.zai
lim [fo(w1) = folw2)] = [,
(“‘)1’“)2)‘)(‘*’()_1"*’1_1)
wi, wa € (7 — 0,7%] x 01 x 03", i=p+1s.

Similarly we can define w[‘};, wf‘i, "y;', f{”‘. In this case we have tgo+, v;+,

and the right semi-intervals of points tgg, ;.

Theorem 1.1. Let the following conditions hold:

(1) v =too, i = 1,p, Ypt+1 < -+ <75 < t1o;

(2) there exists a number 6 > 0 such that v1(t) < -+ < (t), t €
(too — 6, too0];

(3) the quantities 7, , f; i =1,s are finite;

(4) the function go(t) is absolutely continuous on the interval (topo —
d,to0] and there exists a finite limit g .

Then there exist numbers €5 € (0,e1), 62 € (0,91) such that for any
(tﬂ;‘,éﬂ) S [ﬁlo — d9,t10 + (52] X [0,52] x V™,
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where V- = {dp € Vi 5ty < 0}, we have
Ax(t) = edx(t; op) + o(t; edp), (1.3)
where

Sx(t;0p) =Y (too; t) [Yodyo + Y10g(too—)] +

+ {Y(too;t) [Ylfio T+ Z (Vi1 — 7;)ff} -
i=0

- §23«%wn;wi}&o+ﬁ@ﬁm, (1.4)
i=p+1
Bitom = 3 / Y (i(€): ) fos i (€) 34 (€)50(€) e +
i:p+1Ti(too)

*Zl / Y (93 (€); 1) foz, 0 (€)1 (€)59(€) dé+

I=%0; (tao)

+

t

Y(&;1) foul€]6u(E) dé, (1.5)

o
© o+

Yo =1, 77 =4%;,1i=1p, /7\;—5—1 = 0; next, g%@ = 0 uniformly
with respect to (t,0p) € [t10 — O2,t10 + d2) X V75
Jou (1= Fu. (901 (1)), - 507 (1)), 20(01(6) -, 20 (1)), w0 (1))

Y (&;t) is an n X n matriz-valued function satisfying the equation

Ye(&t) = — ZY(%(ﬁ);t)Fyi i ()17 (6) -

m

=D Y0 (), ps(€)]5(6), € € [toot], (1.6
j=1
and the condition
_ Inxna g = t7
Y (& t) = {@m, Est (1.7)

where Inxn and Oy, are the identity and zero n X n matrices, Fy,, =

(nyw@nxe); FZ]' = (®n><k:7f02j)7 Yb = (Ikxkaeexk)T; Yl = (@]fX€7I€X€)T'
The function dx(t;0p) is called the variation of the solution xo(t), t €
[t10 — d2,t10 + 02 and the formula (1.4) is called the variation formula.

Theorem 1.2. Let the condition (1) and the following conditions hold:

(5) there exists a number 6 > 0 such that y1(t) < -+ < p(t), t €
[too, too +6);
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(6) the quantities % ; ,i=1,5 are finite
(7) the function go(t ) is absolutely continuous on the interval [too, too +
8) and there exists a finite limit go™ .

Then there exist numbers e2 € (0,e1) and 02 € (0,01) such that for any
(t,e,0p) € [t10 — 02, t10 +02) X [0,2] X VT, where V¥ = {dpu € V : 6ty > 0},
the formula (1.3) holds, where

(SLL'(t; 5/14) = Y(too; t) [Yoéyo + Ylég(t00+)] =+

P
+ {Y(too;t) [Y190+ + Z@Zﬁrl —AD -
i=0

- Z (v ) i }5t0+5(t;5ﬂ)7 (1.8)

i=p+1

:Y\E")_:17 /V\j_:ry;’_a i:17pa W;J,-l:o'
Theorems 1.1 and 1.2 immediately imply the following assertion.

Theorem 1.3. Let the conditions (1)—(7) and the following conditions
hold:

p P
8) Y (i — A0 +Yido ™ =D Ak~ + Yido = fo,
1=0 i=0
AT =T =f, i=p+1is;
(9) the functions 6g;(t), i = 1,1 are continuous at the point tog.

Then there exist numbers ea > 0, do > 0 such that for any (t,e,0u) €
[t10 — 02, t10 + 2] % [0,e2] X V' the formula (1.3) holds, where

z(t;6p1) =Y (too; t) [Yooyo + Y10g(too) |+

+{Y(tooit)fo— Y Y(t)f. foto + B(t: op).

1=p+1

Some comments: Theorems 1.1 and 1.2 correspond to the case where at
the point tgg right-hand and left-hand variations, respectively, take place.
Theorem 1.3 corresponds to the case where at the point tg9 double-sided
variation takes place.

In the formula of variation proved in [1], for the equation (3) instead of

the expression
t

/ Y (€:8) foul€]0u(€) dé

(see (1.5)), we have

/ Y (€:0)5f1€] de.

t
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The formula (1.4) follows from the formula of variation obtained in [1]
if the function f additionally satisfies the condition: f,(t,y1,...,¥s,21,---,
Zm, u) is continuously differentiable with respect to the variables y; € Oy,
i=1,sand z; € Oy, j = 1,m.

In the present work formulas of variation are proved without of these
conditions.

2. AUXILIARY LEMMAS

To any element p = (tg,yo, ¥, g,u) € A, let us correspond the functional-
differential equation

(“)(t) = f(t7 h(th @, q)(Tl(t»’ ety h<t07 ®, q)<T5<t)),
hlto, 9, 0)(@1 (1)), holto, 9, v)(@m (D), () (21)
with the initial condition

w(to) = (q(to),’l)(t()))T = Xy = (yo,g(to))T, (22)

where the operator h(-) is defined by the formula

<P(t)7 le [T7 tO)v

at), 1€ lto.bl. (23)

h(to, ¢, q)(t) = {

Definition 2.1. Let u = (to,y0, %, 9,u) € A. An absolutely continuous
function w(t) = w(t;p) = (¢t p),v(t; p))" € (01,02)7, t € [r1,72] C I,
where (01,02)7 = {z = (y,2)T € R? : y € Oy, z € Oy}, is called
a solution corresponding to the element p € A, defined on the interval
[r1, 2], if to € [r1,72], the function w(t) satisfies the condition (2.2) and the
equation (2.1) almost everywhere on [ry, rs].

Remark 2.1. Let w(t; u), t € [r1,72] be the solution corresponding to the
element p € A. Then the function

w(t; ) = (y(ts ), 2(65 )" =
= (h(th ®, Q( 7”))(15)7 h(th g, U(' ; M))(t))Tv te [7_3 TQ] (24)
is a solution of the equation (1.1) with the initial condition (1.2) (see (2.3)).

Lemma 2.1. Let wy(t), t € [r1,72] C (a,b) be the solution corresponding
to the element g € A; let K C (01,02)T be a compact set containing
some neighborhood of the set ((po(I1) U qo([r1,72])), (go(I1) Uvo([ri,m2])))T
and let M C G be a compact set containing some neighborhood of the set
clug(I). Then there exist numbers e1 > 0, 61 > 0 such that for an arbitrary
(e,0p) € [0,e1] XV to the element po+edp € A there corresponds a solution
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w(t; po + edp) defined on [ry — 01,72 + 81] C I. Moreover,
(0(1),9(t)) = (po(t) +edp(t), g0(t) +eg(t)) € K, t € I,
u(t) = uop(t) +edu(t) e M, tel,
w(t; po +eop) € K, t € [ry — 61,72 + 1], (2.5)
lim w(t; pu + edp) = w(t, o)
E—
uniformly for (t,0u) € [r1 — 01,72 +01] X V.
This lemma follows from Lemma 1.3.2 (see [6, p. 18]).
Due to uniqueness, the solution w(t; po) on the interval [rqy — 61,79 + d1]
is a continuation of the solution w(t; o), therefore the solution wq(t) is

assumed to be defined on the whole interval [ry — 01,72 + d1].
Let us define the increment of the solution wy(t) = w(t; po),

Awlt) = (Aq(t), Av(t)” = Aw(t; o) = wits o + 26p) — wo(t),  (2.6)
(t,e,0p) € [r1 — 01,72+ 61] X [0,e1] X V.
It is obvious that
;i_r% Aw(t;edp) =0 (2.7)
uniformly with respect to (¢,0u) € [r1 — 01,79 + 01] X V.

Lemma 2.2. Let v; = too, i = 1,p, Yp41 < -+ < vs < 1o and let the
conditions 2)—4) of Theorem 1.1 hold. Then there exist numbers eo > 0 and
d2 > 0 such that for any (e,dp) € [0,e2] x V'~ we have

max  |Aw(t)| = O(edp). (2.8)

tE[too,r2+02]

Moreover,

Aw(too) = e[Yodyo + Y169(t00—)] +
P
+e[Yigo ™+ D (G — AT |8to +o(e0m). (29)
i=0
Lemma 2.3. Lety; = too, i = 1,p; Yp41 < -+ < s < T2, and let

conditions (5)—(7) of Theorem 1.2 hold. Then there exist numbers e5 > 0
and d2 > 0 such that for any (g,0u) € [0,£2] x VT we have

max _|Aw(t)] = O(eop). (2.10)
t€[to,r2+02]

In addition,
Au}(to) = €[Y05y0 + Yl(sg(t00+) + (Ylgg - f;r)(sto] + o(séu) (211)

Lemmas 2.2 and 2.3 are proved in analogue way as Lemmas 2.2 and 3.1,
respectively (see [1]).
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3. PROOF OF THEOREM 1.1

Let 71 = too, 72 = t19. Then for an arbitrary element (¢,0u) € [0,e1]xV ™
the corresponding solution w(t; g + €dp) is defined on the interval [tog —
d1,t10+91] and the solution x(t; o +eop) is defined on the interval 7, t19 +
91]. Moreover,

w(t; po +eop) = x(t, po + €dp), t € [too, t1o + 1]
(see Lemma 1.1 , 2.1 and Remark 2.1).

Therefore
edp(t), t € [r,to),
Ay(t) = { qt; po +€dp) — po(t), t € [to, too), (3.1)
Aq(t), t € [too, too + d1],
edg(t), t € [r,to),
Az(t) = qvo(t; po + o) — go(t), t € [to,too), (3.2)
Av(t), te [t007t00 + (51}

(see(2.6)).
By Lemma 2.2, there exist numbers

g9 € (0,e1), 62 € (0, min(dy,t10 — 7s)) (3.3)

such that the following inequalities hold
|Ay(t)] < O(edp), V(t,e,0u) € [too,tio + 2] X [0,82] X V7, (3.4)
|Az(t)] < O(edp), V(t,e,0p) € [T,t10 + 2] X [0,e2] x VT (3.5)

(see (2.8), (3.1), (3.2)),

Az(too) = Aw(too) = 5<Yo5y0 + Y169(too—)+

+ {Y1 go + i (i1 — %)fi}&o) +o(edpu)  (3.6)
i=0

(see (2.9)).
The function Az(t) on the interval [too, t10 + J2] satisfies the equation

% Ax(t) = ; Fou: [ Ay (rs(£)+

D for, [11A2(05(1)) + & fou[t]Su(t) + R(t;e0p),  (3.7)

j=1

where
R(t;edp) = f(t, Yo(T1(t)) + Ay(ri(t)), - yo(7s(t)) + Ay(7s(t)),

20(01(t)) + Az(o1(t)), ..., 20(0m(t)) + Az(om(t)), uo(t)> —
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Z Fou [t Ay(7i(t Zf% [t]Az(0;(1)) — e foult)Su(t). (3.8)

We can represent the solution of (37) by the Cauchy formula in the following
form:
t

Ax(t) = ¥ (toos ) Ar(tao) + / (&51) foult)ou(€) dé+

2
+ Z hi(t; to, 55/1,), te [too, t10 + (52], (3.9)
1=0
where
s too
ho=Y" / Y (1(6): 1) fow, [ (€))54 (6) Ay €) d,
i=p+l i (too)
m too
=% / Y (03 (): ) fox, [0 (€)]5; () A= () d, (3.10)
=1 too
Jt 7i (too)
he = [ Y(EOR( 00 de.

Y (&,t) is a matrix-valued function satisfying (1.6) and the condition (1.7).
The function Y (¢, ) is continuous on the set IT = {(£,¢) : a <& <t < b}.
Therefore

Y(too,t)AiU(too) = EY(too;t){Y0§y0 + Ylég(t()o—)—f—

[Y1go +Z i —A7) }ato}m(t;sau) (3.11)

(see (3.6)).
For ho(t;to,edu) we have

s to

moftito ) = 35 | [ YOO b OBH©50(0) de+

i=ptl 7:(too)

too

4 [ YO0 o bl 2(6) e =
.S / )5 ) o [16(€) 34(€)3ip(€) dé+

1= p+1 (too)
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+ Y (&:1) foy, [§]Ay(Ti(€)) d€+o(t;edp),  (3.12)
i:p+1"fi(to)

where

too

oftie) = —< 3 [ YO0 o b ©050(6) .

i—pt+1 b

Further, for hy (¢;to,e0p) we have

too

mttecin = 3 [ V(o€ fou, (O (OAx() dt =

jel; Ul
Jjelhu 27’j(t00)

to

- 5 [ ] Yoo @l ©mne e

jeI, Ul
A ()

+ / Y (0:(€): ) fo, [0 (€)1 (€) A= (€) de | =

= > [ea;(t)+5;1)],
jel1UI>
where
o (t) = / Y (3 (€): 1) fo, [ (€165 (£)4(€) de

a;(too)

too

B(t) = / Y (93 (€):) fos, 103 (€)]55 (€ A(€) d.

to
It is easy to see that

o (t) = / Y (p3(€):£)fo, [y (€165 (€)6(€) dé—
a;(too)
- / Y (9 (€); ) fox, [ (€)1 (€)09(€) de,

B;(t) = o(t;edp)
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(see (3.5)). Therefore

ha(t; o, 000) = €3 / Y (9 (€): ) fos, 03 (£)]35 (€)59(€) dé+
1=1

0 (too)
+o(t;edp). (3.13)
For t € [t190 — 02, t10 + d2] we have
4
ha(tito,edp) = > an(t;edp), (3.14)
k=1
where
Yp+1(to) R Vi
atetn = [ erands e = Y [ sleteonde
too i:p+1‘ri (to)

s—1 ~Yit+1(to)

t
as(t;edp) = Y / (&t edp) de, a4(t;55u)=/w(£;t,€5u)d§
Vs

=Pt (o)
(see (3.10)),
W(&t,e0p) = Y(§ ) R(E;e0p).

Let us estimate « (t;e0u)

Yp+1(to)
aatties <1 [ [ (tsnln©) + Apn(o).....
Yo(1p(1)) + Ay(7p (1)), p(Tp11(1), - -, 9(7s(1)),
20(01(8) + A1 (1)), - Z0(om(8)) + A(om (), uolt) + =u(t) ) -
- f(t, Yo (11 ()5 90 (7p (1), po(Tp11(2)), - -, Po(7s(1),
20(@1(1), - 20(0m (), wo () ) -
=D o [1Ay(Ti(1) —e D oy [10(mi(t)~
=1 i=p+1
= foe, 10205 (1) = o] ] dt <
t10+02 1 dj_
< / / | ¢ (B3O HEAY(R (D), -, ol (1) +E8y (7 (1)
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20(01(8)) + EA2(01(1)), -, 20(0 (1) + EAZ(0(), uo(t) + Eedu(t) ) |-
- Zny JAy(7i(t)) — € Z Joy, [t)o(Ti(t)—
=1 1=p+1

=3 for A1) ~ <o [twu(t)\ ] ds} it <
tio+62 1

<1 [ TS etm @) eauno ) ~fo ] |3+

too o =1

+e Z ‘fyi (t,y0 (11 () + EAY(T1(t)), ... ) — foy, [t]‘ |5<P(Ti(t))’+

1=p+1

fz (tyo (1) + €AY (T (t)), .. ) — foz, [t]’ |62(0; () |+

+e€ fu(tvyO(Tl(t)) + EAy(T1(t)), - ) — foul

1] |5u(t)|} dg} dt <

p s
< ||Y|| |:O(€(5/,L)Z’l9i(t00;€5,u) + ec Z ’l%(too;&éu)"‘r
i=1 i=p+1
E(SIU, Z too 55,“ —|—80(5(t00 6(5,[1,):| (315)
where
Y] = sup [Y(£ )],
(&.t)ell
tio+d2 1
tttazm = [ | [ [ ntni ) + €8 0)....) = fo 1] de] .
too 0
i=1,s,
ti0+62_ 1
i (too; €0p1) = [ foy (6 y0(m1(8)+E0y (T (1)), - .. ) — foz, [t] dﬁ] dt,
i
j=1...,m
tio+d2 1
sttoies = [ | [ |ulesntro)+ eautnio,...) - fofa]ae]
i

We have

P(t) = po(t) +edp(t) — wolt); Ay(ri(t)) — 0, i=1,p,
Az(oj(t)) — 0, j=1,m
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Uo(t) + §€5u(t) — UO(t)
as € — 0 uniformly with respect to

(57 t) 6:“’) € [07 1] X [tOOa t10 + 62] X
By the Lebesque theorem we obtain that

111%191(1500755/0 =0, i=1s, 111110771(7500»5511) =0, j=1m,
£— e—

lim §(tgo;edu) =0

e—0

uniformly with respect to du € V.
Therefore

o (tyedp) = o(t; edp).
Consider asg(t;edp). It is easy to see that for i € p+1,...,s and ¢ €
[i(to), vi] we have

|Ay(7; ()| < O(edp), j=T1,i—1;

- (3.16)
Ay(r;(t) = edp(r;(t), j=1i+1,s
(see (3.1), (3.4)). Therefore
/ Greomde= [ YiGop©de-
vi(to) vi(to)
[ Y&t 0 1800 (€)) de + ofti ),
7i(to)

where

B:() = 1 (& w0(m () + Ay(ra(©)); - 30(m(€) + Ay(ri(€)),
i1 (©) -+ (16, 20(01(€) + Az(01()), -
20(0m(€)) + Az (om(©), u0(€) + 6u(€)) — folé]

i—1 Vi

oft; cp) = / Y (€:1) foy, (€] Ay (r;(€)) dé—

J ’Y (to)
s Vi

e 2 / Y (&) foy, [§]00(7;(€)) dE—

J=itl ~i(to)

Yi

m

=3 [ Y00 08500 de —= [ foaleloute)ag

I=1(t) ~i(to)
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(see (3.5), (3.16)). Clearly,

i
/ Y (€:1)5:(€) dé = s (t:20p1) + a1 £61),
~i(to)

where

Yi Vi
as(tiedp) = | Y(E)[Bi(E) — f]dE, as(tiedn) = [ Y(&)f; dE.
vi(to) vi(to)

Further, if i € {p+1,...,s} and § € [v;i(to), V], then 7;(&§) > too, j = 1,0 — 1.
Hence

lim (yo(7(¢)) + Ay(7;(€))) = cim_ yo(75(8)) = wo(7i(%)), j=11-1.
We have 7;(€) € [to, too] for € € [vi(to),v:]. Therefore
Yo(7i(§)) + Ay(7i(€)) = y(7i(£), o + e0p) = qo(7:(€)) + Aq(7:(§))
(see (2.4), (2.5)).

Therefore, taking into account the continuity of the function go(t), t €
[too — 02, t10 + d2], (2.6), and the condition go(too) = Yoo, we have

hm (yo(7:(€)) + Ay(r:(€))) = gleigli q0(7:(£)) = yoo-

Hence, we see that fore — 0,7 € {p+1,...,s} and & € [;(to),V:], we have
lim (&yo(ﬁ(ﬁ)) + Ay(r1(8)), - -+, yo(7: () + Ay(7i(§)), p(1i41(§)), - - -,

P(7:(6)), 20(01(€)) + A2(01(€), - 20(0m () + A2(0m(€))) = wiy-
On the other hand,

lim (g,yom(g»,...,yomfl(s))v

Go(Til€)): - 20(To(£)), 20(1 (), 20(0m(£))) = wiy

Therefore,

lim — sup |6i(§) = f;7| =0
=0 ¢y, (to) i)

uniformly with respect to du € V.
The function Y (&;¢) is continuous on the set
[Vi(t0),vil X [ti0 — d2,t10 + 2] C 11
and, moreover
Vi — 7ilto) = —€¥; 6to + o(edp).
Therefore as(t;€dp) = o(t; dp) and

6(t;edp) = —¢ Z (vis ©) f A7 0to + o(t;edp).
_p-l,-l
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Finally,

as(tyedp) = —¢ Z (v t) 7 47 Sto—
i=p+1
i

.S | Y000 180 de + ot b0,
=Py (o)
Similarly, we can prove the relations
a;(t;edp) = o(t;edp), i=3,4

(see (3.15)).
For ha(t;t00,£01) we have the final formula

hg(t;too,f(s,u =—c Z 'sz f ’Yz(sto_
i=p+1
Vi
=Y [ YENlanvn@)de +ofticn) (317
1= p+1’n(t0)
(see (3.14)).
Taking into account (3.9)-(3.13) and (3.17), we obtain (1.3), where
dz(t;edp) has the form (1.4).

4. PROOF OF THEOREM 1.2

Assume that in Lemma 2.3 r; = tgg and 79 = t19. Then for any element
(g,6u) € [0,e1] x VT, the corresponding solution w(t; g + edp) is defined
on [t19 — 01,t10 + 91]. The solution x(t; ug + edu) is defined on [r,t19 + 1]
and

w(t; po +eop) = x(t; po + edp), t € [to,tio + 1]
(see Lemma 1.1 and 2.1). It is easy to see that

edp(t), t € [, too),

Ay(t) = € @(t) —yolt), t € [too,to), (4.1)
Aq(t), t € [to, tio + 01],
edg(t), t € [1,t00],

Az(t) = { g(t) —vo(t), t € [too,to), (4.2)
Av(t), t € [to,ti0 + 01].

Let numbers d € (0,d1) and €5 € (0,e1) be sufficiently small so that for
an arbitrary (g,du) € [0,e2] x VT the inequality vs(to) < t19 — d2 holds. By
Lemma 3.1 we have

|Ay(t)| < O(E(S/J), V(t,{-ﬁ,(ﬂb) € [to,tlo + (51] X [0,62] X V+, (43)
|Az(t)| < O(e6p), ¥ (t,e,6u) € [1,t10 + 1] x [0,62] x VT (4.4)
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(see (4.1), (4.2), (2.10)). Moreover,
AI(tQ) = Aw(to) = 5[Y05y0+Y15g(t00+)+(Y1g0 +7f;)5t0] +O(65,UJ) (45)

(see (2.11)).
The function Az(t) on the interval [tg, t19 + d2] satisfies (3.7) and hence
it can be represented by the Cauchy formula

Ax(t) =Y (too, t) Az (o) —I—E/Y (& 1) foult]ou(€ d§+Zh (t;to,e61), (4.6)

=0
where
s to
ot t0,260 = Y [ Y Ou(€050) o €)1 3:(©) B0()
i:17i(t0)

and the functions h;(t;tg,edu), i = 1,2 are defined by the formulas (3.10).
The function Y (§;¢) is continuous on the set [too, 7s(t10 — d2)] X [t10 —
52, th + 52] Since to S [too, Ts (tlo - 52)}7 we have

Y (too; t) Az (to) = €Y (too: t) [Yooyo + Y1dg(too+) + (Yig g — f,F)dto] +
+o(t;edu). (4.7)

(see(4.5)).
Consider hg(t;to,€dp). We have

P tg

holtsto.5) = > / Y (3€)51)fou, (€ 30 (€) Dy €) e
+ Z [ / (: 1) fou, (€)1 (€)3(6) de
/ Y (€)5 ) fow, a(E)]54(€) A €) e | =
- / Y (€ 1) fou [6 M ©) dec+

te Y0 [ YOO 0o O (©00(6) st

+ Y / (&) fou [€1 Ay (7:()) d€ + ot 202), (4.8)



Local Variation Formulas 35

where
Ti(to)
oft: <o) = —ez / )51) fou, b (€)3:(6)50(€) .
7i(too)
This implies
» ~i(to)
> [ vi&osmlanume) i -
0 i—1 Yi+1(to)
Y% [ Y@ l0aun©)d -
=1 j=0 ’Yj(to)
p—1 p vi—1(to)
=> > Y (&1) foy, [€]1Ay(7;(£)) d€, 0(to) =to.  (4.9)
=0 j=itl vi(to)
Further,
mttocom = Y |e [ Yipi(€it) o s (€)31(€)0(6) de+
JERUL b T
+ [ ¥loi€: 0o l0s(©15,(©25(6) ds} n
£y / )i t) o, [0 (€5 ) A2 (€) dE =
J€ls, j(to)
= Z (eay(t) + B;(t) +Z7b
JELLUI> jEI3
where
0 (t) = / Y (p3(€):£) fox, [y (€)1 (€)09(€) de,
a;j(to)
B(t) = / Y (95 (€); 1) fos, [y (€)1 () A=(E) d,

nj(t) = / Y (9 (€): ) fos, o3 (€)]35(€) A(€) d.

a;(to)
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Obviously §;(t) = o(t;edu), n;(t) = o(t;edp), so we have

0

a;(t) = Y (pj(€);t) foz; [pi (E)1ps(§)dg(E) dE—

aj(too)
aj(to)
[ Y5010, 3O O00(6) e
a;(too)
Therefore
s too
ha(t;to, e0p) =€) Y (05 (€)5t) foz, [(6)155(£)89(€) dé+
j:10j(t00)
+ o(t;edp). (4.10)

ha(t;tg,e0p) for t € [t19 — d2,t10 + 2] can be represented by the form

5
ha(tito,e0m) = > Bi(t;eop), (4.11)

=1
where
1 Yerlto)
Bi(tiedp) = / W(&;t, e0p) de,

i—1
T (o)
Yp+1

Byt 26p) = / D&t o) de,
p (to)
vi(to)

Ba(t;eop) = Y /w(ﬁ;t,a?u)d&

suttein = Y [ it e de,
i:erl’Yi(to)
t

B (t; 260) = / (&, 20) de.

Vs (to)

For (1 (t;edu) we have

Bi(t;edp) = Pua(t;edp) — Bra(t; edp), (4.12)
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where
sutean =Y [ v(E@0[f(6umn@)+ sn(@).....

)
Y0(7i(§)) + Ay(7i(€)), p(Tix1(£)), - -, (75(8));
20(01(8)) + Az(01(8)), -+, 20(0m (£)) + Az(om(£)),

() + du(€) ) -

Let € € [1i(to), vi+1(to)]. Then
Tj(g)zt()a J:Ha T](&)Sth J:7’+1ﬂp7 Tj(§)<t007 J:p+1757

and hence

< O(edp), j=1,i
=edp(7;(8)), 7= +17s,

’Ay 7, (€

£))|
Ay(r;(6)) (*.13)

(see (4.1), (4.3)).
For any ¢ € {0, ..., p — 1}, the function ;41 (t0) — 7 (to) tends to zero as
¢ — 0. Therefore, taking into account (4.13) and (4.4) we have

Yi+1(to)
Pra(t;ebp) = Z Z / Y (&) fou, (€] Ay(7;(€)) € + ot £p1). (4.14)
=0 j=i+1 Yi(to)
Further
lim sup f(£ Yo(71(8)) +Ay(71(8)); - -, yo(7:(€)) +Ay(7i(€))

€20 i (to) it (to)]

20(01(5))+AZ(01(§))a--~aZO(UWL(§))JFAZ(Um(g))vUO(O+55U(§)>
—f;r-i-f;r—f(&yo(ﬁ(f)) ----- Yo(7p(8))s po(Tp+1(§))s - - ©o(7s(£)),
20(01(6)), - .-, zo(am(g)mo(g))‘:o, i=0p—1, (4.15)

uniformly with respect of to du € V+.
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The properties of the functions Y (¢;¢) and ~;(¢), i = 1, p imply that
lim sup |V (&t) — Y(too;t)| =0, i=0,p—1 (4.16)
£70 g€ yi(t0) i (to)]

uniformly with respect to t € [t19 — d2, t10 + 2] and
’71‘+1(t0) —’W(to) ZE(’Y ;‘:1 —’.}/ 2‘)5t0—|—0(€5,u), i:O,p — 1, ’.}/0 =1. (417)

From (4.13)—(4.15) we have
P

Bui(t:edu) =Y (too, 1) D (i = £ (70 =4 7)8t0 + ot e6p).  (4.18)
=0

From (4.12), (4.14) and (4.18) we have

P

Bu(ts0) = €Y (too, )| 3G =3 DT+ 1 bto-
i=0

» Yit+1(to)

S > [ VG080 d +oltic). (119)
=0 j=itl vi(to)
It is easy to see that
Bt 8= [V (€50)[£ (€ 90(n (€)+ A () 1o () + A7),
"/p(to)

@(Terl(g))ﬂ AR 90(7—5(6))’ 20(0—1(5)) +AZ(01(€))ﬂ AR Zo(Um(f)) +AZ(JM(§))7
o (§) + ebu(€) ) -

= 7 (&m0 (©)s - w0 (7)), 20(7p41(€)); - 90 (€));
20(01(6): - 20(0m(€)), u0(€) ) -

S

= fou, [EAY(T(€) = > foy, [E00(r;(£)—

j=1 j=p+1
=" for, [61A2(05(€)) — efoulélou()] de.
j=1
It is easy to prove that
Ba(t;edp) = o(t;e0p) (4.20)
(see (4.3) and (4.4)).
Consider the other terms of (4.11). We have
s ilto)
maitieow = 3 [ Y@ [r(6wmn(©) + dyn©).....

i=p+l Vi



Local Variation Formulas 39

Yo(7i-1(€)) + Ay(7i-1(£)), ¢ (7i(£)), - - -, (7:(£)),
20(01(8)) + Az(01(€)), - - 20(om(§)) + Az(om(§)), uo(§) + 85U(§))—

—f(g,yom(g)),...,yom(s» P(Ti11(8)), - (7a(E)),
20(01(€)), - ()] as-

1 Yi(to)

3 [Z RGNS

i=p+1 - j=1 5
7vi(to) s ilto)

Y(&1) foy. [ Ay(ri(€)) ds +& > / Y (&:1) foy, [€160(7; (€)) de | -
j=i+1 Yi
s lto) m
-3 [ V@0 o A€ de
i=p+1 i j=1

By the condition (6) we have

i sup |7(€un(n(€)+ Ay(r(©)....1o(ra(€)) + Ay(ris(€).
eV eelyii(to))

@(7i(€)), - -5 0(75(8)), 20(01(€)) + Az(01(8)), - .-,
20(om(€)) + Az(0m(€), uo(€) + £6u(€) ) -
= £(&50(r1(€)s -, o(ri(€): p(Tis1()) -, P(7(E)),

20(01(8)):- s 20(om () uo(§)) + £ =0, i=pFLs

uniformly with respect to du € V+.
Further,

|Ay(7;(€))| < O(edp), j=T,i—1, &€ [vi,vi(to)],

lim  sup ‘Y(ﬁ;t)—Y(%;t) =0, i=p+1,s
€70 ee vy, yi(to)]

uniformly with respect to t € [t19 — d2, t10 + d2].
Now, we obtain for the function [(5(¢;edu) the representation

Ba(t; €0p) =—aZ (vis ) f;dto—
i=p+1
s ilto)

= > [ Y@ ©) s+ oftiesn). (420

i=p+l Vi
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Similarly we can prove (see (3.16)) that
Bi(t;edp) = o(edp), i =4,5. (4.22)
Taking into account (4.19)—(4.22), we obtain

p s
ltito, =) = e Y an,) Y55 =370 = D Y0 foto-

=0 i=p+1
p—1 p Yi+1(to)
SX Y [ Y@ty ©) -
=0 j=1+1 ~i(to)

s i(to)

-y / Y€1) foy, [E)Ay(ri(€)) dE + o(t:cu)  (4.23)
=ptl Vi

(see (4.11)).
From (4.6), taking into account (4.7)—(4.10) and (4.23), we obtain (1.3),
where dx(t; op) has the form (1.8).
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