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Nino Partsvania

ON TWO-POINT BOUNDARY VALUE PROBLEMS FOR
TWO-DIMENSIONAL LINEAR DIFFERENTIAL SYSTEMS

WITH SINGULAR COEFFICIENTS

Abstract. Two-point boundary value problems for two-dimensional sys-
tems of linear differential equations with singular coefficients are conside-
red. The cases are optimally described when the above-mentioned prob-
lems have the Fredholm property, and unimprovable in a certain sense con-
ditions are established guaranteeing the unique solvability of those prob-
lems.

îâäæñéâ. àŽêýæèñèæŽ ëîûâîðæèëãŽêæ ïŽïŽäôãîë ŽéëùŽêâĲæ
ûîòæã áæòâîâêùæŽèñî àŽêðëèâĲŽåŽ ëîàŽêäëéæèâĲæŽêæ ïæïðâéâ-
ĲæïŽåãæï ïæêàñèŽîñèæ çëâòæùæâêðâĲæå. ëìðæéŽèñîŽáŽŽ Žôûâîæèæ
öâéåýãâãâĲæ, îëùŽ Žôêæöêñè ŽéëùŽêâĲï àŽŽøêæŽå òîâáßëèéæï åãæïâ-
ĲŽ, áŽ áŽáàâêæèæŽ àŽîçãâñèæ Žäîæå ŽîŽàŽñéþëĲâïâĲŽáæ ìæîëĲâĲæ,
îëéèâĲæù ñäîñêãâèõëòâê Žé ŽéëùŽêâĲæï ùŽèïŽýŽá ŽéëýïêŽáëĲŽï.
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Boundary value problems for second and higher order linear differential
equations, whose coefficients have nonintegrable singularities at the points
bearing the boundary data, are investigated in full detail (see, e.g., [1], [2],
[5]–[7], [9]–[16] and the references therein).

From the theorems proven by R. P. Agarwal and I. Kiguradze [10] for
the second order differential equation

u′′ = p(t)u + q(t),

it follow unimprovable in a certain sense results on the unique solvability of
the boundary value problems

u(a) = 0, u(b) = 0,

b∫

a

u′2(t) dt < +∞
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and

u(a) = 0, u′(b) = 0,

b∫

a

u′2(t) dt < +∞.

These results cover the cases where the concerned differential equation is
strongly singular, more precisely, when the order of singularity of the func-
tion t → (|p(t)| − p(t))/2 at the points a and b is equal to 2. In the present
paper, the above-mentioned results are generalized for two-dimensional lin-
ear differential systems.

By Lloc(]a, b[) we denote the space of functions p : ]a, b[→ R Lebesgue
integrable in the interval [a+ε, b−ε] for arbitrarily small ε > 0. Analogously,
by Lloc(]a, b]) we denote the space of functions p : ]a, b] → R Lebesgue
integrable in the interval [a + ε, b] for arbitrarily small ε > 0.

It is clear that the functions from the space Lloc(]a, b[) may have non-
integrable singularities at the points a and b. As for the functions from
the space Lloc(]a, b]), they may have nonintegrable singularities only at the
point a.

For an arbitrary number x we set

[x]− =
|x| − x

2
.

We consider the two-dimensional linear differential system

u′i = pi1(t)u1 + pi2(t)u2 + pi0(t) (i = 1, 2) (1)

with locally integrable coefficients pik ∈ Lloc(]a, b[) (i = 1, 2; k = 0, 1, 2).
We do not exclude from consideration the cases where some (or all) of the

coefficients of that system are not integrable on [a, b], having singularities
at the points a and b. In that sense the system (1) is singular.

It is naturally admitted the possibility that the functions p12 and p21 be
equal to zero on the sets of positive measure. This is the most interesting
case since in that case the system (1) cannot be reduced to a second order
linear differential equation.

Denote

a0 =
a + b

2
, ri(t) = exp

( t∫

a0

pii(s) ds

)
(i = 1, 2), r(t) =

|p12(t)|
r1(t)r2(t)

;

p1(t) =
p12(t)r2(t)

r1(t)
, p2(t) =

p21(t)r1(t)
r2(t)

; qi(t) =
pi0(t)
ri(t)

(i = 1, 2).

For the system (1) we consider the boundary value problems

lim
t→a

u1(t)
r1(t)

= 0, lim
t→b

u1(t)
r1(t)

= 0,

b∫

a

r(t)u2
2(t) dt < +∞ (2)
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and

lim
t→a

u1(t)
r1(t)

= 0, lim
t→b

u2(t)
r2(t)

= 0,

b∫

a

r(t)u2
2(t) dt < +∞. (3)

Note that if the functions p11 and p22 are integrable on [a, b], then the
conditions (2) and (3), respectively, are equivalent to the conditions

u1(a) = 0, u1(b) = 0,

b∫

a

|p12(t)|u2
2(t) dt < +∞

and

u1(a) = 0, u2(b) = 0,

b∫

a

|p12(t)|u2
2(t) dt < +∞,

where by ui(a) and ui(b) it is understood, respectively, the right and the
left limits of the function ui at the points a and b.

Both the problems (1), (2) and (1), (3) we investigate in the case where
the condition

0 ≤ σp1(t) ≤ `0 for a < t < b,

b∫

a

|p1(t)| dt > 0 (4)

is satisfied. Here σ ∈ {−1, 1} and `0 is a positive number.
Along with (1) we consider the corresponding homogeneous differential

system

u′i = pi1(t)u1 + pi2(t)u2 (i = 1, 2), (10)

and we introduce

Definition 1. We say that the problem (1), (2) has the Fredholm pro-
perty if the unique solvability of the corresponding homogeneous problem
(10), (2) guarantees the unique solvability of the problem (1), (2) for any
pi0 ∈ Lloc(]a, b[) (i = 1, 2) satisfying the conditions

q1 ∈ L([a, b]),

b∫

a

(t−a)(b−t)
(

p2(t)

t∫

a

|q1(s)| ds

b∫

t

|q1(s)| ds

)2

dt<+∞; (5)

b∫

a

|p1(t)|
∣∣∣∣

t∫

a0

q2(s) ds

∣∣∣∣
2

dt < +∞. (6)

The following theorem is valid.
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Theorem 1. If along with (4) the inequalities

lim sup
t→a

(
(t− a)

a0∫

t

[σp2(s)]− ds

)
<

1
4`0

,

lim sup
t→b

(
(b− t)

t∫

a0

[σp2(s)]− ds

)
<

1
4`0

(7)

are fulfilled, then the problem (1), (2) has the Fredholm property.

From this theorem it follows

Corollary 1. If along with (4) the inequalities

lim inf
t→a

(
σ(t− a)2p2(t)

)
> − 1

4`0
, lim inf

t→b

(
σ(b− t)2p2(t)

)
> − 1

4`0
(8)

are fulfilled, then the problem (1), (2) has the Fredholm property.

On the basis of Theorem 1 the following theorem can be proved.

Theorem 2. Let along with (4) the inequality

∣∣∣∣
t∫

a0

[σp2(s)]− ds

∣∣∣∣ ≤
`(b− a)

(t− a)(b− t)
for a < t < b

be fulfilled, where ` is a non-negative constant such that

` <
1

4`0
. (9)

If, moreover, the conditions (5) and (6) are satisfied, then the problem
(1), (2) has a unique solution.

Theorem 2 yields

Corollary 2. Let along with (4) the inequality

σp2(t) ≥ −`
( 1

(t− a)2
+

1
(b− t)2

)
for a < t < b

be fulfilled, where ` is a non-negative constant, satisfying the inequality
(9). If, moreover, the conditions (5) and (6) are satisfied, then the problem
(1), (2) has a unique solution.

Note that the conditions of Theorems 1 and 2 as well as the conditions
of Corollary 1 and 2 are unimprovable. More precisely, none of the strict
inequalities (7) and (8) can be replaced by the non-strict ones, and the
inequality (9) cannot be replaced by the equality

` =
1

4`0
.
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As an example, we consider the differential system

u′1 = g1(t)u2 + (t− a)α(b− t)αg10(t),

u′2 =
( g2(t)

(t− a)β(b− t)β
− `

(t− a)2
− `

(b− t)2
)
u1 +

g20(t)
(t− a)γ(b− t)γ

,
(10)

where gi : [a, b] → [0, +∞[ and gi0 : [a, b] → R (i = 1, 2) are continuous
functions, and α, β, γ, and ` are positive constants. Moreover, g1(t) 6≡ 0
and

0 ≤ g1(t) ≤
( t− a

b− a

)λ( b− t

b− a

)λ

for a < t < b,

where λ > 0.
The system (10), generally speaking, cannot be reduced to a second order

linear differential equation since the restrictions, imposed on the functions
g1 and g2, do not exclude, for example, the cases where

g1(t) = g2(t) = 0 for t ∈ I =

=
∞⋃

k=1

[
a +

b− a

4k + 1
, a +

b− a

4k

] ⋃[
b− b− a

4k
, b− b− a

4k + 1

]
,

and g1(t) > 0, g2(t) > 0 for t ∈ [a, b] \ I.

From Corollary 2 it follows

Corollary 3. If

` <
1
4

, α > 0, β < 2 + α, and γ <
3 + λ

2
, (11)

then the system (10) has a unique solution satisfying the conditions

u1(a) = 0, u1(b) = 0,

b∫

a

g1(t)u2
2(t) dt < +∞.

According to Corollary 3, the second equation in the system (10) may
have the singularity of an arbitrary order. More precisely, β and γ may be
arbitrarily large numbers if α and λ are also large.

Note that Corollary 3 does not follow from the previous well-known re-
sults on the unique solvability of two-point boundary value problems for
linear differential systems (see [3], [4], [8], [17]).

Now we consider the problem (1), (3). First of all we introduce

Definition 2. We say that the problem (1), (3) has the Fredholm pro-
perty if the unique solvability of the corresponding homogeneous problem
(10), (3) guarantees the unique solvability of the problem (1), (3) for any
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pi0 ∈ Lloc(]a, b[) (i = 1, 2) satisfying the conditions

q1 ∈ L([a, b]),

b∫

a

(t− a)
(

p2(t)

t∫

a

|q1(s)| ds

)2

dt < +∞, (12)

q2 ∈ Lloc(]a, b]),

b∫

a

|p1(t)|
∣∣∣∣

b∫

t

q2(s) ds

∣∣∣∣
2

dt < +∞. (13)

The following theorem is valid.

Theorem 3. Let p2 ∈ Lloc(]a, b]), and let along with (4) the inequality

lim sup
t→a

(
σ(t− a)

b∫

t

[σp2(s)]− ds

)
<

1
4`0

(14)

be fulfilled. Then the problem (1), (3) has the Fredholm property.

Corollary 4. Let p2 ∈ Lloc(]a, b]), and let along with (4) the inequality

lim inf
t→a

(
σ(t− a)2p2(t)

)
> − 1

4`0
(15)

be fulfilled. Then the problem (1), (3) has the Fredholm property.

Theorem 4. Let p2 ∈ Lloc(]a, b]), and let along with (4) the inequality
b∫

t

[σp2(s)]− ds ≤ `

t− a
for a < t < b, where ` <

1
4`0

, (16)

be fulfilled. If, moreover, the conditions (12) and (13) are satisfied, then the
problem (1), (3) has a unique solution.

Corollary 5. Let p2 ∈ Lloc(]a, b]), and let along with (4) the inequality

σp2(t) ≥ − `

(t− a)2
for a < t < b, where ` <

1
4`0

, (17)

be fulfilled. If, moreover, the conditions (12) and (13) are satisfied, then the
problem (1), (3) has a unique solution.

Note that the conditions (14)–(17) in Theorems 3, 4 and Corollaries 4, 5
are unimprovable.

As an example, we consider the differential system
u′1 = g1(t)u2 + (t− a)αg10(t),

u′2 =
( g2(t)

(t− a)β
− `

(t− a)2
)
u1 +

g20(t)
(t− a)γ

,
(18)

where gi : [a, b] → [0, +∞[ and gi0 : [a, b] → R (i = 1, 2) are continuous
functions, α, β, γ, and ` are positive constants. Moreover, g1(t) 6≡ 0 and

0 ≤ g1(t) ≤
( t− a

b− a

)λ

for a < t < b,



161

where λ > 0.
From Corollary 5 it follows

Corollary 6. If the condition (11) is fulfilled, then the system (18) has
a unique solution satisfying the conditions

u1(a) = 0, u2(b) = 0,

b∫

a

g1(t)u2
2(t) dt < +∞.

Acknowledgement

This work is supported by the Georgian National Science Foundation
(Project # GNSF/ST09 175 3-101).

References

1. R. P. Agarwal and I. Kiguradze, Two-point boundary value problems for higher-
order linear differential equations with strong singularities. Boundary Value Prob-
lems, 2006, 1–32; Article ID 83910.

2. R. P. Agarwal and D. O’Regan, Singular differential and integral equations with
applications. Kluwer Academic Publishers, Dordrecht, 2003.

3. M. T. Ashordia, On boundary value problems for systems of linear generalized ordi-
nary differential equations with singularities. (Russian) Differentsial’nye Uravneniya
42 (2006), No. 3, 291–301; English transl.: Differ. Equations 42 (2006), No. 3,
307–319.

4. M. T. Ashordia, On some boundary value problems for linear generalized differential
systems with singularities. (Russian) Differentsial’nye Uravneniya 46 (2010), No. 2,
163–177; English transl.: Differ. Equations 46 (2010), No. 2, 167–181.

5. U. Elias, Oscillation theory of two-term differential equations. Kluwer Academic
Publishers, Dordrecht, 1997.

6. N. V. Gogiberidze and I. Kiguradze, Concerning nonoscillatory singular linear sec-
ond order differential equations. (Russian) Differentsial’nye Uravneniya 10 (1974),
No. 11, 2064–2067; English transl.: Differ. Equations 10 (1974), No. 11, 1598–1601.

7. I. Kiguradze, On nonoscillation conditions for singular linear second order differen-
tial equations. (Russian) Mat. Zametki 6 (1969), No. 5, 633–639.

8. I. T. Kiguradze, On boundary value problems for linear differential systems with
singularities. (Russian) Differentsial’nye Uravneniya 39 (2003), No. 2, 198–209; Eng-
lish transl.: Differ. Equations 39 (2003), No. 2, 212–225.

9. I. Kiguradze, Some optimal conditions for the solvability of two-point singular
boundary value problems. Funct. Differ. Equ. 10 (2003), No. 1–2, 259–281.

10. I. Kiguradze, On two-point boundary value problems for higher order singular or-
dinary differential equations. Mem. Differential Equations Math. Phys. 32 (2004),
101–107.

11. I. T. Kiguradze and A. G. Lomtatidze, On certain boundary-value problems for
second-order linear ordinary differential equations with singularities. J. Math. Anal.
Appl. 101 (1984), No. 2, 325–347.

12. I. T. Kiguradze and B. L. Shekhter, Singular boundary value problems for sec-
ond order ordinary differential equations. (Russian) Itogi Nauki Tekh., Ser. Sovrem.
Probl. Mat., Novejshie Dostizh. 30 (1987), 105–201; English transl.: J. Sov. Math.
43 (1988), No. 2, 2340–2417.

13. T. Kiguradze, On solvability and unique solvability of two-point singular boundary
value problems. Nonlinear Analysis 71 (2009), 789–798.



162

14. T. Kiguradze, On some nonlocal boundary value problems for linear singular differ-
ential equations of higher order. Mem. Differential Equations Math. Phys. 47 (2009),
169–173.

15. T. Kiguradze, On conditions for linear singular boundary value problems to be well
posed. (Russian) Differentsial’nye Uravneniya 46 (2010), No. 2, 183–190; English
transl.: Differ. Equations 46 (2010), No. 2, 187–194.

16. A. G. Lomtatidze, A boundary value problem for second-order linear differential
equations with nonintegrable singularities. (Russian) Tbiliss. Gos. Univ. Inst. Prikl.
Mat. Trudy 14 (1983), 136–145.

17. B. L. Shekhter, On singular boundary value problems for two-dimensional differ-
ential systems. Arch. Math. (Brno) 19 (1983), No. 1, 19–42.

(Received 30.06.2010)

Author’s address:

A. Razmadze Mathematical Institute
1, M. Aleksidze St., Tbilisi 0193
Georgia
E-mail: ninopa@rmi.acnet.ge


