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Short Communications

NINO PARTSVANIA

ON TWO-POINT BOUNDARY VALUE PROBLEMS FOR
TWO-DIMENSIONAL LINEAR DIFFERENTIAL SYSTEMS
WITH SINGULAR COEFFICIENTS

Abstract. Two-point boundary value problems for two-dimensional sys-
tems of linear differential equations with singular coefficients are conside-
red. The cases are optimally described when the above-mentioned prob-
lems have the Fredholm property, and unimprovable in a certain sense con-
ditions are established guaranteeing the unique solvability of those prob-
lems.
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Boundary value problems for second and higher order linear differential
equations, whose coefficients have nonintegrable singularities at the points
bearing the boundary data, are investigated in full detail (see, e.g., [1], [2],
[5]-[7], [9]-[16] and the references therein).

From the theorems proven by R. P. Agarwal and I. Kiguradze [10] for
the second order differential equation

u = p(t)u+q(t),
it follow unimprovable in a certain sense results on the unique solvability of

the boundary value problems
b

w(@) =0, u(b) =0, /u’z(t) dt < +oc

a
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and
b

u(a) =0, u'(b)=0, /u’z(t) dt < +00.

These results cover the cases where the concerned differential equation is
strongly singular, more precisely, when the order of singularity of the func-
tion t — (|p(t)| — p(t))/2 at the points a and b is equal to 2. In the present
paper, the above-mentioned results are generalized for two-dimensional lin-
ear differential systems.

By Lioc(]a,b]) we denote the space of functions p :]a,b[— R Lebesgue
integrable in the interval [a+e¢, b—¢] for arbitrarily small € > 0. Analogously,
by Lioc(]a,b]) we denote the space of functions p :]a,b] — R Lebesgue
integrable in the interval [a + ¢, b] for arbitrarily small € > 0.

It is clear that the functions from the space Ljoc(]a,b]) may have non-
integrable singularities at the points a and b. As for the functions from
the space Ljo.(]a, b)), they may have nonintegrable singularities only at the
point a.

For an arbitrary number = we set

I

7] = 1

We consider the two-dimensional linear differential system
u; = pi1(t)ur + pio(t)us + pio(t) (i =1,2) (1)

with locally integrable coefficients p;r, € Lioc(]a,b]) (i =1,2; k=0,1,2).

We do not exclude from consideration the cases where some (or all) of the
coefficients of that system are not integrable on [a, b], having singularities
at the points a and b. In that sense the system (1) is singular.

It is naturally admitted the possibility that the functions pi2 and p2; be
equal to zero on the sets of positive measure. This is the most interesting
case since in that case the system (1) cannot be reduced to a second order
linear differential equation.

Denote

_a+b . ! Y ) — Ip12(t)]
T ()= p(!p”()d>( 1.2), r(t) ri(t)ra(t)
pl(t):m?(:)z(t)’ pz(t)zpzlg)(:)l(t); qi(t)zgff(%) (i=1,2).

For the system (1) we consider the boundary value problems

b
up(t) () 2 N
t—ary (t) T ol (t) =0, a/ (t) z(t) dt < + (2)
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and
b

=0, /r(t)u%(t) dt < +oo0. (3)

a

(OB 10)
t—a 71 (t) t—b 79 (t)

Note that if the functions p;; and pos are integrable on [a,b], then the
conditions (2) and (3), respectively, are equivalent to the conditions

ui(a) =0, wui(b) =0, /|p12(t)|u§(t) dt < +00
and
wr(a) =0, ua(b) =0, /\plg(t)|u§(t) dt < +o0,

where by wu;(a) and wu;(b) it is understood, respectively, the right and the
left limits of the function u; at the points a and b.

Both the problems (1), (2) and (1), (3) we investigate in the case where
the condition

0<opi(t) <&y for a <t <D, /|p1(t)|dt>0 (4)

is satisfied. Here 0 € {—1,1} and ¢y is a positive number.
Along with (1) we consider the corresponding homogeneous differential
system

ui = pir (Hur + pia(t)uz (i =1,2), (To)
and we introduce

Definition 1. We say that the problem (1), (2) has the Fredholm pro-
perty if the unique solvability of the corresponding homogeneous problem
(1p), (2) guarantees the unique solvability of the problem (1), (2) for any
pio € Lioe(Ja, b)) (i = 1,2) satisfying the conditions

b
2
q1 € L([a,b]) /t a)(b— t(pg /\ql |ds/|q1 |ds> dt <+400; (5)
/|p1 ‘/6]2 ds

The following theorem is valid.

dt < 4o00. (6)
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Theorem 1. If along with (4) the inequalities

ao

s (¢~ a) [loma(o)l-ds) < 3

t

lintﬂj;lp ((b —t) j[opz(S)]— d8> < i

ao

are fulfilled, then the problem (1), (2) has the Fredholm property.
From this theorem it follows

Corollary 1. If along with (4) the inequalities

1 1

. N2 N ENNR _ )2 _

hgnl;lf (J(t a) pg(t)) > 10 hrtnlglf (O’(b t) pg(t)) > 10g (8)

are fulfilled, then the problem (1), (2) has the Fredholm property.
On the basis of Theorem 1 the following theorem can be proved.

Theorem 2. Let along with (4) the inequality

\/km@Lw

be fulfilled, where £ is a non-negative constant such that

1
< —. 9
10 (9)
If, moreover, the conditions (5) and (6) are satisfied, then the problem
(1), (2) has a unique solution.

< b —a)

_m for a<t<b

Theorem 2 yields

Corollary 2. Let along with (4) the inequality

() = —¢( L, 1 )
N N (R
be fulfilled, where £ is a non-negative constant, satisfying the inequality
(9). If, moreover, the conditions (5) and (6) are satisfied, then the problem
(1), (2) has a unique solution.

for a<t<d

Note that the conditions of Theorems 1 and 2 as well as the conditions
of Corollary 1 and 2 are unimprovable. More precisely, none of the strict
inequalities (7) and (8) can be replaced by the non-strict ones, and the
inequality (9) cannot be replaced by the equality

1
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As an example, we consider the differential system

’U,ll =01 (t)UQ + (t — a)a(b — t)agu)(t),
’ ( 92(t) 14
(

_ gao(t) (10)
Uy = —

t—a)f(b—1)8  (t—a)? (b—t)Q)ul T —1

where g¢; : [a,b] — [0,400[ and g0 : [a,b] — R (i = 1,2) are continuous
functions, and «, 3, 7, and £ are positive constants. Moreover, g1(t) Z 0

and
0<agi(t) < (2:2)/\(5:2)/\ for a <t <b,

where A > 0.

The system (10), generally speaking, cannot be reduced to a second order
linear differential equation since the restrictions, imposed on the functions
g1 and go, do not exclude, for example, the cases where

g1(t) =g2(t) =0 for tel=

=U o gypor UL - "5t )

and g¢1(t) >0, g2(t) >0 for ¢ € [a,b]\I.
From Corollary 2 it follows
Corollary 3. If

3+ A
, a>0, <2+, and’y<i, (11)

l< 5

] =

then the system (10

~

has a unique solution satisfying the conditions

b
wr(a) =0, un(b) =0, / GO dt < +oc.

a

According to Corollary 3, the second equation in the system (10) may
have the singularity of an arbitrary order. More precisely, 5 and v may be
arbitrarily large numbers if o and A are also large.

Note that Corollary 3 does not follow from the previous well-known re-
sults on the unique solvability of two-point boundary value problems for
linear differential systems (see [3], [4], [8], [17]).

Now we consider the problem (1), (3). First of all we introduce
Definition 2. We say that the problem (1), (3) has the Fredholm pro-

perty if the unique solvability of the corresponding homogeneous problem
(1p), (3) guarantees the unique solvability of the problem (1), (3) for any
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pio € Lioe(Ja, b)) (i = 1,2) satisfying the conditions

@1 € L([a,0]), /b(t —a) (pz(t) j Q1(5)|d5)2dt < +o0, (12)

a

2

b b
G2 € Lioe(]a, b)), /\p1(t)| ‘ /qz(s) ds| dt < 4o0. (13)

The following theorem is valid.

Theorem 3. Let pa € Lioc(]a, b)), and let along with (4) the inequality
b

lim sup (U(t —a) /[apg(s)], ds) < ﬁ (14)

t—a
t

be fulfilled. Then the problem (1), (3) has the Fredholm property.

Corollary 4. Let ps € Lioe(Ja,b]), and let along with (4) the inequality
liminf (o(t — a)?pa(t)) > _ L (15)
t—a 4@0
be fulfilled. Then the problem (1), (3) has the Fredholm property.

Theorem 4. Let p2 € Lioc(Ja, b)), and let along with (4) the inequality
b

/[Upg(s)]_ ds < % for a <t <b, where < i, (16)
i

be fulfilled. If, moreover, the conditions (12) and (13) are satisfied, then the
problem (1), (3) has a unique solution.

Corollary 5. Let ps € Lioc(]a,b]), and let along with (4) the inequality

4 1
opa(t) z—m for a <t <b, where < 1 (17)
be fulfilled. If, moreover, the conditions (12) and (13) are satisfied, then the
problem (1), (3) has a unique solution.

Note that the conditions (14)—(17) in Theorems 3, 4 and Corollaries 4, 5
are unimprovable.
As an example, we consider the differential system

uy = g1(t)us + (t — a)*g10(t),
/ ( 92(t) g20(t) (18)
(

/
Y2 = t—a)ﬁ_(t—a)2> (t—a)’
where g¢; : [a,b] — [0,400[ and g0 : [a,b] — R (i = 1,2) are continuous
functions, a, (3, v, and £ are positive constants. Moreover, g;(t) # 0 and

0< (1) < (

u +

t— ar\A
a) for a <t <b,
b—a




where A > 0.

From Corollary 5 it follows

Corollary 6. If the condition (11) is fulfilled, then the system (18) has

a unique solution satisfying the conditions

b
ui(a) =0, ug(b) =0, /91 (t)us(t) dt < +o0.
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