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Abstract. Haseman’s problem ¢7(a(t)) = a(t)¢p™(t) + b(t) is inves-
tigated in the class of the Cauchy type integrals with density from the
weighted Lebesgue space with a variable exponent p(t). Besides that the
problem is studied in a more general statement than that considered ear-
lier, for the first time we cover the case where the boundary condition is
prescribed on a non-smooth curve, namely, on a curve with the chord con-
dition.
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Let T" be a simple, closed, rectifiable, oriented curve dividing the complex
plane into the domains DT and D~ of which the point at infinity is contained
in D™.

Haseman’s boundary value problem is called the following one: find a
function ¢, analytic on the plane cut along I', from a given class of functions
A with the boundary values ¢*(t), t € T, (from D) and ¢~ (¢) (from D~)
satisfying the condition

¢T(at) = a(t)o™ () +b(t), (1)

where oo = «(t) is a homeomorphism of T' onto itself, and a(t) and b(t) are
given on I' functions.
C. Haseman was the first to investigate the homogeneous problem [1]

¢"(a(t) = a(t)d™ (t). (2)

Later T. Carleman [2] investigated the problem with shifts. D. A. Kveselava
([3]-[4]) gave a complete solution of the problem (1). He supposed that I'
is a Lyapunov curve, a(t) and b(t) belong to the Holder class H, and «(t)
is a preserving orientation homeomorphism of " onto itself with o/(t) # 0
and o € H.

Haseman’s problem in the vector case was considered by N. P. Vekua.
His results, as well as those obtained by other authors in this direction can
be found in [5].

In the sequel, the boundary value problems with shifts became an inves-
tigation topic for a great deal of authors. Many of their result are exposed
in a book by G. S. Litvinchuk [6].

The case where A is the KP(T")-class of the functions representable by the
Cauchy type integrals with density from LP(I"), p > 1, has been considered
by B .V. Khvedelidze [7], B. V. Khvedelidze and G. F. Manjavidze [§],
I. B. Simonenko [9], G. F. Manjavidze [10] as well as by many other authors.

When the boundary conditions involve functions which on different parts
of the boundary are integrable with different powers, then it is advisable
instead of the common Lebesgue spaces to introduce into consideration a
class of functions integrable in a somewhat different sense, with a finer
regard for local singularities of the functions. Such are the Lebesgue spaces
with variable exponent.

The generalized Lebesgue spaces have been intensively studied since
1970s. Important results were obtained for various operators in these spaces
and their applications. Not going into details (the reader can be referred to
the works [11]-[14]), it is worth mentioning the results that are significant
for the boundary value problems of the function theory in general, and for
the given work in particular, which were obtained by V. M. Kokilashvili and
S. G. Samko. They investigated in detail maximal operators and singular
operators with the Cauchy kernel in those spaces. They found a continu-
ity criterion and the compactness conditions ([15]-[17]), promoting further
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investigation of boundary value problems of the function theory and sin-
gular integral equations in new general and more appropriate statements
(118]-[23))-

Relying on the results of [16]-[17] and [20] and using the methods of
solution of the problem (1) described in [10], we study Haseman’s problem
in a new, more general statement. The results concerning some particular
cases considered in the present paper have been announced in [24].

1. THE CURVES WITH THE CHORD CONDITION AND ONE OF THEIR
PROPERTIES

Let T be a simple, rectifiable curve and z = z({), 0 < ¢ < ¢, be its
equation with respect to the arc abscissa. We say that I' is a curve with
the chord condition or the Lavrentyev curve (see, e.g., [25, p. 163]), if there
exists a constant m > 0 such that for any ¢, 7 € I' we have

[t — 7| > ms(t, 1), (3)
where s(t,7) is the length of the least of the two arcs of I" connecting the
points ¢ and 7. The set of such curves is denoted by HC.

Let o = a(t) be a homeomorphism of T" onto itself, and let at every point
t there exist the derivative o(t) satisfying o/(¢t) # 0 and o' € H(p), i.e.,
there exist constants M and p, 0 < p < 1, such that for any ¢1, to € I' we
have

|O/(t1) — a’(t2)| < M|t1 — t2|u.

Lemma 1. IfT' € HC and

o'(t)
a(t)—at) 17—t
then there exists a constant ¢ such that

[K (7, t)] < c[s(r, )"

Proof. Let 7 = z(0), t = t(s) and ~y(7,t) be the least arc of I" with the ends
7 and ¢t. Then

K(r,t) = , ,tel,

o(r) [ du— [ o(u)du
K(rit) = o/ (1) (1 —t) — [a(r) —a(t)] _ ) S
) (T =) (a(r) — alt)) (T —)(al(r) — a(t)
[ [/ (7) =o' (u)] du -
G = a0 ()

(r=t)(a(r) —a(t)) (7 —t)(alr) —a(t)

Next,
|so<m>|=\ [ @) - o) 0] <
~(7,t)

<M / I2(0) — 2(Q)]" d¢ < M[s(r, D))+

y(1,%)
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Now, by virtue of (3), from (4) we obtain

_ M(s(7,t)]# _ %M
|K( ’t)| < [mS(T, t)]2|a(7') — a(t)| |T — t|71 N m? 1/1(73 t) 7

where
b(r,t) = la(r) —alt)|Ir — |7
Show that ¢ (r,t) tends uniformly to o'(t) as 7 — t. This follows from
the inequality
J o' (w) = o/(8)] du

y(1.%) %

a(r) —a(t) < = [s(r, )]~

T—1

—o/(t)’: T—1

From the above-said and the assumption o/(t) # 0 (i.e. min |/ (t)| = k > 0),
we obtain
2M

=z

2M

|K (7, 1)] < T [s(r, )] ~' = ¢[s(r, )], ¢ O

2

2. THE CLASSES OF FUNcTIONS P, K?O)(T; p) AND K?0)(T; p)

1°. Let p : T — R™ be a real function satisfying the following conditions:
(1) there is a constant A such that for any ¢, to € I’ we have

p(t1) — p(ta)] < |1n(t1A—tg)| ; (5)
(2) po = minp(t) > 1.

The set of all such functions is denoted by P.

Obviously, the condition (1) can be replaced by the condition

(1) there exist constants A and ¢ > 0 such that the inequality (5) holds
for any tp, to € I, |t1 — t2| < 4.

Let pa(t) = p(a(t)) and P, (t) = max(p(t), pa(t))-

Lemma 2. Ifp e P, &' € H, o' # 0, then the functions p,(t) and b, (t)
also belong to P.

Proof. Let us first show that p, € P. We have
[p(eu(t1)) — plaltz))| <
A A

< = .
[ja(t) — el 1] @0 1yl ]

Since 0 < my < W| < my, we have sup | In %ZW)H < M,

and hence for [t; — ta| < e72M = § we have

[pa(t1) — pa(ta)| = [p(al(tr)) — p(a(ts))] < [ Tn( = (6)

ti—ta)|
Moreover, min p, (t) = minp(t) = pp > 1, and thus p, € P.
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Consider now the function p,,(t). Let t; be an arbitrary point on I' and
Do(t1) = p(t1) # pa(t1). As far as the functions p and p, are continuous,
there exists 6; = 01(t1) such that for |[t; — ta| < §; we have P, (t2) = p(t2).
Then |p,, (t1)—Pq (t2)| = |p(t1)—p(t2)|, and the inequality (5) is fulfilled since
p € P. Analogously, if b, (t1) = pa(t1) # p(t1), then there exists d = d2(1)
such that for |t; — t2| < d2 we have [P, (t1) — Do (t2)| = |pa(t) —pa(t2)|, and
the inequality (5) is fulfilled since p, € P. When D, (t1) = p(t1) = pa(t1),
then if P, (t2) = p(t2) we write [P, (t1) — Do (t2)| = [p(t1) — p(t2)], while if
Do (t2) = pa(ta) we have [Do(t1) = Bo(t2)| = [pa(ti) = pa(t2)|- In both cases
the inequality (5) (for any t5) is valid.

Thus for every point t; € T there is a neighborhood wu(ti;0) (6 =
min(mdy, mdz)) in which the inequality (5) is true. From the set of these
intervals we select a finite covering in such a way that none of the intervals
of that covering contains another one. Consider the set of all ends of those
intervals. They divide I' into a finite number of intervals. Let dg be the
length of the least interval. If ¢1, to € T and [t; —t2] < § < %0, then the
points t; and ¢, get into some of the intervals of the initial covering, and
hence the inequality (5) is fulfilled. Thus p,, € P. O

20, We dwell especially on the case p(t) = 1. Then LP~()(T;p,) =
Lr=()(T). By virtue of the inequalities |f|P=® < |f|P®) 4 |fP«(®) and
|FIP® < 14 |fPa® ) |fPe® < 1 4 |f[P«®) we conclude that

L”(')(I‘) N Lp“(')(I‘) = Lﬁa(')(p).

Consequently, the set LP()(T') N LP2()(T") = L,, ,(T') can be considered as
the space LP«()(T).

39. Let t; € T and

N
p(t) = [ It —tel*, vk R (7)
k=1
Suppose that
LPO(T; p) =

/
- {f L) = / F©)p(0) [P |dt] = / £ dc}.
T 0

If pe P and
1 1 p(t)
——— << —, k=1,...,N, p(t)= ) 8
pi) < ) RTOEE R
then LP()(T'; p) is a Banach space with the norm

1l = inf {A>0: Ip,p(é) <1}.
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LPO(T %) is the conjugate to that space. For p(t) = 1, we put LPO)(T;1) =
LPO(T).

We denote by KP()(T;p) the set of the functions ¢(z) analytic in the
plane cut along I' and representable in the form

o) = 5 [ L2
I

dt +q(z) = Kv(f) +q(2), z¢T, feLPO(T;p),

where ¢(z) is a polynomial.

The subset of those functions from KP()(T;p) for which ¢(z) = 0 is
denoted by KP)(T; p).

Assume KPO)(T) = KPO(T;1), KPO(T) = KPO(T;1).

If T is a Carleson curve (in particular, if ' € HC), p € P, and for
the weight p given by equality (7) the conditions (8) are fulfilled, then the
function ¢(z) € KP()(T; p) for almost all ¢ € T has angular boundary values

1 1 [ f(n)
+
-t — [T .
) =5 10 + 5 [ T v
r

Note that the functions ¢*(t) and ¢~ (t) belong to LP()(T;p) since the
singular Cauchy operator
1
— f(T) dT, te F,
) T—1

r

Sp: f—Srf, (Srf)(t) =

is continuous in LP)(T;p) ([15]-[17]). Moreover, the conditions (8) are
necessary for Sr to be continuous in LPC)(T; p) ([17], [18]).

Further, ¢(z) — q(z) = Krf € E*(D*), a > 0, and if ¢ € KPO(T),
then ¢ € EP(D*) (py = minp(t)) (see [20, Theorem 3.3]), where E°(D¥)
denotes Smirnov’s class (for definition, see [26, p. 203]).

Here we present one more property of the functions from K?()(T; p).

Let I' € HC. It follows from (8) that p=2(t) € LP )*¢(T") for some & > 0.
Moreover, for f € LPC)(T; p), we have f(t) = ¢(t)p~1(t), ¢ € LPO)(T). To
the above product we apply the generalized Holder’s inequality [27]

[ wtoate) e < vl ol
T
Taking as p(t) the function p(¢)/(1+n), n > 0, we obtain
11+n 1
Jisenac= [er]2) ™ dc < allelhes |
T r

~ v np(t)
0= H -1

P ()+a()]

b
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whence it follows that if max7(t) < e, then f € L'™(T'). For that it
suffices to take € (0;emin p%(t)) For such 7, we have Krf € E'T7(D¥)
[28, p. 29].

3. THE Crasses KEO(T;p) anp KEO(T; p). THE STATEMENT OF THE
PRrROBLEM

19. A solution of the problem (1) is sought in classes of functions repre-
sentable by the Cauchy type integral with density integrable with a variable
exponent.

If ¢ € KPO)(T;p) satisfies the boundary condition (1), then ¢t (t) =
a(B(t)p~ (B(t)) + b(B(t)), where 5 = ((t) is the function inverse to «a(t).
Since ¢+ € LPO)(T'; p), we must have [a(3(2))o~ (B(t))+b(3(t))] € LPO(T; p).
Therefore besides the assumptions ¢ € K*()(T; p), be LPC)(T; p), it is natural
to require the fulfilment of the conditions

¢~ (B(t) € LO(Tsp),  b(B(t) € LPO(Ts p).
This is equivalent to the requirement that
¢~ € LT p(a(t))), b e LXONT; pla(t))).
Introduce the notation

pa(t) = p(a(t)), Lpa(T;p) = LPO(T; p) N LP*O(T; pg).

Since p, € P, for the singular Cauchy operator St to act continuously
in LP()(T; p,), where

N N N
pa(t) = [T la(t) = tx]™ = [T la(®) — a(Be)|™ ~ T It = Bt
k=1 k=1 k=1

it is necessary and sufficient that the conditions
! <y < ! k=1 N
YT k YN YRS = PR )
p(a(B(tk))) P/ (e(B(tr)))

be fulfilled [18]. In view of the fact that a(B(t;)) = ti, these conditions
coincide with the conditions (8). Thusifp € P, o/ € H, &' # 0 and the con-
ditions (8) are fulfilled, then the operator Sr is continuous in L) (T; p,).

20 Along with the classes KPO)(T; p) and KPO)(T; p) we introduce the
following classes of holomorphic functions

KPO(T; p) = {¢ : e KPO(Dp), ¢~ € Lp“(')(F;Pa)}
pa(t) = pla(t)), pa(t) = plalt)),
KPO(T; p) = {qs; ¢ e KPO(Typ), ¢~ € LP“(')(F;pa)}
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If p = 1, then according to 2° of Sect. 2 we have
KO 1) = K2O) = {91 ¢ € K*O(D), ¢~ € I-O(D)
Pa(t) = max {p(t), p(a(t)) }.

3%. We consider Haseman’s problem under the following assumptions.

Let I' € HC, o = «(t) be a preserving orientation homeomorphism of
T onto itself, o/(t) # 0, &' € H, a(t) be a continuous non-zero function
onT, be L,,T;p). Find a function ¢ from Kg(')(F;p) (or I?p(')(f‘;p)),
whose boundary values ¢ (t) and ¢~ (t) almost everywhere on I' satisfy the
condition (1).

In the sequel, we will not repeat the assumptions regarding the given and
unknown elements of the problem.

4. CONDITIONS OF SOLVABILITY OF THE PROBLEM (1) IN THE CLASSES
KEO(T; p) anp KEO(T)

Lemma 3. For the problem (1) to be solvable in the class Kg(')(F;p)
with a continuous coefficient a(t) and b(t) € Ly o(T';p), it is necessary that
the condition

be fulfilled, where

and v(t) is an arbitrary solution of the class LP«()(T; %) or LPa()(T; pla) of
the equation

1 [ a(t)+a(to)
i t—t

r

Proof. Since the functions from E°(D*) and E°(D~), § > 1, are repre-
sentable by the Cauchy integrals in the domains DT and D, respectively
(see, e.g., [26, pp. 205-208]), and the restrictions of the functions from
KPO)(T; p) on D and D~ belong to E**7(D*) and E'*7(D~), n > 0 (see
Sect. 2), therefore every solution ¢(z) of the problem (1) is representable in

K'(a)o = — (t) dt — @ / K(tto)o(t)dt = 0. (10)

the form
1 _
N L(t) dt, zeD~,
211 t—=z
P(z) = - +
R a0 dt, zeDT .

21 t—z
r

Denoting u(t) = ¢~ (t), we have pp € L, o(I'; p). By the assumptions re-
garding ¢ (t) and b(t), the function a(8(t))u(B(t)) + b(B(t)) belongs to
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LPO)(T; p), and taking into account the boundary condition (1), we can

write
_L /'(‘(t) dt ze D™
omi f t—z 7
o(z) = 1 /Fa(ﬁ(t)u(ﬁ(t)) B 4, e pr "
omi t—2 ’ .
T

Using the Plemelj—Sokhotskii formula for the Cauchy type integrals, from
(11) and (1) we derive

K(a)p = % / %Z)(t()) p(t) dt + M (a)p = blto), (12)
r
where
M(a)p = %/K(to’t)a(t)p,(t) dt, K(to,t) = a(t)a(to)é(to) ot jto ’
r

Since the operator Sp is continuous in the spaces LPC)(T;p) and
LPC)(T; p,), we have b e L, «(T;p), and moreover, by the assumption,
w € Ly o(T; p). Hence it is not difficult to show that every solution u of the
equation (12) belonging to L, (T; p) generates (by means of the formula
(11)) a function ¢ € Kg(')(l"; p) satisfying the condition (1).

We write the operator K (a)u in the form

K(a)u:i/Mu(t)dtJr%/&dtJrM(a)u:

) t—to t_tO
r r
= 2aStp+ T(a)p + M(a)p,
where
1 t) — al(t
T(a)u = — / Mu(t) dt.
T t—to
r

According to Lemma 1, the kernel of the operator M(a)p has a weak
singularity. Therefore it is a compact operator in the spaces Lp(')(I‘;p)
and LP>C)(T; p,) (see [16]). Moreover, since a(t) is continuous, T'(a)u is a
compact operator in the above-mentioned spaces. This can be proved just
in the same way as for the constant p (see, e.g., [29, p. 85]).

Thus

K(a)p = 2aSrp+ (T(a)u+ M(a)p),
where the operator [T'(a)+ M (a)]p is completely continuous in the spaces
LPO(T; p) and LP«O(T; o).

Since a(tp) # 0 and a is continuous, and I' is a Carleson curve, the
operator K (a)u in those spaces is Noetherian, and its index in both cases
is equal to zero. Hence K(a)u is a Fredholm operator in LPC)(T'; p) and
LP«C)(T; pgy) (see, e.g., [19]-]20]).
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For the equation (12) to have a solution u € LPC)(T; p), it is necessary
and sufficient that the condition (9) be fulfilled in which v(¢) is any solution
of the class L”,(')(F; %) of the conjugate equation K'(a)v = 0, i.e., the
equation (10). For the equation (12) to have a solution y € LP>()(T; p,), it
is necessary and sufficient that the function b = b(t) satisfy the condition
(9), where this time v is any solution of the equation (10) of the class
LPaO)(T; L),

’ Pa

Consequently, for the equation (12) to have a solution u € L, o(T'; p), it

is necessary that the conditions formulated in the lemma be fulfilled. |

20, Suppose now that p(t) = 1. In this case
KEO(T) ={¢: ¢ € KPU(D), ¢~ € LP-1/(D)}

(see 2° of Sect. 2). Hence if we solve the equation (12) in the class LP«()(T"),
then using the formula (11) we obtain all solutions of the problem (1). Since
the space LP~()(I) is conjugate to the space LP~()(I), following the way of
proving Lemma 3 we can prove the following

Theorem 1. For the problem (1) to be solvable in the class Kg(')(F) with

a continuous coefficient a(t) and b(t) € Lﬁa(')N(F), it is necessary and suffi-

cient that the conditions (9) be fulfilled, where b = b+Srb+ [ K (-, 7)u(7) dr,
r

and v(t) is an arbitrary solution of the class LP~)(T') of the equation (10).

5. THE BOUNDARY VALUE PROBLEM WITH THE COEFFICIENT [o/(t)]~!

19. To investigate the problem (1) with the coefficient [o/(¢)] 71, we will
need the following assertion proved in [10] (here we join the results of two
Lemmas 2.1 (p. 73) and 2.2 (p. 79)).

Let I' be a simple, closed, rectifiable curve bounding the domains DT and
D~. If wt(z) is holomorphic in DT and continuous in D+, w™(z) = Az +
wy (2), where A = const # 0, wy (2) is holomorphic in D~ and continuous
in D—, the set v: 7 =w™(t), t € I', has no inner points and

wH(a(t) =w(t), tel, (13)

then the functions w*(z) and w™(z) are schlicht in the domains Dt and
D™, respectively, and the curve « is simple.
If, however, A = 0, then w¥(2) = ¢, w™(2) = ¢, ¢ = const.

20, Lemma 4. In the class of functions ¥ holomorphic in the plane
cut along T, with the restrictions ¥¥(2) and ¥~ (z) in the domains DT and
D~, respectively, belonging to E*(D*) and E*(D™), the boundary problem

o/ (TH(t) = 9 (1) (14)
has only the trivial solution. In particular, the problem (14) in any class
KPO\(T; p), and hence in the class Kg(')(l"; p), has only the trivial solution.
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Proof. By F7(z) and F~(z) we denote the primitives of the functions ¥*(z)

and W~ (z), respectively. Since ¥+ € E'(D¥), the primitives are continu-

ously extendable up to I' and absolutely continuous on I' with respect to

the arc abscissa (see, e.g., [26, p. 208]), and by the condition (3), they are

continuous with respect to the parameter ¢ as well. Moreover, from the

condition [ W~ (¢)dt = 0 it follows that the function F~(z) is single-valued
r

in D~. The condition (14) yields
FT(a(t)) = F~(t).
Thus for the function
Ft Dt
OES M (15)
F~(z), ze€D

the conditions given in the previous section are fulfilled with A = 0. Hence
F(z)=0. Thus ¥(z) = F'(z) = 0.

The final part of the assertion of the lemma follows from the fact that
U(z) = Kpf € EY(D%) when f € LPO(T; p) (see 2° of Sect. 2). O

6. THE PROBLEM (1) WITH THE COEFFICIENT a(t) =1

19, Following the way of investigation of the problem (1) for a(t) = 1
described in [10, pp. 79-80], we, first of all, prove that the following lemma
is valid.

Lemma 5. If the equation (10) with a(t) = 1 has a solution v €
Ly oT;1/p), then v =0.

Proof. Consider the function

,L/ v(®) 4 ze D

27 t—z

N(z) = Y (16)
L [0, e

r

By the assumption, v € LP ()(T;1/p), v(8(t)) € LP~)(T;1/py), and for
p and p, the conditions (8) are fulfilled. Hence it is not difficult to prove
that N € E1(D*). Thus we have

N (t0) = 3 8 to)o(Blto)) + 5 [ FD g -
r

_ v(B) 1 v(t)
= %' (Blty)) | 2mi P/ (@) at,

ie.,
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whence

N atio) = ot + 2 [ ot
r

On the other hand,
1 1 v(t
N~ (to) = > (to)—f_/ ) dt

21 t—1o
r
and
1 20(t) 1 o (to) 1
K(l)v=—— t+ — - t)dt =
(1) o (a(to)_a(t) to—t>v( )dt
r r
!
L[, 0,
mi ) t—tg i alt) — alty)
r r
Therefore ,
) [y L0,
i a(t) — alty) ) t—1o
r r
Consequently,

N~ (to) = %U(to) * 0/7520) / a(t)v—(tl(tO) .
T

and from the above-said we obtain

o (to) N (afto)) = N~ (to)-
By Lemma 4, we can conclude that N(z ) = 0. Then from (16) it follows
the existence of functions p* € E1(D¥), = € E*(D~) such that

v(t) =" (1), BuBE) = (1),
i.e.,
BT (t) = (1)
Since from the equality 3'(t) = [o/(B(t))]~! it follows that 3’ € H and
8'(t) ;é 0, on the basis of Lemma 4 with «(t) replaced by 5(¢) we establish
that ¢*(2) = 0, and hence v = 0. O

20, Theorem 2. For a(t) = 1 and b € L, o(L;p), the problem (1) is
uniquely solvable in the class Kg(')(l"; p).

Proof. First we prove that the equation K’(1)v=0 in the classes L*'O)(T'; 1/ p)
and LP~()(I';1/p,) has only the zero solution.

According to our assumptlons regarding p and p, there exists a number
n > 0 such that LP'O)(T;1/p) € L**(T) and LP«()(I;1/ps) C LY1(T).
Therefore all the solutions of the equation K'(1)v = 0 belonging to at least
one of the above-mentioned classes lie in the set of solutions of this equation
of the class L'*7(T).
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Let us show that the equation K’(1)v = 0 has only the zero solution in
this class. Towards this end, we consider the operator K (1) in the class
L (I). Then p(t) = pa(t) = (1+n)/n, p(t) = 1, pa(t) = 1, and hence
Ly o(T;1/p) = L**(T'). By Lemma 5, v(t) = 0.

Since K(1)u is a Fredholm operator in the spaces L(T'), § > 1, the
equations

1+n

K1)p=0, pe L (),
K'(1)v =0, ve L'*(D)

and

K()p=0, pe L"),

K'(1jy=0, ve L7 (T)
have the same number of linearly independent solutions.

By the above-proven, since the equation K'(1)v = 0 in L'™(T") (and
1

likewise in L#(F)) has only the zero solution, we have that the equation
K(1)pp = 0 in L**™(T') has the zero solution. All the more, it has the zero
solution in the classes LP()(T; p) and LP=()(T';p,), and thus in the class
L, +(T;p) as well.

Consider now the problem (1) with a(¢) = 1. Since the equation (12)
is a Fredholm one in LP()(T; p), it is solvable for those b € LPC)(T; p) for
which the condition (9) is fulfilled, where v is any solution of the equation
K'(1)v = 0 of the class LP'()(I;1/p). But, as we have shown, v = 0.
Therefore (12) has a solution y € LPC)(T'; p).

Analogously, since b € LP~()(T; p,) and K'(1)v = 0 has only the zero
solution in LP&(')(F; 1/pa), the equation (12) has a unique solution p, €
LP«()(T; py). The difference fi(t) = p(t) — pua(t) is a solution of the equation
K(1)p =0 from L**7(T), and consequently, i = 0.

Thus p = pe is a unique solution of the equation (12) generating by
means of the formula (11) a solution of the problem (1) of the class
KEO(T; p). O

Corollary. The operator

R=(¢"(a(t) — o~ (1)) = K(L)u
i every space Lp(')(F;p), p € P, has the inverse operator R;}) which is
bounded in LPC)(T';p). In particular, the operators R;,}l/p and R' ., )

) Phs1/pa
exist.

Remark 1. From the above-proven theorem it follows that the problem
(1) for a(t) =1, b € L, o(I';p) in the class Kg(')(l“;p) has only the zero
solution, while in the class of the functions ¢ € f(g(')(F; p) with ¢(c0) =1,
it has only the solution ¢(z) = 1. In particular, this assertion is valid for
the classes K°(T) and K°(T), § > 1.
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Remark 2. Following our reasoning when proving the above theorem and
using Lemma 4, we can easily see that the problem

Ut (a(t)) = U~ (t) + b(t)

1
a'(t)
with b € L, o(T'; p) is uniquely solvable in the class Kg(')(F; p). In partic-
ular, the problem is uniquely solvable in the classes K*(I'), A > 1 (since
KX(T;1) = K*(T)). If the function b(t) is bounded, then these solutions

coincide. If ¢ is that solution, then ¢ € (| K°(T).
5>1

7. THE PROBLEM (1) WITH A COEFFICIENT CLOSE TO UNITY

Lemma 6. There exists a number e >0 such that if max |a(t)—1|<e, then
the boundary value problem (1) is uniquely solvable in the class Kg(')(I‘; o),
and the homogeneous problem (2) has a solution X El?g(')(l"; p) possessing
the property [Xo]~! € f{ﬁ"')(r; 1/p), Xo(o0) = 1.

Proof. Let ® € Kg(‘)(I‘;p) be a solution of the problem (1). Then it is
representable by the equality (11).
Assume
1

Rp = @ (a(t)) = @7 (1) = 5 (a(t) = 1) (u(t) = (Seu)(1))-

According to the corollary of Theorem 1, there exists the bounded in
LPC)(T; p) operator R, 1. The boundary condition (1) yields

et
/’L:Rp7;|:§ (a— 1)(#-&-51“#)4-5} = Np.

‘We have

p:p-

4.1
[5G = p2)ll, , < IR A5 (L 11SElp) masx a(t) = 1 s — pa]

Consequently, if
2v

< — =¢e1, ve(0,1),
IRpsll (1 + [[Srlp,p)

max |a(t) — 1]

then N is a contraction operator. This implies that the equation K (a)u = b
is uniquely solvable in LPC)(T; p).
Analogously, if b € LP~()(T; p,) and
2v

< -
||Rpa17pa ||(1 + ||SF||pa,pa)

max |a(t) — 1] = €10,

then the equation K (1)p = b is uniquely solvable in LP=()(T; po). According
to these two statements we find that the problem (1) with max |a(t) — 1] <

min(ey;€1,4) is uniquely solvable in Kg(')(l"; p).
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Next, since max | ﬁ -1 < % , it is not difficult to see that if
2v min |a(t)]

IR, 1/,3H(1 + 15rllpr.1/0)

then the equation K(1/a)pu = ¢, ¢ € LP (‘)(F; 1/p), is uniquely solvable. If,
however,

max |a(t) — 1] < = €2,

2vmin |a(t)]
1Bz, 1700 1L+ 1Sl 1700

then the equation K(1/a)u = ¢, ¢ € LP-O)(T;1/pg), is uniquely solvable in
the class KP=()(I;1/pg).

Consequently, if max |a(t) — 1| < min(ez, £2,4), then the problem (1) with
the coefficient [a(t)]~! is uniquely solvable in K% (')(1"; 1/p).

Taking € = min(e1;€2;€1,0;62,o) and bearing in mind that a(t) and
[a(t)]~* are bounded functions, we that find the boundary value problems

¢ (a(t) = a(t)”(t) +alt), ® e KL(T;p),
1 1
UH(a(t) = — ¥ (t) + —
(@lt) = 75 V(O + 7.
are uniquely solvable when max |a(t) — 1| < e.

Note that we can choose n > 0 such that the condition (8) preserves
if we replace in it p(t) by p(t) + 7. Replacing everywhere in the sequel
p(t) by p(t) +n and denoting the obtained values for ey, €., k = 1,2,
respectively by €1, €2, €1,a, €2,q, we will find that if max |a(t) — 1| < e(n) =
min (€1, €2, 1,q,€2,a), then the solutions ®(z) and ¥(z) satisfy the condi-
tions

max |a(t) — 1] < ) = £2,a;

v e KZ'O(T31/p)

® e KXV, p), We KEOYID, 1/p).
Further, we have
Ot (at)V T (at) =0 OV (1) +D (1) + P (t)+1

Assume

D(2)¥(2), z € DT,
[@(z) + 1] [¥(2)+1], z€eD.
Then F(z) € E¥A(DY), [F(2) — 1] € E¥**(D™), where \ is some positive
number. Moreover, F'*(a(t)) = F~(t), F(co) = 1. Owing to Remark 1, we
have F(z) = 1. Therefore
P(2)V(z) =1, z€ DY, [®(z)+1][¥(z)+1]=1, ze D". (17)
The function
®(2), 2z € DT,
Xo2) =4 gt )
B(z)+1, 2D,

is a solution of the problem (2) of the class I?g(')(l“; p) and Xp(o0) =1. It
can be seen from (17) that Xo(z) possesses the required property. |
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Remark 3. From the above-said we can conclude that
Xo € KZOT(Tsp), [Xo] ™ € KEOPI(T;1/p), Xo(o0) = 1.

Remark 4. If p(t) = 1, then X, € I?g(')(l“) for any p € P, and [X,]7! €
KEO(T). In particular, Xo € () K(T) and [Xo]~! € ) K%(T) (this
5>1 5>1

follows from the fact that K (T') = K*(I)).

8. SOLUTION OF HOMOGENEOUS HASEMAN’S PROBLEM. CANONICAL
SOLUTION

19. In solving the problem (2) we will need good properties of the solution
of the problem (13). Denote the restrictions of the solution w(z) to the
domains DT and D~ by w™(z) and w™(2), respectively.

Lemma 7. There exists a solution of the problem (13) possessing the
properties: wt(2) (w™(2)) is schlicht and continuous in D+ (D), w™(z) =
z + wq (%), where wy (z) is holomorphic in D~. Moreover,

W) € ([ BX(DT), W (2)—2 €[] E(D), (18)

6>1 6>1

and v = w™ () is a simple rectifiable curve.

Proof. Consider the boundary value problem
at)®t (a(t)) = o~ () + 1.

Since the free term (b(t) = 1) in this problem is a bounded function,

then by Remark 2 this problem has a unique solution ® € (| K°(I'). By
6>1
wT(2) (w™(2)) we denote the primitive of the function ®(z) (®(z)+1) in the
domain Dt (D). We choose the primitive functions in such a way that the
equality (13) is fulfilled. Since ® € () K°(D*), we have ® € | E°(D%).
>1 o>1

Hence the functions wt(z) and w™(z) are continuous in the domains D+
and D~ \ {oo} (see [26, p. 208]). By the result obtained in [10] and cited
above in Sect. 5, they are schlicht in the corresponding domains. Moreover,

wh(2)] =®(2), 2€ DT, [w (2) =2 =®(2), z€ D™

Hence owing to the above-said regarding ®(z), the inclusions (18) are valid.
The resctifiability of the curve v = w™(T") follows from the summability
of the function [w™(z)]’. O

20, Assume

s — inda(t) = 21 larg a(t)]r,

™
where [f(¢)]r is the increment of f(¢) for a single circuit of the curve I' by
the point ¢ in the positive direction.
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Theorem 3. If a(t) is a non-zero continuous function, then all the so-
lutions of the problem (2) of the class Kg(')(I‘;p) are given by the equality

D(z) = X(2)P(w(2)),

where w(z) is the function constructed in Lemma 7, P(z) is an arbitrary
polynomial, and X (z) is a solution of the homogeneous problem (2) defined
to within a constant multiplier and possessing the properties:

(1) X € KRO(Ts5p), [X]7! € KEO(T1/p);
(2) the order of X(z) at infinity is equal to (—3) = —ind a(t).
Proof. Choose a rational function r(¢) such that max |a(t)r=1(t) — 1| < ¢,

where ¢ is the number mentioned in Lemma 6. Note that we can choose the
function r(z) to be of the type

= i”: Ap(z —20)%, 20€ D, r(t)#0, teTl. (19)

k=—n

Since

S

ind a(t) = ind (ng r(t)) = ind igg +ind r(t),

and from the condition |a(t)r=1(t) — 1| < e (assuming ¢ < 1) it follows
ind 2 = 0, we have indr(t) = ind a(t) = ».
)

r(t)
Assume ag(t) = a(t)r=1(t

T (a(t)) = ao(t)r(t)2~(#). (20)

By Lemma 6, there exists a function X(z) such that

and write the condition (2) in the form

Xo € KEO(T5p), [Xo] ™' € KEO(T:1/p),
Xo(oo) =1, Xg (a(t)) = ao(t)Xq (t).
Therefore (20) can be written as follows:
[Xg ()™ T (at)) = r(H)[ Xy |7 @7 (1). (21)
Now the use will be made of the function w(z) constructed in Lemma 7.
Denote the domains bounded by the curve v = w™(T') by G* and G~.
Let w and w; be the inverse functions to w* and w™, respectively, in
the domains GT and G~. Assuming 7 = w'(a(t)) = w™(t), we obtain
a(t) = wi (1), t = w1 (1), and (21) can be written in the form
-1
[Xo (W ()] T (wi (1) =
- -1, -
= [Xg (wy (7)) 1w (1)@ (wy (1), T €. (22)

From Remark 3 we can easily conclude that ®(z)[Xo(2)]~! belongs to
EYFm(D*), n; > 0. Using now the inclusion (18), we get

p1(0) = [Xd (@ (0)] T @(wi () € BN(G™). (23)
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Analogously,

[Xg (@1 ()] @(wr (Q)r(wr () = ¢1(0) +4(Q), ¢€G, (24)

where ¢(C) is a polynomial, and ¢, € E1(G7).
Here we have used the fact that if u € L%(T), &y > 1, and p(z) is a
polynomial, then

1 [ () dip(z) = i/“l(t) dt + p1(2),

™ t—z ) t—z
r r

where iy € L%(T'), and p;(2) is a polynomial whose order is less by unity
than that of the polynomial p(z) [29, p. 98] and p;1(w1(¢)) = ¢(¢) + ¢2(¢),

where ¢(z) is a polynomial and p; € () E°(G™). The latter follows from
6>1

w7 () = ¢+ wo,1(¢), where wy(¢) is a function continuous in G, and
holomorphic in G~.

Note here that if (z) = A_p(z —20) "+ -+ Ao+ A1(z —20) + -+ +
Ap(z —20)™, 20 € D (see (19)), then the order of r(z) at infinity is equal
tom. If & € Kg(')(I‘;p), then ®(c0) = 0, and (24) implies that ¢(z) is a
polynomial of order m — 1.

Getting back to the investigation of the problem (20) which is reduced
to the problem (22) and taking into account (23) and (24), we see that the
equality (22) yields

ef (1) =1 (1) +a(7), 7€, ¢t € BYGY),
whence ¢ (2) = q(2), z € G, p1(2) =0, 2 € G~. But then
®(2) = Xo(2)g(w " (2)), z€ DT,

(2) = o ) B (25)
D(z) =r""(2)Xo(2)q(w (2)), z€ D"

For ®(z) to be analytic in D~, the function [r(z)]"1¢(w~(z)) must have no
singularities in D~.
We write 7(z) in the form

H(2) = (2= 20)" (5 = 1)+ (5 = i),

where zg € DT, and 21,22, ..., Zmtn are zeroes of r(z) of which z1,..., z;
belong to D while zj11, ..., Zm4n belong to D~. Then indr(t) = j — n,
and since indr(t) = ind a(t) = s, therefore j — n = 3. For the function ®
to be analytic in D™, it is necessary that the function ¢(w™(z)) have zeroes
at the points zj11,...,2m4n. Since w™(z) is schlicht, there exist points
Cj+1s- -+ Cmtn belonging to the domain G~ and such that w™ () = 2z,
k=j+1,...,m+ n. Consequently, we must have ¢(¢) = ¢(¢)P(¢), where
q(¢) = (= ¢j+1) - (€ — Gmn), and P(() is an arbitrary polynomial.
Thus from (25) we conclude that all possible solutions of the problem
(20) (and hence of the problem (2)) of the class f(g(')(l"; p) lie in the set of
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functions

a(z) {[Xo<z>a<w+<z>>]P<w+<z>>, zeDh

[Xo(2)r~H(2)q(w™ (2)] P(w™(2)), 2€ D7,
where Xo(z) is the solution constructed in Lemma 6, ¢(z) is the above-

mentioned and P(z) is an arbitrary polynomial. Since Xy € IN{Q(')(F; p), it
is easily seen that the equality (26) provides us with a general solution of

the problem (2) of the class IN((’Z(')(F; 0).

Assuming
_ J Xo(2)q(w*(2), z e DY,
= {XO(Z)T_l(Z)ﬁ(w_(Z)), z€ D, (27)
we can write the equality (26) in the form ®(z) = X (z)P(w(z)). 0

The function X (z) at infinity is of the order m—(m—n—j) =n—j = —s.
It possesses the following properties:
(1) X (a(t)) =a®)X~(1);
(2) X € KEV(I';p), 1/X € KR (T:1/p);
(3) at infinity it has the order (—s).
The function X possessing the properties (1)—(3) will be called a canon-

ical solution of the problem (2) of the class KRV (T'; p), or a canonical func-
tion of the function a(t).

Although our formal representation of X(z) (see (27)) depends on the
function r(z), on the basis of Theorem 3 we can easily conclude that all
canonical functions differ from each other by a non-zero constant multiplier.

We have several remarks.

Remark 5. From Remark 3 regarding the function X(z) it follows that
the canonical function X (z) given by the equality (27) possesses the prop-
erty: there exists n > 0 such that

X € KRy p), 1/X € KEO™(T;1/p).

Remark 6. If we consider the problem for p(t) = 1, i.e. in the class
Kg(')(l“), then there is no need to coordinate the relations between p and p
by means of the inequality (8), and the function X satisfies the conditions
Xe N KT, 1/Xx € N KZY(T). In particular, the continuous non-

peP peEP
zero function a(t) has a canonical function X for which

Xe KD, 1/Xe)KD).
§>1 6>1

Remark 7. From the basic assertion of the theorem it follows that every
solution of the problem (2) of the class K% (T), o > 1 belongs to the set

N K°(T).

0>1
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Remark 8. Observing the proof of the assertion of the theorem on the
validity of the representation of all solutions of the problem (2) in the form
®(z) = X(2)P(w(z)), it is not difficult to see that this assertion remains
valid for all coefficients a(t) for which a canonical function X (z) exists with
properties from Remark 5.

9. SOLUTION OF THE PROBLEM (1) IN THE CLASSES f(g(‘)(I‘;p) AND
K& (T:p)

Theorem 4. All the solutions of the class f{ﬁ” (T'; p) of Haseman’s prob-
lem (1) with the continuous coefficient a(t) and the condition b € L, o(T'; p)
are given by the formula

D(2) = X(2)[®o(2) + P(w(2))], (28)

where X (z) is the canonical solution of the problem (2) given by the equality
(27), w(z) is a piecewise holomorphic solution of the problem (13) with the
principal part equal at infinity to z, P(z) is an arbitrary polynomial, and
Dy(z) is a solution of the problem

Of (b)) = @5 (1) +bo(t), bo(t) = [Xq (a(t)] ' b() (29)

belonging to the set |J K°(T).
9>1

Solutions vanishing at infinity, i.e., those of the class Kg(')(F;p) exist
if » = inda(t) > 0, and all such solutions are given by the formula (28)
in which P(z) is an arbitrary polynomial of order s — 1 for » > 0, and
P(z) =0 for »=0.

If 52 < 0, then for the solvability of the problem (1) in Kg(')(f‘;p) it 1s
necessary and sufficient that the conditions

/tku(t)dt:(), E=0,...,|x -1, (30)
I

be fulfilled, where p is a solution of the equation K(1)u = Eo(t), by = b+
Srb+ [ K(-,7)b(r)dr.
r

If the conditions (30) are fulfilled, then there exists a unique solution ®
which is given by the equality (28) with P(z) = 0.

Proof. Let us show that the inhomogeneous problem is solvable in
IN((’;(')(F;p) for any b € L, o(I'; p). We choose a rational function r(z) of
the type (19) in such a way that max|a(t) — 1| < & and consider the prob-
lem

UH(a(t) = a(t)yr= ()T (t) + b(t).

This problem is solvable in I?g(')(I‘; p) if € is a sufficiently small number (see
Lemma 6).
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Having chosen the function r(z) in the way mentioned above, we see that
it has no poles in D~. Therefore the function

AN U(z), z€ DT,
¥(z) {r(z)\lf(z), ze D™,

is a solution of the problem (1) of the class I?g(')(F; 0).

Further, let ®,.(z) € I?g(')(F;p) be any solution of the problem (1).
Assuming ®¢(2) = [X(2)] '®.(2) and taking into account that X! €
I?g(')(F; 1/p), we find that &y € K% (T') with dy > 1, and ®g is a solution
of the problem (29). The difference (z) = @, (2)—W¥(z) = Bo(2)X (2)—¥(2)
is a solution of the problem (2) of the class K% (T'). Every such solution
belongs, by Remark 7, to () K?(I'), and hence o* € (] L5(D).

o>1 o>1
Let us show that if ¢ € () K(I') and the weight p(t) satisfies the
5>1
condition (8), then ¢ € I?g(')(l“;p). Towards this end, it suffices to show
that p*(t) belong to LP)(T; p) N LP>C)(T; py).
Using the generalized Holder inequality [27], we obtain

t
/ o= (00" [dt] < coll |l nc
T

)te p(.)”pHP(')+s .

Since for p(t) < pi(t) we have || f|l) < (14 |T|)[|fllp, (), we obtain the
inequality

0
/|<Pi(f)/)(t)|p jdt] < co(L+ TDe™ Nl revssa llpllpeyre s (31)
r

where p, = maxp(t). By (8), there exists ¢ > 0 such that p € LPO)+5(T).
Then from (31) it follows that ¢+ € LP()T2(T; p), and hence p € KPO)TE(T; p).
Analogously, we can prove that ¢~ (t) € LP=()(T; py).

Thus ¢~ € L, o(T'; p) and hence ¢(z) is a solution of the problem (2) of
the class K. 5;(') (T; p). All the solutions of the above-mentioned class are given
by the equality ®(z) = X (2)P(w(z)). Hence ¢(2) = X (2)P,(w(z)) for some
polynomial P,. Therefore the function ®¢(2)X (z)(= ¥(2)+ X (2)P,(w(z)))
is a particular solution of the problem (2) of the class I?g(')(F;p). This
implies that the general solution of the problem (1) is given by the equal-
ity (28).

Thus the proof the first part of the theorem is complete.

From the union of functions given by the equality (28), we select the
solutions belonging to K2 (T p).

First, let 5 > 0. In this case X(z) has at infinity the order (—»).
Therefore any function given by the equality (28) belongs to Kg(')(I‘; p) if
the order of the polynomial P(z) does not exceed s —1 (P_1(z) = 0). Thus
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all the solutions in this case are given by the equality
®(2) = X(2)(Po(2) + Pr—1(2))- (32)

If 5 < 0, then X (z) has at infinity pole of order (—s). Therefore in (28)
we have to take P(z) = 0 and, moreover, it is necessary and sufficient that
®y(z) have a zero of order (—s) + 1 at infinity.

Let 1 be a solution of the equation K (1)u=bg(t), bo(t) =b(t)[Xo(u(t))] " .
Then the solution @ of the problem (29) in the domain D~ is given by the
equality

L[ p()
P = —— .
0@ =g [
r
Obviously, ® has a zero of order (—s+1) if and only if the conditions (30)
are fulfilled. O
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