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SOME APPLICATIONS OF THE PERTURBATION
THEORY TO FRACTIONAL CALCULUS



Abstract. Spectral analysis of a class of integral operators associated
with fractional order differential equations arising in mechanics is carried
out. The connection between the eigenvalues of these operators and zeros of
Mittag—Leffler type functions is established. Sufficient conditions for com-
plete non-self-adjointness and completeness of the systems of eigenfunctions
are given.
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The spectral analysis of operators of the kind

T 1

ALYO‘ﬁ]u(J:) =c, /(x _ t)é‘lu(t) dt + ¢~ /x%fl(l — t)%*lu(t) dt
0 0

has been carried out in [1]. Here a, 3, 7, ¢a, ¢g,, are real numbers, while «,
B, ~v are positive ones (similar operators were considered by G. M. Gubreev
in [2]). These operators arise in studying boundary value problems for
differential equations of fractional order (see [3] and references therein).

In particular, it is shown in [1] that the operator

APu(z) = A[p""’]u(x) =
x 1
L /($ )5 u(z) dt L /zl_ (1—t)% u(t)dt
= —t)r _— P —t)r Tu
L(p~") L(p~")
0 0
is almost non-self-conjugate ([4]) if p > 1), and if 0 < p < 1, the kernel of

the operator A” coincides with the set of roots of the entire Mittag—Leffler
type function

E,(\ip™t) = Z -1 -
= L(p~' +kp71)

Thus it follows from the above that all eigenvalues of the operator A” are
complex if p > 1, while if 0 < p < 1 the operator A” has real eigenvalues
(in fact, if 3 < p < 1, then the set of real eigenvalues is finite). All zeros of
the function E,(\; p~!) are complex if p > 1, and if 0 < p < 1 the function
E,(X\; p~!) has real zeros. This confirms the hypothesis about the existence
of real zeros of the function E,(X;p~t) if % < p < 1, as is stated in the
monograph ([5], p. 248).

The given paper is also devoted to investigation of boundary value prob-
lems for differential equations of fractional order and associated integral
operators of the kind A7),

To state the corresponding problems, we use some concepts from the
fractional calculus.

Let f(x) € L1(0,1). Then the function

d“ 1 f a—1
0= 5 / (o — 00 (1) dt € Ly (0,1)

is called the fractional integral of order ae > 0 with the origin at the point
2 = 0 [6] while the function

1
d—* — 1 a—1
ai—o-=' " =10 !(t —x)* f(t)dt € L1 (0,1)

is called the fractional integral of order @ > 0 with the end at the point
x =1 [6]. Here I'(«) is Euler’s gamma-function. In case o = 0, it is natural
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to put both fractional integrals equal to the function f(z). As is known [6],
the function g(r) € L1(0,1) is called a fractional derivative of the function
f(z) € L1(0,1) of order « > 0 with the origin at the point x = 0, if

d—()t

Fla) = T (@),
Denote
o) = T pa).

In what follows, under the symbol ddw—aa , we will mean the fractional in-

tegral for o < 0 and the fractional derivative for a > 0. The fractional
derivative ﬁ of the function f(x) € L1(0,1) of order @ > 0, with the
end at the point x = 1 is defined similarly.

Let {7k }o" be an arbitrary set of real numbers satisfying the condition
0<v;<1(j=0,1,...,n). Denote

k k
Uk:ZﬁLk:Jk-F].:Z’}/j (k':O,l,...,’n)
=0 =0
and assume that

1 n
f:Z'yj—lzan:,un—1>O.
P =0

Following [6], we introduce the differential operators

d-1=)

Do) f(z) = e ey

of, generally speaking, fractional order:

d—(-m) g
(01) = -
DV f(@) = o=y g d @)
d=A=7)  grn— do
(on) = e
Difle) = de=(=m) dgym-1  dzro’
Note that if vg =y, = -+ = 7, = 1, then it is obvious that

D@ f(x) = fF)(z) (k=0,1,2,...,n).

Now,
a) a two-point Dirichlet boundary value problem

u(0) =0, wu(l)=0, (1)
for the fractional oscillatory equation

u” + AD§,u =0, (2)
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(D§, is the operator of fractional differentiation of order 0 < @ < 1 [2])
investigated by many authors is equivalent to the equation [3], [4]

x 1

A 1_ = *
1:2704 a:277.
p p

b) the operator, inverse to the operator generated by the differential
expression

1 d W)
lu = dt
R Y dx/ (@—tp
0

0 < v < 1, and the natural boundary conditions

w(0) =0, w(l)=0, Du| =0, DOl =0
t=0 t=0
can be represented in the form
T 1
AlPoply ()= L /(m—t)%_lu( zr ! (1- t Yu(t) dt
g o)
0 0

1
(f:n—l—&—% n:1,2737...).
p

A remarkable work of M. K. Gubreev in which similar operators are stud-

ied is worth mentioning. In [4], the operator A[p 2 (*) is investigated by
methods of the perturbation theory. Assume that the operator

x

Au = /(33 — t)u(t) dt —

0

2(1 — tu(t) dt

O\H

is non-perturbed, and the operator

1

Zu_r(;_l){o/m(xt)i /xlft u(t) dt

0

is perturbed. Towards this end, the use was made of the concept of opening
between the closed operators. In [4], no explicit expression for the pertur-
bation of the operator A was written. In the present work we obtain the
corresponding expression and it seems to the authors that the present work
will become a factor allowing one to insert the theory of differential equa-
tions of fractional order in a general scheme of the theory of perturbations

(6], [7]-
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Thus using the methods of the theory of perturbations in L;(0,1), we
study the operator

x

u= [ (x—t)'Teu — [ 2(1 -t .
A, O/( t) (t)dt 0/(1 t) (t)dt

Theorem 1. The representation
Au=A4eA +2Ap+ - +e"Ap+--- (6>0)

holds, where

Au= [ (x —t)u(t)dt — [ z(1 —t)u(t) dt,
[iemomon]
Apu = % {/(x —t)[ln(z — )" dt — /z(l —t)[ln(z —¢)]" dt
0 0

are operators with power-logarithmic kernels.
Proof. We rewrite the operator A as follows:

A.u = M.u+ N.u,

where
zmu_/Aq%wmwﬁ
0
—t 14¢ t
Ke(xv t) = (x ) 7 =
0, t>x
and

1
N. = [ K.(z;t)u(t) dt,
/

o(l—t)e) t£1

K.(z,t) = .
(z,t) {07 t=1

Find the operator A, as follows:
(A—A)u= (M — M.)u— (N — N.)u.
First, we find (M — M.)u. Obviously,

(M—Mmz/mu@—m@mmmw
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Since
—t) — _ )\1+e
[K(o,t) - K.(2.0)] = {@ 0--0 t<a
07 tzx
we have
— )1 — —t)¢ t
O7 th
As far as
T x X 2 )"
we find
K(z,t) — Ke(z,t) =
(z—t) 5 (In(z—1))’ (In(@—t)"
(z t){€ T +e 51 +---+e T+ }7 t<w
0, o

From the last expression we find that
1 1
(M — M )u = E/Kl(x,t)u(t) dt+---+ s"/Kn(x,t)u(t) dat+---,
0 0

where
(x — t)[In(z — t)]™
0, t>x

, t<z

It follows from (4) that
1 1 1
M, = /K(x, Hu(t)dt —e / Ki(z,t)u(t)dt — - — & / K, (z,t)u(t) dt.
0 0 0
In the same way we can obtain the representation
1 1 1
NEu:/f((x,t)u(t) dt—s/f(l(m,t)u(t) dt— . —En/f(n(x,t)u(t) dtg -,
0 0 0
where
(1 —t)[In(z —¢)|"
Y (L L
0, t=1

which was to be proved. O

Theorem 2. All eigenvalues A\, () of the operator A(e) are real.
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Proof. We have

M) =mn? + e+ o+, (3)
@n(s):SinnCE—‘rES@l +52902+... , (4)
where
An = Z(Akgon,k,sinmc), (5)
k=1
k=1

Here, R is the reduced resolvent of the operator A corresponding to the
eigenvalue mn2. This resolvent is an integral operator with the kernel

1
S(z,y)= —%cosnysian- Sinnycosnx—&—ﬁsinnysinmc, y<x

(if y > z, in the middle part of this expression y and x should be inter-
changed).
Clearly, R is a one-to-one transformation of Hy into itself which annuls
sinmna (Hp is the orthogonal complement of the function sin wnx).
It follows from [8] that
A1 = (A sinnz, sinz),

because the kernel of the operator A, and sin A\; = 0 is real-valued.
Next, from (6) it follows

1 = R(nk? — A;)sinna,

and the kernels of the operators R and A; are real-valued. Hence Imy; = 0.
Consequently, we can successively prove that all A; are real, and since ¢ is
real, therefore Au(e) is real too. O

Theorem 3. For the eigenvalues A, (x) and eigenfunctions ¢, (g) of the
operator A(e) the estimates

m(2n —1)

‘)\n(s)—wn2| < 5 ,

1
lon(e) — sinna| < 3
hold.
Proof. From (5) and (6), under the assumption that
. 1 1
[ Anull < p"=Hullull + b Aoull}, m = [[Aoll, 5 =R, || <=,

where

8(a + mb) a+mb}

c max{ P ,8p +
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we obtain the following simple formulas [8]:

[A(e) = Ao — A1 — ™A | < < ([e]e)™ T, (7)

HI\D\Q.

|io(e) = o — g1 — "] < 5 (Jele)™ . (8)

Let us calculate the values of the parameters a, b7 ¢, d, m. First, we find m.
m = ||A|| = sup A, where sup A is the spectral radius of the operator A.

Since
supA =1,

we have m = 7w~ !. Further, we find d.
d = dist(mn? %)

(d is an isolating distance). Here >" is the spectrum of the operator A~!
with the unique excluded point mn?. Clearly, d = 7(2n — 1). To find the
remaining parameters a, b, ¢, we have to estimate the norm of the opera-
tor A,,

1

1
nAnwanJ>sl/:/WA;<x¢n|wuncﬁdx.

0 0
Here, K, (x,t) is the kernel of the operator A,,

1 1
_ 1 n
//|Knxt||<p |dtdm—//‘ =tz = 1)) [lo(t)] dt dz =
0 0
z|(ln )™ 1 n
5ﬂﬂm/47;—wﬁsm/4maummm@m
0 0 0

We now calculate the integral [ zInz"dz. It is equal to

/zlnz”dz =

~ Z2(Inz)" B nz?(Inx)"—t S (-1 n(n—-1)(n—2)---2 [oﬁ_i}
— 2 22 271,—1 2 22 )
whence || A, | < 5. It is now obvious that we can take a = §, p = 3, and
b = 0. Since
b b
c:max{8a+m +8p—|—4a+m },
d d
we have
ax {4+ 1} PR
¢ = max ~t= = =5.
d d d
Thus
(2n —1)
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In a similar way we find

1
|0 = ol = 5,
which proves Theorem 3. (]
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