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In the present paper we consider the system of functional differential equations

dz(t)
= t 1
22 = f@)() M
with the weighted initial condition
t) —
lim llz(t) — coll =0, (2)
t—a h(t)

where [ : C([a,b]; R™) = Lioc(]a, b]; R™) is a Volterra operator ¢o € R™, and h : [a,b] —
[0, +o0] is a continuous function such that h(t) > 0 for a < t < b.
A particular case of (1) is the differential system with the delay

dz(t)
22 = fo (b2t a(r®), - 2(Tm (1), (1)
where fo :Ja,b] X R® — R"™ is a vector function satisfying the local Carathéodory con-
ditions and 7 : [a,b] — [a,b] (kK = 1,...,m) are measurable functions satisfying the

inequalities 74 (t) < tfora <t <b(k=1,...,m).

The initial value problem for regular systems of the type (1) and (1’) has been stud-
ied fully enough (see, e.g., [1, 6]). We are interested in the singular systems, i.e., the
systems where f(z)(-) and fo(-,%0,%1,...,Zm) are not summable on [a,b] for some
z € C([a,b;R™) and z, € R™ (k = 0,...,m). So far little is known about the ini-
tial value problem for such systems. The exception is the system

dx(t)
dt

= fo(t, z(t))

(see [2-5]).

Below we shall give new results on the existence and continuability of solutions of the
problems (1), (2) and (1'), (2). To formulate them we shall need the following notation
and definitions.

R is the set of real numbers; Ry = [0, 400[;

R™ is the space of n-dimensional vectors z = (z;)_, with elements z; € R (i =
1,...,n) and the norm |[|z|| = E?zl |z;|; -y is the scalar product of the vectors z and
y € R

if p €]0, +00[, then R? = {z € R™ : ||z|| < p};

if £ = (w;)]_,, then sgn(z) = (sgnz;)7_,;

C([a,b]; R™) is the space of continuous vector functions z : [a,b] — R™ with the norm
lzlle = max{[lz(®)]] : & <t < blf;
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if p €]0,+00], then C,([a,b]; R") = {z € C([a,b]; R") : [lzllc < p};

ifa<s<t<bandz € C([a,b]; R™), then v(z)(s,t) = max{||z(&)]| : s <& < t};

Lioc(Ja, b]; R™) is the space of locally summable vector functions z :]a,b] — R™ with
the topology of uniform mean convergence on every segment contained in ]a, b].

Definition 1. An operator f : C([a,b]; R™) — Ljoc(]a,b]; R™) is said to be Volterra if
for every to €]a, b] and any vector functions z and y € C([a, b]; R™) satisfying z(t) = y(t)
for a <t < to, the equality f(z)(t) = f(y)(¢) is fulfilled a.e. on ]a,to.

Definition 2. If f: C([a,b]; R®) — Lioc(]a,b]; R™) is a Volterra operator, then:
(i) for every = € C([a,b]; R™) under f(z) is understood the vector function given by

f@)() = f@)(@) for a <t <bo,

where Z(t) = z(t) for a <t < bp and T = x(bg) for bg < t < b;

(ii) a continuous vector function z : [a,bp] — R™ is said to be the solution of the
system (1) on [a,bp] if it is absolutely continuous on every segment contained in ]a, bo]
and satisfies (1) a.e. on Ja,bo];

(iii) @ : [a,bo[— R™ is said to be the solution of the system (1) in a half-open interval
[a,bo[ if for every b1 €]la,bp[ the restriction of = on [a,b1] is the solution of the same
system on [a, b1].

Definition 3. We shall say that an operator f : C([a,b]; R™) — Li,c(]a, b]; R™) satis-
fies the local Carathéodory conditions if it is continuous and there exists a nondecreasing
in the second argument function v :]a,b] X Ry) — R4 such that v(-, p) € Lisc(]a, b]; R)
for p € Ry, and for any = € C([a, b]; R™) the inequality || f(z)(¢)|] < (¢, ||z]|c) is fulfilled
a.e. on Ja,b[.

In the sequel we shall assume that f : C([a,b]; R") — Lioc(]a,b]; R™) is a Volterra
operator satisfying the local Carathéodory conditions.

Definition 4. A solution z of the system (1) defined on a segment [a,bo] C [a,b[
(on a half-open interval [a,bo[C [a,b]) is said to be continuable if for some by €]bg, b]
(b1 € [bo, b]) the system (1) has on the segment [a,b:] a solution y satisfying z(t) = y(t)
for a <t < bg. Otherwise z is said to be noncontinuable.

Definition 5. The problem (1), (2) is said to be locally solvable if the system (1) has
on a segment [a, bo] a solution z satisfying the initial condition (2).

Theorem 1. Let there ezist a positive number p and summable functions p and
q:[a,b] = Ry such that

tim sup (5 [ a(s)as) =0
im sup [ — s)ds ) =
e P\ny [ 1
and let for any y € C,([a,b]; R™) the inequality
f(eo +hy)(t) - sgn(y(t)) < p(t)v(y)(a, t) +q(t)-
be fulfilled a.e. on ]a,b[. Then the problem (1), (2) is locally solvable.

Corollary 1. Let there exist summable functions py : [a,b] = R4 (k = 0,...,m)
m

and q : [a,b] — Ry such that the conditions (3) are fulfilled, where p(t) = Y pi(t), and
k=0
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let for some p > 0 the inequality

fo(t,eo + h(£)yo, co + h(TL(E)y1s - -, co + h(Tm (1))ym ) - sgn(yo) <

m

< me®llyell + (o)

k=0
be fulfilled on ]a,b[xR£m+1)". Then the problem (1"), (2) is locally solvable.
Example 1. Let aj and B € R, p €]0,+00[, A, €]1,400[ (k =1,...,m), a =0,
m

b=1,n=1 and E |ak| < p. Then because of Corollary 1, the problem

k=1
drt) _ N~ (k
" _
m = —Zexp (;)CE% l(t) +
k=1
- ) (k)M i
T xr
+Z [ak sG—nurr 1Ok t’w*k*ﬂ“] Ty [Int]”
k=1
lim @ =0
t—0 tH

is solvable. Consequently, under the conditions of Corollary 1, the right-hand side of the
system (1’) with respect to the first argument may have nonintegrable singularities of
arbitrary order.

Example 2. Let n =1,a=0,b=1,a;, € Ry (k=1,...,m) and

1 1

t) = s
O= mermy T e m e m)

Pe(t) = i In2 + [Int* (), p(t) = »_ pr(®).
k=1

Then
t m
1
lim | — s)ds ) = Q.
Ho(t/”‘) )= e
5 k=1
m
Therefore, owing to Corollary 1, the inequality E ap < 1 guarantees solvability of the
k=1
problem
da(t) _ g, o |2(t0) (1)
X x T
= t t), lim —= =0. 4
. kZpk() e Ta(), Jim = (4)
=1

m
On the other hand, it is not difficult to show that if z ay > 1, then the problem (4)
k=1
has no solution. Hence, the condition

t

1
lim sup (— /p(s)ds) <1
t—a t

0
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in Theorem 1 and Corollary 1 is optimal and it cannot be replaced by the condition
t

tILII}zSUP (% /p(s)ds) <1.

0

Theorem 2. Let there exist ¢ € R™, a nondecreasing function 7 : [a,b] — [a,b] and
a decreasing in the second argument function ¢ : [a,b] X Ry — R4 such that 7(t) <t
fora <t < b, p(,p) € Lige(la,b; R) for p € Ry and let for any y € C([a,bl; R™) the
inequality
fle+y)(t) -sgn(y(t)) < ot v(y)(r(t), 1))
be fulfilled a.e. on [a,b]. Moreover, let x be the solution of the system (1) on an interval
[a,bo[C [a,b]. Then for the  to be noncontinuable, it is necessary and sufficient that

Jim v(@)(r(0), 1) = +oc.

Corollary 2. If z is a solution of the system (1') on an interval [a,bo[C [a,b[, then
for its noncontinuability it is necessary and sufficient that

7(t) = essmin{r;(s) : t < s < bp; i =1,...,m}.

Theorem 3. If the conditions of Theorem 1 are fulfilled, then the problem (1), (2)
has at least one noncontinuable solution.

Corollary 3. If the conditions of Corollary 1 are fulfilled, then the problem (1), (2)
has at least one noncontinuable solution.
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