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M. ASHORDIA

ON THE STABILITY OF SOLUTIONS OF NONLINEAR BOUNDARY
VALUE PROBLEMS FOR SYSTEMS OF GENERALIZED ORDINARY
DIFFERENTIAL EQUATIONS

(Reported on April 10 and 17, 1995)

Let A =(aij)};—; € BVaxn(a,b), f = (fi)}_, € Kn(a,b; A), and let h : BV (a,b) —
R™ be a continuous operator such that the nonlinear boundary value problem

dz(t) = dA(t) - f(t,z(t)), h(z)=0 )
has a solution z°.
Consider sequences A € BVpxn(a,b) (k = 1,2,...) and fr € Kn(a,b;Ag) (k =
1,2...) and a sequence of continuous operators hy : BV, (a,b) - R™ (k=1,2,...).
In this paper, sufficient conditions are given guaranteeing both the solvability of the
problem

dz(t) = dAg(t) - fr(t,z(t)), hy(z) =0 (1x)

for any sufficiently large k and the convergence of its solutions as k — oo to the solution
z° of the problem (1).
We use the following notation and definitions: R =] — 0o, o0[, R4+ = [0,00[; R™*"™ is
n

the space of all real n x m-matrices X = (z;;);";Z, with the norm [|X|| = max{ ) |z :
j = 1,....m}; |X| = (\IZJ\):LJZI, X1+ = (X|+ X)/2; I is the identit}lf 717, X n-
matrix; R™ = R™*' is the space of all matrix-functions X = (z;;);7/"; : [a,0] —
R™ ™ such that var® Tij < 400 with the norm [|X||s = sup{||X(#)|| : t € [a,b]};
V(X)(t) = (varf x,])l T diX(t) = X(t) — X(¢—0), doX(t) = X(t+0) — X(¢).
U(y,r) = {x € BVyp(a,b) : ||z —y|ls < r}; D(y,r) is the set of all z € R™ such that
inf{l|lz —y(7)|| : 7 € [a, b]} <r.

¢
If g € BVi(a,b), z : [a,b] & Rand a < s < t < b, then fx(T)dg(T) = f z(7)dg(T) +
s 1s,t[
x(t)d1g(t) + x(s)d2g(s), where f x(7)dg(7) is the Lebesque—Stieltjes integral over the
Is,t[
open interval ]s,t[. If G(t) = (g;;(t )) ij=1 and X(t) = (:r]-k(t))] > then

t
/dG( Z/%k dfh] ))l;nZI-

E]

Lyxm(a,b;G) is the set of all matrix-functions (zjk(t))j’kn;l
with respect to g;; (i =1,...,1). Knxm(a,b;G) is the Carathéodory class, i.e., the set of

all mappings F = (fjk)] weq ¢ [a,0] X R™ — R™ ™ such that (a) fix(-, ) is measurable

such that x;y is integrable
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with respect to the measures V' (g;;) and V(g;;) — gi; forx € R™ (i = 1,...,1); (b) F(t,-)
is continuous for t € [a,b] and sup{|F(-,z)| : € € D} € Lpxm/(a,b; G) for every compact
D C R™.

Inequalities between the matrices are understood to be componentwise. If B; and B»
are normed spaces, then an operator g : By — B2 is called positively homogeneous if
g(Az) = Ag(z) for every A € R4 and z € Bj.

A vector-function € BV;(a, b) is said to be a solution of the problem (1) if h(z) = 0

and z(t) = z(s) + fdA(T) ~x(t) fora < s <t <b.

8
Let £ : BVy(a,b) — R™ be a linear continuous operator and let £y : BV, (a,b) —
R be a positively homogeneous continuous operator. We say that a matrix-function
P € Kpxn(a,b; A) satisfies the Opial condition with respect to the triplet (¢, £4p; A) if (a)
there exists a matrix-function ® € L, xn(a,b; A) such that |P(t,z)| < ®(¢t) on [a,b] X
R™;b)det(I + (—1)7d; B(t)) # 0 for t € [a,b] (j = 1,2) and the problem dz(t) = dB(t) -
z(t), |€(z)] < £o(x) has only trivial solution for every B € BV, x,(a,b) for which there

t
exists a sequence y;, € BVy(a,b) (k = 1,2,...) such that klim fdA('r) - P(r,y (7)) =
—00
a

B(t) uniformly on [a, b].

z° is said to be strongly isolated in the radius r if there exist P € Ky, xn(a,b;A),
q € Kn(a,b;A), a linear continuous operator £ : BV, (a,b) — R™ and a positively ho-
mogeneous operator 7 BV, (a,b) — R™ such that (a) f(t,z) = P(t,z)x + ¢(t,z) for

t € [a,b], ||z — x°(t)|] < r and h(z) = £(x) + £(x) is fulfilled on U(z°;r); (b) the

vector-functions «(t, p) = max{|q(t,z)| : ||z|| < p} and B(p) = sup{[|4(z)| — Lo(z)]+ :

b
L [av(A)() - alt,p) = 0, Jim B(p)/p = 0; (c) the problem

[|lz|ls < p} satisfy lim 5
p—00

dz(t) = dA(t) - [P(t,z(t))z(t) + q(t, z(t))], £(z) + Z(:v) = 0 has no solution different from
z°; (d) P satisfies the Opial condition with respect to the triplet (£, £p; A).

t
The notation ((Ax, fihi))iZy € Wr(A, f,h;z°) means that (a) lim [ dAg(r) x
— 00
a

¢
fr(r,x) = fdA('r) - f(7,z) uniformly on [a,b] for every x € D(z°;r); (b) lim hi(z) =

k—oo
a

b
h(z) uniformly on U(x°;r); (¢) lim sup{]| f dV (Ap)(t) - wi(t,s)]|: k=1,2,...} =0on
s—0+4
a

[a,b]x D(x°;7), where wy(t, s) =max{| fi (£, z) = fr (£ )| : |z |, [ly|| <[|=°[|s +7; |lz—yl| <s}.

The problem (1) is said to be (z°;r)-correct if for every ¢ €]0,r[and ((Ag, fk, hk))z":1 S
W, (A, f,h;z°) there exists a natural number ko such that the problem (1) has at least
one solution contained in U(z°;r), and any such solution belongs to U(z°;r) for any
k> ko.

Theorem. If the problem (1) has a solution x° which is strongly isolated in the
radius r, then it is (z°;r)-correct.

Similar results for ordinary differential equations can be found in [1].
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