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Let A = (a

ij

)

n

i;j=1

2 BV

n�n

(a; b), f = (f

i

)

n

i=1

2 K

n

(a; b;A), and let h : BV

n

(a; b)!

R

n

be a continuous operator such that the nonlinear boundary value problem

dx(t) = dA(t) � f(t; x(t)); h(x) = 0 (1)

has a solution x

�

.

Consider sequences A

k

2 BV

n�n

(a; b) (k = 1; 2; : : : ) and f

k

2 K

n

(a; b;A

k

) (k =

1; 2 : : : ) and a sequence of continuous operators h

k

: BV

n

(a; b)! R

n

(k = 1; 2; : : : ).

In this paper, su�cient conditions are given guaranteeing both the solvability of the

problem

dx(t) = dA

k

(t) � f

k

(t; x(t)); h

k

(x) = 0 (1

k

)

for any su�ciently large k and the convergence of its solutions as k!1 to the solution

x

�

of the problem (1).

We use the following notation and de�nitions: R =]�1;1[, R

+

= [0;1[; R

n�m

is

the space of all real n�m-matrices X = (x

ij

)

n;m

i;j=1

with the norm kXk = maxf

n

P

i=1

jx

ij

j :

j = 1; : : : ;mg; jXj = (jx

ij

j)

n;m

i;j=1

, [X]

+

= (jXj + X)=2; I is the identity n � n-

matrix; R

n

= R

n�1

is the space of all matrix-functions X = (x

ij

)

n;m

i;j=1

: [a; b] !

R

n�m

such that var

b

a

x

ij

< +1 with the norm kXk

s

= supfkX(t)k : t 2 [a; b]g;

V (X)(t) � (var

t

a

x

ij

)

n;m

i;j=1

, d

1

X(t) = X(t) � X(t � 0), d

2

X(t) = X(t + 0) � X(t).

U(y; r) = fx 2 BV

n

(a; b) : kx � yk

s

< rg; D(y; r) is the set of all x 2 R

n

such that

inffkx� y(�)k : � 2 [a; b]g < r.

If g 2 BV

1

(a; b), x : [a; b]! R and a � s < t � b, then

t

R

s

x(�)dg(�) =

R

]s;t[

x(�)dg(�)+

x(t)d

1

g(t) + x(s)d

2

g(s), where

R

]s;t[

x(�)dg(�) is the Lebesque{Stieltjes integral over the

open interval ]s; t[. If G(t) = (g

ij

(t))

l;n

i;j=1

and X(t) = (x

jk

(t))

n;m

j;k=1

, then

t

Z

s

dG(�) �X(�) =

�

n

X

j=1

t

Z

s

x

jk

(�)dg

ij

(�)

�

l;m

i;k=1

:

L

n�m

(a; b;G) is the set of all matrix-functions (x

jk

(t))

n;m

j;k=1

such that x

jk

is integrable

with respect to g

ij

(i = 1; : : : ; l). K

n�m

(a; b;G) is the Carath�eodory class, i.e., the set of

all mappings F = (f

jk

)

n;m

j;k=1

: [a; b]� R

n

! R

n�m

such that (a) f

ik

(�; x) is measurable
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with respect to the measures V (g

ij

) and V (g

ij

)�g

ij

for x 2 R

n

(i = 1; : : : ; l); (b) F (t; �)

is continuous for t 2 [a; b] and supfjF (�; x)j : x 2 Dg 2 L

n�m

(a; b;G) for every compact

D � R

n

.

Inequalities between the matrices are understood to be componentwise. If B

1

and B

2

are normed spaces, then an operator g : B

1

! B

2

is called positively homogeneous if

g(�x) = �g(x) for every � 2 R

+

and x 2 B

1

.

A vector-function x 2 BV

n

(a; b) is said to be a solution of the problem (1) if h(x) = 0

and x(t) = x(s) +

t

R

s

dA(�) � x(�) for a � s � t � b.

Let ` : BV

n

(a; b) ! R

n

be a linear continuous operator and let `

0

: BV

n

(a; b) !

R

n

+

be a positively homogeneous continuous operator. We say that a matrix-function

P 2 K

n�n

(a; b;A) satis�es the Opial condition with respect to the triplet (`; `

0

;A) if (a)

there exists a matrix-function � 2 L

n�n

(a; b;A) such that jP (t; x)j � �(t) on [a; b] �

R

n

; b) det(I + (�1)

j

d

j

B(t)) 6= 0 for t 2 [a; b] (j = 1; 2) and the problem dx(t) = dB(t) �

x(t), j`(x)j � `

0

(x) has only trivial solution for every B 2 BV

n�n

(a; b) for which there

exists a sequence y

k

2 BV

n

(a; b) (k = 1; 2; : : : ) such that lim

k!1

t

R

a

dA(�) � P (�; y

k

(�)) =

B(t) uniformly on [a; b].

x

�

is said to be strongly isolated in the radius r if there exist P 2 K

n�n

(a; b;A),

q 2 K

n

(a; b;A), a linear continuous operator ` : BV

n

(a; b) ! R

n

and a positively ho-

mogeneous operator

e

` : BV

n

(a; b) ! R

n

such that (a) f(t; x) = P (t; x)x + q(t; x) for

t 2 [a; b], kx � x

�

(t)k < r and h(x) = `(x) +

e

`(x) is ful�lled on U(x

�

; r); (b) the

vector-functions �(t; �) = maxfjq(t; x)j : kxk � �g and �(�) = supf[j

e

`(x)j � `

0

(x)]

+

:

kxk

s

� �g satisfy lim

�!1

1

�

b

R

a

dV (A)(t) � �(t; �) = 0, lim

�!1

�(�)=� = 0; (c) the problem

dx(t) = dA(t) � [P (t; x(t))x(t) + q(t; x(t))], `(x) +

e

`(x) = 0 has no solution di�erent from

x

�

; (d) P satis�es the Opial condition with respect to the triplet (`; `

0

;A).

The notation ((A

k

; f

k

; h

k

))

1

k=1

2 W

r

(A; f; h;x

�

) means that (a) lim

k!1

t

R

a

dA

k

(�) �

f

k

(�; x) =

t

R

a

dA(�) � f(�; x) uniformly on [a; b] for every x 2 D(x

�

; r); (b) lim

k!1

h

k

(x) =

h(x) uniformly on U(x

�

; r); (c) lim

s!0+

supfk

b

R

a

dV (A

k

)(t) �!

k

(t; s)k : k = 1; 2; : : : g = 0 on

[a; b]�D(x

�

; r), where !

k

(t; s)=maxfjf

k

(t; x)�f

k

(t; y)j :kxk; kyk�kx

�

k

s

+r; kx�yk�sg.

The problem (1) is said to be (x

�

; r)-correct if for every " 2]0; r[ and ((A

k

; f

k

; h

k

))

1

k=1

2

W

r

(A; f; h;x

�

) there exists a natural number k

0

such that the problem (1

k

) has at least

one solution contained in U(x

�

; r), and any such solution belongs to U(x

�

; r) for any

k � k

0

.

Theorem. If the problem (1) has a solution x

�

which is strongly isolated in the

radius r, then it is (x

�

; r)-correct.

Similar results for ordinary di�erential equations can be found in [1].
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